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Preface

These are the lecture notes for the classes MTH 818 in Fall 2012 and MTH 819 in Spring 2013.
The notes were originally based on Hungerford’s Algebra [Hunl, but by now the content and proofs
have diverged from Hungerford.

The lecture notes will be updated frequently.






Contents

(1 Group Theory|

[I.1  LatinSquares| . . . . . .. ... .
[1.2  Semigroups, monoids and groups| . . . . . . .. ...
[1.3  The projective plane of order 2| . . . . .. ... ... ... .. ... ... . .. ... .
[1.4  Subgroups, cosets and counting| . . . . . ... ... .. L o
(1.5 Equivalence Relations| . . . . ... ... ... .. .. ... ..
|{1.6  Normal subgroups and the isomorphism theorem| . . . . . ... ... .........
[1.7  Group ACtiONnS|. . . . . . . . o i e e
[1.8  Generation of subgroups| . . . . . . . . . ...
[1.9  Direct products and direct sums| . . . . . . ... ... Lo
[1.10 Sylow p-subgroup| . . . . . . .. .. ...
[1.11 Coproducts and free groups| . . . . . . . . ... ... . . .
[1.12 Balanced products| . . . . .. .. ... ... ..

2 Ringg

2.1 RIngs|. . . . .
22 GroupRings|. . . . . . . ...

2.3  Elementary Propertiesof Rings| . . . . .. ... ... ... ... ... .......
2.4 Ideals and homomorphisms| . . . . . ... ... ... .. L o o oo
[2.5 Factorizations in commutative rings| . . . . . . . . ... ..o e
2.6 EuchideanRings|. . . . . . ... ... . . .

3_Modules|

[3.1 Modules and Homomorphism|. . . . ... ... ... ... ... ...........

10
13
17
22
25
29
47
50
57
65
81

87
87
90
99
102
109
116
121

131
131
142
150



6 CONTENTS

A4 Cantor-Bernstelnl . . . . . . . . oo 164
|[A.5 Algebraic Structure|. . . . .. ... ... ... 165
169
[B.1 Definition and Examples|. . . . . .. ... .. ... .. L 169

[B.2  Universal Objects and Products| . . . . . ... ... ... ... ... ... . ...... 171




Chapter 1

Group Theory

1.1 Latin Squares

(Is]
Definition 1.1.1. [def:matrix] Let I,J be sets C a class. An I x J matrix in C is a function M :

I xJ — C.. We will write Mjj for the image of (i, j) under M. M;j is called the ij-coefficient of M.
We denote M by [M;;]jes.
jeJ

Definition 1.1.2. [binaryop] Let G be a set and ¢ a function such that G x G is contained in the
domain of G.

(a) [a] If a,b € G we write ab or a¢b for ¢(a,b). ¢ is called a binary operation on G (or closed
on G, ifab € G for all a,b € G. In this case the pair (G, ¢) is called a magma.

(b) [b] 1€ G is called an identity element if la = al = a forall a € G.

(c) [e] We say that (G, ¢) is a Latin square if for all a, b in G there exist unique elements x,y in G
so that
ax=bandya=>b

(d) [d] The multiplication table of (G, ¢) is the matrix G x G-matrix [ab]ec.
beG

(e) [e] The order of (G, ¢) is the cardinality |G| of G.

We remark that (G, ¢) is a latin square if and only if each a € G appears exactly once in each
row and in each column of the multiplication table.

If there is no confusion about the binary operation in mind, we will just write G for (G, $) and

call G a magma.
If (G, ¢) is a magma, we can restrict ¢ to a function

$:GxG - G,(a,b) > ab
Then (G, ) is also a magma
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Definition 1.1.3. [def:hom] Let G and H be magma and « : G — H a function.
(a) [a] a is called a (magma) homomorphism if a(ab) = a(a)a(b), for all a,b € G.

(b) [b] « is called an isomorphism if & is a homomorphism and there exists a homomorphism
B:H—-Gwithaof=idy and Bo a =idg.

(c) [c¢] « is an automorphism if G = H and « is an isomorphism.

(d) [d] If G and H are monoid, « is called a monoid-homomorphism if a is magma-homomorphism
and a(1g) = 1g.

(e) [e] If G and H are groups, , « is called a group -homomorphism if « is magma-homomorphism.
Definition 1.1.4. [def:opposite pregroup] Let G and H be magmas.

(a) [a] The opposite magma GP is defined by G° = G as a set and
8 ‘op h=hg.

(b) [b] An magma anti homomorphisma : G — H is a magma homomorphism « : G - H°®. So
a(ab) = a(b)a(a).

Lemma 1.1.5. [basicbinary]
(a) [a] Let G be a magma. Then G has at most one identity.

(b) [b] Let a: G — H be a magma homomorphism. Then « is an isomorphism if and only if « is a
bijection.

Proof. (&) Let 1 and 1* be identities. Then
1=11"=1%.

(b) Clearly any isomorphism is a bijection. Conversely, assume « is a bijection and let 3 be its
inverse map. We need to show that 8 is a homomorphism. For this let a,b € H. Then as « is a
homomorphism

a(B(a)B(b)) = a(B(a))a(B(b)) = ab = a(B(ab)).
Since a is 1-1 ( or by applying ) we get
B(a)B(b) = B(ab).

So B is an homomorphism. O
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1.1.6 (Latin Squares of small order). [small latin] Below we list (up to isomorphism) all Latin
square of order at most 5 which have an identity element 1. It is fairly straightforward to obtain this
list, although the case |G| = 5 is rather tedious). We leave the details to the reader, but indicate a
case division which leads to the various Latin squares.

Order 1,2 and 3:

1 a b
1 a —
1 1{1 a b
1{1 a
1)1 ala b 1
ala 1
b|b 1 a

Order 4:  Here we get two non-isomorphic Latin squares. One for the case that a> # 1 for
some a € G and one for the case that > = 1 for all a € G.

1 a b ¢ 1 a b ¢

1|1 a b ¢ 111 a b c

(1) ala b ¢ 1 2) ala 1 ¢ b
b|b ¢ 1 a bbb c 1 a

cle 1 a b clec b a1

Order 5: This time we get lots of cases:

Case 1: There exists 1 # a # b with a® = 1 = b2

Case 2 There exists 1 # a with a® # 1, aa® = 1 and (a%a)? = 1.
Case 3 There exists 1 # a with a® # 1, aa® = 1 and (a%a)? # 1
Case 4 There exists 1 # a with a® # 1, a’a = 1 and (aa®)? = 1.

This Latin square is anti-isomorphic but not isomorphic to the one in case 2. Anti-isomorphic
means that is there exists bijection & with a(ab) = a(b)a(a)).

Case 5 There exists 1 # a with a® # 1, a*a = 1 and (aa®)* # 1.

This Latin square is isomorphic and anti-isomorphic to the one in case 3.

Case 6 There exists 1 # a with a® # 1, a’a = aa® # 1

Case 7 There exists 1 # a with a® # 1 = (a®)?.

Case 8 There exists 1 # a with (a®)? # 1 and 1 # a®a # aa® # 1.

In this case put ¢ = aa>. Then ¢® # 1 and either c¢®> = 1 or c’c = 1. Moreover (c’c)? # 1

respectively (cc?)? # 1 and the latin square is isomorphic to the one in Case 3.
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a b a
(1) (2) (3) 4)

a 1 a 1 1 a 1
(5) (6) (7) (8) {x.y} ={a,b}

1.2 Semigroups, monoids and groups
[smg]
Definition 1.2.1. [def:group] Let G be a magma.
(a) [a] The binary operation on G is called associative if
(ab)c = a(bc)
foralla,b,c € G. If this is the case we call G a semigroup.
(b) [b] G is a monoid if it is a semigroup and has an identity.

(c) [e] Suppose G is a monoid and let a,b € G with ab = 1. Then a is called a left inverse of b and
b is called a right inverse of a.

(d) [f] Suppose that G is a monoid. Then a € G is called invertible if there exists a™' € G with

1

Such an a™’ is called an inverse of a.
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(e) [d] A group is a monoid in which every element is invertible.

(f) [e] G is called abelian (or commutative) if
ab = ba
forall a,b € G.

Example 1.2.2. [ex:groups] Let Z* denote the positive integers and N the non-negative integers.
Then (Z*, +) is a semigroup, (N, +) is a monoid and (Z, +) is a group. (Z,-) and (R, ) are monoids.
Let R* = R~ {0}. Then (R*,-) is a group. The integers modulo n under addition is another example.
We denote this group by (Z/nZ, +). All the examples so far have been abelian.

Note that in a group a~'b is the unique solution of ax = b and ba™! is the unique solution of
ya = b. So every group is a Latin square with identity. But the converse is not true. Indeed of the
Latin squares listed in section[I.T]all the once of order less than five are groups. But of Latin squares
of order five only the one labeled (6) is a group.

Let K be a field and V a vector space over K. Let Endk (V) the set of all K-linear maps from V
to V. Then Endk (V) is a monoid under compositions. Let GLk (V) be the set of K-linear bijection
from V to V. Then GLk (V) is a group under composition, called the general linear group of V. It is
easy to verify that GLk (V) is not abelian unless V has dimension 0 or 1.

Let I be a set. Then the set Sym(/) of all bijection from 7 to I is a group under composition,
called the symmetric group on /. If I = {I,...,n} we also write Sym(n) for Sym(7). Sym(n)
is called the symmetric group of degree n. Sym([) is not abelian as long as I has at least three
elements.

Above we obtained various examples of groups by starting with a monoid and then considered
only the invertible elements. This works in general:

Lemma 1.2.3. [basicmonoid] Let G be a monoid.

(a) [a] Suppose that a,b,c € G, a is a left inverse of b and c is right inverse of b. Then a = ¢ and a
is an inverse.

(b) [b] An element in G has an inverse if and only if it has a left inverse and a right inverse.
(c) [c] Each element in G has at most one inverse.

(d) [d] If x and y are invertible, then x™' and xy are invertible. Namely x is an inverse of x_' and
y‘lx‘1 is an inverse of xy.

(e) [e] Let U(G) be the set of invertible elements in G, then U(G) is a group.

Proof. (a)
a=al =a(bc) = (ab)c=1c=c

(b) and (c) follow immediately from (a).
(d) Clearly x is an inverse of x~ L. Also
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O™ @) =y T ) =y (T ) =y () =y Ty =e

Similarly (xy)(y~'x~!) = 1 and so y~'x~! is indeed an inverse for xy.

(e) By (d) U(G) is closed under multiplication. Since the multiplication is associative on G, its
also associative on U(G). Since 1 € U(G), U(G) is a monoid. By (d) x! € U(G) for all x € U(G)
ad so x has an inverse in U(G). Hence U(G) is a group. i

Corollary 1.2.4. [opposite group] Let G be a group. Then G is isomorphic to its opposite group
G®®, in fact the map x — x~" is an anti-automorphism of G and an isomorphism G — G°P.

Proof. This follows from [1.2.3|(d). O
Definition 1.2.5. [def:magma product] Let G be a magma, n a positive integer and ay, . ..,a, € G.

Let z € G. Inductively, z is called a product of (a,...,ay) if either
(a) [a]l n=1and z=a; or

(b) [b] n> 1 and there exist an integer k with 1 < k < n, a product x of (a; ...,a;) and a product y
of (ag+1 - .,ay) such that 7 = xy.

Also z is called the standard product of (ay, ..., ay) if either
(a) [c] n=1andz=ay; or
(b) [d] n>1and z = sa, where s is the standard product of (ay,...,a,-1).

If G has an identity e, then e is called the product and the standard product of the empty tuple

0O

Example 1.2.6. [ex:product] Products of tuple of length less or equal to four.

Let G be magma and a, b, c,d € G.

The only product of (a) is a.

The only product of (a,b) is ab,

The products of (a,b,c) are a(bc) and (ab)c.

The products of (a,b,c,d) are a(b(cd)), a((bc)d), (ab)(cd), (a(bc))d and ((ab)c)d.

Theorem 1.2.7 (General Associativity Law). [general ass] Let G be a semigroup and ay,...,a, €
G. Then any product of (ay,...,ay) is equal to the standard product.

Proof. The proof is by complete induction on n. For n = 1 the only product of (a;) is a;, which is
also the standard product.

So suppose n > 2 and that any product of a tuple of length less than n is equal to its standard
product. Let z be any product of (aj,...,a,). Then by definition of ‘product’ there exist an integer
1 <m < n, aproduct x of (ay,...,a,) and a product y of (@+1,-..,a,) such that z = xy.

Suppose first that m = n — 1. By induction x is the standard product of (aj,...,a,-1). Also
Z = xa, and so by definition z is the standard product of (ay,...,a,).
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Suppose next that m < n— 1. Again by induction y is the standard product of (a1, ...,a,) and
S0y = sa,, where s is the standard product of (@41 ...,a,—1). Hence

z=xy = x(sa,) = (x8)ay

As xs is a product of (ay,...a,-1), we are done by the m = n — 1 case. O

1.3 The projective plane of order 2

In this section we will look at the automorphism group of the projective plane of order two.

Definition 1.3.1. [def:projective plane] Let £ = (P, L, R) be a triple such that P and L are non-
empty disjoint sets and R € P x L. The elements of P are called points, the elements of L are called
lines and we say a point P and a line | are incident if (P,1) € R. £ is called a projective plane if it
has the following three properties

(PP1) [PPO] Any point is incident with at least 3 lines and any line is incident with at least three
points.

(PP2) [PP1] Any two distinct points are incident with a unique common line.

(PP3) [PP2] Any two distinct lines are incident with a unique common point.

If P and Q are distinct points in a projective plane, then PQ denotes the unique line incident
with P and Q. And if | and k are distinct lines lk denotes the unique point incident with | and k.
Lemma 1.3.2. [dual plane] Let € = (P, L, R) be a projective plane. Define

R ={(LP)|(Pl)eR}and E* = (L,P,R").

Then £ is a projective plane, called the dual plane of £.

Proof. (PPO) for £ implies (PP0) for £*, (PP1) for £ implies (PP2) for £* and (PP2) for £ implies
(PP1) for £*. O

Lemma 1.3.3. [order of a plane] Let £ be a projective plane.
(a) [a] For each point P there exists a line [ not incident with P,
(b) [b] For each line [ there exists a point P not incident with .

(c) [e] There exists three non-collinear points, that is three points which are not incident with a
common line.

(d) [d] Let P and Q be points. Then there exists a line | which is neither incident with P nor with

0.
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(e) [e] There exists a cardinality q such that each point is incident with exactly q+ 1 lines and each
line is incident with exactly g + 1 points. q is called the order of £.

Proof. (a) By (PPO) there exists a line r incident with P. By (PPO) there exist a point Q incident with
r and distinct from P. By (PP0) there exists a line / incident with Q and distinct from r. Suppose
that P is incident with /. Then P and Q are both incident with / and with . But then (PP1) shows
that [ = r, a contradiction. So / is not incident with P.

(b) Follows from (a)) applied to the dual plane of £.

Since L is not empty, there exists a line /. By (PPO) there exists distinct points P and Q
incident with /. By (b)) there exists a point R not incident with /. Suppose that k is a line incident
with P, Q and R. Then both Q and R are incident with » and with /. Hence r = [ and P is incident
with [, a contradiction. Thus P, Q and R are non-collinear.

(d) If P = Q, this is (a). So suppose P # Q and let k = PQ. By (b)) there exists a point R not
incident with k. By (PP0), R is incident with at least three lines and so the exists a line / incident
with R and distinct from PR and QR. Since R is incident with [ we conclude that neither P nor Q is
incident with [,

For a point P let A(P) be the set of lines incident with P. For a line / A(l) be the set of points
incident with /. We will first show that

1°. [1]  Let P be a point and | a line not incident with P. Then |A(P)|| = |A(1)|.
Let Q € A(]). Since P is not incident with /, P # Q and so PQ is a line incident with P. Hence
we obtain a function
a:A(l) > A(P),Q - QP

Applying this result to the dual plane we get a function

B:A(P) - A(l),k >kl

Note that Q is a point incident with QP and [/ and so Q = (QP)l. Thus B(a(Q)) = O and
Boa =idp(). Thus result applied to the dual plane gives @ o 8 = idj(py and so « is a bijection with
inverse 8. Thus holds.

2°. [2]  Let P and Q be points. Then |A(P)| = |A(Q)].
By @) there exist a line / neither incident with P nor with Q. Thus using twice |A(P)| =
A = [A(Q)]-

Now let P be a point and put ¢ = |[A(P)|. If Q is any point, then shows A(Q)| = c. If is any
line, we can choose a point R not incident with [ and so by (1°), |A({) = |A(R)| = c. Thus (¢) holds
withg=c—1. O

Lemma 1.3.4. [number of points in a plane] Let £ be a projective plane of order q. Then & has
exactly g> + g + 1 points and ¢* + g + 1 lines.
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Proof. Let P be a point. Any other point lies on exactly one of the g + 1 lines incident with P. Each
of whose g+ 1 lines has ¢ points distinct from P and so the number pointsis 1 +(g+1)-g = ¢* +q+1
points. Note that also the dual of £ is a projective plane of order ¢. So the dual has ¢* + ¢ + 1 points,
i.e £ has ¢> + ¢ + 1 lines. O

1.3.5 (Projective planes of order 2). [plane of order 2]

Let £ = (P,L,R) be a projective plane of order plane. Let A, B, C be any three points which
are not collinear. We will show that the whole projective plane can be uniquely described in terms
of the tuple (A, B,C). Let P and Q be distinct points. Then PQ is incident with exactly three points
and so there exits a unique point incident with PQ distinct from P and Q. We denote this unique
point by P + Q.

Since A, B and C are non-collinear, AB, BC and AC are three distinct lines. Since two distinct
lines have exactly on point in common

A,B,C,A+ B,A + C, B+ C are six distinct points.

Moreover, these are exactly the points which are incident to of the lines AB, BC and AC. Since
£ has seven points there exists exactly one more point D and D is not incident with any of the lines
AB, BC and AC. Thus AD is distinct from AB, AC and BC. So none of B and C is incident with AD.
Also neither A nor D is incident with BC. So B + C is the only point on BC which can be incident
with AD, and A + D is the only point on AD which can be incident with BC. So A + D = B+ C and
the points incident with AD are A, D and B + C. By symmetry the points incident with BD are B, D
and A + C and with CD are C, D and C + D. In particular,

AB,BC,AC,AD, BD, CD are six distinct lines.

So there exists one more line d. Note that each of A, B, C and D is incident with three of the six
lines distinct from d and so cannot be incident with d. Thus the three points incident with d must be
A+ B,A+C and B + C. So we determined all points, all lines and their incidence:

C

A+C B+C

A A+B B

Definition 1.3.6. [deg:aut plane] Let £ = (P, L, R) be a projective plane.
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(a) [a] An automorphism of £ is a bijection a : P U L — P u L such that

(i) [aut:i] If P is a point, then a(P) is point.
(ii) [aut:ii] Iflis a line, then a(l) is a line.

(iii) [aut:iii] Let P be a point and [ a line. Then P is incident to L if and only if a(P) is incident
to a(l).

(b) [b] Aut(E) is the set of automorphisms of € together with the binary operation defined by
composition.

Note that an automorphism « of £ is uniquely determined by its effect on the points. Namely, if
I = PQis aline, then «(!) is incident with a(P) and a(Q). So a(l) = a(P)a(Q).

If a,8 € Aut(€), then it is easy to see that also @ o 8 and @' are also automorphism of &.
Moreover, idp,, € Aut(E) and composition of function is associative. Hence (Aut(&),0) is a

group.

Lemma 1.3.7. [auts for p22] Let £ be a projective plane of order two and (A, B,C) and (A, B, C’)
be triples of non-collinear points. Then there exists a unique automorphism « of £ with

a(A)=A, a(B) =Band a(C) =C

Proof. It is readily verified that the unique automorphism @ : P u £ — P n L is given by

A—>A B— B C->C A+B—-A+B B+C->B+C
A+C—>A+C D-D AB — AB BC - BC
AC—>AC AD—->AD BD—-BD CD-CD d->d

Here D is the point not incident with any of lines AB, AC, BC. d is the line not incident with any of
the points A, B and C. D and d are defined similarly (replacing each symbol X by X.) O

Corollary 1.3.8. [order 132] Let £ be a projective plane of order two. Then |Aut(E)| = 168.

Proof. Fix atriple (A, B, C) of non-collinear points. show that there exists a bijection between
|Aut(&) and the set of triples (A, B, C) of non-collinear points.

Now A can be any one of the seven points, B is any of the six points different from A, and C is
any of the four points not incident to AB. So there are 7-6 -4 = 168 triples of non-collinear points.

Hence
]Aut(g)\ =7-6-4=168.

1.3.9 (The group associated to the projective plane of order 2). [group for pp2]

Let £ = (P,L,R) be a projective plane of order 2. We will construct a group of order 8
associated to £. Let G = {0} u P, where 0 is an arbitrary element not in P. Define a binary
operation + on G as follows:
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e [a] 0+g=g=g+0ifgeG.
e [b] P+ P=cif Pisapoint

e [c] P+ Q is the third point on PQ if P and Q are distinct points.

Then G is an abelian group. Indeed, O is the identity, each elements is its own inverse and the
operation is clearly commutative. Checking that the operation is associative takes a little bit of
effort: Let P, Q,R € G.

If one of P, O, R is equal to 0, then P+ (Q + R) and (P + Q) + R both are equal to the sum of the
other two.

So suppose that P, Q and R are points. If two of the points are equal, we will show that both
(P+Q)+Rand P+ (Q +R) are equal to third point. So let S and T be points. Then

T+(S+8)=(S+8)+T=0+T=T
Also

S+(S+T)=8S+(T+S8S)=(T+S)+S=(S+T)+S

If S =T, this is equal to S and so to T as required. So suppose S # T. Note (S +T)T = ST and
T is the point on S T distinct from S and S + 7. Thus again (S +7) +S =T.

It remains to consider the case where P, Q and R are three distinct points.

If P, Q, R are collinear, then P+ Q =Randso (P+Q)+R=R+R=0. Similarly P+ (Q +R) =
P+P=0.

Suppose that P, Q, R are non-collinear. Then (P + Q) + R and P + (Q + R) both are equal to the
unique point not incident with any of the lines PQ, PR and QR.

1.4 Subgroups, cosets and counting

Definition 1.4.1. [defsubgroup] Let (G, *) and (H,-) be groups. Then (H,-) is called a subgroup
of (G, *) provided that:

(i) [il HcG.
(ii) [ii] a*b=a-bforalla,bec H.
Note that, if (H,) is a subgroup of (G, *), then also (H, *) is a subgroup of (G, *).
Lemma 1.4.2. [properties subgroup] Let (G, *) be a group and (H,-) a subgroup of (G, *). Then

(a) [a] 1y = 1g where 1y is the identity of H with respect to - and 1 is the identity of G with
respect to *. In particular, 1 € H.

(b) [b] axbeHforalla,beH.
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(c) [c] Let a e H. Then the inverse of a in H with respect to - is the same as the inverse of a in G
with respect to *. In particular, aleH.

Proof. (a))

lH*lH:IH'lH:IHle*lG

Multiplying with the inverse of 1y in G from the left gives that 15 = 1¢.

(b) Let a,b € H. Then by definition of a subgroup a * b = a - b. Since * is a binary operation of
H,a-beGandaxbeH.

Let b be the inverse of a in H with respect to - and c the inverse of a in G with respect to *.
Then

axb=a-b=1lg=1g=a*c
Multiplying with the inverse of a in G from the left gives b = c. ]

Lemma 1.4.3. [char subgroup] Let (G, *) be a group and H € G. Then (H, x) is a subgroup of
(G, *) if and only if

(i) [a] 1 € H;
(ii) [b] H is closed under multiplication, that is for all a,b € H, ab € H; and
(iii) [c¢] H is closed under inverses, that is for all a € H, a'eH.

Proof. Suppose first that (i), (i) and (iii) hold. We will first verify that (H, *) is a group.

By (i), * is a binary operation on H. Since * is associative on G, it associative on H. Since
1¢ € H and 1 is an identity for * on G, its also an identity for * on H.

Let h € H. Then by , h~' e H and so h™! is an inverse for & with respect to * in H.

So (H, *) is a group. Since H € G and the same operation is used for H and G, conditions
and (i) of a subgroup are fulfilled. So indeed, (H, *) is a subgroup of (G, *).

Suppose now that (H, =) is a subgroup of (G, ). Then[1.4.2]shows that (i), (i) and (iii) hold. O

Let (G, *) be a group and (H,-) a subgroup of G. Slightly abusing notation we will often just
say that H is a subgroup of G. We also write H < G if H is a subgroup of G.

Lemma 1.4.4. [leftcosets] Let G be a group and H a subset of G. Define the relation ~gy on G by
a~ygb ifandonly ifailb eH

Then

(a) [a] e € H if and only ~y is reflexive.

(b) [b] H is closed under inverses if and only if ~p is symmetric.

(c) [c¢] H is closed under multiplication if and only if ~p is transitive.
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In particular, H is a subgroup of G if and only ~p is an equivalence relation.

Proof. @ Suppose that e € H. Leta € G. Thena 'a = e € H. So a ~y a and ~ is reflexive.

Suppose ~p is reflexive. Then e ~y e and so e = elecH.

Suppose H is closed under inverses. Let a,b € G with a ~y b. Then a~'b € H and so also

b~'a=(a"'b)"! € H. Thus b ~y a. Hence ~y is symmetric.

Suppose that ~z is symmetric. Let 7 € H. Then e”'h = h € H and so e ~y h. Since ~ H is
symmetric, i~y e andso h™! = h~le e H.

Suppose H is closed under multiplication. Let a,b,c € G with a ~g b and b ~g c¢. Then
a'be Hand b 'c e H and so, since H is closed under multiplication,

a'le=(a'p)(b7'c) e H

Thus a ~y ¢ and ~g is transitive.
Suppose ~ H is transitive. Let a,b € H. Then (a™')"'e =ae =a e Hand e”'b = b e H. So
a™! ~y eand e ~y b. Since ~y is transitive, this gives a~! ~y b. Thus ab = (a~')"'b € H and H is

closed under multiplication O

Lemma 1.4.5. [equiv rel] Let ~ be a equivalence relation on the set I. For a € I put [a] :={b e |
a ~ b}. [a] is called the equivalence class of ~ associated to a. Let I|~ be the set of equivalence
classes of 1.

(a) [a] Eachi € lies in a unique equivalence class of ~, namely [i].
(b) [b] |I| = Xcery-|Cl.

Proof. (d) Let a € 1. Since ~ is reflexive, a ~ a. So a € [a] and a is contained in an equivalence
class of 1. Now let C be any equivalence class of ~ with a € C. We need to show that C = [a]. By
definition of an equivalence class, C = [b] for some b € I. Since a € C = [b] we have b ~ a

Let ¢ € [a]. Then a ~ c. Since ~ is transitive, b ~ ¢ and so ¢ € [b]. Hence [a] ¢ [b].

We proved that if a € [b] then [a] € [b]. Since b ~ a and ~ is symmetric we have a ~ b and
b € [a]. Thus [b] < [a].

Hence [b] = [a] and (a) holds.

(b follows immediately from (a)). i

Definition 1.4.6. [def:coset] Let G be a magma, g € G and A, B € G.
(a) [a] gA={ga|a|lacAand Ag={ag|acA}.

(b) [b] B/A={bA|b e B}.

(c) [e] Suppose G is a group and A a subgroup of G. Then

(a) [a] gA is called the (left) coset of A in G containing g.
(b) [b] Ag is called a right coset of A in G.
(c) [c] |G/A|is called the index of A in G.
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Proposition 1.4.7. [prep lagrange] Let H be a subgroup of G and g € G.
(a) [a] gH is the equivalence class of ~y containing g.

(b) [b] g lies in a unique coset of H in G, namely in gH.

(c) le] |gH| = |H]|.

Proof. (a) We have

acgH <= a=ghforsomehe H <= g 'a=hforsomeheH

— glaceHe=g~ya <= aclg]

So gH = [g].

(b) This follows from (a)) and[1.4.5]

Define f : H — gH,h — gh. Then by definition of gH, f is onto. If gh = gh’ for some h, I,
then = '. Hence f is 1-1. This gives (c). i

Theorem 1.4.8 (Lagrange). [lagrange] Let H be a subgroup of G. Then |G| = |G/H| - |H|. In
particular if G is finite, the order of H divides the order of G.

Proof.
4.5/ [CA.7 [CA.7)ch
GIF=R Y el BEE Y A TER Y |HI=(G/H] - |H|

CeG/~n CeG/H CeG/H
O

1.4.9 (Cycle Notation). [not:cycle] We will often use cycle notation to denoted elements of Sym(n):
For1 < j<land 1 <i<kjlet1 <a;; <nsuch that for each 1 < m < n there exists a unique
I<j<land1<i<k withm=a;;. Then

(ar,1,a21,a3,1,...ax 1)(a12,a22 .. Ak, 2) ... (a1 ,a2; - .. ax,)
denotes the element 7 € Sym(n) with
n(a,-,j) =ditl,j and n(akj,j) =day,j

forall 1 <i<kjand 1< j<I
(a1,j,a2,),...,ax;;) is called a cycle of length k; of z. If n is understood, we will not bother to
list the cycles of length 1. Also we will often drop the separating comas in the cycle. For example
in Sym(9),
(2975)(13)(48)

denotes the permutation with

1-3,2-93-1,4-85-26-67->58-49->7
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Example 1.4.10. [ex:lagrange] Let G = Sym(3) and H = {(1),(12)}. Then
()oeH=H={(1),(12)} =(12) o H
(123) o H={(123) o (1),(123) o (12)} ={(123),(13)} =(13) o H
(132) o H = {((132) o (1),(132) o (12)} ={(132),(23)} = (23) o H
Hence
|G| =6,|G/H| =3 and |H| =2
So by Lagrange’s

Definition 1.4.11. [def:power set]

(a) [a] Let I be set, then P(I) denotes the power set of G, that is the set of subsets of I.

(b) [b] Let G be a magma. For H,K € G put

HK = {hk |h e H,k € K}.

(c) [c] Let G be a group. For H € G define H' = {h™! | h e H}.

Lemma 1.4.12. [power monoid] Let G be a magma.

(a) [a] P(G) is magma under the operation (A, B) - AB.

(b) [b] If G is associative, so is P(G).

(c) [e] Ifeis an identity for G, then {e} is an identity for P(G).
(d) [d] If G is a monoid, so is P(G).

(e) [e] If G is a group and A, B € G, then (AB)™! = B~'A71,

Proof. LetA,B,C cG.

(a) By definition, AB is a subset if G and so the P(G) is closed under the operation (A, B) —
(A, B).

(b) We have

(AB)C ={(ab)c|acA,beB,ceC} ={a(bc)|acA,beB,ceC}=A(BC)

Obvious.

(d) follows from (@), (b)),
() (AB)™' = {(ab) ' |acAbeB}={b'a" |beBacA}=B'A". O
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Lemma 1.4.13. [order] Let G be a group, H a subset of G and K a subgroup of G.
(a) [e] (gk)K =gK forall g€ G,k e K.

(b) [f) KK=Kand K™' =K.

(c) [d] H/K = HK/K

(d) [a] The map @ : HHHN K — H/K,h(H n K) — hK is a well defined bijection. Moreover,
@(C)=CK forall Ce H/HNnK.

(e) [b] [HK|=|HK/K]|-|K|=|H/HNK]|-[K]

(f) [c] If G is finite and H is a subgroup of K, then |HK| = |H ‘|
Proof. @) Since K is closed under multiplication kK € K. Let / € K. Then [ = k(k™'l) € kK and so
K c kK. Thus K = kK and so also (gk)K = g(kK) = gK.

@) By @, kK = K for all k € K and so KK = K. Since K is closed under inverse K~! ¢ K. Since
k=(k")'andk'eK,K<cK ' Hence K=K

Since e € K, Hc HK and so H/K ¢ HK/K. Let h € H and k € K. Then by (d) (hk)K = hK ¢
H/K and so HK/K ¢ H/K.

(d) Let C e H/Hn K. Then C = h(H n K)) for some h € H. We compute

CK = (h(HNK))K = h((H N K)K) = hK

so a(C) = CK and the definition of « is independent of the choice of 4. Clearly « is onto.

Finally if hK = jK for some h,j € H,then h"'jK = K, h"'j e K and so h"'j € Hn K and
h(HnK) = j(HnK). Thus @ is 1-1.

(e) Note that HK = Uy hK. Hence

HK|= Y |c|=|H/KI|-|K| € |H/H K| |K].
CeH|K

By Lagrange’s |H| = |[H/H n K| -|H n K|. So if G is finite, |[H/H N K| = |HOK| and thus (H)
follows from (g. o

1.5 Equivalence Relations

Definition 1.5.1. [def:simf] Let ~ be a relation on the set J and let f : I — J be a function. Then
~ ¢ is the relation on I defined by

i~np k<= fi~ fk
forallikel

Lemma 1.5.2. [basic simf] Let ~ be a relation on the set J and let f : I — J be a function.

(a) [a] If ~ is reflexive, so is ~ .
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(b) [b] If ~ is symmetric, so is ~.
(c) [e] If ~ is transitive, so is ~y.
(d) [d] If ~ is equivalence relation so is ~.

Proof. Suppose ~ is transitive and le a,b,c € I with a ~y b and b ~; ¢. Then fa ~ fb and
fb~ fa. Since ~ is transitive, fa ~ fc and so a ~¢ c¢. Thus ~ is transitive.
The proofs for (a) and (b)) are similar and somewhat easier. (d) follows from (a)-(c). O

Lemma 1.5.3. [finest equiv] Let I be a set and ~ a relation on I. Define
~=({% | ¥ an equivalence relation on I with ~cx}
Then
(a) [a] =~ is an equivalence relation on I, called the equivalence relation generated by ~.

(b) [b] Let a,b € I. Then a ~ b if and only if there exists n € N and a sequence of elements
(x0, X1, ... Xy) in I such that xo = a, x,, = b and for each 1 < i < n either x;_ ~ X; O X; ~ X;_].

Proof. Straightforward. O

Definition 1.5.4. [tilde invariant function] Let f : [ — J be a function, ~ a relation on I and % a
relation J.

(a) [a] f is called (~,%)-equivariant if for all a,b € I:

avb = fla) % f(b)

(b) [b] f is called ~-invariant if f is (~,=)-equivariant, that is for all a,b € I:
a~b = f(a)~f(b)
Lemma 1.5.5. [simf and finest] Let ~ a relation on the set I and ~ the equivalence relation gener-
ated by ~. Let & a relation on set J and f : I - J a function.
(a) [a] If f is (~,®)-equivariant, it is also (~,®)-equivariant.
(b) [b] If f is ~-invariant, it is also ~-invariant.

Proof. (a) Let a,b € I with a ~ b. Then fa % fb and so a ¥y b. Thus ~Cxy. By Ny is an
equivalence relation on I and so by definition of ~, ~c%¢. Thus a ~ b implies a &y b, thatis fa & fb.
() Just apply (a) with # the equality relation. i

Lemma 1.5.6. [simf equivariant] Let f : I — J be a function, ~ a relation on f and % a relation on
J.
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(a) [a] fis (~,%)- equivariant if and only ~Cxy.
(b) [b] fis (%, ~)-equivariant.
(c) [e] fis ~-invariant if and only if ~C=y.
(d) [d] fis=g¢-invariant.
Proof. @) fis (~,®)- equivariant if and only if
a~b = f(a)x f(])
and so if and only if

a~b = a®rb

(b) follows from (al).
and (d): Just apply (a) and (b)) with #& the equality relation. i

Lemma 1.5.7. [simf classes] Let f : [ - J be a (~,%)-equivariant function. Then

(a) [a] f([a].) € [falsforallael

(b) [b] Suppose I < Dom(~) and % is an equivalence relation on J. Then

Felf~—~ /s, [a). — [fals
is a well-defined.

Proof. (a) Let x € f([a].). Then x = fb for some b € [ with b ~ a. Thus fb % fa and x = fb €
[fa].. () Let a,b € I with [a]. = [b].. Since I ¢ Dom(~), there exists ¢ € [ with a ~ c. Then
also b ~ ¢. Hence fa & fc and fb % fc. Since ® is an equivalence relation, this gives fa & fb and

[fals = [f]]s. o

Lemma 1.5.8 (Isomorphism Theorem for Sets). [iso sets] Let f : [ — J be a function. Then the
function

Fiif=r~ . [a]., > fa
is a well-defined bijection.
Proof. Leta,b e l. Then

f(a) = f(b) = a=; b= [a]-, = [b]-,

and so f is well-defined and 1-1. f is clearly onto and so the lemme holds. O
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1.6 Normal subgroups and the isomorphism theorem

Example 1.6.1. [ex:left right] Let G = Sym(3) and H = {(1), (12)}. Then

(23) o H ={(23),(132)} and Ho (23) = {(23),(123)}
So (23) o H + H o (23).
Note that gH = Hg if and only if gHg™! = H. We therefore introduce the following notation:
Definition 1.6.2. [def:conjugation] Let G be a group, a,b € G and D ¢ G.
(a) [a] “b =aba™'. °b is called the conjugate of b under a.
(b) [b] “D=aDa""' = {ada™" | d e D} = {“d | d € D}.

(c) [e] The function i, : G - G,g — “g is called the inner automorphism of G induced by a. i, is
also called conjugation by a

Lemma 1.6.3. [basicnormal] Let N < G. Then the following statements are equivalent:
(a) [a] EN =N forall g €G.

(b) [b] gN =Ngforall geG.

(c) [c] Every left coset is a right coset.

(d) [d] Every left coset is contained in a right coset.

(e) [e] SN S N forall g €G.

(f) [z] éne N forall g € G, ne N.

Proof. Suppose @) holds. Then gNg~! = N for all g € G. Multiplying with g from the right we get
gN = Ng.

Suppose (b) holds. Then the left cosets gN equals the right coset Ng. so (c]) holds.

Clearly (c) implies (d)

Suppose that (d) holds. Let g € G. Then gN ¢ Nh for some h € G. Since g € gN we conclude
g € Nh. By[1.47)(b), Ng is the unique right coset of N containing g and so and Ng = Nh Thus
gN ¢ Ng. Multiplying with g~! from the right we get gNg~' ¢ N. Thus (e) holds.

Clearly (e)) implies (f).

Finally suppose that @) holds. Then gNg~! c N for all g € G. This statement applied to g
in place of g gives g~' Ng ¢ N. Multiplying with g from the left and g~! from the right we obtain
N cgNg'. Hence N c¢N and N ¢ N. So N =8N and@)holds. O

Definition 1.6.4. [def:normal] Let G be a group and N < G. We say that N is normal in G and
write N 4 G if N fulfills one (and so all) of the equivalent conditions in[l.6.3]

Example 1.6.5. [ex:normal]
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1. [1] From we have (2,3)Sym(2) # Sym(2)(2,3) and so Sym(2) is not a normal subgroup
of Sym(3).

2. [2] Let H={(1),(123),(132)}. Then H is a subgroup of Sym(3). By Lagrange’s

sym@3)| 6 _,

Sym(3)/H] = P = 3

Hence H has exactly two cosets in H. One of them is

H={(1),(123),(132)}

Since each element of Sym(3) lies in a unique coset of H, the other coset must be

Sym(3) ~ H = {(12),(13),(23)}

The same argument shows that H and Sym(3) \ H are the only right cosets of Sym(3). Thus
every coset is a right coset and so H is normal in Sym(3).

Lemma 1.6.6. [hom and one] Let G and H be monoid and ¢ : G — H a magma-homomorphism.
Then the following are equivalent.

(a) [a] ¢(1) =1, that is ¢ is a monoid-homomorphism.
(b) [b] ¢(1) is (left,right, ) invertible
(c) [c] There exists g in G such that ¢(g) is (left,right, ) invertible.

Proof. () = (b):  Suppose that ¢(1) = 1. Then ¢(1)¢(1) = ¢(1-1) = ¢(1) = 1 and ¢(1) is
invertible.

(®) = (c): Obvious.

() = (a):  Suppose g € G such that ¢(g) is left-invertible in H and choose i € H with
h¢(g) = 1. Then

¢(1) = 16(1) = (hp(g))¢(1) = h(¢(2)6(1)) = h(g) = 1
O

Lemma 1.6.7. [hom and monoid] Let ¢ : G — H be a monoid homomorphism. Suppose g € G and
g’ is (left,right, ) inverse of g in G. Then ¢(g') is a (left,right, ) inverse of ¢(g) in G.

Proof. By symmetry it suffices to tread the case where g’ is left inverse of g. Then

¢(g)e(g) = ¢(g'g) = (1) = 1
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We will now start to establish a connection between normal subgroups and homomorphism.
Lemma 1.6.8. [basichom] Let ¢ : G - H be a group homomorphism.
(a) [a] ¢(1g) = 1y, that is ¢ is a monoid-homomorphism.
(b) [b] ¢(a™") =g(a)™".
(c) [e] ¢(%a) =" p(a).
(d) [d] If A<G then ¢(A) < H.
(e) [e] If B< H then ' (B) <G.
(f) [f] Putker¢:={geG|p(g) =1y} Thenker@ is a normal subgroup of G.
(g) [h] If N 4G, and ¢ is onto, p(N) < H.
(h) [il IfM <H, ¢~ (M) <G.
Proof. See Homework 2 O
Lemma 1.6.9. [char 1-1] Let ¢ : G — H be a homomorphism of groups.
(a) [a] Leta,b € G. Then ¢(a) = ¢(b) if and only if aker ¢ = bker .
(b) [b] The relations =4 on G is the same as the relation ~yer ¢.
(c) [e] ¢isI-1ifand only ifkerp = {15}
Proof. Leta,b e G. Then

a =4 b
— oa) = o(b)
— ¢(a)'p(b) = lu
— ¢(a”'b) = Iy
— a'b € ker ¢
— a ~ker ¢ b
— gker¢ = kker¢

Thus (a) and (b)) hold.
By (a) ¢ is 1-1 if and only if {a} = a{ker¢} for all a € A and so if and only f ker phi =
O

{16}

Lemma 1.6.10. [basicG/N] Let G be a group and N 4 G. Let T,S € G/N and a,b € G with T = aN
and S = bN.
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(a) [a] TS € G/N, namely (aN)(bN) = (ab)N.

(b) [b] T~' € G/N, namely (aN)™' =a"'N.

(c) [e] TN=T =NT.

(d) Ifl TT'=N=T"'T.

(e) [c] G/N is a group under the binary operation G/IN x G/N - G/N,(T,S) - TS.
(f) [d] The map ny : G - G[N, g—gN is an onto homomorphism with kernel N.

Proof. (a) (aN)(bN) = a(Nb)N = a(bN)N = abNN = abN.

@) (aN) ' =N'a'=Na'=a'N.

(c) We have N = eN and so by (@) TN = (aN)(eN) = (ae)N = aN =T. Similarly NT = T.

(d) By (&) and (o) 77" = (aN)(a™")N = (aa™")N = eN = N. Similarly 77T = N.

() By (e the map G/N x G/N - G/N,(T,S) - TS is a well-defined binary operation on G/N.
By multiplication of subsets is associative. By (i) V is an identity element and by @), T 'is
an inverse of 7. Thus (g holds.

({f) We have

nn(ab) = abN = (aN)(bN) = nn(a)nn(b)

So my is a homomorphism. Clearly 7y is onto. We have

kermy ={a€G|ny(a)=lgn}={acG|aN=N}={acG|aeN}=N

O

Theorem 1.6.11 (The Isomorphism Theorem). [IT] Let ¢ : G — H be a homomorphism of groups.
The map

¢:Glkerp - ¢(H), gkerg - ¢(g)

is a well-defined isomorphism. Moreover, ¢ = ¢ o Ter -

Proof. Since aker ¢ = bker ¢ if and only of a =4 b, shows that ¢ is a well-defined bijection.
We have

é(((gkerg)(kkerg)) = ¢(gkker¢) = ¢(gk) = ¢(g)d(k) = ¢(gker ¢)p(kker)

and so ¢ is a homomorphism.
Also

(po ”kerqﬁ)(g) = $(ﬂker¢(g)) = $(gker¢) = ¢(a)

and SO ¢ = ¢ 0 Myer g o

The Isomomorphism Theorem can be summarized in the following diagram:
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G
8
¢ Tlker ¢
$(8) ) gker¢
Im ¢ < i G/ker¢
¢

1.7 Group Actions

Definition 1.7.1. [def:magma action] Ler (G, ) be a magma and S a set. Let * be a function such
that G x S is contained in the domain of *. For g € G and s € S, write g * s for (g, s). * is called
an magma action of G on § if

(AO) [a0] gxseS forallgeG,s€S.

(A1) [al] (a-b)*s=ax(bxs)foralla,beG, seS.

A G-setis a set S together with a magma-action of G on S.

Definition 1.7.2. [def:magma action] Let (G,-) be a monoid and S a set. A magma action * of
(G,-) on S is called a monoid-action if

(A2) [a2] Ig*s=sforall seS.

In the case that (G,") is group, a monoid-action of (G, cdot) is also called a group-action.

We will often just write as for a * s. The three axioms of a monoid action then read as € §,
Is = s and (ab)s = a(bs).

Example 1.7.3. [ex:action] Let (G,-) be a group,

1. [1] Note the similarity between the definition of a group action and the definition of a group. In
particular, we see that the operation - of group G defines an action of G on G, called the action
by left multiplication. Indeed, since - is a closed operation (A0)- holds. Since 1¢ is an identity,
(A2) holds and since - is associative (A1) holds.
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2. [2] The function
‘op:GxG—G,(a,s)—>s-a

is not an action ( unless G is abelian). Indeed

(a-b)ops=s-(a-b)=(s-a) -b=b-p(aps)

But observe that -, is an action of G°P on G.

To obtain an action of G on G define

w1 GxG,(a,s) — sa '

Then (ab) + s = s(ab)™' = sb'a™! =a -, (b 5) and -, is indeed an action. This action is called
the action of G on G by right multiplication.

3. [5] G acts on G via conjugation:

c:GxG—~>G,(a,g) >
Indeed 'g = g and (Vg = “(g).

4. [4] Let * be an action of G on the set / and let H < G. Then = is also an action of H on /.
In particular, we obtain actions of H on G by left multiplication, right multiplication and by
conjugation.

5. [6] Let I be a set. Then Sym(7) acts on [ via

Sym(I) x I - I, (n,i) — n(i)
Indeed, id;(i) =i for all i in I and a(B(i)) = (aB)(i) for all @,B € Sym(I),i € I.

Notation 1.7.4. [equality of actions] Let x and ¢ be actions of the magma G on the set S. We will
write x = o ifgxs=gosforallgand seS.

Note that * = ¢ if and only if the restrictions of * and ¢ to G x §,§ are equal. Often we will be
sloppy and consider two action with * = ¢ to be equal.

We will now show that an action of magma G on S can also by thought of as an homomorphism
from G to Fun(S,S).

Definition 1.7.5. [def:operation to function] Let A, B be sets.

(a) [a] Fun(A) is the class of function with domain A. Fun(A, B) is the set of function from A to B.
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(b) [b] Let f € Fun(A x B). For a € A define f, € Fun(B) by

fa(b) = f(a,b)

forall b € B. Define fs : A — Fun(B),a — f,. fa is called the function on A associated to f.

Then we view f as binary operation and use the notion a*b for f(a,b), we will use the notation
a* for fu, soa*(b) =axb.

(c) [e] Let g: A — Fun(B) a function. Define gaxp € Fun(A x B) by

gaxg(a,b) - g(a)(b)
forall (a,b) € A x B. gaxp is called the function on A x B associated to g.
Lemma 1.7.6. [operation to function] Let A, B be sets.
(a) [a] Let f € Fun(A x B), Then (fa)axs = f-
(b) [b] Let g: A - Fun(B) be a function. Then (gaxp)a = f-

Proof. Letac Aand b € B.

(&)
(fa)axs(a.b) = fa(a)(b) = fu(D) = f(a.b)

and so (fa)axs = f-
®
(gaxB)a(a)(D) = (gaxp)a(b) = gaxp(a,b) = g(a)(b)

and so (gaxp)a = & O

Lemma 1.7.7. [action=hom] Let G be a magma, S a set, * € Fun(G x S) and *¢ : G — Fun(S)
the function on G associated to *.

(a) [a] = is an magma-action of G on S if and only if ®© is a magma-homomorphism from G to
Fun(S,S).

(b) [b] Suppose G is monoid. Then * is a monoid-action if and only if ® is a monoid-homomorphism
from G to Fun(S, S).

(c) [c] Suppose G is a group. Then * is a group-action if and only if ® is a homomorphism from G
to Sym(S).

Proof. Letg,heGand seS.

(a) Since g*(s) = g * 5, (A0) holds if and only if g* is a function from S to S for all g € G and
if and only if *¢ is a function from G to Fun(S, S ).

So we may assume that:

1°. [0]  (AO) holds and = is a function from G to Fun(S,S).
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Since

(g 0 h*)(s) = g » (I s)and (gh)*(s) = (gh) * s

we see that (A1) holds if and only if *s is a homomorphism from G to Fun(S,S). Thus ([al)
holds.

(b) Suppose G is a monoid. Since 1*(s) = 1 s, (A2) holds if and only if (1) = ids. Together
with (a) this gives (b).

Suppose that now that G is a group. Recall that a group-action for G is the same as monoid
action for G.

Assume first that x is an monoid-action of G on S. Then by (b) *¢ is a monoid- homomorphism
from G to Fun(S, S ). Since each element in G is invertible, shows that xg(g) is invertible for
all g € G. Thus #5(g) € Sym(S) and *g is homomorphism from G to Sym(S).

Assume next that *¢ is a homomorphism from G — Sym(G). Then by |1.6.8|(a) *¢ is a monoid-
homomorphism and so (b)) * is an monoid-action of G on S.
O

Example 1.7.8. [ex:action ii]

1. [1] Let (G,-) be a group. For a € G, define g : G - G,g — ag. Then by [I.7.3|(1) and [1.7.7| the
map

®: G->Sym(G), g~ ¢

is a homomorphism. If ®(a) = idg, then a = al = ®(a)(1) =idg(1) = 1 and so @ is 1-1. Thus
G 2 ®(G). In particular, G is isomorphic to a subgroup of a symmetric group. This is known as
Cayley’s Theorem.

2. [2] Let G be group. Recall that for g € G, ig is the map

i,:G—>G,a—%a

By|[1.7.3(|I) G acts G by conjugation, the corresponding homomorphism is

ig:G - Sym(G),g - ig

3. [3] The homomorphism corresponding to the action of Sym(7) on / is idgyy (7). Indeed (i) =
n*i=mn(i)and so %, = 7 for all 7 € Sym(7).

Definition 1.7.9. [def:stabilizer] Let * by an action of the group G on the set S, H S G,g€ G, s€ S
and T € S. Then

(a) [a] Staby(T)={heH|g+t=tforallteT} and Staby,(s) ={he H|hx*s=s}. Staby(T) is
called the stabilizer of T in H.

(b) [b] Fixj(H)={teT |h+t=tforallteT} and Fixr(g)) ={t € T | g » t = t}. The elements
of Fixy (H) are called the fixed-points of H in T.



1.7. GROUP ACTIONS 33

(c) [c] g+T={gxt|teT}, Hxs={h+s|heH}, H+T={hxt|heH,teT

(d) [d] = is called a faithful action of G on S if Stab;(S ) = {e}. In this case we also say that S is
a faithful G-set.

(e) [e] T is called H-invariant with respect to * if h+ T =T forall h € H. T is called g-invariant if
g*xT=T.

(f) Ifl Nj(T)={heH|hT =T}. N(T) is called the normalizer of T in H with respect to *.
(g) [g] H™ = {h* | he H}. Note that G*S = Im xg.

We will often just write Stabg(S') in place of Staby;(S ), but of course only if its clear from the
context what the underlying action * is. We will also sometimes use H> or H* for H*S.

Lemma 1.7.10. [basic action] Let * be an action of the group on the set S.
(a) [a] Stabg(S) =ker+g 4G.
(b) [b] G/Stabg(S) = G*S < Sym(S).

(c) [e] S is a faithful G-set if and only if ®, is 1-1. So if S is faithful, G is isomorphic to the
subgroup G*5 of Sym(S).

(d) [d] Let H< G and T an H-invariant subset of S, * is also an action of H on T.

(e) [e] The map
*p: GxP(S)—>P(S),(gT)>gx*T

is an action of H on P(S).
(f) If] IfgeGand T c S, then Stabg(g » T) = *Stabg (7).
(g) (gl IfgeGandseS, then Stabg(g * s) = #Stabg(s).
(h) [h] IfT S, then Stabg(T)*S = Stabges (T).
(i) [i] If s €S, then Stabg(T)*S = Stabgus (T).
Proof. (a) Let g € G, then

g € Stabg(S)

gs=sforallgeG
g (s)=sforallgeG
g =idg
®*(g) =ids
g € ker @

1o ny
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Since G* = Im ®@*, this follows from and the First Isomorphism Theorem.
®) p

- (¢) are readily verified.

To prove (f)) let 2 € G. Then

heStabg(g * T)
hx(gxt)=gxtforallteT
gla(hx(gnt))=glx(gxt)forallteT
(g7'hg) »t=tforallteT
g 'hg € Stabg(T)

h € Stabg (T)

[

follows from (f) applied with 7' = {s}.
LetgeGandteT then g * ¢ =tif and only if g*(¢) = £. So (h) holds.
follows from (h)) applied with T = {s}.
m

Lemma 1.7.11. [stabilizers are subgroups] Let G be a group acting on the set S. Let s € S and
TcS.

(a) [a] Stabg(T) is a subgroup of G.
(b) [b] Stabg(s) is a subgroup of G.
(c) [e] Ng(T) is a subgroup of G.

Proof. (a) 1z =tforall7 € T and so 1 € Stabg(T). Let g,h € Stabg(T). Then g¢ = 7 and ht = t for
allz e T. Thus

(gh)t ‘L2 g(ht) =gt =1

and so gh € Stabg (7).
From gt = 1 we get g ! (g1) = g 't. So by (GA2), (¢7'g)t = ¢!t and et = g't. Thus by (GA1),
t =g 't. Hence g~! € Stabg(T). now implies that Stabg (T) is a subgroup of G.

[b] Note that Stabg(s) = Stabg({s}). Thus (b) follows from (c).
We have

NG(T) ={ge€G|gT =T} = Stab;" (T).

(Note that on the left hand side T is treated as a subset of the G-set S, and in the right hand side,
T is treated as an element of the G-set P(S).) Thus () follows from (b). i
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Example 1.7.12. [ex:stabilizer] Consider the action ¢ of a group G on itself. be conjugation and
let AcG. Let g € G. Then
g € Stabg;(A)
gca=aforallae A
fa=aforallacA

gag ' =aforallac A

r1td

ga=agforallac A
Define

Cg(A)={geGlga=agforallacA}

Then we proved Cg(A) = Stab*(A) and so by|1.7.11|fa), C(A) < G.
The center Z(G) if G is defined as

{geG|ga=gaforallac A}
So

Z(G) = C5(G) = Stabg(G)

and so by

Z(G)<G and G/Z(G) = G° < Sym(G)
Definition 1.7.13. [def:orbits] Let + : G x S — S be a magma actions.
(a) [d] ~. is the equivalence relation generated by {(s,gs) | s €,g € G}.
(b) [a] The equivalence classes of ~. are called the orbits of G on S with respect to *.
(c) [b] The set of orbits of G on S is denoted by S [*G.
(d) [e] We say that G acts transitively on S if G has exactly one orbit on S.

Lemma 1.7.14. [orbits] Let * be an magma-action of the non-empty magma G on the set S. Let
s,tes.

(a) [a] Suppose * is a group-action. Then

S~y t — gs =t forsome geG
(b) [b] Suppose G is abelian. Then

Syt — gs = ht for some g,h € G
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Proof. Le ~ be the relation {(s,gs) | s €,g € G} on G. By definition ~, is the equivalence relation
generated by ~.
(a) Suppose * is a group action. We just need need to show that ~ is an equivalence relation.
Since s = es, s ~ s and ~ is reflexive.
If t = as, then
a't=a(as) = (a'a)s=es=s

Thus s ~ ¢ implies ¢ ~ s and ~ is symmetric.
Finally if s = ar and 7 = br then s = at = a(br) = (ab)r. Thus s ~ t and ¢ ~ r implies s ~ r and ~
is reflexive.

(b) Define the relation ~ on S by

st if gs = ht for some g,h e G

Suppose gs = ht for some g,h € G. Since s ~ gs and ¢ ~ ht = gs we conclude that s ~, ¢ and so
~C *;. So we just need to show ~ is an equivalence relation. Let s € S. Since G is not-empty there
exists g € G and so gs = gs and s ~ 5. » is clearly symmetric. Suppose that r, s, € G with r ~ s and
s ~ t. Then gr = hs and ks = It for some g, h,k,[ € H. Thus

(kg)r =k(gr) = k(hs) = (kh)s = (hk)s = h(ks) = h(lt) = (hl)t

andsor=~t.
O

Lemma 1.7.15. [char orbits] Let G be a group acting on the non-empty set S. Let s € S. Then the
orbit of G on S containing s is Gs = {gs | g € G}.

Proof. Let O be the orbit of G on T containing s and let r € S. Then

teO
<~ Py S
< t=gsforsomegeG
— teGs

O

Lemma 1.7.16. [char transitive] Let G be a group acting on the non-empty set S. Then following
are equivalent:

(a) [a] Foreach s,t €S there exists g€ G witht = gs.
(b) [b] There exists s € S with S = Gs.

(c) [d] S is an orbit for G on S.
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(d) [c] G acts transitively on S.

Proof. () = (B):  Suppose (a)) holds. Since S is not empty there exists s € S. Let r € T. By (a))
there exists g € G witht=gs. Sote Gsand S = Gs.

() = (c): By[L.7.15]Gs is an orbit for G on S. So if S = Gs, S is an orbit for G on §..

== (d): Suppose S is an orbit for G on S. Since distinct orbits are disjoint we conclude
that S is the only orbit for G on S. Thus G acts transitively on S.

(d) = (a):  Suppose that G acts transitively on S and let s,7 € G. By Gs is an orbit
for G in S and since G acts transitively, Gs is the only orbit. Since ¢ lies is some orbit, this means
that r € Gs and so t = gs for some g € G. O

Example 1.7.17. [ex:orbits] Let G be group and H < G.

1. [1] The right cosets of H are the orbits for the action of H on G by left multiplication. So H acts
transitively on G by left multiplication if and only if H is the only coset of H in G and so if and
only if G = H.

2. [2] The left cosets of H are the orbits for the action of H on G by the right multiplication. (Note
here that since H = H™', gH™! = gH.) Again this action is transitive if and only if G = H.

3. [3] The orbit of G on G containing & with respect to the action by conjugation id “h = {cgh |
g € H}. This orbit is called the conjugacy class of G containing 4. Note that Ge = {e} and so the
action by conjugation is transitive if and only if G = {e}.

4. [4] Let I be a non-empty set. Then Sym(/) acts transitively on /.

5. [5]
tg/p G xG[H— G[H,(g,T) — gT

is a well -defined transitive action of G on G/H.

Indeed, if T = tH, then g(tH) = (¢T) € G/H. So *¢/y is well-defined. Its straightforward to
verify that =g,y is indeed an action. Also

Gx*guH={gH|geG}=G/H,

and so G acts transitively on G/H. This action is called the action of G on G/H by left multipli-
cation.

We will show that any transitive action of G is isomorphic to the action on the coset of a suitable
subgroup. But first we need to define isomorphism for G-sets.

Definition 1.7.18. [def:g-equi] Let G be a group, * an action of G on the set S, ~ an action of G
onthe setT and a:S — T a function.

(a) [a] «a is called G-equivariant with respect to * and » if
a(gxs) =goa(s)
forallgeGandseS.
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(b) [b] « is called a G-isomorphism from (S, *) to (T, &) if @ is a bijection and « is G-equivariant
with respect to * and .

(c) [e] We say that (S, *) and (T, &) are G-isomorphic and write

(S,*)2(T,n), orS=zT
if there exists a G-isomorphism from (S, *) to (T, & ).
Lemma 1.7.19. [transorbits] Ler S be a G-set, s € S and put H = Stabg(s).

(a) [a] The map
«:G/H - S, aH — as

is well defined, G-equivariant and one 1-1
(b) [b] «is an G-isomorphism if and only if G acts transitively on S
(c) [d] |Gs| =|G/Stabg(s)|.

Proof. (a) Let a,b € G. Then

aH =bH

a'beH
a”'b € Stabg(s)

(a'b)s=s
a((a™'b)s)) = as

bs =as

(N

The forward direct shows that « is well-defined and the backward direction shows that @ is 1-1.
Also
a(a(bH)) = a((ab)H) = (ab)s = a(bs) = aa(bH)

So a is G-equivariant.
(b) By (a) a is a G-isomorphism if and only if @ is onto. We have
Ima={a(gH)|gcG}={gs|gecG} =Gs

So « is onto if and only if S = Gs and so if and only if G is transitive on S.
Since ais 1-1, |G/H| = |Ima| = |Gs|. O

Lemma 1.7.20. [char g-sets] Suppose that G acts transitively on the sets S and T. Let s € S and
te€T. Then S and T are G-isomorphic if only if Stabg(s) and Stabg(t) are conjugate in G.
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Proof. Suppose first that @ : S — T is a G-isomorphism. Let g € G. Since « is 1-1 and G-
equivariant:
gs =5 <= a(gs) = a(s) < ga(s) = a(s)

So Stabg(s) = Stabg (a(s)). Since G is transitive on T, there exists g € G with ga(s) =¢. Thus
Stabg (¢) = Stabg(ga(s)) = *Stabg (a(s)) = *Stabg(s).

Conversely suppose that #Stabg (s) = Stabg () for some g € G. Then Stabg(gs) = #Stabg(s) =
Stabg(#) and so by [1.7.19((b) applied to S and to 7"

S 26 G/StabG(gs) = G/Stab(;(l‘) 6 T.
O

Definition 1.7.21. [def:rep] Let G be a group and S a G-set. A subset R € S is called a set of
representatives for the orbits of G on S, provided that R contains exactly one element from each
G-orbit. In other words if the map R — S |G,r — Gr is a bijection.

An orbit O of G on S is called trivial if |O| = 1.

Let R be an set of representatives for the orbits of G on § and any trivial orbit {s}. Then s must
be in R. Thus Fixs (G) <€ R and R \ Fixg(R) is a set of representatives for the non-trivial G-orbits.

Proposition 1.7.22 (Orbit Equation). [orbiteq] Let G be a group acting on the set S and let R € S
be a set of representatives for S |G. Then

S| = > |G/Stabg(r)| = [Fixs (G)| + Y |G/Stabg(r)|-
reR reR\Fixs (G)

Proof. Since the orbits are the equivalemce classes of an equivalence relation § is the disjoint union
of its orbit. Thus

IS|="> 101= 3 |G|

0eS /G reR

By[1.7.19d, |Gr| = |G/Stabg(r)| and so

S| = ZI;!G/Stabc(r)!

Also

S= > |Grl+ > |Grl=[Fixs(G)|+ >,  |G/Stabg(r)|
reFixs (G) reR~Fixs (G) reR\Fixs (G)
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Corollary 1.7.23 (Class Equation). [classeq] Let G be a group and R be a set of representatives for
the conjugacy classes of G. Then

G=> |G/Co(n|=12(G)+ > |G/Co(r)

reR reRNZ(G)

Proof. Let c be the action of G on G be conjugation. Then

Fix&(G) = {geG|"g=gforallhe G} = {g € G | hg = ghforall h € G} = Z(G)
and by|1.7.12|Stabg; (a) = Cg(a). So the Class Equation follows from the orbit equation. i
To illustrate the class equation we will determine the conjugacy classes in Sym(n).

Definition 1.7.24. [def:cycle type] Let 7 € Sym(n). For i € Z* let A; be the number of cycle of
length i of m. Then the cycle type of 7 to be sequence (A;),. Alternatively we will write the cycle
type as 11223% ___and often will not list terms i for which A; = 0.

For example the cycle type of

(1,7,3)(2,6)(4)(5,8,10)(9,13,16)(11)(14,15)(16,17)
in Sym(17) is (2,3,3,0,0,...) = 122333,
Proposition 1.7.25. [classes in symn]
(a) [a] Let u,m € Sym(n) and suppose that u has cycle notation
(air,aiz,....aig ) (a1, a0, ...,ax,) ... (an,an, ..., ag,)

Then the cycle notation for "u is
(m(arr),n(aiz),...,n(a,))(n(az1), 7(an),...,n(aw,)) ... (x(an ). 7(ar),...7(aw,))

(b) [b] Two elements in Sym(n) are conjugate if and only if they have the same cycle type.
Proof. (a) We have

n((aijs1)) ifj#k

T JTa,'j =\mo 07'[7l ﬂ'aij =7 aij = L.
("u)(n(ai)) = (mopon™)(n(ai)) = n(u(aij)) {ﬂ(ai’l) ifj = k;

So (&) holds.
@ By @) w and "u have the same cycle type. Conversely suppose that ¢ and o~ in Sym(n) have
the same cycle type. Then o has cycle notation

o= (bi1,bi2,...bik ) (D21, b0, ... boky) ... (i1, bp, . . . by,)

Note that for each 1 < k < n there exist unique 7, j with kK = a; ; and unique s, with k = b,;. So
we can define 7 € Sym(n) by n(a;;) = b;;. Then by (a) "u = o~ and so elements of the same cycle
type are conjugate. O
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Example 1.7.26. [ex:conjugation]
1. (1] 39N (1,4,3)(2,6,7)(5,8) = (3,4,5)(7,6,2)(1,8)
2. [2] Letu=(1,3)(2)(4,7)(5,6,8) and o = (3,5)(8)(1,7)(2,4,6)
Define 7 € Sym(8) by
(1) =3,7(3)=5,7(2) =8,7n(4) = 1,7(7) =7,7(5) =2,7(6) =4 and 7(8) = 6

Then "u = 0.

Example 1.7.27. [ex:class equation symd4] The conjugacy classes of Sym(4) are:

Cycle type elements number of elements
14 (1) 1
122! (12),(13),(14), (23), (24), (34) 6
1'3! (123),(132), (124), (142), (134), (143), (234), (243) 8
22 (12)(34), (13)(24), (14)(23) 3
4! (1234), (1243), (1324), (1342), (1423), (1432) 6

A set of representatives for the conjugacy classes

{(1), (12),(123), (12)(34), (1234) }

and their centralizers:

r Csym(a) (1) [Csym(4) (1)
(1) Sym(4) 24
(12) (1),(12),(34),(12)(34) 4
(123) (1)(123), (132) 3

(12)(34) (1),(12),(34),(12)(34),(1324),(13)(24), (1423), (14)(23) 8
(1234) (1),(1234),(13)(24),(1432)) 4

So the orbit equation says

24 24 24 24 24

24 =— + + + +
24 4 3 8 4

and so

24=1+6+8+3+6
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The Orbit Equations become particular powerful if G is a finite p-group:

Definition 1.7.28. [def:p-group] Let G be finite group and p a prime. Then G is called a p-group
provided that that is |G| = p* for some k € N.

Proposition 1.7.29 (Fixed-Point Equation). [Smodp] Let p be a prime and P a p-group acting on
a finite set S. Then
IS| = [Fixs (P)| (mod p).

Proof. Let R be a set of representatives for S /P and let r € R \ Fixs (P). Then Stabp(r) £ P. By
Lagrange’s Theorem |P/Stabp(r)| divides |P|. Since |P| is a power of p and |P/Stabp(r)| # 1 we get

|P/Stabp(r)| =0 (mod p).
So by the Orbit Equation|1.7.22]
S| =|Fixs(P)]+ >.  |P/Stabp(r)|= [Fixg(P)| (mod p)

reR~\Fixg (P)
O

Corollary 1.7.30. [find fixed-points] Let P be a prime and P a finite p-group acting on finite set
S.

(a) [a] If p does not divide S, then Fixg (P) + @.

(b) [b] If p divides |S| and P has at least one fixed-point on S, than P has more than one fixed
pointon S.

Proof. This follows immediately from |S| = Fixg (P) (mod p). o
Example 1.7.31. [elements of order 2] Let G be a finite group and let H = {e, h} be any group of
order 2. Define an action of H on the set G by

exg=g hrg=g"
Since h+ (h* g) = (g7')~! = g = e » g, this is indeed an action. Note that

Fixg(H)={gcG|g=g""} ={g¢G|§" = 16}
Let 7 be the number of elements of order 2 in G. Then |Fixg(H)| = 7 + 1. By the Fixed-Point
Equation
[Fixg(H)| = |G| (mod 2)

and so

t#|G| (mod 2)

So a group of even order has an odd number of elements of order 2. In particular it has an
element of order 2.
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Example 1.7.32. [ex:fixed-point] Let £ = (P,L,R) be a projective plane of order. and T a
2-subgroup of Aut(&).

Since the number of points is odd, [I.7.30]implies that T fixes a point P. Let A be the set of lines
incident with P. Since T fixes P, T acts on A. Since |.A| = 3 is odd we conclude that Fix4(T) + @.
Hence T fixes a line / incident with P. Thus

T < Stabye)({P1})

By Homework 2#6 Stab £ ({ P, 1}) has order eight, and so is a 2-group. We conclude that the
2-subgroups of Aut(&) are exactly the subgroups fixing a point and a line, which are incident.

Definition 1.7.33. [def:weak normalizer] Let G be a group and H € G. Then

No(H) = N°(H) = {g € G |*H = H}

WNG(H) ={aeG | Hc*H}. Ng(H) is called the normalizer of H in G and WNg(H) the
weak normalizer of H in G.

Lemma 1.7.34. [finite weak normalizer]| Let G be a group and H a finite subset of G. Then
Ng(H) = WNg(H).

Proof. Let g € G. As conjugation is an bijection, |H| = |*H|. So for finite H, H € ¢H if and only if
H=%H. o

Lemma 1.7.35. [HfixG] Let G be a group, H < G and a € G. With respect to the action of G on
G/H be left multiplication:

Stabg(aH) =“H and Fixg/y(H) = WNG(H)/H.
Proof. Let g € G. Then gH = H if and only if g € H. Hence Stab;(H) = H and so by [1.7.10f(g)
Stabg (aH) = “Stabj,(H) = “H.

Note that H fixes aH if and only if H ¢ Stab;(aH). That is if and only if H < “H and if and
only if a e WNg(H). So also the second statement holds. o

Lemma 1.7.36. [CenterP] Let P be a non-trivial finite p-group.
(a) [a] Z(P) is non-trivial.
(b) [b] If H £ P then H £ Np(H).

Proof. () Consider first the action of P on P by conjugation. Then Fixp(P) =

opZ(P) and by[1.7.29

0=|P|=|Z(P)|] (mod p)..
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Thus |Z(P)| # 1.
(b) Consider the action of H on P/H be left multiplication. By[1.7.35] [1.7.29|and [1.7.34]

0= [P/H| = [Fixp/u(H)| = |Np(H)/H)| = [Np(H)/H (mod p).
So |Np(H)/H| # 1. o

As a further example how actions an set can be used we give a second proof that Sym(n) has
normal subgroup of index two. For this we first establish the following lemma.

Lemma 1.7.37. [equivrep] Let A be a finite set and ~ a equivalence relation on A such that each
equivalence class has size at most 2. Put

Q = {R € A | R contains exactly one element from each equivalence class of ~}.

Define the relation ~ on Q by R ~ S if and only if |R ~ S| is even. Then ~ is an equivalence relation.
If ~ is not the equality relation, ~ has exactly two equivalence classes.

Proof. For d € Alet d be the equivalence class of ~ containing d and let A be the set of equivalence
classes. For A € Q and X € A, let X, be the unique element of X contained in A. A, B € Q and define

Asp={XeA| Xy % Xp).

Letd € A. Thend = dy and d € B if and only if d = dg. Hence d4 = dp if and only if d € B. Thus

(%) deApp<=ds+dp<=decB
By definition of €, the map

ANAd —>d

is a bijection. By (*) the image of A \ B under this map is A4p. Thus |A \ B| = |A4p| and so
A~ B <= A4p is even.

Observe that Asp = Ags and so ~ is symmetric. Since |A \ A| = 0 is even, ~ is reflexive.
LetR,S,T € Qand X € A. If Xg # Xs, then X = {Xg, X5 } and so X7 is either equal to Xy or to
Xs, but not both. Hence Xz # Xy exactly if Xg = X7 # X5 or Xg # X7 = Xs. Hence
Thus
Agr = (Ags ~ As7) U (Ast ~ Ags)

and so
(*) |Arr| = |Ags | + |AsT| = 2|Ags N AsT].

If R~ S and S ~ T, the right side of (*) is an even number. So also the left side is even and
R ~ T. Thus = is transitive and so an equivalence relation.
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Suppose now that ~ is not the equality relation. Then there exists 7, € A with r ~ t and r # ¢.
LetRe QwithreR PutT = (Ru{t})~{r}. Then T € Qand |T \ R| = 1. Thus R and T are not
related under ~. Let S € Q. Then the left side of (*) is odd and so exactly one of |Ags| and |Ag7|
iseven. Hence S ~ Ror S ~ T. Thus ~ has exactly two equivalence classes and all the parts of the
lemma are proved. O

Lemma 1.7.38. [action on pairs] Let G be a group acting on the sets I and J. Also let ~ be a
relation on I, g € G and define g* : [ - I,i — gi.

(a) [a] G acts on I x J via g(i, j) = (gi, gJj)-
(b) [b] G acts on P(I x J) via gR = {(gi,gj) | (i, j) € R} forall R I x J.
(c) [e] g ~=r~ge1, thatis forall i, j €1
i(g~)j <= (&'~ ("))
(d) [d] ~= (g ~)g+, that is forall i, j e
i~j <= (gi)(g~)(g))

Proof. (d) is readily verified and (b)) follows from (a)).

(i,j) € g ~if and only if i = gi’ and j = gj’ for some (i, ;') e~. So if and only if
(g7'i87'))) e~

(d)) follows from (). mi

Recall that a relation on set [ is a subset of I x I. Also if ~ and =~ are relations on [ then ~Cw if
and only if a ~ b for all a,b € I witha ~ b.

Lemma 1.7.39. [action on classes] Let G be a group acting on the set 1. Let ~ be an equivalence
relationon S. Leta € I and g € G. Then

(a) [a] gl[a]. = [ga],-.

(b) [b] Suppose that ~ is G-invariant. Then g[a]. = [ga]. and so 1| ~ is a G-invariant subsets of
P(I) and G acts on I ~.

Proof. (d) By([1.7.38|(c) g ~=~.-1 and so by[[.5.7]

g '[gale~ < [§7'ga]. = [a].
and multiplying with g gives

[galg~ < gla]-

By|1.7.38(d) ~= (g ~),* and so by

glal- < [gals-
So (a) holds.
() If ~ is G-invariant g ~=~ and so (a)) implies (b). o
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Proposition 1.7.40. [def of altn] Let n > 2 be an integer. Define

A={(i,j)|1<i,j<n,i+j}

Define the relation ~ on A by

(i) ~ (D) if (k. 1) = (i, j) or (k. 1) = (j,)
Then ~ is an equivalence relation on A such that each equivalence classes has size 2. Define
Q={RcQ||RnX|=1forall X ¢ A]~}

Define the relation ~ on

A~ Bif|A~ B|iseven

Then =~ is an equivalence relation on Q) with exactly two equivalence classes. Moreover,
(a) [a] Sym(n) acts on A, A/ ~, Q and Q/ .

(b) [b] Define Alt(n) = Stabgyp(,)(Q/~). and let x € Sym(n). Then n € Alt(n) if and only if the
set

{1 <i<j<nna(i)>n(j)}

has even size.

(c) [e] (1,2) ¢ Alt(n).

(d) [d] Alt(n) is a normal subgroup of index two in Sym(n).

Proof. (d) Let = € Sym(n) and (i, j) € A, then (i) # n(j) and so 7(i) # 7(j). Thus A is a Sym(n)-
invariant subset of § x § and so Sym(n) act on A. If (i, j) = (k,[) or (i, j) = (I,k), then then also
(n(i),7m(j)) = (n(k),n(1)) or ((n(i),n(j)) = (n(I),m(k)). So ~ is Sym(n)-invariant and Sym(n)
actson A/ ~.

LetReQand X e A/~. Then ¥ = n7!(X) € A/~ and so

|[TRNX|=[rRnxY|=|x(RNY)|=|RNY|=1

So n(R) € Q and Sym(n) acts on Q. If A, B € Q with A ~ B, then |[7(A) ~ n(B)| = |7(A \ B| =
|A \ Bl is even and so 7A ~ 7B. Thus » is Sym(n)-invariant and so Sym(n) acts Q/~.

(o) Put R = {(i, j) 1 <i< j<n}andobserve that R € Q. If 7(R) ~ R, then r fixes [R]. and since
~ has only two equivalence classes, 7 also has to fix the other class. Hence 7 € Alt(n). If 7(R) # R,
then 7 does not fix [R]. and so 7 ¢ Alt(n). Thus

m € Alt(n) < 7R \ R| is even
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We have

|[TR~R|=|{nr|reRar¢ R} =|{r|reR,|ar¢ R} =[{(i,)) |1 <i<j<nn(i)>nr())}|

and so (b)) holds.

Letl1 <i<j<n Ifi>2 then (1,2)(i) =i < j = (1,2)(j). If i = 2, then (1,2)i =
1 <j=(1,2)(j). Ifi=1andj> 2, then (1,2)(i) =2 < j=(1,2)j. Ifi =1and j = 2, then
(1,2)(i) = 2 > 1 = (1,2)2. So (1,2)(i) > (1,2)(j) if and only if (i, j) = (1,2). So by (B).
(1,2) ¢ Alt(n).

(d) By[L.7.10)

Alt(n) = Stabgypy,(,) (Q/~) 9 Sym(n) and Sym(n)/Alt(n) = Sym(n) < Sym(Q/~)

Since |Q/~ | = 2 also [Sym(Q/ )| = 2. Thus [Sym(n)/Alt(n)| < 2. By (¢), (1,2) ¢ Alt(n). So
Sym(n) # Alt(n) and [Sym(n)/Alt(n)| = 2. o

1.8 Generation of subgroups

Definition 1.8.1. [def:tuple] Let D be a class and I set.

(a) [c] Fun([) is the class of all functions with domain 1. Fun(I, D) is the set of all functions from
ItoD.

(b) [a] An I-tuple is function with domain 1. An I-tuple in D is a function from I to D.
(c) [b] A D-family is an I-tuple in D for some set I.

Notation 1.8.2. [not:tuple] Ler f be an I-tuple. Then we denote f by (f;)ic1, where f; is the image
of i under f.

Lemma 1.8.3. [capg] Let G be a group and (G;)ic; a family of subgroups of G. Then Ni; G; is a
subgroup. If each Gy, i € I is normal in G, so is (i; Gi.

Proof. Since e € G; for all i, e € N;e; Gi. Let a,b € N;e; Gi. Then ab € G; and aleG;foralliel
Hence ab € N;¢; G; and ale Nier Gi. Thus N;¢; G; is a subgroup of G.

Suppose in addition that each G; is normal in G and let g € G and a € N;; G;. Then éa € G; and
s0 8a € N;e; G;. Thus N;¢; G; is normal in G. O

Definition 1.8.4. [generated] Let G be a group and J € G.

(a) [a] The subgroup (J) of G generated by J is defined by

)= N H

JEH<G
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(b) [b] The normal subgroup (GJ ) of G generated by J is defined by

=N H
JEHIG

(c) [e] If (J;,i€) is a family of subsets write (J; | i € I} for (Uje; J).

(d) [d] J <G is called normal if8J = J for all g € G.

Lemma 1.8.5. [basicgen] Let I be a subset of G.

(a) [a] Let @: G — H be a group homomorphism. Then a({I)) = (a(I)).

(b) [b] Let g € G. Then 8(I) = (¢1).

(c) [e] If I is normal in G, so is (I).

(d) [f] (1) = (I"").

(e) [d] (I) consists of all products of elements in I UT™".

(f) lel (1) = (4| g € G) and consists of all products of elements in Ugeg *(TUI7").

Proof. (d) Let A = (I) and B = (a(I))). As @(A) is a subgroup of H and contains a(I) we have
B < a(A). Also a!'(B) is a subgroup of G and contains /. Thus A < @ !(B) and so a(A) < B.
Hence B = a(A).

(B) Apply (@) to the homomorphism i, : G - G, x — éx.

Follows from ().

(d) Let H be a subgroup of G. Then H is closed under inverses and so / ¢ H if and only of
I"' ¢ H. Thus @) follows from the definition of (7).

@ Let H be the subset of G consists of all products of elements in 7/ U /™!, that is all elements
of the form aja; . ..a,, withn >0and ¢; € Tu T~ forall 1 <i < n. Here if n = 0 we define a . . . ay,
to be e. Clearly H is contained in any subgroup of G containing I. Thus H < (I). Now it is readily
verified that H is also a subgroup containing 7 and so () < H.

@) Note that Uge 1 is a normal subset of G. Hence by (c) H := (I | g € G) is normal subgroup
of G. So (°I) <H.If I € K 4G, then 8] < K for all g € G. Thus also H < K and so H < (°I). Tt is
also contained in every normal subgroup containing / and we get (°I) = H. The second statement
now follows from (g)). mi

Lemma 1.8.6. [normalize] Let G be a group.
(a) [a] Let A, B be subgroups of G. Then AB is a subgroup of G if and only if AB = BA.
(b) [¢] IfK,H <G and K < Ng(H), then KH is a subgroup of G and (K, H) = KH.

(c) [d] Let K;,i € I be a family of subsets of G. If each K; < Ng(H) for each i € I, then (K; | i €
I) < Ng(H).
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Proof. (a) Note that
(%) (AB)'=B7'A7! = BA.

If AB is a subgroup of G, then AB = (AB)~! and (*) shows that AB = BA.
Conversely suppose that AB = BA. Then (*) shows that AB is closed under inverses. Also
e=eecABand
(AB)(AB) = A(BA)B = A(AB)B = A>B* c AB.

So AB is closed under multiplication.

(b) Let k € K. Then *H = H, kHk™' = H, kH = Hk and so HK = KH. So by (a) HK is a
subgroup of G. Hence (H, K) < HK < (H, K and (b) holds.

Since K; € Ng(H) for all i € I and Ng(H) is subgroup of G we have (K; | i € I) < Ng(H)
and (c) holds. O

Definition 1.8.7. [def:commutator] Let G be a group and a,b € G and A, B € G.

(a) [a] [a,b]:=aba'b'. [a,b] is called the commutator of a and b

(b) [b] [A,B] =([a,b]|acA,beB).[A,B]is called the commutator group of A and B.
(c) [e] b= (“b)"' =“(b7")

Lemma 1.8.8. [easy commutator] Let G be a group and a,b € G.

(a) [a] [a,b] = e if and only if ab = ba.

(b) [b] [a,b] ="bb' =a-"a

(c) [e] [a.b]™" = [b.al.

(d) [d] [A,B]=[B,A]forany A,BcG.

Proof. @): [a,b] = e < aba™'b~! = e. Multipliying with ba from the right the latter equation is
equivalent to ab = ba.

(b) [a.b] = (aba™'b~' = 9bb~" and [a,b] = a(ba™'b™") = a(""a).

(c) [a.b]™" = (aba™'b 1)t = (™) W a )b a™! = bab a7 = [b,a].

(d) Using (c)) and[1.8.5/{d)

[A,B] = ([a,b]|acA,beB)={([a,b] "' |acA beB)=([ba]|acA,beB)=[B,A]l
Lemma 1.8.9. [comnormal] Let G be a group.

(a) [a] Let N <G. Then N 4G ifand only if [G,N] < N.

(b) [b] Let A,B<G. Then [A,B] <A B.
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(c) [c] Let A,B<4G with An B = {e}. Then [A,B] = {e} and ab = ba for all a € A,b € B.
Proof. @) SneN < énn~! e N < [g,n] € N. Thus @) holds.
(o) By (a) [A,G] = [G,A] <A and [G, B] < B. Thus
[A,B] <[A,G]n[G,B]<AnB

By (b), [A,B] <An B = {e}. Thus foralla € A,b € B, [a,b] = e and so by [1.8.8{[a) we have
ab = ba. ]

1.9 Direct products and direct sums
[dpds]

Definition 1.9.1. [def:cross] Let (S;)e; be a family of sets. Then X ;S is the set of all I-tuples f
with f(i) € S;forallie€l. Forice€l define

mi: X8>S, fref()

iel
Then r; is called the projection of X ;S onto S,.

Definition 1.9.2. [def:direct product of sets] Let (S;)ic; be a family of sets. A direct product of
(S1)ier is pair (S, (ni)l-el), where S is a set and (1)es is a family of functions nt; = S — S;, with the
following property:

Whenever T is a set and (a; : T — S )jcs is family of functions, then there exists a unique function
a:T — S such that a; = o foralliel.

Note that @; = m; o @ means that the diagram
AN
T——S§
o\
S;

commutes for all i € 1.

Lemma 1.9.3. [direct product of sets] Any family of sets (S ;)ie; has a direct product (S, (7; : S —
Gi)ic1). Moreover, if (T,(a; : T — S;)icr) is also direct product of (S;)ics, then there exists a
bijectiona: T - S witha; =mioa foralliel.

Proof. We will first show the existence. Let § = X, S; and for i € I let m; be the projection of §
onto S ;. We will show that (S , (ﬂi)id) is a direct product of (S;)e;.
For this let T a set and (@; : T — S;);e; a family of functions. Let @ : T — S be a function. Then



1.9. DIRECT PRODUCTS AND DIRECT SUMS 51

moa=q; foralliel
<~ mi(a(t)) =a;(t) foralliel,teT
—  a(t)(i)=ai(t) foralliel,teT
<~ at) = (ai(t))ig forallteT

Soa:T — S, (a;(t))i is the unique function from 7' — S with @ o 7r; for all i € I. Thus (71;)¢;
is indeed a direct product of (S;)e;.

To prove the uniqueness assertion let (T, (i : T - S) id) also be direct product of (S;);e;.
Since (S , (m)id) is a direct product. there exists a function @ : T — § with @; = m; o forall i € I.
We need to show that « is bijection.

Since (T, (ai)iel) is a direct product there exists a function 8 : § — T with m; = a; o 8 for all
i € I. Consider the composition o 8:S — S. We have

mio(@op)=(mjoa)of=ajof=m;
also
T o ldS =T

Hence the diagrams

aof id
S——mmm 8§ S—S>S
N S N
S,’ Si

commute. So by the uniqueness assertion in the definition of a direct product we conclude that
aof =idg. By symmetry also S o @ = idy. Thus « is a bijection. O

and

1.9.4 (Further Products of Sets). [further products] Let (S;);;. We will investigate what happens
to Definition in we reverse some or all of the arrows:

)

Here we can just choose S = @ and so also 7; = @ and & = @.

2)
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This diagram makes no sense, since the composition of any two functions which can be com-
posed is in the reverse direction of the third.

3)

Here we can choose S = {s} and define 7; and @ by 71;(s;) = s = a(t) forall s; € S;,t € T.

“4)

Na
T +———S

o\

S;

Asin (1) choose S =1 =a=0@.
)

Diagram makes no sense (just as (2)).

(6)
'
T Ha S
A
Si

As in (3) choose S = {s} and define 7; and @ by 7;(s;) = s = a(¢) forall s;€ S;,t€T.
(7)
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a
T +————8§

N\

Si

This is the only interesting case (other than the direct product). Let S = |J;; S, the disjoint
union of the §;,i € I. So

S={(i,s)|iel,seS;}.
Define

7i:S;i—> 8,5 (i,s)

and for a given family ; : S; - 7T,

a:S->T, (i,s)+ ai(s)
(S, (7)ies ) is called the coproduct of the family (S;);e;.
We now will look at the direct product of groups and in sectionl.11]at the coproduct of groups.

Definition 1.9.5. [def:direct product] Ler (G;)ic; be a family of groups. A direct product of the
(Gi)ier is a pair (G, (7r,~),-61) where G is a group and (;)ier is a family of group homomorphism
7 : G - G; with the following property:

Whenever H is a group and («a; : H — G;);es is family of group homomorphism, then there exists
a unique homomorphism « : H - G such that a; = n;o a forall i € L.

Just as for sets, the definition can be summarized in the following commutative diagram

el
@ G
A
G;

Lemma 1.9.6. [direct product] Any family of groups (G;)ic; has a direct product (G, (m;: G —
Gi),-d). Moreover, if (H, (o;: H— G,-)ieI) is also a direct product of (G;)icj, then there exists an
isomorphism a: H - G witha; =mjoa forallicel.

H

Proof. We will first show the existence. As a setlet G = X ,; G; and for i € I let x; be the projection
of G onto G;. Define a binary operation on G by

(*) (f8)(@) = F(D)g()
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for all f, g € I. It is a routine exercise to verify that G is a group under this operation.
By definition of &; (*) can be rewritten as

mi(fg) = mi(f)mi(g)

and so 71; is a homomorphism.

Let H a group and («; : H — G;);¢; a family of a family of group homomorphism. Since (71;);e;
is the set-theoretic direct product of (G;);e; there exist a unique function @ : H - G with @; = ;0 @,
namely a(h) = (a;(h));e; for all i € I. Then for all h,k € H:

a’(hk) = (a/i(hk))iel = (a'i(h)a'i(k))ie[ = (a’i(h))iel(a’i(k))iel = a’(h)a'(k)

and so « is a homomorphism.
The proof of the uniqueness statement is the same is for sets. Essentially one just need to replace
“function” by “homomorphism” everywhere in the proof. O

Definition 1.9.7. [def:direct sum] Let (G;)ic; be a family of groups.

(a) [b] For ge X ,,;G; define
Supp(g) = {iel|g(i) # 15}

g is called almost trivial if Supp(g) is finite.

(b) [c] Dics G; is the set of all almost trivial elements in X ;.; G;. @iy Gi is called the
direct sum of (G)jes-

Definition 1.9.8. [product of elements] Let G be a group.
(a) [a] A family (a;)ic; of elements in G is called commuting ifajaj=aja; foralli,jel
(b) [b] Let (a;)ic; be an almost trivial, commuting family of elements in G. Then

Ha,- =a;aj, ...4j,
iel

where iy, 1y ... are the pairwise distinct elemenst of I with a;; # 1. Note that since a;a; = aja;,
this definition does not dependent on the order the iy, ..., are chosen.

Lemma 1.9.9. [direct sum] Let (G;)ie; be a family of groups. For j €I define pj: Gj - @®,c; Gi by
~N_J&8  Hi=]
. i) =
P {16,. b
forall g € G;.
(a) [a] @i G; is a subgroup of X ;; Gi.

(b) [b] Forall jel, pjis a 1-1 homomorphism.
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(c) le] [pi(Gi).pj(Gj)] =1foralli+jel

(d) [d] Let g € ®;G,. Then there exist a uniquely determined almost trivial family (h;)i; €
X ie1 Gi with g = Tlie; pi(h;). Namely h = g.

(e) [e] @ic;Gi=(pi(G)|iel})

Proof. @) This follows since Supp(a~') = Supp(a) and Supp(ab) < Supp(a) U Supp(b).
(b) This is readily verified.
(pLetj#kel, g;eG;and g € Gi. Then

gj ifi=
(p(g)p(g)) (i) =g ifi=k = (p(gr)p(g;)) (@)
1 ifj+i+k

Thus p;(g;)pr(gk) = pr(gx)p;(g;) and (c) holds.
(d) Just observe that by the definition of p;(/;)

(I—IIPi(hi)) = hj.
() By (d) g = [Ties pi(gi) € (pi(Gi) | i € I). Thus (g holds. O

Lemma 1.9.10. [universal oplus] Let (G,);c; be family of groups, H a group and («; : G; — H)j¢;
a family of homomorphism such that

(%) ai(gi)e;(g)) = aj(g;)ai(gi)
foralli+ jel, gi€ Gyand g; € G;. Then there exists a unique homomorphism

a: PG —-H with ;= aop; foralliel

iel

Moreover,

a(g)ier) = [ i(gi)

iel

for all (gi)ier) € Dier Gi.
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Proof. Let (gi)ie1 € @ie; Gi. If gi = 16, then @(g;) = 1y and so (@;(g;))ier is almost trivial. By (*)
this family is commuting and so we obtain a function

a: EBGi - H, (8i)ier ~ ch,-(gi)
iel iel

Let (g;)ier € @ics Gi- By (*) i(gi)aj(g}) = aj(g})ai(g;) for all i # j € J and so an straightfor-
ward induction arguments shows

( n ai(g))( I_II“i(gi)) = 1—1[ (ai(g)ai(g))

Since a; is a homomorphism, @;(g;)ei(g!) = @i(gig}) and we conclude that  is a homomor-
phism.
Leti € I and g € G. Then p;(g); = lg, forall i # j € J. So a;(pi(g);) = 1y and thus

C“(Pi(g)) = Cki(g) . Hence a; = « ° ;.
To show uniqueness let 8 : @;; Gi — G be a homomorphism with @; = 8o p; for all i € I. Then

B((g)ier) =B( npi(gi)) = nﬁ(l)i(gi)) = nai(gi) = a((g)ier)
and so « is unique. O

Definition 1.9.11. [def:internal sum] Let G be a group and (G;)ic; a family of subgroups of G. We
say that G is the internal direct sum of (G;);e; and write

int
G=PG;
iel
provided that
(i) [i] G;<G foralliel
(ii) [ii] G =(G;|i¢€l).
(iii) [iii] Foreachi, Gin(G;|i# jel)=1.

Proposition 1.9.12. [internal sum] Ler G be a group and (G;)ic; a family of subgroups of G. Sup-
pose that G is the internal direct sum of (G;)iej.
Then the map

a: PG —G, (g)ia—]]s

iel iel

is a well-defined isomorphism.
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Proof. ForielputG :=(G;|i+ jel). Letg € G. Since G; < G we have G; = G, and so using
[1.8.5|(b) we compute
$G'= (3G |i+ jel)=(G;|li# jel)=G'

Thus G 9 G. By |1.9.11jiii), G; n G' = {e} and so by [1.8.9(c) ab = ba for all a € G;,b € G'. If
j#ielthenG;< G' and so gigj=gjgiforall g; € G;and g; € G;. So by|1.9.10| is a well-defined
homomorphism and @ (p;(g;)) = gi- Thus G; < Ima. Since Ime is a subgroup of G we conclude

(G| iel)<Ima. Hence|l.9.11{{ii), Ime = G and so « is onto.

Suppose that
H 8i = H ai

iel iel
for some (g;)ers, (ai)icr € Djer- Then
-1 -1
aig; =[] aj'g;
i jel

Note that the left side is in G; and the right side in G'. Since G; n G’ = {e} we conclude that
a,-gl._1 =eand so g; = g;. Thus @ is 1-1 and the lemma is proved. O

Note that the preceeding lemma implies that if G = @;2} G, then G is canonically isomorphic to
®;c; G;. For this reason we will often abuse language and write G = @;¢; G; to indicated that G is
the internal direct sum of (G;)e;.

Example 1.9.13. [ex:direct sum] Let G = {(1),(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)} < Sym(4).
Let Gy = {(1),(1,2)(3,4)} and G, = {(1),(1,3)(2,4)}. Since G is abelian, G| and G, are normal

subgroup of G. Since (1,2)(3,4) o (1,3)(2,4) = (1,4)(2,3), (G1,G2) = G. Moreover, G| N G, =
{(1)} and so G is the internal direct sum of G| and G,. Thus

G=G18G,

1.10 Sylow p-subgroup

Hypothesis 1.10.1. [hyp:sylow] Throughout this section G is a finite group and p a prime.
Definition 1.10.2. [def:sylow]

(a) [a] A p-subgroup of G is a subgroup P < G which is a p-group.

(b) [b] A Sylow p-subgroup S of G is a maximal p-subgroup of G. That is S is a p-subgroup of G
and if § < Q for some p-subgroup Q, then S = Q.

(c) [e] Syl,(G) is the the set of all Sylow p-subgroups of G.
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LetneZ* and n = p*m withk € N, m € Z* and p + m, then n, = k. n, is called the p-part of n.
Often a Sylow p-subgroup is defined to be a subgroup of order |G|,,. This turns out to be equivalent
to our definition (see and [1.10.9([c]), but I prefer the above definition for two reason: 1.
It is easy to see that Sylow p-subgroups exists ( see the next lemma). 2. The given definition also
makes sense for infinite groups ( allthough infinite groups may not have a Sylow p-subgroup).

Lemma 1.10.3. [easy sylow]

(a) [a] Any p-subgroup of G is contained in a Sylow p-subgroup of G. In particular, Sylp(G) is
not empty.

(b) [b] Let S <G with |S| =|G|,. Then S is a Sylow p-subgroup of G.

Proof. @ Let P be a p-sugroups and let S be a p-subgroup of G such that |S| is maximal with
respect to P < S. We claim that S ¢ Sylp(G). For this let Q be a p-subgroup of G with S < Q. Then
also P < Q and so by maxiality of |S|, |Q] <|S|. Since S < Q this gives S = Q and so S € Syl,,(G).
In particular, {e} is contained in a Sylow p-subgroup of G and so Syl p(G) +d.
(b) Let O be a p-subgroup of G with S < Q. By Lagrange’s, |Q| divides |G. Since |Q| is a power
of p, |Q| divides |G|, = |S|. Thuse |Q| <|S|and S = Q. So S € Syl,(G). O

Example 1.10.4. [ex:sylow]

1. [1] Let G = Sym(5). Then |G| = 5! = 120 = 2% - 3. 5. Thus by [1.10.3((b),

((123)) € Syl3(G)
((12345)) € Syls(G)
Dihg € Syl,(G)

Here Dihg = ((14)(23), (13)) is the automorphism groups of the square | 2

2. [2] & be a projective plane of order two and G = Aut(&). Then |G| = 168 =2°-3-7. Let Pbe a
point incident to the line /. Then Stabg ({P,[}) is a Sylow 2-subgroups of G.

Lemma 1.10.5. [char syl] Let G be a finite group, p a prime and S a p-subgroup of G. Then
S € Syl,(G) if and only if NG(S)/S has a non-trivial p-subgroup.

Proof. We will prove the contrapositive.

Suppose first that S ¢ Syl,(G). Then there exists a p-subgroup T of G with § £ T. Then by
S £ Nr(S). Thus N7(S)/S is a non-trivial p-subgroup of Ng(S)/S.

Suppose A is a non-trivial p-subgroup of Ng(S). Let T be the inverse image of A under the
natural homomorphism from Ng(S) — Ng(S)/S. Then T is a subgroup of G and |T'| = |T/S||S| =
|A||S|. Thus T is a p-subgroup of G with S + T. Hence S is not a Sylow p-subgroup. i
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Lemma 1.10.6. [sym i on ji] Let I and J be sets. Then Sym(I) acts on J' viaw + f = fon~! for
all t € Sym(I) and f € J'.

Proof. Readily verified. O
Proposition 1.10.7 (Cauchy). [Cauchy] If p divides |G|, then G has an element of order p

Proof. Let x = (1,2,...,p) € Sym(p) and X = (x). Then X is a subgroup order p of Sym(p). By
1.10.6{Sym(p) acts on G” and so also X acts on G”. Observe that

xx*(ai,...,ap) = (ap,ai...,ap-1)

Consider the subset
T={(ai,...,ap) €G” |ajay...ap, = e}.

of G? Note that we can choose the first p — 1 coordinates freely and then the last one is uniquely
determined. So |T| = |G|P~!.
We claim that T is X-invariant. For this note that

apai ...ap-1 ="(a...ap)

Siifay...ap=ealsoaya;...ap-1 =e. Thus x € Nx(S') and so also X < Ng(S'). Hence T is indeed
X-invariant and so X acts on 7.
From [1.7.29] we have

|T| = |Fixz(X)| (mod p)

As p divides |G/, it divides |T'| and so also |Fix7 (X)|. Hence there exists some (ay,az,...a,) €
Fixs (X) distinct from (e, e, ...,e). But being in Fixg(X) just means a; = a = ...a,. Beingin §
implies a| = ajay ...a, = e. Therefore a; has order p. O

The following easy lemma is crucial for our approach to the theory of Sylow p-subgroups.

Lemma 1.10.8. [action on syl] Let P € Syl (G) and a € Aut(G). Then a(P) € Syl (G). In
particular, G acts on Syl,(G) by conjugation.

Proof. Since « is an bijection, |P| = |a(P)| and so a(P) is a p-group. Let Qbe a p-subgroup of
G with a(P) < Q. Then a~'(Q) is a p-subgroup of G with P < &~!(Q) and the maximality of P
implies P = a~!(Q). Thus a(P) = Q and a(P) is indeed a maximal p-subgroup of G.

Let g € G. Then P = iz(P) € Syl (G). Thus Syl,(G) is subset of P(G) invariant under the
action by conjugation. Therefore G acts on Sylp(G) be conjugation. O

Theorem 1.10.9 (Sylow’s Theorem). [sylow] Let G be a finite group, p a prime and P € Syl ,(G).
(a) [a] All Sylow p-subgroups are conjugate in G.

(b) [b] |Syl,(G)[=|G/Ng(P)[=1 (mod p).
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(c) [ |P| |G|p-

Proof. Let S =C%P:= {8P| g e G}. So S is the set of Sylow p-subgroups conjugate to P. First we
show

1°. [1]1 P has a unique fixed-point on S and on Sylp(G), namely P itself

Indeed, suppose that P fixes Q € Syl ,(G). Then P < NG(Q) and PQ is a subgroup of G. Now
PO = |P||Q\

2°. [2] S=1 (mod p).

By Fixs(P) = 1 and by Fixed-Point Formula [1.7.29||S| = |Fixs(G)| (mod p). So
holds.

3°. 31  Syl,(G) =S8 and so (@) holds

Let Q € Syl (G). Then [Fixs(Q)| = [S| = 1 (mod p). Hence Q has a fixed-point T € S. By
applied to Q, this fixed-pointis Q. So Q=T € S.

4°. [3.5] (B holds.

By (2% and (5°) |Sy1,(G)| =S| = 1 (mod p). Note that N Ng(P) is the stabilizer of P in G with
respect to conjugatlon As G is transitive on S we conclude from [I.7.19(c) that |S| = |G/ Ng(P)|.
Thus (b)) holds.

5°. [4]  pdoes not divides |Ng(P)/P|.

By [1.10.5|Ng (P)/P has no non-trivial p-subgroup and so by Cauchy’s theorem |Ng(P)/P is
not divisible by p.
By (b) and (5°), p divides neither |G/ Ng(P)| nor [Ng(P)/P|. Since

|G| = |G/Ng(P)|-|NG(P)/P]|-|P|

we get that p does not divide |G/P|. Hence |G|, divides |P|. By Lagrange’s |G| and so
also |G|,. Thus |P| = |G|,. and (c) holds. |

Corollary 1.10.10. [cor syl] Let G be a finite group, p a prime and P € Syl ,(G)

(a) [c] Let Q be a p-subgroup of G. Then Q € Syl (G) if and only if |Q| = |G|, and if and only if p
does not divide |G/ Q).

(b) [d] Let R < H <G with p + |G/H|. Then R € Syl ,,(H) if and only if R € Syl ,(G).
(c) [a] P <G ifand only if P is the unique Sylow p-subgroup of G.

(d) [e] Let s, = |Syl,(G)|. Then s, divides |‘G|l ,sp = 1 (mod p) and s,|G,| divides |G|.
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Proof. (a) Since |Q| is a power of p, |Q| = |G|, if and only if p does not divide % If |Q| = |G|, then
by [1.10.3(b). O € Syl,,(G) and if Q € Syl (G) then b, 0| =G,
(b) Note that |H|, = |G|, and so (b) follows from (c).

Since all Sylow p-subgroups are conjugate, Syl,(G) = {¥P | g € G}. Hence Syl,(G) = {P}
if and only if P =4P forall g € G.

(d) By [1.10.9{b). s, = |G/Ng(P)| = 1 (mod p). Also

16l _I6l_ 16l INa(P) __ |Ne(P)]
Gl 1P T INa(P) AT JP]

.. G|
So s, divides |—. O
p IGlp

Lemma 1.10.11. [sylow and normal] Let G be a finite group, p a prime M 4 G.
(a) [a] Let H<G. Then H € Syl (G) if and only if HM[M € Syl ,(G) and H n M € Syl ,(G).

(b) [b] Letn:G — M,g — gM be the natural homomorphism and for R < G let R = 77" (R). Put

A={(R,Q)|ReSyl,(G/M),QeSyl,(R)}.
Then

a:Syl,(G) > A, P— (PM/M,P)
is a well-defined bijection.
(c) [e] Let P Syl,(G). Then|Syl,(G)| = |SyL,(G/M)| - Syl (PM)|
Proof. () Note that |[H| = |[H/H n M||H n M| = [HM/M||H n M| and |G|, = |G/M|,|M|,. It follows
that |H|, = |G|, if and only if |HM /M|, = |G/M|, and |H n M|, = |[M,,|. So (a)) holds.
@ By @ PM[M e Sylp(G/M) also P € §ylp(PM) and so « is well defined. Clearly « is 1-1.
Let R € Syl ,(G/M) and Q € Syl (R). Since |R| = |R||M|,

10| = m’p = Rl,|M|, = |G/ M|,|M|, = |G|,
So Q € Syl (M). By (@) OM|M ¢ Sylp(f\’/M) = R and since R is a p-group, QM /M = R. Thus
a(Q) = (OM/M, Q) = (R, Q) and « is onto.
[c] By @ Sy1,(G)| = |A|. Let R,T € Syl ,(G/M). Then R = “T for some a € G/M. Leta = gM
with ¢ € G. Then R = *T and since conjugation is an automorphism, |Sy1p(1?)| = |Sy1p(f")| =
Syl,,(PM))|.
Thus

SyL,(G)=1A= > ISyL,(R)= > [Syl,(PM)|=ISyl,(G/M)|-|Syl,(PM)]
ReSyl,(G/M) ReSyl,(G/M)
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Lemma 1.10.12. [sylow and stab] Let G be a finite group, p a prime, P € Syl (G) and M < G.
Then the following statements are equivalent

(a) [a] M < Stabg(Syl,(G))

(b) [b] P<PM.

(c) [e] P is the unique Sylow p-subgroup of PM.
(d) [d] |Syl,(G)| = [Syl,(G/M))|

(e) [e] The map
B:Syl,(G) - Syl,(G/M) Q— OM[M

is a bijection.

Proof. (@) = (p): If M < Stab(Syl,(G)), then M < Ng(P). Since also P < Ng(P) we
conclude that PN < N)G(P) and so P 4 PN.

®) = (): IfPaPM, shows that P is the unique Sylow p-subgroup of G.

() = (d):  If P is the unique Sylpw p-subgroup of PM, then |Syl,(PM)| = 1 and so by
[1.10.11)(c)

ISy1,(G)| = |Syl,(G/M)| - [Syl,,(PM)| = [Syl ,(G/M))|

(@) = (¢):  Since the map « in[[.I0.T1|() is a bijection, 8 is onto. So if [Syl,(G)| =
ISyl,,(G/M)], B is a bijection.

() = (a):  Suppose B is a bijection. Let m € M. Then P"M = PM and since 3 is 1-1,
P™ = P. So M fixes all P € nSyl ,(G), thatis M < Stabg (Syl,(G)). o

Lemma 1.10.13. [p cap m] Let G be a finite group, p a prime, P € Syl (G) and M 4 G with
M < Stabg (Syl,(G)). Then

(a) [a] PN M <G.

(b) [b] PM <G if and only of P 9 G and if and only if P < Stabg(Syl,,(G)).

Proof. (d) By[l.10.12] P < MP. Since M < G this gives M n P < M. By[L.I0.T]|Pn M € Syl,,(M)
1.10.10

and so by So by O(lch, M n P is the only Sylow p-subgroup of N. Let g € G. Then by [1.10.§]
&N n Pis a Sylow p-subgroup of M and so equalto M n P. Thus Mn P < G.

(b) Suppose that PM < G. By[[.10.12] P is the only Sylow p-subgroup of PM and so P < G. Sup-
pose that P < G. The Syl,(G) = {P} and so P < G = Stabg(Syl,(G)). Put M = Stabg(Syl,(G)).
If P<M,then PM =M< Gandso P<G. O

Lemma 1.10.14. [20dd] Let G be a finite group of order 2n with n odd. Then G index a normal
subgroup of index 2.
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Proof. By Cayley’s Theorem , G is isomorphic to G', (the image of G in Sym(G) under the
homomorphism @ corresponding the action - of G and G by left multiplication. Let ¢t € G be an
element of order 2. Since rg # g for all g € G, t and so also r = ®(¢) has no fixed-points on G.
Hence 7 has n-cycles of length 2 and so ¢ is an odd permutation. Thus G £ Alt(G) and G n Alt(G)
is normal subgroup of index 2 in G. O

Lemma 1.10.15. [order 60] Let G be a group of order at most 60. Then one of the following holds.
(a) [a] G has a unique Sylow 5-subgroup.
(b) [b] |G| =55 and G has a unique Sylow 11-subgroup.

(c) [e] |G| =60, |Syls(G)| = 6, G = (Syls(G)), G acts faithfully on Syls(G) and G is simple. In
particular, G is isomorphic to a subgroup of Alt(6).

Proof. If ss = 1, (a) holds. So suppose ss5 > 1. Then 5 does divide |G| and so s5 = 1 (mod 5) and ss
divides (5 < % = 12. Thus s5 =6 or 11.

Suppose ss = 11. Then 55 = 5 - 11 divides |G| and since |G|leg60, |G| = 55. Thus s;; divides 5
and so 511 = 1 and (a)) holds.

Suppose next that s5 = 6. Then G is divisible by 30 = 5-6 and so |G| = 30 or G = 60. If |G| = 30,
then G has a normal subgroup M of order 15. Then H unique Sylow 5-subgroup P. Since
H < G it follows that P < H and so P is the unique Sylow 5-subgroup of G, contrary to s5 = 6.
Thus |G| = 60. Let H = (Syls(G)). Then |Syls(H) = |Syls(G)| = 6 and |[H| = 60. Thus H = G. Let
N = Stabg(Syls(G)). By[1.10.12f{d), G/N has the same number of Sylow 5-subgroup as G, that is
six. Hence |G/N| = 60 and N = 1. Thus G acts faithfully on Syls(G) and so G is isomorphic to
a subgroup G of Sym(6). Note that any subgroup of order five in Sym(6) is contained in Alt(6).
Since G = (Syls(G)) this shows G < Alt(6).

It remains to show that G is simple. Suppose there exists M 4 G with 1 # M £ G. Let

P € Syl5(G). By[1.10.11](c)

6 = [Syls(G)[ = [Syls(G/M)] - |Syls(MP)|
Since |G/M| < 60 and G/M divides 60 we have |G/M| < 55 and so |Syls(G/M)| = 1. Hence
ISyls(MP)| = 6. Thus |[MP| = 60 and MP = G In particular, P £ M and so Pn M £ P. Since
|P| =5 this gives PN M = 1 and s0 60 = |G| = |PM| = Ill;m‘ll' =5-|M|. Thus |M| = 12. It follows that
ISyl;(M)| < {3 =4 <5. Since

|Fixsyi,(m) (P)] 2 [Syl;(M)]  (mod 5)
we conclude that P fixes all T € Syl;(P). Thus P < Ng(T) and P acts on T by conjugation. Since
|T|=3<5and
Fixy(P) 2 |T| mod 5

it follows that P fixes all elements of 7. So T < C¢(T') < Ng(P). But G/Ng(P)| = s5 = 6 and
0 [Ng(P)| = 10. Since 3 does not divide 10, this contradicts Lagrange’s theorem.
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So G is simple.

We will now show that Alt(n) is the only subgroup of index 2 in Sym(n):

Lemma 1.10.16. [index 2 and order 2] Let G be a group, T a conjugacy class of elements of order
two in G and put H = (T). Put D = (T?) = (st | s,t € T'). Then one of following holds:

(a) [a] H = D and there does not exists a normal subgroup B of G with B < D and D/B| = 2.
(b) [b] |H/D| =2 and D is the unique normal subgroup of G with D < H and H/D| = 2. H.

Proof. @ Note that 7 and 7 are normal subsets of G and so D is a normal subgroup of G. Let
s,t € T. Then s™'t = st € D and so sD = tD. Also s~'D = sD and so D U sD is a subgroup of G
containing 7. Since H = (T), this gives H = D U sD and so |H/D|leq2.
Let B < G with B < H and |H/D| = 2. Suppose that s € B. Since B < G we get T = Ys ¢ B and
so H < B, a contradiction to |[H/B| = 2. Thus s ¢ B for all s € 7 and since |H/B| = 2, we get sB = (B
and so st = 57!t € B. Hence D < B and since |H/B| = |H/D| =2, D = B.
If H = D, (@) holds and if H # D, (b)) holds.
i

Corollary 1.10.17. [index two in sym n] Let n > 2. then Alt(n) is the unique subgroup of index
two in Sym(n).

Proof. Let T ={(i,j) |1 <i< j<n} be the set of two cycles in Sym(n). Note that 7 is conjugacy
class of Sym(n) and by a homework problem, Sym(n) = (7). So the Corollary follows from

T0T6/). o

The following lemma is an example how the actions on a subgroup can be used to identify the
subgroup.

Lemma 1.10.18. [sym(n-1)] Let n be an integer with n > 3. Let G = Sym(n) or Alt(n) and suppose
* is a faithful action of G in the set I with |I| < n. Then

(a) [a] If G = Sym(n), then G* = Sym([I) and Stabg (i) = Stabg (i)* = Stabgyy 1) (i) = Sym(n - 1)
foralliel.

(b) [b] If G = Alt(n), then G* = Alt(I) and Stabg (i) = Stabg (i)™ = Stabyy ) (i) = Alt(n - 1) for
alliel.

Proof. By assumption, G acts faithfully on 7 and so G is isomorphic to the subgroup G* of Sym([7).
In particular, |G*| = |G| and so

|
1t =Isym(D)]| > [G*| =161 > 5.

Since |I| < n and n > 3 this gives |I| = n and [Sym(7)| = [Sym(n)|.
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Hence |[Sym(7)/G*| = |Sym(n)/G| < 2. By|1.10.17| Alt(I) is the unique subgroup of index two
in Sym(7). Thus either G = Sym(n) and G* = Sym(I) or G = Alt(n) and G* = Alt(]). Leti € I.
Suppose G = Alt(n). Then

@, 1-1
Stabg(i) “2 " Stabg(i)* Stabg« (i) = Stabyy () = Alt(I ~ {i}) = Alt(n - 1)
and similar statement with Alt replaced by Sym. So (a)) and (b)) holds. i

Corollary 1.10.19. [char 60] Let H be a finite group of order 60 with exactly six Sylow 5-subgroups.
Then H = Alt(5).

Proof. By|[1.10.15|we may assume that H is a subgroup of G = Alt(6). Let [ =G/H and i = H € I.
Note that G acts on [ be left multiplication and H = Stabg(i). Put M = Stabg (/). Then M <
Stabg (i) = H. By[1.10.15]H is simple and so M = 1 or M = H.

If M = H, then H < G and since 5 + G/H, Syl5(G) = Syl;(H). But Alt(6) has #3332 = 36.4

364
5-cycles and so 52

Thus M = 1. Hence G acts faithfully on I and since |/| = % = 6,(1.10.18| shows that H =

Stabg (i) = Alt(5). i

= 36 Sylow 5 subgroups, a contradiction since H has only 6 Sylow 5-subgroups.

1.11 Coproducts and free groups

[sec:coproduct]
Having looked at the direct product and direct sum of groups we now define the coproduct of a
family of groups:

Definition 1.11.1. [def:coproduct] Let (G;)ic; be a family of groups. A coproduct of (G;)ies is a
pair (G, (pi),'d), where G is a group and each p;, i € 1, is homomorphism from G; to G, with the
following property:

Whenever H is a group and («; : G; - H )¢y a family of homomorphisms, then there exists a
unique homomorphism a : G - H with a; = a o p; forall i € L.

As usual we summarize the definition in a commutative diagram:

a

N

G;

H

G

On an intuitive level this group is the largest group which contains the G;’s and is generated by
them. Notice also that the defintion of the coproduct is nearly identical to the defintion of the direct
product. The difference is that all the arrows are reversed, that is a map fro A to B is replaced by a
map from B to A. But it turns out the the coproduct is much harder to construct. We will proceed in
three steps:
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Step 1 [cosets] Construction of coproduct X set-theoretic coproduct of (G;)e;.
Step 2 [freemon] Construction of the free monoid W for X.

Step 3 [wapprox] Definition of an equivalence relation ~ on W.

The coproduct then will defined as W/~.

Definition 1.11.2. [def: coproduct sets] Let (S;)ic; be a family of sets. A (set-theoretic) coproduct
of (S:)ier of (Si)ies s pair (S, (L,-),-el) where S is a set and each v;,i € I is function t; : S; — S, with
the following property:

Whenever T is a set and (f; : Si — T)ier is a family of functions, then there exists a unique
function f:S - T with f; = fou foralliel

3 f
Te—————S8§
NS
Si
Lemma 1.11.3. [uniqueness set coproduct] Let (S;);c; be a family of sets. Let (S , (L,»),-g) be a
coproduct of (S)ie1, T a set and (f; : S; = T) a family of function. Let f : S — T be the unique

Sfunction with f; = f o foralli € I. Then f is bijection, if and only if (T, (f;)icr) is a coproduct of
(Si)ier-

Proof. Let Rbe aset, (g;:S; > R);e a family of functions and g : T — R a function. Then
(*) gi=go fiforalliel

if and only if g; = (g o f) o¢; for all i € I and so if and only if

(%) gof=h

where h: S — R is the unique function with g = hoy; foralli e l.

If ¢ is a bijection, then g = h°f~! is the unique function fulfilling (**) and so (T, (f;)ics) is a
coproduct of (S;)e;.

Suppose now that (T, (f;)i) is a coproduct of (S;)i;. Then there exists a unique function
g:T — S with; = go f; for all i € I. The unique function 4 : § — § with ¢; = hoy; is h = idg.
Since (*) is equivalent to (**) this shows that g o f = ids. By symmetry f o g =idy and so fis a
bijection. O

Definition 1.11.4. [def:disjoint] Let (S;);c; be a family of sets.
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(a) [a]
USiZ{(S,i)|iEI,S€Si}

iel
Wier S is called the disjoint union of (S ;)jcy.-
(b) [b] We say that (S;)ies is pairwise disjoint if S; NS j = & for all i, j € I with i # j.

(c) [c] Let S be a set. We say that S is the internal disjoint union of (S;)ie; and write

int
s =Js;
iel
if S =UierSiand (S;)ies is pairwise disjoint.
Lemma 1.11.5. [coproduct sets] Let (S;)ic; be a set. Put S = ;1 S; and for i € I define ¢; : S; —
S,s = (s,i). Then (S, (t/)ier) is a set-theoretic coproduct of (S )jer.

Proof. Let T be asetand (f;: S; - T) be a family of function. Let f : § — T be a function. Then
the following are equivalent:

fi=fou foralliel
— fi(s) = f(u(s)) foralliel,seS;
A fi(s) = f(i.s) for all (i,s) € S

Thus the function

[:8 =T, (i,s)— fi(s)
is the unique function from S to  with f; = foy; foralli € I. So (S, (¢;)ies is indeed a coproduct
of (Sl')ig. O

Lemma 1.11.6. [internal disjoint] Let (S;)ic; be a family of subset of the set S. Define

c:JSi— S, (s0)—>s

i€i
Then the following statements are equivalent
(a) [a] Foreach s € S there exist a unique i € I with s € S ;.
(b) [b] S = Ui&i S
(c) [c] tis a bijection.

(d) [d] (S, (idsi)ie]) is a coproduct of (S ;)ier.
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Proof. (@) < () : The existence statement in (a)) holds if and only if S = U;¢; S;. The unique-
ness statement holds holds if and only if S; NS ; # @ implies i = j, that is if and only if (S;);es is
pairwise disjoint.

() = (): LetseS. Thens=u(r,i) for some (r,i) € UJi; S;if and only if s = rand s € §;
for some i € R. Thus ¢~ (s) = {(s,i) | i € I, s € S;}. Hence ¢ is onto if and only if S = Uje; S; and ¢ is
1 -1ifandonlyif S;nS;+ @ impliesi = j.

< (d): By[L.I11.3](c) and (d) are equivalent. O

Definition 1.11.7. [def:free monoid] Lez I be a set. A free monoid for I is pair (W, p), where W is
a monoid and p : [ — W is a function, with the following property

Whenever M is monoid and B : I — M is a function then there exists a unique homomorphism
of monoids y: W — M with 8 =y o p.

Ay
w
N
1

Proposition 1.11.8. [free monoid] Let I be a set and let M; be the set of all tuples (iy,ia, ..., i),
wheren e Nandijel forall1 < j<n. Fori=(ii,is,...,iy) and j = (ji,... jm) in M; define

M

ij=(i1,5025 s lns J1o--- Jm)
Then

(a) [a] M is a monoid.

(b) [b] The map p:1— My,i— (i)is I-1.

(c) [e] (My,p) is a free monoid for I.

Proof. @) The binary operation is clearly associative and () is an identity element.

(b)) Obvious.

Let M be a monoid and 8 : I — M a function. Define y((iy,...,iy)) = B(i1)B(i2) ...B(ix))
where as usually the empty product is defined to be 1,;. This is clearly a homomorphism and
B=vop.

Conversely if 6 : M; — M is a homomorphism with 8 = ¢ o p. Then

5((ir iz, in)) = 6(p(in)p(i2) ... p(in)) = 6(p(i1))8(0(i2)) - .. 6(p(in)) = B(i1) - - - B(in)

So v is a unique. Thus (My, p) is indeed a free monoid on 1. i
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Remark 1.11.9. [rm:free monoid] Let I be a set. By|l.11.8|there exists a free monoid (Mj,p) and
p is 1-1. So we can identify i € I with p(i) and obtain a free monoid of the form (My,id;). Then
each element w € M can be uniquely written as
w=11iy...0,
withn € N and iy,...,i, € I. nis called the length of w and is denoted by I(w). Moreover, the
multiplication is given by
(G1eeiin)(J1eegm) =01 g1« Jm

Lemma 1.11.10. [G mod approx] Let (G, -) be a magma, ~ a relation on G and ~ the equivalence
relation on G generated by ~. Suppose that ab ~ ac and ba ~ ca for all a,b,c € G with b ~ c.

(a) [a] The map % : G|~ xG[~— G[~, ([a],[b]) — [ab] is a well-defined binary operation.
(b) [b] If- is associative, then * is associative.

(c) [e] If 1 is an identity in G, then [1] is an identity in G [~.

(d) [d] Suppose G is a monoid and H is a subset of G such

(i) [i] G is generated by H as a monoid.
(ii) [ii] For each h € H there exists h' € G with hh' ~ 1 ~ hh'.

Then G [~ is a group.

Proof. (d) Let a,b,c,d € G with a ~ c and b ~ d. Define f : G - G,x — xb. Since x ~ y implies
xb ~ yb,[1.5.5]shows that a ~ ¢ implies ab ~ c¢b. Choosing f : G - G, x — cx instead, shows that
b ~ d implies cb ~ cd. Since = is transitive this gives ab ~ cd and so * is well-defined.

(b) and (c]) follows easily from the definition of x.

(d) Let 7 € H. Then [hh'] = [1] = [hh'] and so [A] is invertible in G/~. Put

K :={g G |[g]isinvertible in G/~}

Then H € K and e € K. let a,b € K. Then by|[1.2.3({d), [ab] = [a][P] is invertible. Hence ab € K
and K is a submonoid of G. Thus implies K = G. Hence every [g] for g € G is invertible.
Together with (b) and (c) we conclude that G/~ is a group. O

Theorem 1.11.11. [CoGr] Let (G;)ie; be a family of groups. Let (X, (L,')l'el) be coproduct of the
family of sets (G;)ier and put G} = 1;(G;). (So X = Jie; Gi = Uig} G?). Let 1, = L,-(l(;i). Let (W,idy)
be a free monoid on X. We denote the binary operation on W by % and the binary operation on G;
(for i 1) by -. Define the relation ~ on W by v ~ w if one of the following holds:

(i) [i] There exist x,ye W,ieland a,be G} withw=xxaxbsyandv=xx*(a-b)xy

(ii) [ii] There exists x,ye WandieclIwithw=xx%1;*yandv=x*y.
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Let » be the equivalence relation on W generated by ~. Then W [~ is a group under the well-defined
operation

Wi x Wis - W/s,  [v][w] - [vw].
Moreover,
pi:Gi—> W/, g [u(g)]

is a group homomorphism and

(W/w, (p)ier)
is a coproduct of the family of groups (G;)ies-

Proof. To simplify notation we assume without loss that the G;’s are pairwise disjoint. So ¢; = idg,
and X = | ;2; G,‘.
Note that the defintion of ~ implies that if u,v,w € W with v ~ w, then also u * v ~ u * w and

v u~w* u. Thus by [l.11.10| W/~ is a monoid with identity [()].
Letie I and a,b € G;. We will apply (i) and (i) with x =y = (). By

(1) a*b~a-bandso [a] *[b]=[a-Db]
By (i)

1i~ () and so [1;] = [()]

If follows that a x a™' ~a-a~' = 1; ~ (). Thus by W/~ is a group.

Define p; : G; > W/~,g — [g]. Then by (1), p; is a homomorphism.

Now let H be a group and («; : G; > H);¢; a family of homomorphism. Define g : X — H by
B(x) = a;(w) if i € I with x € G;. Note here that i is uniquely determined since the G;’s are pairwise
disjoint. By there exists a unique homomorphism y : W — H with y(x) = B(x) for all
x € X and so y(a) = @;(a) for all a € G;.

We claim that y(v) = y(w) whenever v » w. By[.5.5]applied with f =y and ~==, it suffices to
show that y(v) = y(w) whenever v ~ w.

Suppose first that (i}) holds. Thenw=xx*a*b*yandv=xx* (a-b) *y for some x,ye W,iel
and a, b € G; Hence

y(w) = y(x)y(a)y(b)y(y) = y(x)(ai(a)ai(b))y(y) =
y(x)ai(a-b)y(y) =y(x)y(a-b)y(y) =y(v).

Suppose next that (i) holds. Then w = x * 1; * y and v = x * y for some x,y € W and i € I Hence

y(w) =y(x)y(1)y(y) = y(x)ai(1:)y(y) = y(x)1uy(y) = y(x)y(y) = y(v).
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By the claim we get a well defined map a : W/~— H,[w] - y(w). Also as y is a homomor-
phism, « is, too.

Suppose now that § : W/~ H is a homomorphism with a; = §op; for all i € I. Define §* : W - H
be 6*(w) = 6([w]). Let x € X. Then x € G; for some i € I. We have 6*(x) = 6(pi(x)) = a;(x) =
B(x) = y(x) and since W is the free monoid on X, 6* = y. Thus for all w € W, §([w]) = 6*(w) =
y(w) = a([w]), and so « is unique. i

Lemma 1.11.12. [rhoi 1-1] Let (G, (pi)id) be a coproduct of the family of groups (G;) ;.
(a) [a] Eachpj,jel,isI-1.

(b) [b] G =(pi(G;) |iel).

Proof. @) Fix j e I. For i € I we will define homomorphism G; — G as follows:

Ifi = jput @; = idg;.

If i # j define ; by a;(g) = 1¢; for all g € G;.

Then by definition of the coproduct there exists a homomorphism « : G — G; with ; = @ o p;
for all i € I. For i = j we conclude,

idg, =@opj

Note that this implies that p; is 1-1.

() Let H = (p;(G;) | i € I). Then (p;)es is also a family of homomorphism p; : G; - H.
Thus there exists a homomorphism a : G - H with p; = @ o p; for all i € I. Note that « is also a
homomorphism from G to G, and that id is a homomorphism from G to G with p; = idg o p; for all
i € I. So by the uniqueness assertion in the definition of a coproduct, @ = idg. Hence

G=Imidg=Ima<H<G
Soindeed G = H = (0;(G;) | i € I). o

Proposition 1.11.13. [reduced words] Le? (G;)ic; be a pairwise disjoint family of groups. Let 1; be
the identity in G;. Let X = Uj¢; G; and let (W,idy) be a free monoid for X. Let ~ be the equivalence
relation introduced in(l.11.11} Letw € W and let n € N, iy € I and xi € G;, withw = x1...x,. Call

w reduced if
(i) [a] xx +1; foralll1<k=#n.
(ii) [b] ix-1 #ix forall2 <k<n.

Then for each w € W there exists a unique reduced w, € W with w ~ w,. So if W, is the set of
reduced elements, the function

W, > W/~, u-[u]

is a bijection with well-defined inverse

VV/N_> Wr’ [W]_’Wr
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Proof.

1°. [0] Letwe W. Then w is reduced if and only if there does not exists ve W with v ~ w.

Indeed, let w = x; ... x, with x; € X. Then definition of ~ shows that there exists v € W with
v ~ wif and only if either x; = 1;, for some 1 < k < n or ix_; = ix for some 2 < k < n. Note that this
just means that w is not reduced.

Define the relation < on W by v < w if there exists m € N and an m-tuple (vo,vy,...,vy) in W
such that

vo=w,vp=wand v, ~vforalll <k<m

The following assertion follow immediately from the definitions:
2°, [0.5]
(a) [0.5a] < is reflexive and transitive.
(b) [0.5b] If v <w, then l(v) < I(w), with equality if and only if v = w.
(c) [0.5¢c] v <wimpliesv ~w.

Next we prove:
3°. [11 Foreachw € W there exists a reduced word v € W with v < w.

Choose v € V with v < w and /(v) minimal. If v is not reduced, then by (1°), u ~ v for some
u e W. Butthen I(u) =(v) = 1 <I(v) and u < w, a contradiction to the choice of v.

4°. [2.5] Let vi,vo,w € W with vi ~ W and vo ~ w. Then there exists v € W with v < v; and
v <.

Let /€ {1,2}. Since v; ~ w, one of the following holds:
(li) [li] There existd;,e; € W, jy € Jand a;,b; € Gj, withw = dj+a;*by*e;and vy = dp+ (a;-by) ey
(lii) [lii] There existd;,e;e W, jye J withw=d;*1;, xe;and v; = d; * e;.
Since we have two cases for [ = 1 and [ = 2 each, we will have two consider four different cases:
Case 1. [1i2i]  (1i) and (2i) holds, that is

W=d1*a1*b1*e1 V]Zd]*(al-bl)*el

w=dy*ar * by * e va=dy* (ay-by) * e
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We may assume without loss that [(d>) > I(d;).
Suppose first that [(dy) > I(dy) + 2. Then d, = dy * a; * by * d for some d € W. Thus

w=dixay*byxd*ay*by*ey,vi =dy*(a;-by) *d*ay xbyxex, vy =dy*ay »by »d * (ay-by) * ey
Put

v=dj* (ay-by) *d* (ay-by) * e.
Then v ~ vy and v ~ v, and so (°) hold.
Suppose that [(d>) = I(d;) + 1. Then d, = d * a; and by = ap. Thus
w=dj *ay by xbyxep,vi =dy * (a1 -by) * by x ez, vy =dy +ay * (b1 -by) * ez

Choose v = d; * (ay - by * by) * e3. Then v ~ vy and v ~ v and holds.
Suppose that [(d,) = I(d;). Then d) = d», v| = v, and we can choose v = v| = ;.

Case 2. [1i2ii] (1) and (2ii) holds, that is

w=d| *aj * b * e vi=dy * (a1 -by) * e

w=dy*x1j,*ep Vo =dp * ey

Suppose first that [(d1) > [(d»). Then d; = d» * 1}, * d for some d € W. Thus

w:dz*l.,-z*d*al*bl*el,vl=d2>e1‘,-2*d*(al-bl)*el,m:dz*d*al*bl*el

Putv=d, *d* (a;-by) *e;. Thenv ~ vy and v ~ v;. So holds.
Suppose that l(d]) = l(dz) Then d; = d;, j1 = j» and a; = lj] = 1]'2.
Thus

w=dy+1j xbyxey, vi=di*(lj-bi)*ex vy=di*bixes

Thus v; = v, and we can choose v| = vs.
If [(di) + 1 = I(d») we have 1, = by and similar argument as in case /(d;) = [(d>) shows that
v1 = v (In fact fact we could apply the I(d;) = [(d>) result to opposite groups of W and G; to treat

this case.)
The case I(d) + 2 > I(d,) is similar to I(d;) < [(d,) case. and can also by deduced from that
case by looking at the opposite groups.

Case 3. [1ii2i]  (lii) and (2i) holds

Follows from the previous case with the roles of v; and v, interchanged.
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Case 4. [1ii2ii]  (1lii) and (2i) holds, that is

w=dy*1j *e vy =dj * e

W=d2*lj2*62 V2=d2*€2

We may assume that [(d») > I(d}).
Suppose that [(d;) = I(d,), then dy = d» and v = v,. So we can choose v = vy = .
So suppose {(d») > I(dy). Then d» = dy1,d for some d € W and so

w=dix 1 xd*1j,%ex, vi=dixd*1lj,xey va=dy*1j xdxep
Putv=dj *d * e;. Thenv ~ v; and v ~ v» and so (4°) also holds in this last sub case.
5°. [2] Foreachw € W there exists a unique reduced word w, € W with w, < w.

The existence has been established in . For the uniqueness let z; and z, be reduced with
Zi<w.

If z; = w then w is reduced. So there does not exist y € W with y ~ w and so zo < w implies
Zp =w = z;1. SO0 we may assume that z; # w # z5.

By definition of < there exist v; € W with z; < v; ~ w.

By there exists v e W with v <v; and v < v,. By there exist a reduced z € W with z < v.
Since < is transitive, z < v; for [ = 1,2. Since also z; is reduced with z; < v; and since v; has length
less than w, we conclude by induction that z = z;. Thus z; = z =2, and @ is proved.

6°. (3] Letv,weW. Thenv~w ifand only v, = w,.

Ifv,=w,, thenv~v,=w,~wand sov~w.

Suppose that v ~ w. Since v, < v and < is transitive, v, < w. Since v, is reduced, gives that
v, = vy,. We have shows that v ~ w implies v, ~ w,. By [[.5.5|applies with f : W - W,w — w, and
~== we conclude that also v » w implies v, = w,.

7°. (4] Letw € W then w, is the unique reduced word with w ~ w,.

Let v € W be reduced. Then v, = v and so by (6°), v ~ w if and only if v = w,. i

1.11.14 (Products of reduced elements). [wrwr] Note that W, is usually not closed under multi-
plication (unless all G; but one of the G;’s are trivial. But it is not difficult to figure out what the
reduction of the product is. Indeed let x = x1x;...x, and y = ygy1 ...y, be reduced words. Let
0 < s < min(n,m + 1) be maximal with y;! = x,_, for all 0 < < 5. Then

Xy B X1X2 .. Xp—s5YsYs+1---Ym

If s=n,s=m+1 or x,_; and y, are not contained in a common G; this is the reduction of xy.
On the other hand if x,_; and y both are contained in G, then

XY R X1y Xpmso1 (Xnes Vs )Vst1 - - Ym
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By maximality of s, x,,_; - ys # 1; and it is easy to seen that the element on the right hand side of the
last equation is reduced, and so is the reduction of xy.

Remark 1.11.15. [rm:coproducts monoid] Coproducts also exists for semigroups and for monoids.
Indeed, everything we did for groups carries over with one exception though. In case of semigroups

we do not include the empty tuple in the sets of words and omit[[.11.T1|[i) in the definition of v ~ w.

Example 1.11.16. [ex:coproduct] Let A 2 B ~ Z/2Z. We will compute D = A] B. To simply
notation we identify x € A U B with its image in D. In particular 1 := 1g = 14 = 1p, pg = id4 and
pp=1idp. Let 1 #a € Aand 1 # b € B. Then every elements in D has one of the following forms:

1
(ab)(ab)...(ab)

n times

(ba)(ba)...(ba)

n times

b (ab)(ab)...(ab)

n times

a(ba)(ba)...(ba)

n times
Put z = ab. Then z' = b 'a™! = ba. So the above list now reads
2,7, 27", b7", and az ™",

Note that

b7" = b(ab)" = (aa)b(ab)" = a(ab) = (ab)""' = az"*!

and so
D={7",a7" |neZ}.

It is also easy to compute the product of two elements in D: Observe that

"a=a(ba)" 'ba=az"

and so

n m n+m m—n n+m

=" ' xad"=a"", af'+ 7" =ad"", a7’ *a" =aaz"" ="
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This can be combined in one formula: Define €(0) = 1 and €(1) = —1. Then for n,m € Z and
i,je{0,1}:
(aizn) % (ajzm) _ ai+jze(j)n+m
Definition 1.11.17. [def:free group] Let I be a set. A free group generated by I is pair (F,p),
where F is group and p : I — Fy is a function, with the following property:
Whenever H is a group and « : I — H is a function, then there exists a unique homomorphism

B:F - Hwitha=8op.

318
F
I

Lemma 1.11.18. [free product] Let I be a set. Then there exists a free group generated by I.

H

Proof. Fori € IletG; = (Z,+) and let (F, (p,-),g) be a coproduct of (G;);e;. Define p : [ - F,
i — p;i(1). Now let H be a group and « : I — H be function. Define

@ :Gi—>Hm— a(i)".

Since A" = W"W" for all h € H,n,m € Z, ; is a homomorphism. So by definition of the coproduct

of (G;)ies there exists a unique homomorphism g : F; — H, with a; = 8o p;. Then

a(i) = ai(1) = B(pi(1)) = B(p(i))
and so @ = B o p. Suppose also y : F - H fulfills @ =y o p. Then for all m € G,

ai(m) = ()" =y(p(i))" = y(pi(1)") = y(pi(m))

Hence «; = y o p; and so by the uniqueness assertion in the definition of the coproduct 8 = . O
Lemma 1.11.19. [rho 1-1in f] Let (F,p) be a free group generated by 1. Then p is 1-1.
Proof. Let H be any non-trivial group and 1 # h € H. Let j € J and define @ : [ — H by

. h ifi=j

a =
) {1 ifi#j
Then there exists a homomorphism 8 : F — H with & = 8o p. Then for i € [ with i # j.
B((p(D)) = a(i) = 1% h=a(/)B((p())

and so p(i) # p(j). i
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In view of the preceding lemma we can identify i € I with p(i) in F. This gives rise to the
following

Notation 1.11.20. [not:free] Let I be a set. Then Fy is a group with I € Fy such that (Fy,id;) is a
free group generated by 1.

1.11.21 (Reduced words in free groups). [free reduced] Let / be a set and G; = (i) = {i" | m e Z},
the subgroup of F; generated by /. Then by proof of [[.LTT.18]G; = Z and Fj is the co-product of
the (G;)ie;. So by each element in F; can be uniquely written as g1g>...gx where k € N,
8j€Gingj* g, forall 1 < j<kandi;#i;forall2< j<k. Since G;; = (i;) we have g; = iTj for
some 0 # nj € Z. Thus every element w in F; can be uniquely written as

(%) w=itin? i

where k e N,i; € ,0#nje Zand ij | #i;. (*)is called

is called the reduced form of w. G be group and g = (g;);c; a family of elements of G. Then by
definition of the free group there exists a unique homomorphism 8 : F; — G with g = 8o id;. Note
that g = B o id; just means (i) = g; for all i € I. Thus

B 2. ) = g;’llgl'.’; .. ‘ng
Definition 1.11.22. [def:group relation] Let I be a set.

(a) [a] A group relation is an ordered pair (v,w) with v,w € F;. We will usually denoted such an
ordered pair by v = w.

(b) [b] Let G be a group and (g;)ic; a family of elements in G. We say that (g;)ic; fulfills the
relation v = w provided that B(v) = B(w), where B is the unique homomorphism from Fy to G
with B(i) = gi forall i€ I.

Letv,we Fywithv=i"...i* and w = ji"" ... j/"'. Then (g;)ies fulfills the relation

-1 My — oMy 1y
I =

if and only if

ny

8

ng _ _mp my
8 T8 -8

Example 1.11.23. [ex:relation] Let I = {a,b}, G = Sym(3) and consider the relation aba™! = b™".
Do g, = (12) and g, = (123) fulfill the relation? In other words is
(12) 0 (123) 0 (12)™" 2 (123)7!

The left hand side is (213) and the right hand side is (321), both of which are equal to (132).
So the answer is yes.
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Do h, = (12) and h;, = (23) fulfill the relation?

(12) 0 (23) 0 (12)7" 2 (23)7!
The left side is (13) the right side is (23), so this time the answer is no.

Definition 1.11.24. [def:gens and rels] Let I be a set and R a set of group relations on 1. Then a
group with generators I and relations R is a pair (G, (gi)id), where G i a group, and t (g;)ics is a
family of elements of G such that

(a) [i] (gi)ies fulfills all the relations in R.

(b) [ii] Whenever H is a group and (h;)i is a family of elements of H fulfilling all the relations in
R, then there exists a unique homomorphism 6 : G — H with 6(g;) = h; forall i € I.

Lemma 1.11.25. [generators and relation] Let [ be a set and R a set of group relations on I. Then
there exists a group G with generators I and relations R.

Proof. Note that the relation v = w is fulfilled if and only if the relation vw™! = 1 is fulfilled. So we
may assume that R = {r = 1 | r € R} for some subset R of F;. Put

N:=("R),
so N is the intersection of all the normal subgroup of F; containing R. Put G = F;/N and let g; = iN
for i € N. Note that
ay:Fr—-G,w—->wN

is the unique homomorphism from F; to G with y (i) = g; = iN. Also

an(r)=rN=N=lg

for all r € R and so (g;);e; fulfills all the relation in R.

Now let H be a group and (A;);e; a family of elements of H fulfilling all the relations in R. Let
B: F; - H be the unique homomorphism with 3(i) = h; for all i € I. Let r € R. Since (h;);¢s fulfills
the relation = 1, we have 8(r) = 1. Hence r € ker3 and R € kerf3. Since ker3 < F; and N = (¥'R),
N < ker’. Tt follows that the map

6:G— H,wN - B(w)

is a well-defined homomorphism. Also §(g;) = 6(iN) = B(i) = h;.

It remains to show that uniqueness §. So let @ : G — H be a homomorphism with a(g;) = h;.
Then (@ o 7y )(i) = a(gi/) = h; and so @ o ry = B by uniqueness of 3. Hence for all w € Fy,
a(wN) = (eony)(w) =B(w) and so @ = 6. i

Remark 1.11.26. [rem:really generated] Ler (G, (g;)ic1) be a group with generators I and rela-
tions R. Then G = (g; | i € I).
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Proof. This follows from the construction above but can also be proven directly from the definition:

Let H = (g; | i € I). Since (g;)ies is a family of elements in H fulfilling the relations R, there
exists a homomorphism a : G — H with a(g;) = g; for all i € I. Note that « is also a homomorphism
from G to G, and that idg is a homomorphism from G to G with idg(g;) = g; for all i € I. It follows
that idg = @ and so

G=Imidg=Ima<H<G
Soindeed G =H = (g; |i€I). o

1.11.27 (Notation in groups with generators and relation). [not:gens and rels] Let / be a set and
‘R a set of group relations on /. Then

G=(I|R)

means that G is a group and there exists a family of elements (g;);e; in G such that (G, (g,-)[el) is
group with generators / and relations R. So if

(%) A A N (R

is one of the relation in R then

(%%) gﬁ'...gz(k:gﬁl...g;?’.

In practical computation is often quite cumbersome to work with elements with subscripts. We
therefore often just write a for the element g, in G. This should be only done if this is clearly from
the context that the computation are done in G and that a no longer stands for the element a in Fj.

Note also that this is not an identification, since the map I - G,a — g, is (in general) not 1-1. The
advantage of this convention is that, replacing all g, by a, the equation (**) now turns into the easier

(%) k=g

So the group relation (*) in F; turns into the actual equality (***) in G.
Example 1.11.28. [ex:gens and rels]
1. [3] We will show that

G :=(a,b,c|ab=c,ab=ba,c* == a,c® == b,c> = 1)
is the trivial group.

We will follow the conventions of and just write a for g,, b for g, and c for g, that is

we treat a, b, ¢ as elements of G, rather than elements of F,;, .,. Then the relations defining G

2C3 5 2

become actual equalities and so ¢ = ab = ¢?>c® = ¢ = e. Hence alsoa = ¢ =eand b = ¢? = e.

Thus G = 1.
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2. [0] Let G be any group. Let * be the multiplication on F and - the multiplication on G. We will
show that
(Glax*b=a-b,a,beG)

is (G, (g)gec) Indeed if (H,¢) is a group and & = (hg)eec is family of elements in H, then h
fulfills the relation a * b = a - b if and only if h, ¢ hy = h,p for all a, b € H. In this case

a:G—->H,a—-h,
is the unique homomorphism with @(a) = h, for alla € G.

3. [4]
G:=(ab|a=1,b’=1,(ab)*=1)

To determine G let z = ab. Then z> = 1. We compute
@rlzg= a*(ab)a™*-a(ab)a™" - ab = a®b(aa*)b(a 'a)b = a’b° = 1.
Since 72 = 1 this implies

2 2 2 2 2
Cz=Y7.2=7-%, z=%2-9%=%%-%z and “Y2=%z-z=2-%

Thus

K:={l,z,, “zz}

is a subgroup of G. Now

a
(“zz) =zl

and so a € Ng(K). Put A = (a). Then A < Ng(K) and so AK is a subgroup of G. It contains a
and z = ab and so also b = a~'z. Thus G = {a,b) = AB. Since a® = 1, |A|leq3. Also |K| < 4 and so
|G| < |A||K| < 12.

Put
H=Alt(4), h,=(123) hy=(124)
Then i3 = 1,k = 1, hahy = (123)(124) = (13)(24) and (hahp)? = 1. So (hga, hy) fulfills the
relations and so there exists a homomorphism
a:G — Alt(4) witha - (123),b — (124)

Put L = (123, (124)). Then L has more than one Sylow 3-subgroup and so has at least four Sylow
3 subgroup. Hence |L| > 12 and L = Alt(4). Since L < Ime, « is onto. Since |G| < 12 = |Alt(4)|
we conclude that « is a isomorphism. Thus
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G = Alt(4)

4. [a] Let (G;)cs be a pairwise disjoint family of groups. Then

(UGila*b=a-bforalliel,abeGiaxb=bxaforalli,jel,i+ jacG,beGj)

iel
is @jes Gi
5. [b] Let I be a set, then

(Iij=jiforalli,jel)

is @;e; Z and is denote by Z;. This group is called the free abelian group on the set /. Using
additive notation, each elements of Z; can be uniquely written as

S i
i€l
where (n;);es is an almost zero sequence of integers and

znii+ zmll = E(l’l, + ml)l

iel i€l i€l
1.12 Balanced products

Lemma 1.12.1. [semigroup to group] Let X be a non-empty abelian semigroup and * a magma
action of X on set S. Let ~ be the relation on X x S defined by
(x,8) ~ (zx,z8) forall x,zeX,s€S

Let ~ be the relation on X x S defined by

(x,s) » (y,t) if there exists z € X with ~ zxt = zys

Then = is the equivalence relation on X xS generated by ~. For x € X and s € S put ~ = [(x, )]~
and X7'S = (X x §)[w={%|seS,xeX}. Then

(a) [a] a: X x XS - XIS, (v, 2) - yf is well-defined action of X on X~'S.
(b) b] B:XxX1S > XIS, (3,%) > o is well-defined action of X on xX's.
(c) [c] Forally e X, the function y* : X~'S - X’IS,i — ¥ s inverse to the function Y* : X71§ —

x
XS, -
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(d) |d] Letxe X. Thenmapt:S — XS, s> % is a X-equivariant and independent of the choice
of x e X.

(e) [e] 7(s) =7(t) if and only if zs = zt for some z € X.
(f) [f] tis1-1ifandonlyifz* is 1-1 for all z € X.
(g) [g] £ =xP(x(s)) forall xeX,seS/
(h) [h] Suppose o is an action of X on the set S, p: S — S is X-equivariant and x° is invertible for
each x € X. Then
y:§TX > 8.8 () p(s)
is well-defined and is the unique X-equivariant map from S ' X to § withp =y o 1.
Proof. Let % by the equivalence relation generated by ~.
1°. 11 (x,5) ~ (v,1) forall x,y € X and s,t € S with xt = ys.
Indeed xt = ys implies xxt = xys.
2°. [2] ~cwmand ~cH.

We have x(zs) = (xz)s = z(xs) = (zx)s and so by (x,s5) = (zx,z5) forall x,z € X, s € S.
Thus ~Cx.
We will write a ~°P b for b ~ a. Suppose (x, s) ~ (y,t). Then zxt = zys for some z € X. Thus

(x,5) ~ ((29)x. (29)5) = ((z2)y, (22)1) ~® (3,1)
and so (x,s) ® (y,1).

3°. [3] = isan equivalence relation.

Let x € X and s € S. Then xs = xs and so by (x,5) ~ (x,5) and = is reflexive.

~ is clearly symmetric.

Suppose (w,r) ~ (x,s)) and (x,s) ~ (y,t). Then zws = zxr and 7'xt = 7'ys for some 7,7’ € X.
Thus

(z2'x)(wr) = (z2w)) (2'x1) = (2w) (2'ys) = (2'y) (zws) = ('y) (zxr) = (22'x) (yr)

and since S is closed under multiplication zz'x € §.Thus (w,r) ~ (y,t) and » is indeed an equiva-
lence relation.
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This follows from and (3°).
Now let w,x,ye X and r,s,1 € S.
(a) Suppose that

Let (g,5),(h,t) eGxS anduin U.

(g,s)(h,t) = (gh, st) ~ (ghu, stu) = (gu, su)(h,t)

Since G is commutative, ?? now shows that (a)) holds.
@ h_hs _hs
t ts ts’

By (IEI), 2L = & = & is the identity elements.

gshs _ ghss _ ghs i i = g _ gt i
@) = = £= = £2 and so 7 is a homomorphism. (gs)t = (g¢)s and so £ = <, and so 7 is

independent of s.

(@) Suppose gu = hu for some u in . Then 7(g) = £% = h;” = 7(h). Suppose next that 7g = 7h.
Then g—: = h?s and so gssv = hssv for some v € §. Thus gu = hu with u = ssv.
(f) follows immediately from (g).
;L ¢ cg—1 —
Br-sm-u-s o x(or)”

(h) Let g,h € G and s, € S. We have

(%)
a(gh)a(s)™ = a(g)a(h)(a(s)a(1)™ = a(g)a(h)a(s)  a()™ = a(g)a(s) " a(h)a(r)™

For s = t = u this gives a(gu)a(su) = a(g)a(s) 'a(u)a(u)™" = a(g)a(s)™! and now

shows that 3 is well defined.
Note that (**) implies

and so S is a homomorphism.

Suppose next that 6 is homomorphism such that @ = 6 o 7. Then by (g)
8 - _ _
5(4) =6 (+()r(5) ™) =6(r(8))3(x(s)) " = ae)a(s)!
and so ¢ = 6. O

Lemma 1.12.2. [semigroup to group] Let G be a non-empty semigroup, and S a non-empty sub-
semigroup of G. Let

~ = {((g, s), (gu, su)) ‘g €G,s,u ES}

and note that ~ is a relation on G x §. Let ~ be the relation on G x S defined by
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(a,s)~ (d',s") ifthere existsu €S withas'u=d"su

Then ~ is the equivalence relation generated by ~. For a € G and s € S put & = [(a,s)]~ and
S71G = (G xS)/~. Then

(a) [a]

$'Gxs7'G > 876, (9 : l—’) - &
st bt
is a well defined associative binary operation on S ~'G.
(b) [b] Foreachs eSS, —Z is an identity in S-1G.

(c) [¢] Foreach s,teS, % is an inverse of%.

(d) [d] LetseS. Thenmapt:G - S7'G,g - % is a homomorphism and independent of the
choice of s € S.

(e) [e] 7(g) =7(h) if and only if gu = hu for some u € S.
(f) If] tis 1-1if and only if the Cancellation Law holds for elements in S .
(g) [g]l ForallgeG,seS, 4 =1(a)r(s)™".

(h) [h] Let H be a commutative monoid and « : G — H be a homomorphism such that each a(s),
s €S isinvertible in H. Then

B:S7IG»H.E - a(g)a(s)!
s
is well-defined and is the unique homomorphism from S ~'H to G with a = Bo 1.

Proof. Let % by the equivalence relation generated by ~.

1°. [11  (g.s)~(g.s") forallg,g' € Gand s,s" €S with gs' = g's.
Indeed gs’ = g’s implies gs's = g’ss.

2°, [2] ~cmCw.

We have g(su) = (gu)s and so by (g,5) ~ (gu,su) forall ge G, u,s € S. So ~Cw.
We will write a ~* b for b ~ a. Suppose (g, s) ~ (g’,s") Then gs'u = g’ su for some u € S. Then

(g.5) ~ (gs'u, ss'u) = (g'su, s"su) ~* (g',s")
and so (g,s) » (¢, s").

3°. [3] = isan equivalence relation.
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LetgeGand s€S. Then gs = gs and so by (g,5) ~ (g,s) and ~ is reflexive.

~ is clearly symmetric.

Suppose (g,s) ~ (g',s") and (g',s") ~ (g",s"). Then gs'u = g’su and g's"u’ = g"s'u’ for some
u,u’ €S. Thus

(gs")(s'uu') _ (gs'u)(s"u') _ g'sus"u' _ (g's"u' Su = (g"s'u')(su) _ (g"s)(s'uu')

and since S is closed under multiplication s'uu’ € S. Thus (g,s) ~ (g"”,s”) and ~ is indeed an
equivalence relation.

4. [4]  w~=w

This follows from and (3°).
Let (g,5),(h,t) e GxS and uin U.

(g,s)(h,t) = (gh, st) ~ (ghu, stu) = (gu, su)(h,t)

Since G is commutative, ?? now shows that (a)) holds.

(o) 2=t = ks
t ts ts’

By @ 2L = & = & is the identity elements.

ts

h h . . t .
gshs _ ghss _ 8" and so t is a homomorphism. (gs)r = (gf)s and so £ = & and so 7 is
s S Ss S S t

independent of s.

u u

(@) Suppose gu = hu for some u in §. Then 7(g) = & = ™ — 7(h). Suppose next that g = 7h.
Then g—; = ]% and so gssv = hssv for some v € §. Thus gu = hu with u = ssv.

(f) follows immediately from (g).
(g) & =85 = 888 gssl - 7(o)p(5)7

S SS5S
(h) Let g,h € G and s, € S. We have

(+x)
a(gh)a(st)™" = a(g)a(h)(a(s)a(n)™ = a(g)a(h)a(s) " a(r)™" = a(g)a(s) " a(h)a(r)™!

For s = t = u this gives a(gu)a(su) = a(g)a(s) 'a(u)a(u)™ = a(g)a(s)™" and now
shows that 3 is well defined.
Note that (**) implies

and so B is a homomorphism.

Suppose next that 6 is homomorphism such that @ = 6 o 7. Then by (g)
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5(4) =6 (+()r(5) ™) =6(r(2))3(r(s)) " = ae)a(s)"
and so 6 = 6. -



Chapter 2

Rings

2.1 Rings

Definition 2.1.1. [def:ring] A ring is a tuple (R, +,-) such that

(a) [a] (R,+) is an abelian group.

(b) [b] (R,-) is a semigroup.

(c) [€] Foreach r € R both left and right multiplication by r are homomorphisms of (R, +)
Definition 2.1.2. [ringhom] Let R and S be rings.

(a) [a] A ring homomorphism is a function ¢ : R — S such that

¢:(R.+)—>(S.+) and ¢:(R-)—~(S.)
are homomorphism of semigroups

(b) [b] A ring homomorphism ¢ : R — S is called an isomorphism if there exists a ring homomor-

phismy : S - T with ¢ oy =idg and o ¢ = idp.

(c) [e] Rand S are called isomorphic and we write R = S if there exists a ring isomorphism from
RtoS.

Note that ¢ : R — S is an homomorphism if and only if ¢(r + s) = ¢(r) + ¢(s) and @(rs) =
#(r)¢(s) forall r,s € R.

Definition 2.1.3. [def:ring identity] Let (R, +-) be a ring.

(a) [a] An identity in R is an element 1g which is an identity for -, what is 1gr = r = rlg for all
r € R. If there exists an identity in R we say that R is a ring with identity.

(b) [b] R is called commutative if - is commutative, that is rs = sr for all r, s € R.

87
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In the following lemma we collect a few elementary properties of rings.
Lemma 2.1.4. [elementaryring] Let R be a ring.
(a) [a] Oa=a0=0forallacR
(b) [b] (-a)b=a(-b) =—(ab) forall a,b€R.
(c) [e] (—a)(=b) =ab forall a,beR.
(d) [d] (na)b=a(nb) =n(ab) forall a,beR,neZ.
(e) le] (i ai)(X71bj) = Xily Xty aib;

Proof. This holds since since right and left multiplication by elements in R are homomorphisms of
(R,+). For example any homomorphism sends 0 to 0. So (a) holds. We leave the details to the
reader. m]

Example 2.1.5. [ex:rings]
1. [1] (Z,+,-) and (C,+,-) are rings

2. [7] Let (A,+) be any abelian group. Define - : A — A, (a,b) - Og. Then (A, +,+) is a ring,
called the ring on A with zero-multiplication.

3. [1.5] Let (A,+) be an abelian group and End(A) the set of endomorphisms of A, (that is the
homomorphisms from A to A). Define

(@ +B)(a) = a(a) +B(a) and (a o B)(a) = a(B(a))

We will show that (End(A), +, o) is a ring (called the endomorphism ring of A.)
Let a,B,y € End(A) and a,b € A. Then

(¢+B)(a+b)=ala+b)+p(a+b) = (a(a) + a(b)) + (,B(a) +/3(b))
= (a(a) +B(a)) + (a(b) +B(b)) = (a+pB)(a) + (a+B)(b)
and so @ + 3 € End(A)

Composition of homomorphisms are homomorphisms and so @ o 8 € End(a). The addition
in End(A) is associative, since the addition on A is associative. The map A - A,a — 0, is
the identity elements. Since A is abelian, the map —id4 : @ — —a is homomorphism. The
(-ida) o : A — A,a - —a(a) is the additive inverse of @. Composition is always associative.

We compute

((@+b)oy)=(a+p)(y(a)) =a(y(a)) +B(y(a))
= (aoy)(a)+ (aoy)(a) = (aoy+Boy)(a)
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and

(yo (a+b))a:y((a +ﬂ)a> = y(aa + Ba)
=y(aa) +y(Ba) =(yoa)a+(yop)a
=(yoa+yopa

So End(A) is indeed a ring.

4. [3] Up to isomorphism there is unique ring with one element:

+10 -0
010 0]0

5. [4] Up to isomorphism there are two rings of order two :

+10 1 10 1
0(0 1 00 0.
111 0 110 n

Here n € {0, 1}. For n = 0 this is a ring with zero-multiplication. For n = 1 this is (Z/2Z, +,").

6. [5] Rings of order 3 up to isomorphism:

+]10 1 -1 0o 1 -1
0] 0 1 -1 0/0 0 O
1|1 -1 0 110 n -n
-1/-1 0 1 -11{0 -n n

Indeed if we definen = 1-1,then (-1)-1=—-(1-1) = —n. Here n € {0,1,-1}. For n = 0 this
is a ring with zero multiplication. For n = 1 this is (Z/3Z,+,-). For n = —1 we see that —1 is
an identity and the ring for n = —1 is isomorphic to the ring with n = 1 case under the bijection
00,1« -1.

7. [6] Direct products and direct sums of rings are rings. Indeed, let (R;,i € I) be a family of rings.
For f,g € X R define f + g and fg by

(f+8)(D) = f(D) +g(i) and  (fg)(i) = f()g(i).
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With this definition both X ;.; R; and @;¢; R; are rings.
If a is an identity in X ,.; R; or @1 R;, then for all i € I, g; is identity in R;
If each R; has an identity 1;, then (1;);¢/ is an identity of X ,; R;.

If 1; # O; for infinitely many i € I, then (1;);e; is not in @;; R; and @,¢; R; does not have an
identity.

If each R; is commutative then both X ._; R; and @, R; are commutative.

iel

2.2 Group Rings

Definition 2.2.1. [def:group ring] Let R be a ring and G a semigroup. The semigroup ring R[G]
of G over R is defined as follows:

As an abelian group we put R[G] = @qei R. For elements r = (1) gec and s = (8g)gec of R[G]
define rs € R[G] by

(rs)g = Z TeS]
(k,1)eGxG
kl=g

forall g € G.

Note that since the Supp(r) and Supp(s) are finite, these sums are defined. Also Supp(rs)
Supp(r)Supp(s) and so Supp(rs) is finite and rs € R[G].

For r € R and g € G we denote the element pg(r)EI in R[G] by rg so

(rg)g =rand (rg), =Og forh + g
Lemma 2.2.2. [group ring] Let R be a ring and G a semigroup.
(a) [a] (R[G],+,") is a ring.

(b) [b] For each a € RG there exist uniquely determined ry € R, g € G with rg = Og for almost all

geGand
a=) reg
geG

(c) €] YgeG o8 + LgeG 528 = Lge (g + 5¢)8-

(d) [d] Yyegrik - Xieg sil = Lrec 1ec (risi)kl.

(e) [e] If R and G have identities, then 1gl¢ is an identity in R[G].
(f) [f] If R and G are commutative, R[G] is too.

Proof. This is Homework 5#1. O
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Definition 2.2.3. [def: sequiring] A sesquiring is a triple (R,G,-) where R is a ring, G is a semi-
group and - is the binary operation on R x G defined by

(a.8)-(a'.g") = (ad’.gg').

foralla,a’ e Rand g, g’ € G.
So (R x G,-) is the direct product of the semigroups (R,-) and G.

Definition 2.2.4. [def:hom ring group] Let (R, G) be a sesquiring and S a ring. A function
f:RxG—>S
is called a sesquihomomorphism if
(i) [i] f is a multiplicative homomorphism, that is
flad',g8") = f(a.8)f(d'.8)
foralla,a’ €R,g,g' €G.

(ii) [ii] f is an additive homomorphism in the first coordinate. This means that for for each g € G,
the function fy : R - S,a — f(a,g) is an additive homomorphism, that is

fla+d'.g)=f(a.g)+f(dg)
foralla,a’ €R, g €G.
Lemma 2.2.5. [comp of sesqui] Let R, S, T be rings and G and H semigroups.
(a) [a] The mapt:R x G — R[G],(r,g) — r is a sesquihomomorphism.
(b) [b] The map p = prG : Rx G — R[G],(r,g) — rg is a sesquihomomorphism.

(c) [e] Let ¢ : S x H — T be a sesquihomomorphism, 6 : R — S a ring homomorphism and
€ : G — H a semigroup homomorphism. Then

po(6x€):RxG—S,(rg)—>¢(d(r).e(g))
is a sesquihomomorphism.

(d) [d] Let ¢ : RxG — S be a sesquihomomorphism and § : S — T be a ring homomorphism. Then

§op:RxS > T,(rg)—05(s(rg))

is a sesquihomomorphism.
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(e) [e] Suppose
T:RxG—->S, o:SxH->T

are sesquihomomorphisms. Define

$:Rx(GxH)~T,(r,gh) > o(t(rg),h)

Then ¢ is a sesquihomomorphism.

Proof. (@) ¢ is clearly a multiplicative homomorphism. (cf. [1.9.6). Also ¢, = idg for all g € G and so
tg is an additive homomorphism.

() By[2.2.2) (ag)(d'g’) = (aa’)(gg') and ag + a’g = (a +a’)g. So p is a sesquihomomorphism.

Note that both § and o€ : R x G - S x H,(r,g) = (6(r),€(g)) are multiplicative homo-
morphisms. So also a := ¢ o (§ x epsilon) is a multiplicative homomorphism. Note that for g € G,
@g =60 P(g). Since both 6 and ¢, are additive homomorphism, s0 is .

(d) B := 6 o ¢ is the composition of two multiplicative homomorphisms and so a multiplicative
homomorphism. 8, = 6 o ¢, and so 3, is an additive homomorphism.

(e) Note that

6:Rx(GxH)—>RxG,(r,g,h) > (r,g) and €:Rx(GxH)— H(r,g,h)—h.

are multiplicative homomorphisms. Hence also the composition 706 and the direct product (708) x €
are multiplicative homomorphism. Thus also

p=00((1006)xe)

is a multiplicative homomorphism.
Also

S(eny(r) = o (1(r.8). h) = ou(t(r.8)) = on(74(r))

and so ¢, 4y = 0 0Ty is the composition of two additive homomorphisms and so a homomorphism.
m]

Lemma 2.2.6. [char semigroup ring] Let (R,G) be a sesquiring.

(a) [b] Whenever S is aring and ¢ : R x G — S is a sesquihomomorphism, then

a@:R[G] =S, Y reg = > #(reg)

geG geG

is the unique ring homomorphism from R[G] to S with ¢ = @ o p.
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§ «————  R[G]

N

RxG

(b) [e] Let a: R[G] x S be a ring homomorphism. Then ¢ = a o p is a sesquihomomorphism from
RxGtoS.

Proof. (d) Suppose first @ : R[G] — S is a ring homomorphism with ¢ = @ o p. Then a(rg) =
a(p(r,g)) =¢(r,g) forall r e R, g € G and so

(+) o Yreg) = Y a(ree) = Y o(r.)

geG geG geG

Thus « is unique. It remains to verify the function

a:R[G] =S, Y rg—> > ¢(r.8)

geG geG

is homomorphism.
We compute

“(ng8+zsg8)=a( ;(rg-i-sg)g) :Z‘ﬁ(rg‘*‘sg’g)

geG geG gcG
= Z(¢(rg’g)+¢(sg’g)) = Z¢(rg,g)+z¢(sg,g)
geG geG geG
= a(g;rgg) +a(é;sgg)

a( Z rik Z sll) = a( Z ( Z rksl)g = Z 1) Z reS1, &
keG 1eG 8€G  (k1)eGxG ¢6G | (kD)eGxG
ki=g ki=g

=2 X ¢Uwsng) =31 > ¢(resikl)

8€G | (k,1)eGxG 8¢G | (k)eGxG

ki=g kl=g
= > ¢(nsikl) = > ¢(nk)e(sl)
(k.[)eGxG (k,1)eGxG

_ Ztﬁ(”k,k) . Zq)(sl,l) = a( Zrkk) . a(zsll)

keG leG keG leG
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(o) By [2.2.5/f@) is a sesquihomomorphism. Since « is a homomorphism, [2.2.5|{d) shows that
a o p is a sesquihomomorphism.

O

Example 2.2.7. [ex: sesquihomomorphism] Let (R, G) be a sesquiring. Then
@:R[G] >R, Y reg—> > r,
geG geG

is a ring homomorphism. If G + &, « is onto.

By[2.2.5(a) ¢ : Rx G - R, (r,g) — ris a sesquihomomorphism. Thus implies that « is a
homomorphism.

Lemma 2.2.8. [easy sesquihomomorphism] Let (R, G) be a sesquiring and S aring. Let3: R — S
be a ring homomorphism and y : G — S a multiplicative homomorphism such that

B(r)y(g) = v(g)B(r)

forallr e R, g € G. Define
¢:RxG—S.(r.g) > B(r)y(g)
Then ¢ is a sesquihomomorphism. Moreover
@:R[G] =S, Y reg > > B(r)y(g)
geG geG

is the unique ring homomorphism with a(rg) = B(r)y(g) forallr€R, g €G.

Proof.
Blab)y(gh) = (B(a)B(0))(¥(8)y(h)) = (B(b)¥(8))(B(b)y(h))
and
B(a)y(g) +B(b)y(g) = (B(a) + B(1))y(g) = Bla +b)¥(g)
So ¢ is a sesquihomomorphism. The second statement now follows from [2.2.6] O

Lemma 2.2.9. [sesquihom and identities] Let (R,G) be sesquiring and S ring. Suppose R and G
have identities and ¢ : R x G — S is a sesquihomomorphism. Define

B:R—S,r>¢(rlg) andy:G—S,g—¢(1g,g)
Then
(a) [a] B is a ring homomorphism.
(b) [b] vy is a multiplicative homomorphism.

(c) [e]l B(1r) =y(1G).
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(d) [d] B(r)y(g) = ¢(r.g) =v(g)B(r) forallreR, geG

Proof. Since ¢ is a multiplication homomorphism and 1 -1 = 1, both 8 and y are multiplicative
homomorphism. Since ¢ is an additive homomorphism in the first coordinate, £ is a additive homo-
morphism. So (a) and (d) hold.

©: B(1R) = ¢(1r, 16) = ¥(16).
(d):

B(r)y(g) =o(r.)¢(1,8) = ¢(rl, 1g) = ¢(r,g) = ¢(1r,g1) = ¢(1,8)¢(r, 1) = ¥(g)B(r)
O

Example 2.2.10. [ex:sequihom] Let R and S be rings with zero homomorphism. Let G be semi-
group and () ge a family of additive homomorphism from R to S. Define

@:RxG—S,(r,g) > a,(r)
Then « is a sesquihomomorphism.

Since each a, is an additive homomorphism, « is an additive homomorphism in the first coor-
dinate. Note that a,(0g) = Og for all g € G and so

a(ab,gh) = a(0,gh) = agy(0) =0 = a(a,g)a(b,h)
foralla,beR, g,heR.

Corollary 2.2.11. [hom group ring to group ring] Ler (R,G) and (S, H) be sesquirings, 3 : R —
S a ring homomorphism and vy : G - H a semigroup homomorphism. Then

R[G] > S[H], ) reg~ Y, B(r)y(g)
geG geG
is the unique ring homomorphism « : R[G] — S [H] with a(rg) = B(r)y(g) forallr € R, g € G.

Proof. Define ¢ : RxG — S[H](r,g) — B(r)y(g). Note that ¢ = ps gy o (B x y) and so by ¢
is a sesquihomomorphism. So the Corollary follows from[2.2.6| m|

2.2.12 (Identities in Group Rings). [id in rg] If R[G] has an identity and G # &, then « : R[G] -
R, Y0cG 38 = YgeG Tg 1S an onto homomorphism and so a(1g[g)) is an identity in R. But G does
not have to have an identity:

Let R be any ring with an identity: Let G = {a, b, i} as a set. Define a multiplication by
x ifx=y
XY=y, .
i ifx=zy
Then
x ifx=y=z

i otherwise

(xy)z=(xy)z= {
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Hence the binary operation is associative and G is a semigroup. Put r = a + b — i € R[G]. We claim
that r is an identity. We compute ar = ra = aa+ab-ai = i+a—i = a, br = rb = ba+bb—bi = i+b—-i=b
and ir = ri = ia+ib —ii = i +i—1i = i. Since right multiplication by r is a additive homomorphism,
{t € R[g] | tr = t} is a additive subgroup of R[G] and so equal to R[G]. Hence r is a right identity.
By symmetry, r is also a left identity.

Since ab = i neither a nor b is an identity in G. Since ai = i, i is not an identity. So G has no
identity.

2.2.13 (Commutative Group Rings). [rg commutative |
Suppose R[G] is commutative and G # &. Then there exists an onto homomorphism from R[G |
to R and so R is commutative. Let r, s € R and g, & € G. Then

(rs)(gh) = (rg)(sh) = (sh)(rg) = (sr)(hg) = (rs)(hg).
So if rs # 0 for some r, s € R we get gh = hg and G is commutative.

But if rs = 0 for all r,s € R then also xy = 0 for all x,y € R[G]. So R[G] is commutative,
regardless whether G is or not.

Notation 2.2.14. [sn] Let T be a semigroup, t = (t;)ic; a commuting family of elements in T, u € T
and n = (n;);e; an almost zero family of non-negative integers. Let J = Supp(n) = {i € I | n; # 0}. If
n#0(thatis J #0), define
.
=117/

jeJ
Ifn =0, define
ut"=u andt'u=u

If T has an identity and n = 0 define t* = 17.

Notation 2.2.15. [not: exp notation]

(a) [a] Let G be monoid and I a set. Then G; = ®;¢; G.
(b) [b] (X;,id;) is a free abelian monoid on I.

Remark 2.2.16. [rem ni] Let I be set and put x = id; = (i)je;. Then x is a commuting family in X;
and the function

(N[, +) - (X], '),n - x"
is isomorphism.

Definition 2.2.17. [ex:polynomial ring] Let R be a ring. Let I be a set. Then the semigroup ring
R[X;] is called the polynomial ring of R in the variables /.
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2.2.18 (elements in polynomial rings). [elements in rx] Let R be a ring and / a set. Put x = id; =
(i)ies and let f € R[X/]. Then

f= Z fux"
neNy

for a unique almost zero family (f,)nen, in R.
If I ={xi,..., X, this becomes

f= Z S Xy X

Lemma 2.2.19. [evaluation] Let R, S be rings and s = (;)ie; a commuting family of elements in S .
Let B:R — S be a ring homomorphism and suppose that

B(r)si = sip(r)
forallreR, icl
(a) [a]
¢ :Rx Ny, (r,n) > B(r)s"

is a sesquihomomorphism.

(b) [b]
Bs:R[Xi]=S, D rx" > > B(ra)s"

neN! neNy
is the unique homomorphism from R[X;] — S with B,(ri) = B(r)s; forallr € R, i€ L.
Proof. @) Since (s;)ies is commuting,
y:Nb > 8§ n—s"

is a homomorphism. Applying we see that the restriction of y to R x N§ is a sesquihomomor-
phism.

Since ¢(a,0) = B(a) is an additive homomorphism, ¢ is a additive homomorphism in the first
coordinate.

¢(a,n)¢(b,0) = B(a)s"B(b) = B(a)B(b)s" = B(ab)s" = B(ab)s"** = ¢(ab,n +0)
and similarly ¢(a,0)¢(b,n) = ¢(ab,0 + n). Finally

¢(a,0)¢(b,0) = B(a)B(b) = B(ab) = ¢(ab,0 +0)

and so ¢ is a multiplicative homomorphism.

(b) follows from (a)) and [2.2.6](a). o
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Notation 2.2.20. [not:fs] With the notation and assumption from|2.2.19
If f € R[X] we write f3(s) for Bs(f). In the special case R € S and 8 = idg, we write f(s) for
Biag (f)-

Remark 2.2.21. [rm:f=fx]

(a) [a] With the notation and assumption from[2.2.20

(f +8)8(s) = f5(s) + 8p(s) and (f8)p(s) = fs(s5)gp(s)
forall f,g € R[X;].

(b) [b] Suppose R is a ring with identity and I is set. View R is a subset of r by identifying r with
rl and view I is a subset of R[X;] by identifying i with 1i. Note that x = (i);c; is a commuting
family in R[X;] and ri = ri for all r € R. Then f(x) = f for all f € R[X;].

Proof. (a)) holds since B; is a homomorphism.
(b) Put B = idg. By definition B, is the unique homomorphism from R[X;] — R[X;] with
Bx(ri) = B(r)x;, that is with B, (ri) = ri. Hence B = idg[x,] and so f(x) = B.(f) = f. i

Lemma 2.2.22. [converse evaluation] Let R and S be rings and I a set. Suppose R has an identity
and ¢ : R x Ny — S is a sesquihomomorphism. Define

B:R—>S,r—>¢(r,0) and foriel, s;=¢(1,i)
Then
(a) [a] B is a homomorphism of rings.
(b) [b] (si)ics is commuting family of elements in S.

(c) [e] B(r)si=siB(r)forallreR, icl
(d) [d] ¢(r,n) =B(r)s" forallr € R, n e Ny.

Proof. For n € N define y(n) = ¢(1,n). By[2.2.9 8 is a ring homomorphism, y : (N, +) = (S,) is
a homomorphism and

B(r)y(n) = ¢(r,n) = y(n)B(n)

for all » € R, n € N. In particular, @) holds.
Note that (i) = s; and so also (c)) holds.
Since i+ j = j+i, sis;=y(i+j) = y(j+1i) = s;5; and (b) is proved.
Since 7y is a homomorphism, y(n) = y( Y nii) = [Tie; y(i)™ = s" and so @ holds. m|
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2.3 Elementary Properties of Rings

Definition 2.3.1. [def:zero divisor] Ler R be a ring and a € R.
(a) [e] R* =R~ {0}.

(b) [a] ais left ( right) zero divisor if a # Og and there there exists b € R* with ab = 0 (resp. ba = 0).
a is a zero divisor if a is a left or a right zero divisor.

Suppose now that R has an identity.

(c) [b] ais called (left,right,) invertible if it is (left,right,) invertible in (R, -). An invertible element
is also called a unit.

(d) [f] U(R) is the set of units in R.
(e) [c¢] Ris called an integral domain if R is commutative, 1g # Og and R has no zero-divisors.

(f) [d] R is called a division ring if 1 # Og and all it non-zero elements are invertible. A field is a
commutative division ring.

Note that a ring with identity is a zero ring (that is R = {Og} if and only if 1 = Og. So in (e} and
@) the condition 1g # Og can be replaced by R # {Og}.

Lemma 2.3.2. [cancel rings] Let R be a ring. Then the following statements are equivalent:

(a) [a] R has no right zero-divisors.
(b) [b] Ifa,b <€ R with ab = Og, then a = Og or b = Og.
(c) [e] R has no left zero-divisors.

(d) [d] The Right Cancellation Law holds, that is
a=>bforall a,b,c € Rwithc #+ 0 and ac = bc

(e) [e] The Left Cancellation Law holds, that is
a=bforalla,b,c e Rwithc #0and ca=cb

Clearly (a) and (b)) are equivalent and similarly (b)) and (c]) are equivalent.
Suppose that R has no left zero-divisors and a, b, ¢ € R with ¢ # Og and ab = ac. Then

Og =ac-bc=(a-b)c

Since R has no left zero-divisors this implies a—b = Og and so a = b. Thus the Right Cancellation
Law holds.

Suppose the Right Cancellation Law holds and let a,b € R with b # Og and ab = Og. Then
ab = Og = Og - b and so by the Right Cancellation Law, a = Og. So R has no left zero-divisors. Thus
and (d) are equivalent. Similarly (a)) and (e) are equivalent.
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Example 2.3.3. [ex:zero-divisors]

1. [a] R,Q and C are fields. Z is an integral domain.

2. [b] LetR is be an integral domain and G an abelian monoid. Is R[G] an integral domain?

We will first show:

1°. [11  Suppose there exists a,b,c € G and n € Z* with a + b and a"c = b"*c. Then c or a — b
is a zero divisor. In particular, R[G] is not an integral domain.

Assume first that ¢ # b". Then a" — b" # 0 in R[G] and

(a"=b")e=d"c-b"c=0

SO ¢ 18 a zero divisor.

Assume next that ¢ = b" and choose k minimal with a* = b*. Let 0 < m < k and define

T(m) = Za"bmﬂ‘
i=0

Then

m . .
(a-b)r(m) =(a-b) > d'b"" = o™ - p"!
i=0
and so

(a-b)r(k-1)=0

If r(k—1) # 0, a — b is a zero divisor.

So suppose that 7(k — 1) = 0. Then we choose / € N minimal with a/7(I) = 0 for some j € N.
Looking at the coefficients of a/*! in a/t(I) we see that a/* = a/*'~'bi for some 1 < i < I. Hence
al*igt = 7*=p! Putt = j+[—i. Then d'a’ = a'b’ and so and

0=dd -db =d(a-b)=d7(i-1)(a-b)
Note that i — 1 < i <[ and so by minimality of /, a't(i — 1) # 0. Thus a — b is a zero divisor.

2°. [2]  Suppose that

(*) a'c+b'c

forall a,b,c € G andn € Z* with a + b. Then R[G] is an integral domain.
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We will only outline a proof (and use a couple of result proven later).

The special case n = 1 in (*) shows that the cancellation law holds in G. So by 2.7.1|there G can
be embedded an abelian group H such that H = {ab™! | a,b € G}. H is a group. If (ab™')" = 1
for some a,b € G and n € Z*, then a" = b", and (*) applied with ¢ = 1, givesa = b and ab™! = 1.
Thus H has no-nontrivial elements of finite order and since H is a group we conclude that (*)
holds for H. So we may assume from now on that G is a group.

Let r, s € R[G] with r # 0 and s # 0. We need to show that rs # 0. Let F = (g,h € G | ry # 0, 55 #
0). Replacing G by F we may assume that G is finitely generated. Since G has no non-trivial
elements of finite order a theorem proved sometime later will show that G ~ Z™ for some m € N.
So we may assume that G = Z™. Since Z"*! = Z" x Z, R[Z"™*'] = R[Z™][Z] (see Homework
5) and so by induction we may assume that m = 1. Let x = 1 € G. Then r = ¥, r;x' for some
k<mneZandr;e Rwithr, + Og and s = Z’}i,ijjforsomelgmeZandsjeRWithsm;EOR.
Then the coefficient of x"* in rs is r,s,, and since R is an integral domain r,s,, # 0 and so also
xy #0.

Definition 2.3.4. [def:exponent]

(a) [a] Let G be a group We say that G has finite exponent of there exists n € Z* with g" = e for n
forall g € G. If G has finite exponent then exponent exp(G) of G is the smallest positive integer
m with g" =1 for all g € G, otherwise exp(G) = oo.

(b) [b] Let R be a ring. If (R,+) is has finite exponent then the characteristic charR of R is the
exponent of (R, +). If (R, +) has infinite exponent then char R = 0.

Lemma 2.3.5. [char char] Let R be a ring with identity.

(a) [a] Letn e Z then nlg = Og if and only if nr = Og for all r € R.

(b) [b] Suppose 1g # Og and that R has no zero-divisors. Then char R is O or a prime.

Proof. @) If nr = Og then clearly nlg = Og. So suppose nlg = Og. Then for all r € R
nr=n(1gr) = (nlg)r = Ogr = Og

@ Suppose n := charR # 0. If n = 1, then Og = 1 - 1g = 1g, contrary to the assumptions. So
n>1.Letn = st with s, € Z*. Then

Or =nlg= (Sl‘)lR = stlglg = (SIR)(llR)

Since R has no zero divisors we conclude that s1g = Og or t1g = Og. The minimality n implies
s =nort=n. Hence n is a prime. O
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2.4 Ideals and homomorphisms

Definition 2.4.1. [def:subring] Let (R, +,-) be ring.
(a) [a] A subring of Ris a ring (S, »,0) such that S € R, and

sat=s+t and sOr=s-t

forall s,teS
(b) [b] A left (right) ideal in R is a subring I of R so that rl € I (Ir € I) for all r € R.
(c) [e] Anideal in R is a subring of R which is left and right ideal in R.
Lemma 2.4.2. [subring] Let (R, +,-) be a ring and S € R. The (S, +,-) is a subring of R if and only
if
(i) [i] OgeS.

(ii) [ii] a+beS foralla,beS.

(iii) [iii] —a €S forallacS.

(iv) [iv] abe S foralla,beS.
Proof. Straightforward and we leave the few details to the reader. O
Lemma 2.4.3. [basicring hom] Let ¢ : R — S be a ring homomorphism.
(a) [a] If T is a subring of R, ¢(T') is a subring of S.
(b) [b] If T is a subring of S then ¢~'(T) is a subring of R.

(c) [c] ker¢ an ideal in R.
(d) [d] If I is an (left,right) ideal in R and ¢ is onto, ¢(I) is a (left,right) ideal in S .

(e) [e] IfJ is a (left,right) ideal in S, then ¢~"(J) is an (left,right) ideal on R.
Proof. Straight forward. m]

Example 2.4.4. [ex:ideal] Let (R,G) be a sesquiring with G # @.
(a) [a] By Example[2.2.7]

@:R[G] > R,> reg—> Y re.
is an onto ring homomorphism. The kernel of a is
R[G] = {D reg| 3 rg =0}

R°[G] is called the augmentation ideal of R[G].
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(b) [b]

Let: R — S be aring homomorphism and y : G — H a semigroup homomorphism. Then by
22.8]

a:R[G] > S[H], Y reg— > Blro)y(g)

geG geG

is a ring homomorphism. What is the image and the kernel of y? Clearly a(R[G]) = B(R)[y(G)].
Let I = ker 8. To compute ker @ note that

(5)- 54 5.)

gEG heH gey*l (h)
and so
Y reg € kera — Y reel forallhey(G).
g<G gey~H(h)

If y is a group homomorphism we can describe ker « just in terms of / = ker8 and N := kervy.
Indeed the y~!(1)’s (h € y(G)) are just the cosets of N and so

> reg € kerg — Yrp el forallT €eG/N.
geG geT

Definition 2.4.5. [def:a+b] Let R be a ring and A, B € R. Then
(a) [b] (A) is subgroup of (R,+) generated by A.
(b) [d]

(A)=({I|1isanidealinR,Ac I}
(A) =({I|1is aleft ideal in R,A < I}
(A) =({I|1is right ideal in R,A < I}

(A), (A), (A) are called the ideal, left ideal and right ideal, respectively, in R generated by A.
Lemma 2.4.6. [easy ideal] Let R be a ring, A,B,C S Rand r € R.
(a) [C] (A,B) = (A) +(B).
(b) [A] r(A) = (rA) and (A)r = (Ar).
(c) [B] (AB) = (A(B)) = {(A)(B)) = ((A)B).
(d) [a] If A is a left ideal, then (AB) is a left ideal.

(e) [b] If Bis a right ideal, then (AB) is a right ideal.
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(f) [c] If A is a left ideal in R and B is right ideal, then (AB) is an ideal in R.

(¢) [d] If (A))ier be a family of (left,right, ) ideals of R, then (Ay,i € I) is a (left,right, ) ideal.
(h) [e] Let (A;)ics be a family of (left,right, ) ideals of R, then N A; is a (left,right) ideal.
(i) [g] (A)isaleftideal in R, (A) = (RA,A) and if R has a left identity then (A) = (RA).

(j) [h] (A) is a right ideal in R, (A) = (AR, A) and if R has a right identity then (A) = (AR).
(k) [i] (A) is an ideal in R, (A) = (RAR,RA, AR, A) and R has an identity, then (A) = (RAR).
(1) [J1 If R is commutative ((A)(B)) = (AB).

Proof. LetreR,acAandb ¢ B.
(a) Since + is commutative, (A) + (B) is an additive subgroup of R and so (a) holds.

(b) Since left and right multiplication by r are additive homomorphism, (d) follow from conclude
from [1.8.5](c).
By (b) a(B) = (aB) < (AB) and so

() (A(B)) = (AB)

(*) applied to opposite ring gives ((A)B) = (AB).
(*) applied to (A) in place of A yields ((A)(B)) = ({(A)B) and so (c) holds.
(d) Since A is a left ideal RA € A. So using

R(AB) c (RAB) < (AB)

and so (AB) is left ideal.

Apply (d) to the opposite ring.
({f) Follows from (d)) and (g).
Suppose (A;);e; is a family of left ideal in R. Then by

R{Aiiel)c(RA,iel)c (A, iel)

and so (A;,i € I) is a left ideal. Applying this statement to the opposite ring completes the proof of
(g).

Suppose each A, is an left ideal. By Nier A; is subgroup of (R, +). Let a € Nje; A;. Then
a € A;and so ra; € A; for all i € I. Thus ra; € Ny A; and so N7 A; is a left ideal. Applying this
statement also to the opposite ring completes the proof of (g).

Clearly (RA,A) is contained in every left ideal containing A, and so also (A4). So it suffices
to show that (RA, A) is left ideal. We have

R(RAUA) =RRRAURA = RA
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and so by (d), R(RA,A) < (RA) ¢ (RA, A).
If R has an left identity /, , then A = [A € RA and so (RA,A) = (RA)

@D Apply (i) to the opposite ring.
@) By definition (A) is an intersection of ideals and so by , is an ideal.

(%) (RAR,AR,RA,A) = (R(ARUA), (ARUA))

and so by (i) (RAR,AR,RA, A) is a left ideal and so (after applying this to the opposite ring) is
an ideal in R. (RAR,AR,RA, A) is contained in any ideal containing A and the first statement in @
holds.

If R has an identity, AUARUA URAR = 1A1 U 1AR U 1A1 U RAR = RAR and also the second
statement holds.

Since R is commutative (A) = (A, RA) and so using

((A)(B)) = ((A,RA)(B,RB)) = (AB,RAB, ARB,RARB) = (AB,RAB,RRAB) = (AB,RAB) = (AB)
O
Lemma 2.4.7. [Rmodl] Let I be an ideal in the ring R.

(a) [a] The binary operations

+gi ¢ RIIXR[I—R]I, (a+L,b+I) - (a+b)+I and
wi  RIIXRII=R/I,  (a+Lb+I) — ab+I

are well-defined.

(b) [b] (R/I, +R/1"R/l) isa ring.

(c) [e¢] The map
n:R—>R/I, r->r+lI

is a ring homomorphism with kernel I.

Proof. @) That +/, is well-defined follows from(1.6.10} i, j € I. Then (a+i)(b+j) = ab+ib+aj+ij.
As Iisanideal,ib+aj+ijelandso (a+i)(b+ j)+1=ab+I. Thusalso gy is well-defined.
(b) By[1.6.10| (R/1, +) is a group. The remaining axiom of a ring are readily verified.
By|[1.6.10]is a well-defined homomorphism of abelian groups with kerz = I. Since
¢p(ab) =ab+1=(a+1) gy (b+1)=n(a)g;n(b)

and so 7 is ring homomorphism. O

Remark 2.4.8. [rm:dot to versus]
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(a) [a] Let A,B € R/I. Note that A, B is are subsets of Rand so A-B ={a-b|acA,b e B}. In
general, A g1 B is not equal to A - B.

(b) [b] If a,b are elements of R/I denoted by lower case letters, then ab is understood to mean
a-g/bandnota-b.

Consider for example R=Z and A = B=1=2Z. Then

27 -2Z=4Zand 2Z 51,7 2Z = (0+2Z) -2/ (0+2Z) =0+2Z = 2Z

Theorem 2.4.9 (The Isomomorphism Theorem for Rings). [itr] Let ¢ : R — S be a ring homomor-
phism. Then the map

¢:R/kerp - ¢(R), r+kere— ¢(r)

is a well-defined isomorphism of rings.

Proof. By the Isomorphism Theorem for groups[1.6.T1] this is a well-defined isomorphism for the
additive groups. We have

B((a +kerg) (b + ker)) = Flab + ker @) = ¢(ab) = (a)p(b) = Fla-+ ker $)(b + ker )
and ¢ is a ring isomorphism. O
Definition 2.4.10. [dprime] Let I be an ideal in the ring R with I + R.
(a) [a] I is prime ideal if for all ideals A, B in R

ABcl = A<IlorB<I

(b) [b] Iis a maximal ideal if for each ideal A of R.

ICACR —— A=1 or A=R

Example 2.4.11. [ex:prime ideal] Let / be an ideal in Z with / # Z. Then [ is a subgroup of Z and
so I =nZ for somen e Nwithn + 1. Let A = aZ and B = bZ with a,b € N. Then AB = abZ and so
AB < Iifand only if n | ab. Also nZ < aZ if and only if n | a. Thus [ is a prime ideal if and only if

nlab=—=nlaorn|a

This is this is case if and only if n = 0 or n is a prime. So the prime ideals in Z are {0} and pZ,
p aprime.

I is a maximal ideal if and only if nZ < aZ implies nZ = aZ or aZ = Z. So if and only if a | n
implies n = a or n = 1. This is the case if and only if n is a prime. So the maximal ideals in Z are
pZ, p aprime.



2.4. IDEALS AND HOMOMORPHISMS 107

Lemma 2.4.12. [basicprime] Let P be an ideal in the ring R with P # R. Suppose that for all
a,beR,
abeP - aeP or beP

then P is a prime ideal

Proof. Let A and B are ideals in R with AB < P. We need to show that A < P or B < P. So suppose
A £ P and picka € A\ P. Since ab € P for all b € B we conclude b € P and B < P. O

Lemma 2.4.13. [prime ideal for commutative] Let P be an ideal in the commutative ring R with
P # R. Then the following statements are equivalent:

(a) [a] R is a prime ideal.

(b) [b] Foralla,b € R,
abeP e aeP or beP

(c¢) [e] R/P has no zero divisors.

Proof. () = (b):  Suppose that P is prime ideal and let a, b € R with ab € P. By [2.4.6{(l)

((@)®)) = (ab) < P
As P is prime ideal, (a) € P or (b) € P. Henceac Porb € P.

By (b) implies (a).

Since (b and (c]) are clearly equivalent, the lemma is proved. O

Lemma 2.4.14. [primeintegral] Let R be a non-zero commutative ring with identity and P an ideal
in R. Then P is prime ideal if and only if R/ P is an integral domain.

Proof. If P is a prime ideal or if R/P is an integral domain we have that R # P. So the lemma
follows from [2.4.12¢. o

Lemma 2.4.15. [union of chain of ideal] Let R be a ring and M be chain of ideal in R. (So M is
a set of ideal and if A,B € M, then A€ Bor B< A). Then \J M is an ideal in R.

Proof. Put M = U M. Since M = &, there exists C € M. Hence 0 ¢ C € M. Let a,b € M. Then
there exist A, B € C witha € A and B € C. Since C is chain, A € Bor B<S A. Say A € B. Then both a
and b are contained in Band soa + b € B < M. Also if r € R, then —a, ra and ar all are in A and so
in M. Thus M is an ideal in R. O

Remark 2.4.16. [rm:union chain] A similar argument show that the union of a chain of subgroups
is a subgroup and the union of a chain of subrings is a subring. See in the appendix for a
common proof of these facts.

Theorem 2.4.17. [basicmaximal] Let R be a ring with identity and I an ideal in R with I #+ R. Then

I is contained in a maximal ideal. In particular, every non-zero ring with identity has a maximal
ideal.
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Proof. The second statement follows from the first applied to the zero ideal.

To prove the first statement we apply Zorn’s lemma[A.2.8] For this let M be the set of ideals J
of R with I € J ¢ R. Order M by inclusion and let C be a nonempty chain in M. So @ # C ¢ M
and if A,BeC,then AC Bor BC A. Let M = UC. By[2.4.15| M is an ideal

Since C + @ we can choose C € C. Since I € C, I < M. Since (1) =R, 1 ¢ C for all C € C and so
1¢ M. Hence M = R and M € M. Since C € M for all C € M, M is an upper bound for M. Thus
by Zorn’s Lemma M has a maximal element J. If J ¢ A for some ideal A # R, then / € A, A ¢ M
and so by maximality of M in M, A = J. Thus J is a maximal ideal of R containing /. O

Theorem 2.4.18. [maximalprime]| Let M be a maximal ideal in the ring R. Then M is a prime
ideal if and only R*> ¢ M. In particular if R is a ring with (R*) = R or a ring with identity then every
maximal ideal is a prime ideal.

Proof. We will show that R? ¢ M if and only if M is not a prime ideal.

Suppose R> = RR ¢ M. Since R is an ideal in R and R ¢ M, we conclude that M is not a prime
ideal.

Suppose that M is not a prime ideal. Then AB € M for some ideals A and B with A ¢ M
and B ¢ M. By[2.4.6(g), A+ M and B + M are ideals in R. So the maximality of M implies
R=A+M=B+M. ThusR*=(A+M)(B+M)<CAB+Mc M.

If R has an identity, then (R?) = R and if (R?) = R, then R* ¢ M. So the second statement follows
from the first. O

Definition 2.4.19. [def:simple ring] Let R be a ring.

(a) [a] A subring of S of R is called proper, if S # 0 and S + R.

(b) [b] R is called simple if R? # 0 and R has no proper ideals.

Lemma 2.4.20. [basicsimplerings]

(a) [a] Let R be a division ring. Then R has no proper left or right ideals. In particular, R is simple.
(b) [b] Let R be commutative ring. Then R is simple if and only if R is a field.

Proof. @) Let I be an non-zero left ideal in R and pick O # i € I. Then 1 = i"'i € Ri € R and so
R = RI1 ¢ I. Similarly R has no proper right ideals. Since 0 # 1 = 12 € R?, R?> # 0 and so R is simple.

@) Let R be simple commutative ring. Then R? # 0 and we can choose a € R with Ra # 0. Since
R is commutative, Ra is an ideal in R and so R = Ra. Hence any r € R there exists r, € R with
r = rga. Then ra, = (rga)(a,) = rq(aa,) = rqa = rand so 1 = a, is an identity in R. Note that 1,
is an inverse of a and so a is invertible. We proved that any element in a € R with Ra # 0 is a unit.
Since 16 =b = 0 for all 0 # b € R, this shows that all non-zero elements are units. Since R #0, 1 0
and so R is a field.

If R is a field, then by (a), R is simple. i

Lemma 2.4.21. [max=simple] Let R be a ring and M an ideal in R. Then R/M is simple if and
only if M is a maximal ideal with R* ¢ M.
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Proof. In both cases M # R and so we may assume M # R. We have (R/M)? # Og/am if and only if
R* ¢ M. R/M has no proper ideals if and only if there does not exist an ideal J with ¢ J ¢ R and
so if and only if M is a maximal ideal. O

2.5 Factorizations in commutative rings

Definition 2.5.1. [def:divide] Let R be a commutative ring and a,b € R.
(a) [a] We say that a divides b and write a | b, if (b) < (a).

(b) [b] We say that a and b are associate and write a ~ b, if (a) = (b)
(c) [c] We say that a is proper if 0 + (a) + R.

(d) [d] ais a generator (of R) if (a) = R.

Lemma 2.5.2. [easy divide] Let R be a commutative ring and a,b € R.
(a) [a] a~b<=a|bandb|a.

(b) [b] The relation | on R is reflexive and transitive.

(c) [€] The relation ~ on R is an equivalence relation.

(d) [d] a|bifand only if b € (a).

(e) [e] If ais a generator of R, then b is a generator if and only ifa ~ b,
(f) [f] If R has an identity, then a | b if and only if b = ra for some r € R.
Proof. Obvious. O

Lemma 2.5.3. [basic generator] Let R be a commutative ring and u € R. The following are equiv-
alent

(a) [a] u|rforallreR. (c) [€] u|rfor some generator r of R.

(b) [b] uis a generator of R.

Proof. () < (o) :  uis a generator if and only if (u) = R if and only if r € () for all r € R and if
only if 7 | u for all r € R.

(®) = (c):  Just observe that u ~ u.

— (b): Ifu|r for some generator r, then R = (r) € (u) and so R = (u). i

Lemma 2.5.4. [basic unit] Let R be a commutative ring with identity. Let u € R. Then the following
statements are equivalent

(a) [a] uis a generator.
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(b) [b] Ru=R.

(c) [c] uis unit.

(d) [d] ur|rforallreR.

(e) [e] ur ~rforallreR.

(f) [f] u is not contained in any maximal ideals of R.

Proof. @) — @ : Since R is a commutative ring with identity, () = Ru. So u is a generator if
and only Ru = R.

(B) = (c): Since Ru = R, 1 = ru for some r € R. Since R is commutative, ur = 1 and so u is
a unit.

== (d): Since R is a unit, su = 1 for some s € R. Hence r = 1r = (su)r = s(ur) and so
ur|r.

(d) = (¢): Note that r | ur and so ur | r implies ur ~ r.

() = (): Using r = 1in (¢) we get u ~ 1. Thus (u) = (1) = R and so u is not contained in
any maximal ideal of R.

(= @@): If ) R, shows that (u) is contained in a maximal ideal, contrary the
assumption. So (#) = R and u is a generator. m|

Lemma 2.5.5. [r*orbits] Let R be a commutative ring with identity and a,b € R}. Suppose b is not
a zero-divisor.

(a) [a] Let b =ua. Then a ~ b if and only if u is a unit.
(b) [b] Leta,beR. Then a~ b if and only if b = ua for a unit u in R.

Proof. (a) The ”if” part follows from [2.5.4{(d).
So suppose that b ~ a. Then a = vb for some v € R. Thus 1b = b = ua = u(vb) = (uv)b and so
(1 —uv)b = 0. Since b is not a zero-divisor, uv = 1. So u is a unit.

@ Suppose a ~ b. Then a | b and so b = ua for some u € R. Thus @) shows a ~ b.
The converse follows directly from (a)). O

Corollary 2.5.6. [r*] Let R be an integral domain. The equivalence classes of ~ are the orbits of
U(R) on R with respect to action by left multiplication.

Proof. Note first that by[1.2.3|le), (U(R),) is a group and since (R,-) is associative U(R) acts on R
by left multiplication. The corollary now follows from [2.5.5((b). O

Definition 2.5.7. [dpid] Let R be a ring.

(a) [a] Anideal I is called a principal ideal if its generated by one element, that is I = (r) for some
reR.

(b) [b] R is called a principal ideal ring if every ideal is a principal ideal.



2.5. FACTORIZATIONS IN COMMUTATIVE RINGS 111

(c) [c] R is principal ideal domain (PID), if R is an integral domain and a principal ideal ring.
(d) [d] Anideal I in R s called finitely generated if I = (F) for some finite subset F of R.

Definition 2.5.8. [def:prime] Let R be a commutative ring and ¢ a proper element. c is called a
prime if for all a,b € R
clab — cla or c|b.

Lemma 2.5.9. [prime-ideal] Let p be proper element in the commutative ring R. Then following
are equivalent:

(a) [1] pis a prime

(b) [2] (p) is a prime ideal

(c) [3]1 R/(p) has no zero-divisor.

Proof. Letd € R. Then p | d if and only if (d) € (p) and so if and only if d € (p). Thus for all
a,beR

plab = pla orp|b
if and only if

abe(p) = ac(p) or be(p)
Thus the lemma follows from 2.4.13| O

Definition 2.5.10. [def:irreducible] Let R be a commutative ring and c a proper element in R.
(a) [a] cis called irreducible if for all a,b € R

c~ab - ais a generator or b is a generator
(b) [b] cis called weakly irreducible if for all a,b € R
c~ab — a~c or b~c
(c) [€] cis called divisor simple if for all a in R

alce = a~c or aisa generator

Remark 2.5.11. [rm:divisor simple] Let R be a commutative ring and ¢ € R. Then c is divisor
simple if and only if (c) is a maximal element in the set of proper principal ideal of R.

Proof. Both statement just say that if a € R then

(c) < (a) = (c)=(a) or (a)=R.
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Remark 2.5.12. [rm:associate and prime] Let R be a commutative ring and a,b associate ele-
ments in R. Then a is a prime (irreducible,weakly irreducible,divisor-simple, proper) if and only if
b is.

Proof. A glance at the definitions of these terms show that they only depended on (a). O

Example 2.5.13. [irreducible inn zxz] For any proper (a,b) € Z; x Z determine whether a is a
prime, irreducible, weakly irreducible and/or divisor simple.

(a,b) irreducible  divisor-simple weakly irreducible prime
(1,p) Yes Yes Yes Yes
(0,1) No Yes Yes Yes
(1,0) No No Yes Yes
otherwise No No No No

here p is a prime integer.

Lemma 2.5.14. [irreducible] Let ¢ be a proper element in the commutative ring R

(a) [a] If c is divisor-simple, then c is irreducible or ¢ ~ 2.

(b) [b] If c is divisor simple, then c is weakly irreducible or R has a generator and (c) = (R*) # R.
(c) [e] If cis a prime, then c is weakly irreducible.

Proof. (a) Suppose c is divisor simple and ¢ is not irreducible. Then there exists a, b € R such that
¢ ~ ab and neither a nor b is a generator. Note that a | ¢ and b | ¢. Since c is divisor simple and
neither a and b are generators, a ~ ¢ and b ~ ¢. Thus (a) = (¢) = (b) and so

(¢) = (ab) = {(@)(®)) = {()(©)) = ()

So indeed ¢ ~ 2.

(b) Suppose c is divisor simple and ¢ is not weakly irreducible. Then there exists a, b € R such
that ¢ ~ ab and neither a nor b is associated to ¢. Note that a | ¢ and b | ¢. Since ¢ is divisor simple
and neither a and b are associated to ¢, @ and b are generators. Thus (a) = R = (b) and so

(©) = (ab) = {(a)(D)) = (R?)

Since c is proper, (c) # R and so (b) is proved
(c) Let a,b € R with p ~ ab. Since p | p = ab and p is a prime, p | a or p | b. Since a | p and
b|p,p~aorp~b.So pis weakly irreducible. O

Lemma 2.5.15. [irreducible with identity] Ler ¢ be a proper element in the commutative ring R
with identity.

(a) [a] c is irreducible if and only if ¢ is divisor-simple and ¢ + ¢*.
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(b) [b] If c is divisor simple, then c is weakly irreducible.
(c) [€] If c is weakly irreducible and not a zero-divisor, then c is irreducible.

Proof. @) Suppose c is irreducible Let a € R with a | ¢. Then ¢ = ab for some a,b € R Since c is
irreducible a or b is a generator. If b is a generator, then by c=ab~a Soa~coraisa
generator. Thus c is divisor simple.
Suppose that ¢ ~ ¢?. Since c is irreducible, ¢ is a generator, a contradiction since ¢ is proper.
Thus ¢ + ¢? and the forward direction of @) is proved. The backwards direction follows from

2.5.14(a).
@) Since R has an identity, R = R* and so @ follows from 2.5.14(a).

Suppose ¢ is weakly irreducible and not a zero-divisor. Let a,b € R with ¢ ~ ab. Since ¢

is weakly irreducible, ¢ ~ a or ¢ ~ b. Say, ¢ ~ b. Then b = rc and ¢ = sab for some r,s € R.

So lc¢ = sab = sarc = (sra)c. Since c is not a zero divisor, sra = 1 and so a is a unit and thus a
generator. Hence c is irreducible.

O

Lemma 2.5.16. [primes are irreducible] Let R be commutative ring with identity and ¢ € R a
proper non-zero divisor.

(a) [¢] cisirreducible if and only if c is divisor-simple, if and only if c is weakly irreducible and if
and only if (p) is a maximal proper principal ideal.

(b) [a] If cis a prime, c is irreducible.

Proof. @) Since c is not a zero-divisor and not a unit m shows that ¢ + ¢2. So @) follows from

and 2.5.11]
(o) By the prime ¢ is weakly irreducible and so by (b) c is irreducible. ]

Lemma 2.5.17. [prime and principal] Let R be principal ideal domain. Then the following are
equivalent

(a) [1] p is a prime (c) [3] (p) is a maximal ideal.
(b) (2] p isirreducible. (d) [4] R/(p) is a field.
Proof. () = (®):  This is[2.5.16|[b)

@ = : By [2.5.16/fa) (p) is a maximal proper principal ideal. Since every ideal in a PID
is a principal ideal, (p) is a maximal ideal. So (c)) holds.

== (d): This follows from[2.4.21
(d) = (@): By[.4.18] (p) is a prime ideal. So by p is a prime. i

Proposition 2.5.18. [uniquefactor] Ler R be an commutative ring with identity and a € R. Suppose
that

a=py-...:pm and a=qi-...-qn
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where m,n € Z*, p; is a non-zero-dividing prime for 1 < i < m and g is divisor-simple for 1 < j <n.
Then n = m and there exists « € Sym(m) with p; ~ qx(;) for all 1 <i<m.

Proof. Note that p,, | a. Since p,, is a prime, p,, | ¢; for some 1 < j < n. Since g; is divisor-simple
e and p,, is not a unit, g; ~ p,, and so ug; = p,, for some unit u € R. Without loss, j = n.
Suppose n = 1. If m = 1 we are done. So suppose for a contradiction that m > 1. Then

(P1---Pm-1)Pm=a=qm ~ Pm.

Thus by [2.5.5((a)), p1 ... pm-1 is a unit and so divides 1. Hence also p; divides 1 and so p; is a
unit, a contradiction.

Suppose n > 1. Then py_i1pm = Pm—l(uCIn) = (upm—l)CIn- By UPm-1 ~ Pm-1. Also
qn ~ pm and so by upm-1 and g, are non-zero-dividing primes. So replacing p,, by ¢, and
Pm-1 bY up;,—1 we may assume that g, = py,.

Putb=pi...pp-1ifm>1land b=1if m = 1. Then

(@1 qn-1)Pm=(q1 - qu-1)gn =a=(P1 ... Pm=1)Pm = bPm.

Since p,, is not a zero-divisor this implies
q1-..qn-1=0b

Suppose that m = 1. Then b = 1 and so ¢ is a unit, a contradiction.
Thus m > 1 and

q1---4n-1=P1---Pm-1
So by induction on n, n—1 = m~1 and there exists u € Sym(m—1) with p; ~ q,,;y forall 1 <i<m-1.
Defining 7 € Sym(m) by n(m) = mand 7(i) = u(i) for 1 <i < m—1 we see that the lemma holds. O

Definition 2.5.19. [def:ufd] A unique factorization domain (UFD) is an integral domain in which
every proper element is a product of primes.

Lemma 2.5.20. [easy ufd] Let R be a UFD and r € R. Then r is a prime if and only if r is irreducible.

Proof. By each prime in R is irreducible. Now let r be irreducible. Then by definition of a
UFD, r = pi ... p, where each p; is a prime. Then by [2.5.18|n = 1 and so r = p; is a prime. i

Our next goals is to show that every PID is a UFD. For this we need a couple of preparatory
lemmas.

Lemma 2.5.21. [chainideal] Let 7 be chain of ideals in the ring R. If UZ is finitely generated as
an ideal, then UZ € 1.

Proof. Suppose that UZ = (F) for some finite /' ¢ UZ. For each f € F there exists Iy € 7 with
f € 1Iy. Since Z is totally ordered, the finite set {/; | f € F} has a maximal element /. Then I € Z,
F cIandso

UZ=F)c1cJZ.
Thus UZ =1¢€¢1. O
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Lemma 2.5.22. [minchain] Let R be an integral domain and I a non-empty set of principal ideals.
Then one of the following holds:
1. [1]1 NZ = 0 and there exists a family (Iy)eN in L such that
h202..2620La2...
with Nien I = 0.
2. [2] Z has a minimal element.

3. [3] There exists a family (Jy)ken of principal ideal in R such that

JEN S .. T ETkr1 E---
and Uyen Jk is not finitely generated.

Proof. Assume that does not hold. Then by (applied to the ordering on Z by reverse
inclusion) there exists a family (I )xen in Z such that

L202...2L2 L1 2...

If Nken Ik = 0, also N Z = 0 and so @) holds. So we may assume that there exists 0  a € Ngen Ik-
Since each I, is a principal ideal, I, = (a,) for some a, € R. Since a € I, a = r,a,, for some r, € R.
Since

(an+l) =l ¢l = (an)),

a,+1 = Spa, for some non-unit s, in R. Thus

'ndp = A = Tp1Ap+l = Fpe1Snln = Fpe1 Sndn

Since R is an integral domain,

Yn = Tn+1Sn

Since s, is not a unit, this gives

(rn) € (rns1)

Put J, = (r,). Then J, &€ Jui1 and 2.5.21] shows that U,n J,, is not finitely generated. So (3)
holds. O

Lemma 2.5.23. [maxmin] Let R be a ring in which every ideal is finitely generated.
(a) [a] Any nonempty set of ideals in R has a maximal member.

(b) [b] Suppose in addition that R is an integral domain. Then every non-empty set of principal
ideals with nonzero intersection has a minimal member.
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Proof. (a) Otherwise implies that there exists an infinite strictly ascending chain of ideals

JoEJ1C.. . Sk G k1 & -

in R. But then shows that U2, Ji is not finitely generated, a contradiction.

(b) Let Z be a non-empty set principal ideal in R with NZ # 0. By NZ =0, Z has a min-
imal element or[2.5.22] as an infinite ascending chain of ideals. By assumption the first possibility
does not holds. By (a)), the last possibility does not holds and so Z has a minimal element. O

Lemma 2.5.24. [PIDUFD] Every principal ideal domain is a unique factorization domain.

Proof. Let S be the set of proper elements in R which can be written as a product of primes. Let a
be proper in R. We will first show

1°. [1]1  ais divisible by a prime.

By [2.5.23|la)) there exists a maximal ideal I with with (a) c I. Since R is a PID, I = () for some
s € R. Then by|2.5.17| s is a prime. Since (a) € (s), s | a and holds.

2°. (2] PutS={(s)|seS,s|a}. ThenS + @ and (a) cNS #0.
By (1°) there exists a prime s with s | a. Then s € S and so (2°) holds.

By and [2.5.23p, S has a minimal member, say (b) with b € S. Since b | a, a = ub for some
ueR.

Suppose that u is not a unit. Then by applied to u, there exists a prime p dividing a. Then
pb divides a and pb € S. Thus (pb) € S and since p is not a unit (pb) ¢ (b), a contradiction to the
minimal choice of (b)

Thus u is a unit and @ ~ b. Since b is a product of primes and any associate of a prime is a prime,
we conclude that a is a product of primes. O

2.6 Euclidean Rings

Definition 2.6.1. [def:pre-euclidean] Lef R be a ring.

(a) [a] A pre-Euclidean function on R is a function d : R — A, where A is a well-ordered setEl such
that for all a,b € R with b + 0

(i) [a] d(0) <d(b) and
(ii) [b] if d(b) < d(a), then there exists t € (b) withd(a —t) < d(a)

(b) [b] R is called an Euclidean domain if R is an integral domain and there exists an pre-Euclidean
function on R.

Example 2.6.2. [ex:euclidean]

Zsee in the appendix for the definition of a well ordered set
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1. [1] Letd : Z — N,m — |m| be the absolute value function. Let a,b € Z and 0 < |b| < |a|. If a
and b are both positive or both negative, then |a — b| < |a|. If one of a, b is positive and the other
negative, then |a + b| > |a|. So d is a pre-Euclidean function. Thus Z is an Euclidean domain.

2. [2] Let F be any field, A = {-o0} UN. Let 0 # f,g € F[x] of degree n and m respectively.
Suppose that n < m. Let a and b be the leading coefficients of f and g, respectively. ba™'x" " f
is a polynomial of degree m and leading coefficient 5. Thus g — ba~' X" f has degree less than
g and so d is a pre-Euclidean function.

Note also that fg is a polynomial of degree x** with leading coefficient ab. Thus fg # 0 and so
F[x] is an integral domain. Hence F[x] is a Euclidean domain.

Lemma 2.6.3. [division algorithm] Let d : R — A be a pre-Euclidean function on a ring R. Let
a,b € Rwith b # 0. Then there exist s € (b) and r € R and

a=s+randd(r)<d(D).
Proof. Since A is well-ordered we can choose s € (b) with
(%) d(a-s)=min{d(a—t)|te (D)}
Put r = a — s and suppose that d(r) > d(b). Then r # 0 and by the definition of a pre-Euclidean
function there exists ¢ € (b) such that d(r —1) < d(r). Butr—t=(a—-s)—t=a- (s+1t). Since

s+t € (b) and we obtain a contradiction (*). Hence d(r) < d(b) and the lemma is proved. i

Definition 2.6.4. [def:euclidean] Let R be an ring, A a well-ordered set and d : R — A a function
such that for all a,b € R with b # O:

(i) [e] d(0) <d(b).
(ii) [a] IfO = a € (b), then d(b) < d(a).
(iii) [b] There exist s € (b) and r € R with

a=s+randd(r)<d(b).

Then d is called a Euclidean function

Lemma 2.6.5. [pre-euclidean gives euclidean] Let R be a ring and d a pre-Euclidean function on
R. Let b € R. If b = 0 define d* (b) = d(b), otherwise put

d*(b) =min{d(s) |0+ s e (b)}.

Then d” is a Euclidean function.
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Proof. We need to verify the conditions (i)- in the definition of an Euclidean function.
Leta € R. Since a € (a):

(1) d*(a) <d(a)

For any x € R, choose x* € (x) with x* # 0 and

(2) d*(x) =d(x")
Note that x* = 0 if and only if x =0. Let 0 # b € R.
(@): By definition of a pre-Euclidean function d(0) < d(b*) and so d*(0) < d*(b).
({ii): LetO+ae(b). Thena* € (a) c (b) and so by definition of d*,

d*(a)=d(a*)>d(b*) =d"(b).
(ii): By there exists s € (b*) and r € R with
a=s+randd(r) <d(b").
Since b* € (b), s € (b*) < (b).
d*(r)<d(r) <d(b*) =d*(b)
and so d” is indeed an Euclidean function. m|

Theorem 2.6.6. [Euclidean implies PID] Let d be a pre-Euclidean function on the ring R and I a
non-zero left ideal in R. Let O + b € I with d(b) minimal, then I = (b). In particular every Euclidean
domain is a PID.

Proof. Let 0 # b € I with d(b) minimal. Let a € I. By there exist s € (b) and r € R such that
a=s+rand
d(r) <d(b)

Since r = a - s and both a, s are in I we get r € I. So the minimal choice of d(b) implies r = 0. Thus
a=se(b)andsol = (b). o

Definition 2.6.7. [def:gcd] Let R be a commutative ring, r € R and A € R.
(a) [a] We say that r is a common divisor of A and write r | A if r | a for all a € A.

(b) [b] We say that r is a greatest common divisor and write r ~ gcd A if r is common divisor of A
and s | r for all common divisor s of A.

We remark that in a general commutative ring a given set of elements might not have a greatest
common divisor.
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Lemma 2.6.8. [easy gcd] Let R be a commutative ring, r € R and A € R.
(a) [a] r|A ifand only if (A) € (r).
(b) [c] risagcdofAifand only if forall s € R

s|A = s|r

Proof. (d) By definition of dividing, r | a if and only if (@) < (r). Since (r) is an ideal, (a) ¢ (r) for
all a € A if and only if (A) < (r). Thus (El]) holds.

(b) Suppose ris a ged. If s | A, then s | r by definition of a ged. If s | r, then since r | A also
s |A.

Suppose for all s € R we have s | A <= s | r. Since r | r we get r | A. Also s | r for all s with
s | A and so ris a ged of A. mi

Lemma 2.6.9. [gcd and principal] Let R be a commutative ring and A € R
(a) [a] A has a common divisor in R if and only if A is contained in a principal ideal of R.

(b) [b] Suppose that A has a common divisor in R and let I be the intersection of the principal
ideal containing A. Then A has a greatest common divisor if and only if I is principal ideal.
In the case the greatest common divisor are exactly the generators of 1. In particular, greatest
common divisors are unique up to associates.

Proof. LetreR.
@ This holds since r is a common divisor of A if and only if A ¢ (r).
(b) Let /C be the set of principal ideal containing A. r is a greatest common divisors of A if and

only if A € (r) and (r) < (s) for all common divisor s of A. So r is a greatest common divisor if and
only if (r) € K and (r) € K for all K € K. Thus if and only if (r) = I. i

Lemma 2.6.10. [ged and pid] Let R be a commutative ring, A € R and r € (A). Then the following
are equivalent.

(a) [a] ris a common divisor of A.

(b) [b] (A) = (r).
(c) [e] ris a greatest common divisor of A.

Proof. () = (b):  Suppose r is a common divisor of A. Then (A) < (r). Since r € (A) we have
(r) € (A) and (¥) = (A).

() = (c):  If (A) = (1), (A) is the intersection of the principal ideal containing (A) and
follows from [2.6.9]

= (a): is obvious. o
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Lemma 2.6.11. [char ufd] Let R be an integral domain Let ‘P a set of representatives for the primes
in R, that is ‘P is a set of primes and each prime in R is associate to exactly one element in P. Put
P = (p)pep-. Recall that

Np=E@N and p"=]]p".
peP peP

where n = (n,) pep € Np. The function

U(R) xN; - RY, (u,n) - up”

is 1-1 homomorphism from the semigroup (U(R),-) x (N;, +) to the semigroup (RY,-). The function
is onto if and only if R is a UFD.

Proof. The function is clearly a homomorphism. If up” = vp™, the uniqueness of prime factor-
ization shows that n = m. So p" = p” and since R is an integral domain, # = v. So the map is
1-1.

If the function is onto each proper element is associated to a product or primes and so is a
product of primes.

Suppose R is a UFD and let a € RY. If @ is a unit, @ = ap®. Suppose a is not a unit. Since R is a
UFD, a = q; ... qy, for some primes qi,...,gy. Choose p; € P with p; ~ g;. Then g; = u;p; for some
unite u;. Put u = [T}, u; and for p e Pletn, = {1 <i<m|p; = p}and n = (n,)pep. Then a = up”
and so the map is onto. O

Lemma 2.6.12. [gcd in ufds] Let R be a UFD and P a set of representatives for the primes in
R, that is P is a set of primes and each prime in R is associate to exactly one element in P. Put
P = (p)per. Let a,b € R and B c R' with B + @. Let (u(a),n(a)) € U(R) x Np be defined by

a=u(a)p"®.

For n,m € Ny define
n<m if np,<m, forallpeP

Define
B) =infn(b that i B) =infn,(b llpeP
n(B)=infn(b)  thatis  ny(B)=infny(b) forallpe

(a) [a] a| b ifand only if n(a) < n(b).
(b) [b] a|Bifand only if n(a) < n(B).
(c) [c] Let peP. Then
ny(b) = max{k e N | p*| b} andny(B) = max{k eN | P~ | B}

(d) [d] p"® ~ gcd(B).
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Proof. (d) a divides b if and only if b = ad for some d € R. Since b + 0, d #+ 0 and so d = vp”"
for some v € U(R) and m € N;. Thus a | b if and only if there exist v € U(R) and m € N; with
u(b) = u(a)v and n(b) = n(a) + m. Since u(b) and u(a) are units, there exists a unique v € U(R)
with u(b) = u(a)v, namely v = u(h)~'u(a). There exists m € N; with n(b) = n(a) + m if and only if
n(b) —n(a) € Ny, that is n(a) < n(b).

(b) a | Bif and only if a | b for all b € B. By (@) this holds if and only if n(a) < n(b) forall b € B
and so if and only if n(a) < n(B).

Let g € P. Then n,(p*) = 0 for ¢ # p and n,(p*) = k. Thus by @) and @) pX | b if only if
k < n,(b) and p* | B if and only if k < n,,(B). Thus (c) holds.

@i Note that n (p”(B)) = n(B). Thus by @) an a | p"® if and only if n(a) < n(B) and if
and only if a | B. So (d) follows from 2.6.8|(b).

O

2.7 Localization

Let R be a commutative ring and @ # S € R.In this section we will answer the following question:

Does there exists a commutative ring with identity R’ so that R is a subring of R and all elements
in § are invertible in R ?

Clearly this is not possible if 0 € § or S contains zero divisors. It turns out that this condition
is also sufficient. Note that if all elements in S are invertible in R’, also all elements in the sub-
semigroup of (R,-) generated by S are invertible in R’. So we may assume that S is closed under
multiplication.

Lemma 2.7.1. [fractions and group ring] Let X be non-empty multiplicatively closed subset of the
commutative ring R. For r € R and x € S denote the element rx € R[X]| by "/y. Put

I=(")-")|reRxzeX)
Letr,s € Rand x,y € X. Put

X'R=R[X]/I  and L=")+1.
X

(a) [a] 15 =3

_ ry+sx

s
y xy

(b) [b]  +
(c) [e] X'R={Z|reR xeX}.
(d) [£] £ is an identity in X"'R.

(e) [g] % is an inverse of§ in X" 'R.

(f) [h] The map ¢ = ¢§ :R->X'Rr- = is a ring homomorphism and independent of x.
() [i] §=o(x)"o(r).
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(h) [e] Let S be a commutative ring with identity and 3 : R — S a ring homomorphism such that
B(x) is invertible for all x € X. Then

Px:X7'S > 8.~ B(x) " B(a)

is a well defined function and is the unique homomorphism from X~ 'R to S with B = Bx o ¢.
(i) [d] == j if and only if there exists 7 € X with ryz = sxz.

(j) [j] kerg = {r € R| rx = 0 for some x € X}. In particular, if R # 0, ¢ is 1-1 if and only if no
element of X is zero or a zero-divisor.

Proof. Letr,s € R and x,y,z € X. By definition of R[X],
r/XS/y:rS/xy and r/x+S/x:r+S/x

and so also
rs rs r s r+s
——=— and —+-=
Xy Xy X X X

In particular @) holds. By definition of  and 1,

rz_r
XZ_X.
Thus r N r SX r SX ry + sx
X oy Xy yx xy xy Xy
and (b)) is proved.
(c) Put

W={"f|reR,xeX} and T:{W+1]W€W}:{f
X

reR,xeX}.

Note that R[X] = (W) and so X"'R = (T). By , T is closed under addition. It also closed under
negatives and so X 'R =T.
bx _bx _ b

yxooyx ooy’
@ 22 = 2 "which by @ is an identity in X'R.
yx o xy

(ﬁ) == rx—);y = r}—y and so ¢ is independent of the choice of r. ¢ is the composition of the additive
homomorphisms r - rx, s > */y and a — a + I. Thus ¢ is an additive homomorphism.

rx sx rsxx

B)8(s) = = B ()

XX

and so ¢ is also a multiplicative homomorphism.
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(&)

r rxx rx

R N GLION

X XXX X

Define y : X - S,x — 8(x)~!. Then vy is multiplicative homomorphism and so there
exits a unique homomorphism ¢ : R[X] — § with

8 (") = B(r)y(x) = B(r)B(x) ™

Note that

5 (") = Bry)BG) ™ = BB (BBX)) ™ = B(rBGBG) ™ B(x) ™ = B(rB(X) ™ =5 (L)

and so "/, —"/x € ker d. Since ker ¢ is an ideal in R this gives I ¢ keré. Defining a(a +I) = 6(a) we
see that « is well-defined homomorphism. Moreover

@(¢(r)) = a ("f) = B(rx)B(x) ™" = B(r)B(x)B(x) ™" = B(r)

and so S =ao ¢.
Conversely suppose that p : X 'R — § is a homomorphism from X~ 'R with 8 = p o ¢. Define
u=pomns Sou(a)=p*a+1I).Since ¢(x) and p(¢(x)) = B(x) are invertible, shows that

p(¢(x)™") = (p(d(x)) ™" = p(x)"!
Thus

1 (1) =p () =p () = (618 ™) =p(8())p(0(0)) ™ = BB
Sou=46.Hence p(a+1) =pu(a)=6(a) =a(a+1I) and thus p = a.
Suppose first that there exist z € X with ryz = sxz. Then

rorz) sk _s(x) s

x x(yz) wz o oy(xz) oy

For the converse we will first determine exactly when an element of R[X] is contained in /.
Let J consists of all @ € R[X] such that there exists d € X and 1 = (n,)ex € X~ with

(1) [i’] xny =d for all x € X with a, # 0, and
(i) [ii] X yexaxne=0.

Let a,a’ € J and choose d,d" and n,n’ according the definition of J.
Then

a+1:(ZaXX)+I=Z&=zamx=Zai;x=er};axnx:gzl

xeX aex * xex MsX  xex

andsoael. Thus JC .
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Define

nd ifa,+0
m =
Ylnld  ifac=0

If a, # 0 and a, # 0, then n,d’ = nyxn’, = n'.d. In particular, the setup is symmetric in a and a@'.
If a, # 0, then xm, = xn,d’ = dd'. By symmetry, xm, = dd' if @, + 0 and so xm, = dd’, whenever
ay +a’, # 0. We compute

Z(ax +al)my = Z Ay + Z a.m, = (Z axnx) d + (Z a;nx)d =0d +0d =0
xeX xeX xeX xeX xeX
a,#0 a'#0

andsoa+a’ €J.
Put V={", "/ | reR,x,z € X}. We will show that V ¢ J.
If x # xz, choose d = xxz, ny = xz and n,, = x. Then xn, = d = xzn,, and

FZly, — Iy = rzx —rxz =0

and so "/, ="/ € J.
If x = xz, then "y, = "/ = "% = /e = “"/.. Put n, = x and d = x* = n,x. Then

(rz—=r)x=rzx—rx=rx-rx=0
and so again "?/;; —"/x € J. Thus V ¢ J. Note that

b/y (VZ/XZ _ V/x) — rSZ/xyZ _ rS/xy
and so WV c V c J. Using that J is an additive subgroup of R[X] we get
I=(R[X]V,V) = ((W)V,V) = (WV, V) =(V) <J

Since J ¢ I, this proves J = 1.
Now suppose that £ = £. Then £ — £ =0, == = 0 and " */,, € I = J. Thus there exists n,, € X
x x oy Xy
with (rx — sy)ny, = 0 and so rxny, = syn,. Thus (i) holds.

If rx = 0 for some r € X, then ¢(r) = = = 0. If r € ker ¢ then ~x = 0 and so rxy = 0 for some
y € X. Since xy € X, this gives shows

ker¢ = {reR|rx=0 for some x € X}

¢ is not 1-1 if and only if there exists O # r € R with r € ker ¢ and so if and only if there exists
0 # r e Rand x € X with rx = 0. This holds if and only if O € X or X contains a zero divisor.
O

Corollary 2.7.2. [fraction and semigroup] Let G be a commutative semigroup and X a non-empty
semisubgroup of G. Let R be a commutative ring with identity 1 # 0. Identify g € G with 1g € R[G].
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(a) [a] Put
X6 = {5 ‘ geG xe X} c X"'(R[G)])
X
Then X~'G is multiplicatively closed subgroup of X"'(R[G]) and so a semigroup. This semi-
group is (up to isomorphism) independent of the ring R.

(b) [b] There exists a homomorphism

@ R[X"'G] > X" (R[G])  with a/(r

= 1og

N—
I
|03

forallreR,gecGand x € X.
(c) [€] There exists a homomorphism
B:X Y (R[G]) » R[X"'G] with /3(5) =8
X X
forallreR,geGand x € X.

(d) [d] « and B are inverse to each other and so are isomorphism.

Proof. (H) %% = ‘% for all g,h € G, x,y € X. So X~'G is multiplicatively closed and the multipli-

cation on X~'G is completely determined by the multiplication of G and independent of R. . Since
% = ! if and only if gyz = hxz for some z € X, also the set X~'G is independent of R.

Fix x € X and define
p:R—>X'(R[G]). r—"=
X
Then ( )
r+s)x rx+sx rx sx
o(r+s)= = =—+—=p(r)+p(s)
X X x X
and

_ (rs)x _ (rs)xx _ (rx)(sx) _rxsx

=p(r)p(s)

p(rs) =
XX XX X S

and p is ring homomorphism. idy-i; is a multiplicative homomorphism from X~'G to X~!(R[G])
and so by there exist a ring homomorphism

a:R[X'G] - X' (R[G]), with a(ru)=p(r)u

forall 7€ R, u € X 'G. Thus
Note that & = == = ry—y for y € R and so p is independent of x. We have

xy
( g) g rxg rgx rg

a\r— :p(r)— = — = — = —

X X X X XX X

and so (b)) holds.
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¢G is a homomorphism for G to X~'G. idg is a homomorphism from R to R and so by[2.2.11
thee exists a unique homomorphism

y: RIG] - RIX"'G] with ¥(rg) = r¢(g)

Since y(x) = y(1x) = 1¢(x) = ¢(x) is invertible in R[X'G] we conclude that there exists a
unique homomorphism

B:X'(R[G]) - R[X"'G]
with B(¢(a)) = y(a) for all a € R[G]. Moreover, 3 (%) =y(a)y(x)™L. So

B(2) = vreyr ()™ = roleo ) ! =8

and (d]) holds.
@ Note that (@ o) (%) = % and since X~'(R[G]) is generated by these elements a o is the
identity function in X! (R[G]. Similarly S o a is the identity function on R[X~'G]. i

Definition 2.7.3. [def:left cancel] Let G be a magma. We say that the left cancellation law holds
forgeGifforall a,b e G:
ga=gb=—a=>

Note that if R is a ring and O # r € R then the left cancellation holds for r if and only if r is not a
left zero divisor.

Lemma 2.7.4. [largest fraction] Let G be semigroup and let S be the set of elements in G for which
the left cancellation law holds. Then S is a subsemigroup of G.

Proof. Let s,t € S. Define Iy : G - G,g — sg. Then [; and [, are 1-1. Since G is associative
g0l = ly. Since compositions of 1-1 functions are 1-1, st € S.
O

Definition 2.7.5. [def:ring of fraction] Let R be a commutative ring.
(a) [a] R is the set of all non-zero, non zero divisors.
(b) [b] Suppose that R + @. R™'R is called the complete ring of fraction of dﬂ

(c) [e] If R has no zero divisors, then RYIR is called the field of fraction of R and is denoted by
Fr.

Example 2.7.6. [ex:field of fraction]
(a) [a] Fz=Q.
(b) [b] Let0+neZ ThenF,z =Q.

3Note that by R is a multiplicatively closed
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(c) [c] Let F be a field. Let I be a set and let (X;,id;) be a free abelian monoid. Then the field of
fraction of F[X[] is denoted by F(X;). So

F(Xp) = {ch ‘ frgeF[X/],g# O}

If R is a commutative ring without zero divisors, then Fr(X;) is the field of fractions of R[X;].

Definition 2.7.7. [def:a/y]Let R be a commutative ring, X a multiplicatively closed subset of R and
I be an ideal in R.

(a) [a] ACRandY cX. Then §={%|acA,yeY}cX 'R

(b) [b]

{reR|rxel for some x X}

is called the X~ -closure of I
(c) [c] Iis called X~'-closed if r € I for all r € R withrX nl # @.

Note that rx € I for some x € X if and only if 7X n I # @. So I is X~! closed if and only if I is
equal to the X~ !-closure of .

Proposition 2.7.8. [ideal frac] Let X be a multiplicative subset of the commutative ring R and
¢ = (;51;. Let I be an ideal in R and J an ideal in X 'R.
is an ideal in X"'R

(a) [a]

1L
X
(b) [b] Put K = ¢~'(J). Then K is an ideal in R with J = § Moreover, for r € R and x € X,

’
rek . —eJ
X

(c) [c] ¢! (}—I() is the X~'-closure of I.
(d) [d] ¢~'(J) is X '-closed.
(e) [e] The X~ '-closure of X is X '-closed.

(f) [f] The map ;

11— —
is a bijection from the set of X~ '-closed ideals in I to the set of ideals to X 'R. The inverse is
given by
J=¢"'(J)

(g) [g] IfI + Rand I is X '-closed then In X = &.
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(h) [h] If1 is a prime ideal, then is X~ '-closed if an only if In X = &.

(i) [i] 1 - % is a bijection between the prime ideals I of R with I n X = @& and the prime ideals in
X 'R,

L e

i 0L iy tjx T rio_ri
Proof. (H)Letl,JeI,x,yeXandreR.ThenO—xeX.x+ = eXandxy—xy

y ooy
(b) Inverse images of ideals under homomorphism are ideal and so K is ideal.
Since ¢(r) is associated to ¢(r)¢(x) ! in X~'R,

L
X

p(r)ed = ¢(rg(x) el

and so
r
rek <> —eJ

In particular, J = § and @ holds.

PutE:gb_1 (%) Let x € X. By(@)reEifandonlyif)—rC € § and so if and only if © = }i for
some i € [, y € X. This holds if and only if ryz = ixz for some i € I,y,z € X.

If rxz = iyz for some i € 1,y,z € X, then xz € X and iyz € I. Hence r(xz) € I and so r is in the
X~ !-closure of I.

Conversely, if rx = i for some x € X and i € I, then rxxx = ixx. Choose y = xx and z = x we see
thatr € E.

(@) By @) % = % and so ¢! (%) = K. So by (c)) K is equal to its X~ '-closure.

(e) Follows from (c]) and (d))

() Follows from (a) to (e).

@i Since I # Rand [ — )1( is a bijection, )1( +# R™'X. Thus )—I( contains no units and so I n X = @.

(h) The forward direction follows from (g). So suppose I N X = & and suppose r € R and x € X
with rx € I. Since In X = @, x ¢ I and since [ is a prime ideal we conclude that » € I. Thus I is
X~ !-closed.

By @ we can replace the conditions / N X = @& by I is X !-closed. Let I be an X~'-closed
ideal in R. Since [ — § is a bijection, I = R if and only if }—’( =X 'R. Letr,s € Rand x,y € X. Since
I is X~ '-closed, we can apply (EI) with K =l and J = )—I( Thus

rel <~ Iei
x X
sel — fei
y X
srel <— Ee£
xy X

Hence
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rsel — rel or sel
if and only if

rs X r I s 1

—— € = — —-€— or -—¢€—

xy I x X y X

Hence [ is a prime ideal in R if and only if % is a prime ideal in X"'R.
O

Definition 2.7.9. [def:localization] Let R be a commutative ring and P a prime ideal in R. The ring

(R~ P)7'R

is called is called the localization of R at the prime P and is denoted by Rp. For A € R we write Ap
for ’%.

Note here that by R \ P is a multiplicatively closed. So (R \ P)~!R is defined.

Recall that Rp also denotes @ ,p R. But hopefully it will always be clear from the context what
is meant.

If S is a subring of R with P ¢ S, then P is also a prime ideal in S. Then Sp = % € Rp should
not be confused with S p = (S \ P)~'S.

Theorem 2.7.10. [localprimes] Let P be a prime ideal in the commutative ring.

(a) [a] The map Q — Qp is a bijection between the prime ideals of R contained in P and the prime
ideals in Rp.

(b) [b] Pp is the unique maximal ideal in Rp.

Proof. (a) Put X = R\ P and let Q a prime ideal in R. Then Q n X = @ if and only if Q € P. Thus
(a) follows from [2.7.8](i).

(b) Let 7 be a maximal ideal in Rp. Since Rp has an identity, [2.4.18]] is prime ideal. Thus by (a)
I = Qp for some Q € P. Since I € Pp and [ is maximal we get [ = Pp. O

Definition 2.7.11. [def:local ring] A local ring is a commutative ring with identity and an ideal
M # R such that I ¢ M for all proper ideals I of M.

Remark 2.7.12. [rm:local ring] A commutative ring with identity is a local ring if and only if its
has a unique maximal ideal M.

Proof. Suppose R is a local ring. Then the ideal M is the definition of a local ring is the unique
maximal ideal of R.

Suppose R has a unique maximal ideal M. Let I be a proper ideal in R. Then by Iis
contained in a maximal ideal of R and so / € M. O

Lemma 2.7.13. [chlocal] Let R be a commutative ring and M an ideal in R with M + R. Then the
following statements are equivalent:
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(a) [a] I < M forall ideal I of R with I # R.
(b) [b] M contains all proper elements.
(c) [€] M is the set of non-generators.

Proof. () = (b): Letr € R be proper. Then (r) # R and so (r) € M.

(B) = (c):  The elements in R \ M are neither proper nor zero and so are generators. Since
M + R, M does not contain any generators and so M is the set of non-units in R.

- @): Let I be an ideal in R with I # R. Leti € I. Then (i) ¢ I and so i is not a generator.

Henceie M and I c M. O
Example 2.7.14. [ex:localization] Let R be a UFD and p a prime in R. Determine the ideals in
R

Let X = R~ (p). Then for r € R, r € X if and only if p 4 r. Thus

Then

R, = {I e Fr r,xeR,erx}
X

Let I be a non-zero ideal in R. Put n = n,(I), so n € N* is maximal with p" € I. We claim that /
is X~'-closed if and only if 1 = (p").

Suppose first that 7 is X~ '-closed and choose 0 # i € I with n,(i) = n. Then i = ap" for some
a € R with p + a. Then a € X and ap” € I and since I is X! closed, p" € I. So also (p") C I. Since
p" L Ic(p")and thus I = (p").

Suppose next that I = (p"). So r € I if and only if p” | i. Let x € X and r € R with xr € I. Then
p" | xrand since p + x, p" | r. Thus r € I and I is X~'-closed.

So the non-zero ideal in R,y are (p")(p), n € nN. Note that this is just the ideal in R,y generate

by p—ln. Thus R, is a PID with a unique prime Z.



Chapter 3

Modules

3.1 Modules and Homomorphism

In this section we introduce modules over a ring. It corresponds to the concept of group action in
the theory of groups.

Definition 3.1.1. [def:module] Let (R, +,-) be a ring and (M, +) an abelian group. A ring action
of R on M is a function * with R x M € Dom(*) such that such that for all r,s € R and a,b € M:

MO) [MO] r+aeM.
(M1) [M1] r* (a+b)=ra+rb.
(M2) [M2] (r+s)*a=ra+ sa.
(M3) [M3] r*(s*a)=(r-s)a
In this case (M, +, %) is called an R-module.
Abusing notation we will call M an R-module and write ra for r * a.

Lemma 3.1.2. [ring action=hom] Let R be a ring, M an abelian group, = € Fun(R x M) and
*g : R > Fun(M) the associated function on R. Then * is ring action of R on M if and only if *g is
ring homomorphism from R to End(M).

Proof. (MO) holds if and only if r* is a function from M to M for all r € R, that is if and only if *g
is a function from R to Fun(M.M).

Assuming that (MO) holds:

(M1) holds if and only if #* is a homomorphism for all 7 € R, that is if and only if *¢ is a function
from R to End(M).

Suppose now that (M0) and (M1) hold:

(M2) holds if and only if (r + s)* = r* + s* and (M3) holds if and only if (rs)* = r* o s* for all
r,s € R. So (M2) and (M3) holds if and only of *g is ring homomorphism from R to End(M).

O

131
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Example 3.1.3. [ex:module] Let R be a ring and A an abelian group.
1. [1] AisaZ-module vian*a=naforallneZ and a € A.

2. [2] Ais an End(A)-module via ¢m = ¢(m) for all ¢ € @, m € M.

3. [6] A is an R-module via, ra =Og forall r e R, a € A.

4. [3] R is an R-module via left multiplication.

9,1

. [4] Let (M;);e; be a family of R-modules. Then X ;; M; and @,c; M; are R-modules via

rx (mg)ier = (r *i mi)ier

Definition 3.1.4. [sesquimodule] Let (R,G) be a sesquiring. An (R,G)-sesquimodule is triple
(M, +, ), where (M, +) is an abelian group and * is a function with R x G x M € Dom(+*), such
that the following holds for all a,a’ € R, g,g’' € G and m,m' € M:

(SMO) [0] a+g*meM.

(SM1) [i] axg*(m+m')=axg+ m+axgx*m'

(SM 2) [ii] axgx (d *g' +m)=(ad’) » (gg') » m.

(SM 3) [iii] (a+d')*gxm=axg*xm+a *g*m,

Lemma 3.1.5. [sesquimodule and hom] Let (R, G) be a sesquiring and M an abelian group.

(a) [a] Let » € Fun(RxG x M) and *gx¢ : RxG — Fun(M) the associated function on R xG. Then
(M, %) is an (R,G)-sesquimodule if and only if *gx¢g is a sesquihomomorphism from R x G to
End(M).

(b) [b] There exist natural 1-1 correspondences between the class of (R,G)-sesquimodules, the
class of sesquihomomorphisms from (R,G) to endomorphism rings of abelian groups, the class
of homomorphisms from R[G] to endomorphism rings of abelian groups and the class R[G]-
modules.

Proof. @ Observe that (SMO0) holds if and only if *gxg is function from R x G to Fun(M, M).

Assume that (SMO) holds.

Note that (SM1) holds if and only if each (a,g)* is an homomorphism, that is if and only if
*pxG 18 a function from R x G to End(M, M).

Assume that (SMO) and (SM1) holds.

(SM2) holds if and only if (aa’,gg’)* = (a,g)* o (d’,g’)* and so if and only if *gyg is a
multiplicative homomorphism.

(SM3) holds if and only if (a+d’,g)* = (a,g)* + (d’,g)*, that is *gx¢ is an additive homomor-
phism in the first coordinate.
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@) @ provides a 1-1 correspondence between the class of (R, G)-sesquimodules and the class
of sesquihomomorphisms from (R, G) to endomorphismrings of abelian groups.

provides a 1-1 correspondence between class of sesquihomomorphisms from (R, G) to en-
domorphism rings of abelian groups and the class of homomorphisms from R[G] to endomorphism
rings of abelian groups.

3.1.2|provides a 1-1 correspondence between class of homomorphisms from R[G] to endomor-
phism rings of abelian groups and the class R[G]-modules.

O

Example 3.1.6. [ex:sesquimodule] Let R be a ring, M an R-module and G a group acting on the
set Q. Define

*:RxG x MQ — MQ
by

(regxf)(w)=r-f(g"'w)

forallreR,g € G, feM® Then (M,*) is an (R,G) sesquimodule. So M is also an R[G] module
via

(S reg)f) @) = X re 187 w)
geG geG
Definition 3.1.7. [def:matrices] Let C be class, R a ring and I and J sets.

(a) [a] An I x J-matrix is an I x J-tuple. An I x J-matrix in C is an I x J-tuple in C. MY (C) is the
class of all I x J matrix in C.

(b) [b] Letiel,jeJandA an I x J-matrix. Then A; j = A(i, j). A; is the J-tuple (A; ) jes. Ai, is
called Row i of A. A j is the I-tuple (A; ) jej. A,j is called Column j of A. We will also write A;;
for A; j and A; for A;.

(c) [c] Let A be an I x J-matrix. We will use any of the following to denote A:

[Aijlierjer  [Aij] iel [Aijli;  [Ay]  [Aidir [Ajlje
_]E

Definition 3.1.8. [def:matrix multiplication] Let R be a ring, 1,J,K sets, A an I x J-matrix in R,
Ban J x K-matrix in R, x,y € R andreR.

(a) [a] We say that A has almost trivial rows A, if A; € Ry for all i € I. A has almost trivial columns
if A j € Ry forall jeJ. M'j(R) is the set of I x J-matrices in R with almost trivial row. M;’ (R)
is the set of I x J-matrices in R with almost trivial columns, My; is the set of I x J-matrices in
R with almost trivial rows and almost trivial columns.

(b) [b] rx:=(rx;j)jes, xr:= (xjr)jes, rA = [’”Aij]i'eg and Ar = [Ajjr] il
je Jje
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(c) [el IfxeR;ory€eRy thenxey:=% ;. x;yjandsox-y€R,
(d) [d] IfA e M';(R) or x € Ry, then Ax := (A; ® x)c; and so Ax € R.
(e) [e] If x e R! or B e M;X(R) then xB := (x ® By )iex and so xB € RX.

(f) [f] IfA e M';(R) or Be M;X(R) then AB := [A;  B] i and so AB e MK (R)
€

Lemma 3.1.9. [basic matrix multiplication] Let R be a ring, 1, J, K sets, A an I x J-matrix in R, B
an J x K-matrix in R and x € R,.

(a) [a] Ax =3 c;A jxj. Inparticular if A € M,/ (R), then Ax € Ry.

(b) [b] xB =3 c;x;Bj. In particular, if B € MJK(R) then xB € Rg.

(c) [e] Suppose that A € M';(R) or B € M;X(R). Then AB = [AB ] yex and AB = [A;B]icr.

(d) [d] Suppose A e My’ (R) and B € MyX(R). Then AB e M/X(R).

(e) [e] Suppose A e M!;(R) and B e M’ k(R). Then AB € M!x(R)

Proof. Readily verified. O

Remark 3.1.10. [warning column trivial] If A € M;;(R) and B e M g, then AB does not have to
be in M;X. Consider for example the case I = J, R has an identity, A = (6] is the I x I identity
matrix and B € M’ g (R) ~ M’K(R). Then AB = B ¢ M;X(R).

Definition 3.1.11. [def:homomorphism] Let V and W be R-modules and f : V — W be a function.
Then f is called R-linear if f is an (R, -)-equivariant homomorphism, that is

fla+b) = f(a)+ f(b) and f(ra) = rf(a).
forall a,beV andr € R.
Definition 3.1.12. [def:unitary] Let R be a ring with identity and M an R-modules.
(a) [a] M is a unitary R-module provide that

lpm=m
forallme M.

(b) [b] IfR is a division ring and M is unitary then M is called a vector space over R.
Definition 3.1.13. [def: hom] Let R be a ring and V and W R-modules.
(a) [a] Homg(V, W) denotes the set of R-linear maps from V to W.

(b) [b] Endg(V) = Homg(V, V).
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Lemma 3.1.14. [basic linear]| Let R be a ring.

(a) [a] Let f:U — V and g:V — W be R-linear. Then g o f is R-linear.

(b) [b] Let f:V - Wandg:V — W be R-linear. Then f + g is R-linear.

(c) [¢] Let f:V — W be R-linear. Then —f : V - V,v - —(f(v)) is R-linear.
(d) [d] Homg(V, W) a subgroup of Hom(V, W).

(e) [e] Let V be an R-module. Then Endg(V) is a subring of End(V).

Proof. (d) Composition of homomorphism are homomorphism and composition of equivariant
functions are equivariant.
(b) Sums of homomorphisms are homomorphism. Also

(f+8)(rv) = f(rv) +8(rv) =rf(v) + r(g(v) = r(f(v) +8(v)) = r(f + ) (V)

Negatives of homomorphisms are homomorphism. Also

(=) (rv) ==(f(r)) = =(r(f (1)) = r(=(f () = r((=F) ()
(d) and (¢) follow from (a)), (b)) and (c). m

Lemma 3.1.15. [hom ri] Let R be a ring with identity and I and J sets.
(a) [a] For A e M!;(R), define

as:R; — R, x —> xA

Then
@ : M!;(R) > Homg(R;,Ry), A — ay

is well-defined isomorphism of abelian groups.
(b) [b] ®:M!;(R) - Endg(R;),A — @y is an anti-isomorphism of rings.

(c) [e] For A =[A;j]ir € M (R) define AT e M?!(R) by (AT)],I, =Ajjforalliel, jeJ. Then
jeJ

T
AT =[Ayljes = [Ailia = [Ajljey  and (A7) =A
iel
Moreover,
T[J . MIJ(R)_)MJI(R), A_>AT
T!;: M (R)» M, (R), A—-AT
T/ : M/(R)»M’/;(R), A—AT

are well-defined isomorphisms of abelian groups.
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(d) [d] Let K be a set, A e M (R) and B e M'X(R). IfA e M!; or B e M;X, then

(AB)T = BT *Rop AT
where -gop denotes the multiplication of matrices with coefficients in R°P.
(e) [e] T!;: MI;(R) - M, (R®), A — AT is an anti-isomorphism of rings.

Proof. 1tis readily verified that a4 is R-linear and @ is a homomorphism of abelian group. To show
that @ is a bijection we find an inverse. For k € I define e; = (6ix)ics € R;. Let @ € Endg(R;, R;) and
define

Aq = [a(e;) Jier
Since a(e;) € Ry, A, € M! ;. Also for x € R;
xAq = x[a(e;))ier = ina(e,-) = a( Zx,-ei) = a(x)
iel iel

and so ®(A,) = a.
Conversely if A € M!;(R), then

[@a(e))ier = [€iAlier = [ D, SiArlier = [Ai)ier = A
keK

So the function

¥ : Hom(R,R;) = M/ ;(R),a - Aq
is inverse to ®@.

(b) Let A, B e M/;(R) and x € R;. Then

(aaoap)(x) = aa(ap(x)) = (xB)A = x(BA) = apa(x)
(b)) now follows from (al).

Note that (AT)T = A. So all of the functions are bijections. They are clearly additive
homomorphism. Note that Column i of AT is row i of A. So if A has almost trivial rows, AT has
almost trivial columns. Thus the functions are well-defined.

d

T
(AB)T = ([Ai . B”‘]k’f%) =[A;e B,k]kg = [B ogor A"]kfe{f - [(BT)k orop (AT)J]kZ.Z‘ = BT g AT

Follows from (c]) and (d)
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Lemma 3.1.16. [r-linear action] Let R be a ring and V an R-module. Let G be a semigroup acting
R-linearly on 'V, that is for allr e R,g,h € G,a,b € V:

(gh)yv=g(hv), glv+w)=gv+gw, and g(rv)=r(gm)

Then V is an R x G-sesquimodule via

RxGxV =V, (r,gv)—r(gv)

Proof. Let #g and *g be the homomorphism from R and G to End(V) obtained from the action of
R and G on V. Note that r(gv) = g(rv) means

*r(r) © *G(8) = *G(8) © *r(r)
So by [2.2.8|shows that map

RxG — End(V),(r,g) = *r(r) o *g(g)

is a sesquihomomorphism. So the lemma follows from [3.1.5] mi

Definition 3.1.17. [def:submodule] Let R be a ring and (V, +, *) an R-module. An R-submodule of
(V,+, %) is a R-module (W, ~, O) such that

(i) [i] WcV.
(ii) [ii] acb=a+bforalla,beW.
(iii) [iii] rOa=r+aforallreR acW.
Note that if (W, 2, O) is a submodule of V, then (W, 2, 0) = (W, +, *).

Lemma 3.1.18. [factor module] Let R be a ring, V an R-module and W an R-submodule of W.
Then

tyw i RxVIW S VIW (r,v+ W) v+ W
is a well-defined ring action of R on (V[W, +y,y ). Moreover the map
n:VoVI/Wy—>v+W
is an onto R-homomorphism with kerm = W.
Proof. Letv,v' € Vwithv+ W =v'+W. Thenv -V € W and so also
w-rn'=r(v-v)ew

Thus rv+ W =rv' + W. So *y /w 1s well-defined. Straight forward calculations show that *y y is a
ring action.
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By [L.6.10]ff),  is a well-defined onto homomorphism of abelian groups with kerm = W. We
have

a(mv)=rmv+W=r(v+W)=ra(v)
and so 7 is R-linear. O
Lemma 3.1.19. [linear and submodules] Let R be a ring and [ : V — W be R-linear,
(a) [a] Let X be an R-submodule of V. Then f(X) is an R-submodule of W.
(b) [b] Let Y be an R-submodule of W. Then f~'(Y) is an R-submodule of V.
(c) [e] Im f is R-submodule of W.
(d) [d] ker f is an R-submodule of V.

Proof. @) Since f an homomorphism of abelian groups, f(X) is a subgroup of W. Also if r € R
and x € X, then rx € X and so rf(x) = f(rx) € f(X)

@) F71(Y) is an additive subgroup of V. If x € f~1(Y), then f(rx) = r(f(x)) e rY c Y. So
rx e f7H(Y).

and (d) follow from (a)) and (b) applies to X = V and Y = {0}. i

Theorem 3.1.20 (Isomorphism Theorem for Modules). [itm] Let R be a ring and f : V — W an
R-linear map. Then

F:V/kerf - f(W),v+ker f - f(v)
is a well-defined R-linear isomorphism.

Proof. By the isomorphism theorem for groups|1.6.11] this is a well defined isomorphism of abelian
groups. We just need to check that it is R-linear. So let r and v € V. Then

f(r(v+kerf)) = f(rv+ W) = f(rv) = rf(v) = rf(v + ker f).

Definition 3.1.21. [def:generate] Let R be a ring, M an R-module, S € R and X c M.

(a) [e] (X) is the subgroup of (M, +) generated X.

(b) [a] SX={sx|seS,xeX}

(c) [b] Anng(X) ={seS | sx=0yforall xeX}. Anng(X) is called the annihilator of X in S
(d) [e] Anng(S) ={xe X |sx=0y forallseS}. Annyx(S) is called the annihilator of X in S.

(e) [d] (X)g :== N{W | W is an R submodule of M,X ¢ M}. (X)g is called R-submodule of M
generated by X.
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(f) [f1 M is called finitely generated if M = (I)g for some finite subset I of R.

Lemma 3.1.22. [new easy product] Let R be a ring, M an R-module, S,T € R, X,Y € M, r ¢ R
andme M.

(a) [a] S(TX) = (ST)X) and we will just write STX for S (TX).

(b) [b] #(X) = (rX) and {S)x = (Sx).

(c) el ($X)=(S(X)) = ({S)(X)) = ((5)X).

(d) [d] IfS is a left ideal in R, then (SX) is a R-submodule.

(e) [e] Let (X;)ies be a family of R-submodules of M. Then (X, i € I) is an R-submodule of M.
(f) f] Let (Xi)ies be afamily of R-submodules of M. Then (ie; X; is a R-submodule of M.

(g) [g] (X)g is R-submodule of M, (X)g = (RX,X) and if M is unitary, (X)g = (RX).

(h) [h] IfS is an additive subgroup of R and X = (x; | i € I) for family (x;);e; in X then

(SX)z{Zs,-x,-|seSI}

iel
(i) [i] If (X;)ier is a family of subsets of M, then (X;,i € I)g = (Ujer Xi)r-
Proof. (a)
S(TX)={s(tx)|seS,teT,xe X} ={(st)x|seS,teT,xeX} =(ST)X.

(b) Since left multiplication by r and right multiplication by x are additive homomorphism, (b))
follows from [1.8.5][c).

(c) Let s € S and x € X By (b) s(X) = (sX) < (SX) and so

(*) (s(x)) = (sX)
By (b ($)x = (Sx) < (SX) and s ((S)X) = (SX).
(*) applied to (S ) in place of S yields ((S)(X)) = ({S)X) and so (c) holds.
(d) Since S is a left ideal, RS € S. So

R(SX) c (R(SX)) = ((RS)X) c (SX)
and so (S X) is an R-submodule.
() R(Xi,iel) c (RX;,iel) c(X;,icl).

({f) Suppose each X; is an R-submodule. By Mies X; is subgroup of (R, +). Let x € N7 X;.
Then x € X; and so rx € A; for all i € I. Thus rx € N;¢; X; and so N;¢; X; is an R-submodule.
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By (f), (X) is an R-submodule. Clearly (RX, X) is contained in any R-submodule containing
X. So (RX, X) < (X)g. We have

R(RX,X) ¢ (R(RX),RX >C (RX) € (RX, X)

and so (RX, X) is an R-submodule containing X. Hence (RX, X) = (X ).
If M is unitary X = 1X ¢ RX and so (RX,X) = (RX)

(h) Note that
(SX)=(S(x;i|iel))=(Sx;|iel).

and by (b)), S x; is a subgroup of M. Hence (h) holds. i
Lemma 3.1.23. [ideal in R] Let R be a ring and A an additive subgroup of R. Put
Ix(A) =(J CA|Jisanideal in R)
Then 1g(A) is an ideal of R contained in A, called the largest ideal of R contained in A.
Proof. By[2.4.6(g) Ir(A) is an ideal in R. Since A is an additive subgroup of R, Ig(A) < A. O
Lemma 3.1.24. [new bann]| Let R be ring, M an R-module, S € R and X € M. Then
(a) [a] S < Anng(X) if and only if X € Anny(X).
(b) [b] Let m € M. Then the map
R/Anng(m) - Rm, r+ Anng(m) — rm
is a well-defined isomorphism of R-modules.
(c) [e] Anng(X) is a left ideal in R.
(d) [d] Let I be a right ideal in R. Then Anny (1) is R-submodule in M.
(e) [e] If X is a R-submodule of M, then Anng(X) is an ideal in R
(f) [f] Anng((X)r) = Ig(Anng(X)).
(g) [g]l Suppose that one of the following holds:

1. [1] R is commutative.
2. [2] All left ideals in R are also right ideals.
3. [3] Anng(X) is a right ideal.

Then Anng(X) = Anng((X)g).
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Proof. () Both statements are equivalent to S X = {0}.
(b) and (c) Consider the map
f:R—->M, r—rm.

Letr,s € R. Then f(r+s)=(r+s)m=rm+sm= f(r) + f(s). Also forr,s € R
f(rs) = (rs)m = r(sm) = rf(s)

So f is R-linear. Since Anng(m) = ker f, (d) follows from the Isomorphism Theorem [3.1.20
In particular, Anng(m) is a left R-submodule of R and so a left in R. Hence also Anng(X) =
Mrex Anng(x) is a left ideal in R and (c)) holds.

(d) Since left multiplication by r € R is additive homomorphism, Anny,(r) is an additive sub-
group of R. Hence also Annys (1) = U;; Anny, (i) is an additive subgroup. Since

I(RAnny (1)) = (IR)Anny (1) = IAnny (1) = 0.

RAnny, (1) € Anny(7) and so Anny, (1) is R-submodule of M.
() By (b) Anng(X) is left ideal. We have

(Anng(X)R)X = Anng(X)(RX) € Anng(X)X =0

and so Anng(X)R € Anng(X).

({f) Put 7 = Ig(Anng(X)). Then I is an ideal of R and / ¢ Anng(X) and so X ¢ Anny(I). By
(d), Anny(I) is a submodule of M and so (X)g < Anng(7). Thus € Anng((X)r).

Since (X) is an R-submodule of M, (¢) show that Anng((X)g) is an ideal in R. Since X ¢ (X),
Anng((X)) € Anng(X) and so the definition of 7 implies Anng({X)g) < I.

Recall that by (b) Anng(X) is an left ideal in R.

Note that (g:1)) implies (g:2)), and (g:2) implies (g:3) So in any case Anng(X) is a right ideal and
thus also ideal in Anng(X). Thus Anng(X) = Izg(Anng(X)) and (g) follows from (f). i

Example 3.1.25. [ex:ann] Let I be non-empty set, K a ring with identity, R = M,/ (K) and M = K;.
Then M is an R-module by left multiplication. Let e; = (6,-j),-€[ € K;and A € R. Then Ae; = A,
the j’th column of A. So Anng(e;) consists of all matrices in R whose j’th column is 0. Let k € K;
and pick A € R with A j = k. Then k = Ae; € (e;)r and we conclude that Re; = (ej)r = K;. Hence
Anng((e;)r) = Anng(K;) = 0. Soif |7 >2 and K # 0,

Anng((e;))g) # Anng(e;)

Note also that by [3.1.24)(d),

R/AnnR(ej) = REj = Kj

as an R-module.
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Lemma 3.1.26. [ex:ann ri] Let R be a ring and J a left ideal in R. View R/J is an R-module by left
multiplication.

(a) [a] Anng(R/J)={a€R|aRcJ}.
(b) [b] Suppose that R has an identity. Then
Anng(1+J)=J and Anng(R/J) =1g(J)

Proof. Leta,b € R. Then a € Anng(b+J) if and only if ab+ J = J and so if and only if ab € J. This
gives (a) and the first statement in (b). Since R/J = (1 + J)g, the last assertion in (b) follows from

the first and [3.1.24](f). O

3.2 Free modules and torsion modules

Definition 3.2.1. [def: free] Ler V be an R-module and v = (v;)e; a family of elements in V

(a) [a] V is called free R-module with respect to v if V is unitary and for all unitary R-modules
W and all family of elements (w;)ic; in W there exists a unique R-linear map f : V — W with
f(vi) =w;foralliel

(b) [b] vis called R-linearly independent, if for all r € Ry,

Erivi:O = r=0
iel

(c) [€] vis called a R-spanning family for all u € V there exists r € Ry with u = Y ;c; 1iVi.
(d) [d] v is called an R-basis for V if v is an R-linearly independent R-spanning family.

(e) [e] Let c be a cardinality. Then we say that V is free of rank c if V is a free R-module with
respect to w for some set J and some w € V? with |J| = c.

Lemma 3.2.2. [rito v] Let R be a ring, V an R-module and v = (v;)ie; a family of elements in V.
Define

foiRi = Vir—> > rv;
iel

(a) [a] f, is R-linear.
(b) [b] f,is I-1if and only if v is R-linearly independent.
(c) [c] fyis onto if and only if v spans V.

Proof. @) Let i € I. Observe that the functions R; - R, - r; and R — V, r — rv; are R-linear.
Hence also the composition f; : Ry — V,r — r;v; and the sum f = Y ,.; f; are R-linear.

(b) v is linearly independent if and only if ker f, = 0 and so if and only if f; is 1-1.
Follows directly from the definition of a spanning. O
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Lemma 3.2.3. [free module] Let V be a unitary R-module and v = (v;)ie; a family of elements in
V. Then the following statements are equivalent.

(a) [a] v is a basis for V.
(b) [b] The map f,: Ry — V,r = Xy riv; is an R-isomorphism.
(c) [e] Foreach u €V there exists a uniquely determined r € Ry with u = Y .y riv;.

(d) [d] V is free R-module with respect to v

Proof. (@) <= (b): Follows from[3.2.2]

() < (c): Since f, is F-linear, f is an R-isomorphism if and only if f is a bijection. So
and (b) are equivalent.

@ — @): Suppose f, is isomorphism and let W be an unitary R-module and w = (w;);e;
a family in W. Define f,, : Ry = W, r - Y ;;riw;. Then by fw and so also g = of; ! is
R-linear. Let ¢; = (6;;) jes. Since V and W are unitary, f,(e;) = 1v; = v; and f,,(e;) = w;. Hence and
g(vi) =w;i. If g : V — W is linear with g(v;) = w; for all i € I, then v; € ker(g — g). Since ker(g — g)
is an R-submodule of V and v spans V, ker(g—g) =V andso g = g.

() = (a):  Letr e Ry with ¥y riv; = Oy. Fix j € I. Then (;;)ie is a family of elements in
R and since V is free with respect to v there exists an R-linear map f; : V — R with f;(v;) = ¢;; for
all i e I. Then

Or = fi(O0v) = fi( 2o rivi) = Do rifi(vi) = Y ridij = 1
i€l i€l i€l
So v is linearly independent. Let W = (v; | i € I)g. Then v is a family of elements in W and since
V is free with respect to v, there exists an R-linear i : V — W with h(v;) = v; for all i € I. Thus & and
idy are R-linear functions from V to V with h(v;) = v; = idy(v;) for all i € I. Thus by the uniqueness
statement in the definition of free module, 4 = idy. Thus V = Imidy =ImA < Wand W =V. So v
spans V and v is a basis. O

We will now investigate when all submodules of free R-modules are free. First an example.

Example 3.2.4. [ex:non-free] Let R = Z, with n € Z*, n not a prime. Let V = Z,, viewed as an
Z,-module by left multiplication. Let n = pg with 1 < g < n. Then gZ,, is a proper submodule of
Z,, but since p(¢Z,) =0and p #0 (mod n), gZ, is not a free R-module.

An obvious necessary condition for all submodules of all free modules for a ring R to be free is
that all submodules of R itself are free. The next theorem shows that this condition is also sufficient.

Theorem 3.2.5. [subfree] Let R be a ring with identity.

(a) [a] Suppose that all left ideals in R are free as R-modules. Then all R-submodule of all free
R-modules are free.

(b) [b] Suppose R is a PID and V is a free R-module of rank r. Then every R-submodule of V is
free of rank less or equal to r.
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Proof. Let B< V. We say that B is an R-basis for V if (b)ep is basis for V.
(a) Let M be a free R- module with basis B ¢ M and A an R-submodule in M. According to the
well ordering principal (A.2.11)) we can choose a well ordering < on B. For b € B define

M;, =(ecB|e<b)g and M, =(ecB|e<b)g
Note that M}, = M, ® Rb. Put A, = M, n A and A}, = M;; n A. Then
ApJAL = ApJAp 0 M = Ay + M [M} < My/M;; = Rb=R.

By assumption every submodule of R is free and so A, /A} is free. Let Ej, € Ap, such that (e+A )k,
is a basis for Ab/A,’;. Let E = Upep Ep. We claim that E is a basis for A.

LetO+me M. Then m = Y .5 rpb for some 0 # r € Rg. Choose b,, ¢ B maximal with respect
rp,, # 0. Then m € My, and m ¢ My . So b,, is minimal in B with m € M;,,. If b € B and e € Ej, then
b, = b.

Now suppose that Y. see = 0 for some 0 # s € Rg. Define

b=max{b, |ecE,s, #0}
Lete € E with s, # 0. If b, = b, then e € E},. If b, # b, then b, < b and so e € A} Thus

0+A;=(D.sce)+Ay = sc(e+A}).
ecE ecE),

Since s, # 0 for at least one e € Ej, this contradicts the linear independence of the (e + A;)eE Ey-

Hence E is linear independent. Let b € B we will show by induction on b, that A, < (E)g.
Suppose inductively that A, < (E)g for all ¢ < b. If v € A}, then b, < b and so ¢ € (E)g be the
induction assumption. Hence A; < (E)g. Let w € Ap. Since (e + A, )cc, spans Ap/Aj, there exists
te RE;, with

w+Ay =) fe+Ap.
eckEy,

Putu = ¥,p, tce. Thenu € (E)g and w —u € Aj € (E)g. Hence alsow = (w — u) +u € (E)g. Thus
Ap € <E>R

If0+#acA,thenacAp, € (E)g. So E spans A and E is a basis for A.

@ Let I be a left ideal in R. Then I = Ri for some i € R. Since R is an integral domain,
Anng(i) = {Og} and so by|3.1.24(b), R = R/Anng(i) 2 Ri. Then [ is free of rank at most 1. Hence
|Ep| < 1 for all b € B. Thus |E| < |B| and (b) holds. O

The proof of the previous theorem is abstract in the sense that it shows the existence of basis, but
does not provide an method to compute the basis. Using the proof to find a basis for a submodule A
of the free module M with basis B one has to be able to:

(i) [well-order] Find a well-ordering on B; and

(ii) [basic] For each b € B find basis (e + A, )ccg, for Ap/Aj.
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If B happens to be finite, is no problem and if R is Euclidean domain, one can use the
Euclidean Algorithm to carry out (ii).

Example 3.2.6. [ex:basis over z] Find a Z-basis for the Z-submodule A of Z3 spanned by

a=((6,15,4),(9.10,3),(15,10,1))

We choose the basis (eq, ez, e3) for Z3 and the ordering e3 < ey < e;. Then M3 = 0, M3 =
M; =0x0xZ, My =M; =0xZxZand M; = Z*. Then A;/A} = A/A7 is isomorphic the (left)
ideal (6, 10, 15) = (gcd(6,10,15)) = (3) of Z. Note that (9,10,3) - (6,15,4) = (3,-5,-1) maps
to 3 under this isomorphism So we can choose E3 = {d3} where d; = (3,-5,-1). Note also that
(ay,dy,az3) spans A.

By construction 3 divides first coordinate of each elements of the spanning family of A . So we
can subtract multiple of d; from a@; and a3 to obtain the following spanning family for A,

b=((0,25,6),(0,35,6))

Thus A, /A is isomorphic to the ideal (25,40) = (gcd(25,35)) = (5) of Z. To obtain a spanning
set for A, with a element whose second coordinate is 5 we imitate the Euclidean algorithm. Subtract
the first element from the second to obtain the spanning set

((0,25,6),(0,10,0))

Then subtract to twice the second element from the first

((0,5,0),(0,10,6))

So we can choose d; = (0,5,6) and then d3 = (0,10,0) — 2(0,5,6) = (0,0,-12). So the basis
for A is

((0,0,-12),(0,5,6),(3,-5,-1))

It should now be apparent that for a Euclidean domain R we obtain a Gaussian elimination pro-
cess to compute a basis for any submodule of R" giving by a spanning family. View your spanning
family as rows of matrix. Starting at the first column use the Euclidean algorithm and row operation
to obtain a leading entry in a column which divides all of entries of the column. Move the row of
with the leading entry to the first row. Use further row operation to make all other entries in that
column zero. Ignore the first row from now on and proceed with the column to the left.

Row operations one can use: Interchange any two columns, add a multiply of a row to another
row, and multiply a row by a unit.

In matrix form the above example looks like this
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6 15 4 (6 15 4 3 5 -1 3 -5 -1
9 10 3| wem-r [3 -5 1| mer |6 15 4| 207" 1o 25 6
15 10 1 15 10 1 15 10 1 035 6

3 5 -1 3 -5 -1 3 -5 -1

rersom |0 25 6| cmwir-r |0 5 6| wsm-m |0 5 6

0 10 0 0 10 0 0 0 -12

Remark 3.2.7. [rm:commutative free| Ler R be a commutative ring with identity and suppose that
every (left) ideal in R is a free R-module. Then R is a PID.

Proof. Let a,b € R*. Then ba — ab = 0 and so (a,b) is linearly dependent. Hence every non-zero
ideal in R is free of rank 1 and so a principal ideal. Let a,b € R' and (v) a basis for Rb. Then
0 # av € aRb = Rab and so ab # 0. Thus R is also an integral domain and so a PID. O

Corollary 3.2.8. [subfingen] Let R be a PID and M a unitary R-module and W an R-submodule of
M. If M = (I)g for some I € M, then W = (J) for some J € W with |J| < |I|. In particular, if M is
finitely generated as an R-module, so is M.

Proof. Let m = (i)i;. Then m spans M and f,, : Ry = M,r — ¥;;rii is onto. Let A = f,1(W). By
3.2.5|A has a basis (ax)rex With |K| < |I|. Since f,, is onto, f,,(A) = M. Thus

M = fu(A) = fullar | K € K)r) = Uinla) [k € KD

and the corollary holds with J = f,,,(K). i
Definition 3.2.9. [dtorsion] Let M be an R-module and m € M.

(a) [a] m e M is called a torsion element if Rm = 0 or Anng(m) # 0, that is rm = 0 for some r € R}
(b) [b] M is called a torsion module if all elements are torsion elements.

(c) [e] M is called torsion free if 0y is the only torsion element.

(d) [d] M is called a faithful R-module if Anng(M) = 0, that is if the canonical homomorphism
from R to End(M) is 1-1.

(e) [e] M is a bounded R-module if R is not-faithful, that is rM = 0 for some r € RY.
Note that m is not a torsion element if and only if Rm # 0 and (m) is linearly independent.

Example 3.2.10. [ex:torsion] Let R =Z.
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1. [1] Consider M = Z; & Z3. Since 2(1,0) = (2,0) = (0,0), (1,0) is a torsion element. Also
3(0,1) = (0,3) = (0,0) and so (0, 1) is a torsion element. In fact 6(a,b) = (2(3a),3(2b)) =
(0,0) for all (a,b) € M and so M is bounded.

2. [2] Consider Z!. If rz=0forsome 0+ re Zand z € Z/, then rz; =0 foralli e I and so z; = 0
and z = 0. Hence Z/ is torsion-free.

3. [3] Consider M = @;cz+ Z;. Let m = (m;)icz+ € M. By definition of the direct sum there exists
k € Z* with m; = 0 for all i > k. We claim that k!m = 0j,. Indeed of i < k, then i | k! and so
k'm; =01in Z;. And if i > k, then m; = 0 and again k!m; = 0. Thus M is a torsion module.

But M is not bounded, indeed suppose that r € Z* with rm = 0y, for all m € M. Leti € Z* and
pick m € M with m; = 1. From rm = 0 we get 0 = rm; = rl = rin Z; and so i | r. Hence |r| > i for
all i e Z*, a contradiction.

Lemma 3.2.11. [intersection integral] Let R be an integral domain and F a finite set of non-zero
ideals in R. Then NJF + 0.

Proof. Since R is an integral domain, []pes F # 0. Since []pe.o F S N F the lemma holds. O
Lemma 3.2.12. [torsion] Let M be a module for the integral domain R.

(a) [b] Let I be a finite set of torsion elements in M. Then (I)g is a bounded R-submodule of M.
(b) [a] Let T(M) be the set of torsion elements in M. Then T(M) is R-submodule of M.

(c) [e] M|T(M) is torsion free.

Proof. @) Since each i € i is a torsion element, Anng(i) # O for all i € 1. Thus by

Anng (1) = () Anng(i) # 0
iel
By [3.1.24{(g) Anng((I)g) = Anng(I). and so Anng({I)g) # 0.
(b) Since ROy = Opr, Opr € T(M). If x,y € T(M) and r € R, then by (a), x+y € T(M), —x € T(M)
and rx € T(M). Thus T(M).

Let x € M/T(M) be a torsion element. Pick m € M with x = m + T(M) and r € R' with
rx = Opyr(my- Then rm € T(M) and so s(rm) = Oy for some s € R'. Hence (sr)m = 0y and as
R is an integral domain, sr # Og. Som € T(M), x = m +T(M) = 0y;/1(py and M/T(M) is torsion
free. m]

Theorem 3.2.13. [freetorsion] Let R be a ring and M an R-module.
(a) [a] Any linearly independent subset of M lies in a maximal linear independent subset.

(b) [b] Let L be a maximal linear independent subset of M. Then M |(RL) is a torsion module, and
if M is unitary, (RL) is free R-module with basis L.
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Proof. (a) Let E be a linearly independent subset of M. Let £ be the set of linearly independent
subsets of M containing E. Since E € £, £ # @. Order L by inclusion. Let C be a non-empty chain
in £ and put D = UC.

We will show that D is linearly independent. For this let r € Rp with Y ,.prqd = Oy. Let
F ={deD|ry+0} and note that F is finite. Let f € F. Since f € D = UC, there exists Cy € C with
f€C;. Since {Cy | f € F} is a finite it has maximal element C. Then f € Cy ¢ C for all f € F. Then

O=Zrdd=2rdd=2rdd

deD deF deC

and since C is linearly independent, r; = O for all 4 € D. Hence also ry =0 forall fe F. So F = &
and r = 0. Thus D is linearly independent, D € £ and D is an upper bound for C.

Thus the assumptions of Zorn’s Lemma [A.2.8] are fulfilled and we conclude that £ contains a
maximal element L. Then L is a maximal linearly independent subset of M containing E.

(b) Put W = (RL). Letv € V. We need to show that v + W is a torsion element. If v € L, then
Rv c Wandso R(v+ W) =0, and v + W is a torsion element. So suppose v ¢ L. By maximality
of L {v} u Lis linearly dependent. Hence there exist s € R and r € Ry, such that

sv+y rl=0
leL
and at least one of s and r is not zero.
If s = 0, then since L is linearly independent, r = 0, a contradiction. Thus s # 0 and sv =
— Yier il € (RL). Hence s(v + W) = Oy and V/W is a torsion module.
If V is unitary, then W = (L) and so L is basis for W. o

We remark that if L is a maximal linear independent subset of the unitary R-module M, then (L)
does not have to be a maximal free submodule. Indeed the following example shows that M does
not even have to have a maximal free submodule. (Zorn’s lemma does not apply as the union of a
chain of free submodules might not be free)

Example 3.2.14. [ex:no max free] Let R = Z and M = Q with Z acting on Q by left multiplication.
As Q has no zero divisors, Q is torsion free. In particular, every non-zero element a is linearly
independent. We claim {a} is a maximal linearly independent subset. Indeed, let a,b € Q!. Then
a=%andb="2 withn,peZandm,qeZ'. Then

(mp)a + (-nq)b = mp— —ng® = pn—np =0
m q

and (a, D) is linearly dependent.

We conclude that every non-zero free submodule of Q is of the form Za,a € Q*. Since Za £ VA
we see that Q has no maximal free Z-submodule. In particular, Q is not free Z-module.

Q as a Z module has another interesting property: every finitely generated submodules is cyclic
Indeed, if A is generated by ,’:l—"i,l <i<k, putm=lcmici<grm;. Then mA 2 A and mA < Z. So mA
and A are cyclic.
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Corollary 3.2.15. [vectorspace] Let D be a division ring and V a unitary D-module.
(a) [a] V is torsion free.

(b) [d] IfV is a torsion module, then V = Q.

(c) [b] Every linear independent subset of V is contained in a basis of V.

(d) [c] V has a basis and so is a free D-module.

Proof. @) Let d € D' and v € V with dv = Oy. Since D is a division ring ed = 1p for some e € D.
Thus v = 1pv = edv = e0y = Oy and so V is torsion free.

(b) This follows from (a).

Let L be linearly dependent subset of V. By L is contained in a maximal linearly
dependent subset B. Also by V/(RB) is a torsion module. So (b) applied to V/(RB) is a
zero-module and so V = (RB) and B is a basis for V.

(d) By (c) applied to L = &, V has a basis and so by [3.2.3] V s free. O

Lemma 3.2.16. [splitting frattini] Ler f : A — B be group homomorphism and D < B. Put

F =ker f. Then

(a) [a] If f |p: D — B is onto then A = FD.

(b) [b] If f |pis I-1, then FAD = 1.

(c) [e] If flp : D — B is bijection, then A= FD and Fn D = 1.

Proof. @) Leta € A. Then f(a) = f(d) forsomed € D. Thusad~' eker f = Fand a = ad~'d € FD.
(b) is obvious and (c)) follows from (a) and (). o

Lemma 3.2.17. [free splits] Let R be a ring, V a unitary R-module and W an R-submodule of V.
If VIW is a free R-module, then there exists an R-submodule F of V with V = F @ W. Moreover,
F 2 V/W and so F is a free R-module.

Proof. Let V/W be free with respect to the family (x;);; in V/W. By the axiom of choice there
exists a family (v;);e; with v; € x; for all i € I. Then x; = v; + W for all i € I. The definition of a free
module implies that there exists an R-linear mapf : V/W — V with f(x)i) = v; for all i € I. Define
g:VIW - V[W,x - f(x)+ W. Then g(x;) = v;+ W = x; for all i € I and so by the uniqueness
assertion in the definition of a free module, g = idy,y. Define h: V — V,v — f(v+ W). Then for
veV,

h()+W=f(v+W)+W=g(v+W)=v+W

Finally define k = idy — h. Then k(v) = v —h(v) € W for all v € V and so k is function from V to
W.If we W, then h(w) = f(w+ W) = f(Oy;y = 0 and so

klw =idw — hlw = idw

now shows that V = F @ W for the R-submodule F = ker k of V. The second isomorphism
theorem gives V/W = (F® W)/W 2 F/FnW = F/0 2 F and the lemma is proved. mi
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Lemma 3.2.18. [vector spaces split] Ler D be a division ring, V a D-module and W a D-submodule.
Then there exists a D-submodule K of V withV = K & W.

Proof. By |[3.2.15(b), V/W is a free D-module and so the lemma follows from 3.2.17 m]

Lemma 3.2.19. [idsubfree] Let M be a torsion free R-module for the integral domain R. Suppose
that one of the following holds:

1. [1] M is finitely generated.
2. [2] If N is a submodule of M such that M/ N is a torsion module, then M|N is bounded.

Then there exists a free R-submodule W such that M is isomorphic to a submodule W. In particular,
M is isomorphic to a submodule of free R-module.

Proof. Suppose holds and let N be an R-submodule of M such that M/N is a torsion module.
Then M/N is a finitely generated torsion module and implies that M/N is bounded. Hence
condition (T)) implies condition (2).
So we may assume that () holds. By [3.2.13|there exists a free submodule W of V such that
M /W is torsion. By (2) there exists r € R¥ with rx = Opyw- Hence rM < W.
Consider the map
a:M—->Wm-—rm.

Since R is commutative, « is a R-linear. As M is torsion free, @ is 1-1. Thus M = a(M) = rM <
w. m|

3.3 Modules over PIDs

Definition 3.3.1. [def:r order] Let R be a PID, M an R-module, X c¢ M and r € R. Then we say
that X has R-exponent r and write r ~ expg(X) if Anng(X) = (r).

Example 3.3.2. [ex:r exp] Let A be abelian group. Then A is a Z-module and expz(X) ~ exp(X)
for all X < A. Moreover, expz(a) ~ |a| for all a € A.

Lemma 3.3.3. [exp and generator] Let R be PID, M an R-module and X € M. Then
expr({X)r) = expp(X) = lemexpg(x)

Proof.

Anng((X)r) = Anng(X) = QAHHR(X) = Q((eXpR(x)) = (lemexpp(x))

O

Lemma 3.3.4. [exponent of element] Let R be PID, M an R-module, m ¢ M and e € R with
e ~ expg(m). Then

(a) [a] Rm = R/(e) as an R-module.
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(b) [b] LetreR. Then e |rifand only if rm = 0.

(c) [¢] Suppose M is unitary, m + 0 and e = p' for some prime p and some [ € N. Then p |  for all
r € Anng(M).

Proof. (a) By[3.1.24|b), Rm = R/Anng(m). Since Anng(m) = (e), (a) holds.
(b) Follows from Anng(m) = (e).
Since M is unitary, 1m # 0 and so Anng(m) # R and [ > 1. Thus p | e and(d) follows from

(o). m

Theorem 3.3.5. [bounded for pid] Ler R be a PID and p € R a prime. Suppose that M is a unitary
R-module with p*M = {0y} for some k € N. Then M is a direct sum of non-zero cyclic submodules
of M.

Proof. The proof is by induction on k. If k = 0, then, since M is unitary, M = {0} and the theorem
holds.

So suppose k > 0. Since p*~!(pM) = p*M = {0y} we conclude by induction on k that there
exist non-zero cyclic submodules A;,i € I of pM with M = @;; A;. Since A; is cyclic A; = (a;)g =
Ra; for some a; € A;. Thus

1°. [11  pM = @i Ra;

Since A; is non-zero, a; + 0. Since a; € pM there exists b; € B with a; = pb;. Put

B=(b;|iel)g =) Rb;.

iel
We will show
2°. [2] B=@qRb;

For this let r € R; with
(%) > ribi =0y
iel

We need to show that r;b; = 0y for all i € I. From (*) we have

Yoriai =Y ripbi = p Y ribi = pOy = Oy

iel iel iel

Thus implies that r;a; = 0y for all i € 1. By [3.3.4(lc), p | r; and so r; = t;p for some #; € R.
Then r;b; = lipbi = t;a; and

(**) rib; = tia;.

Substitution into (*) gives:
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Z t;a; = 0y

iel
Thus by (I°), t;a; = 0y and by (**) r;b; = 0. Hence holds.
3°. [3] M =Anny(p)+B.

We have pB = p Y Rbi = Y ;e Rpb; = ¥ ;i Ra; = pM. Define @ : M — pM,m — pm. Then « is
R-linear and a(B) = pM. Thus by[3.2.16(la) M = kera + B = Anny/(p) + B.

4°. [4] R/Rpis afield and Anny(p) is module for R/Rp.

Since p is a prime, R/Rp is a field by 2.5.17, Since Rp < Anng(Anny(p)), Anny(p) is an
R/Rp module via (r + Rp)m = rm.

5°. [5]  There exists an R-submodule D of Anny(p) with Anny(p) = D & Anng(p) and M =
Do B.

Since R/Rp is a field we conclude from (3.2.18| that Anny(p) = D @ Anng(p) for some R/Rp
submodule D of Anny;(p). Then D is also an R-submodule of Anny,(p). We have

M = Anny(p) + B=D+ Anng(p)+ B=D+B
and
DnB=DnAnny(p)nB=DnAnng(p) ={0uy}.
SoM=D@&B.

We now can complete the proof of the theorem. By [3.2.15(]b), the R/Rp-module D has a basis
(dj)jej. Then
D= @R/de] = @Rd]
jeJ jeJ
Together with and (5°) we get

MZDGBB:@Rdj @D @Rbl
jeJ i€l

O

Theorem 3.3.6. [torfree]| Let M be a finitely generated module for the PID R. Then there exists a
free submodule F < M with M = F & T(M).

Proof. By [3.2.12, M/T(M) is torsion free, so by [3.2.19 M/T(M) is isomorphic to a submodule
of a free module. Hence by M|T(M) is free. Thus by [3.2.17\|M = F & T(M) for a free

R-submodule F of M. O

Definition 3.3.7. [q-elements] Let R be a PID, P a set of representatives for the associate classes
of primes in R and Q € P.
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(a) [a] Let O # r € R. Then r is called a Q-elements if r ~ [0 " for some n € Ng. (Here we
interpret the empty product as 1, so a &-element is a unit.)

(b) [b] Let M be an R-module. Then m € M is called an Q-element if expg(m) is a Q-elements.
Mg is the set of Q-elements in M.

Theorem 3.3.8. [decprim] Let R be a PID, M a unitary torsion R module R, P a set of representa-
tives for the associated classes of primes in R and Q,T € P. Put Q' = P~ Q. Then

(a) [a] Let m e M. Then m is a Q-elements if and only if rm = 0 for some Q-elements r € R.
(b) [b] My is an R-submodule of M.

(c) [e] M/My has no-nonzero Q-elements and all elements of MM are Q'-elements.

(d) [d] Mon Mg = Mgnr.

(e) [e] Mgz =0andsoMgon Mg =0.

(f) [f] Mg = @gep My-

(8) (8] M =@pep M.

Proof. () This holds since expg(m)|r for all r € R with rm = 0.

(@) Let x,y be Q-elements. Then expg({x,y)r) = lem (expg(x),expg(y)) is a Q-element in R.
Hence @) shows that all elements in (x,y)g are Q-elements. Hence (x,y)r € Mgy and M is an
R-submodule of M.

Let m + Mg be a Q-elements. Then em € My for some Q-elements e € R. So em is a Q-
element and f(em) = 0 for some Q-elements f in R. Then fe is a Q-element in R and (fe)m = 0.
SomeMgoandm+ Mg =0y,

Now let w be any elements of M/M and d ~ expg(w). Then d ~ ef for some Q-element e and
Q'-element f. Then e(fw) =0, fwis a Q-element and fw = 0 and w is a Q’-element.

(d) By the uniqueness of prime factorization r € Ris a Q n T element if and only if r is a Q and
a T-elements. So (d) holds.

(€ If m is @-element in M, then um = 0 for some unit u. Then also 1m = u”
M is unitary, m = 0.

[ Let W = Xyep Mo. Let g € Q. By (¢ all elements in M/M, are ¢'-elements. Thus also all
elements in M/W are ¢’ elements and so Q’-elements. Thus all elements of My/W are Q and Q’-
elements. Hence (g) applied to M/W shows that Mp/W = 0 and so W = M. Thus Mg = ¥ .o M.
Now

Yum = 0 and since

My My cMynMy =0

teQ
t+q

and s0 Mg = Y ,e0 My.
(g) Since M is a torsion-module, M = Mp. So (g) follows from (f)) applied with P = Q. O
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Lemma 3.3.9. [direct sum and fg] Let R be a ring, and (M;) e a family of non-zero R-modules. If
@i M; is finitely generated, then I is finite.

Proof. Let A be a finite subset of M := @;; M; with M = (A)g. By definition of “direct sum” each
m is a tuple (m;);e; with almost all m; zero. So for a € A we can choose a finite subset J, of I with
ap=0forall ke I\ J,. Put J = Ugea Jo. Then J is finite. We will show that J = I. For this let i € /
and put W = {m € M | m; = 0}. Then W is a R-submodule of M and since M; + 0, W # M. Since
M = (A)g we get A ¢ W and so a; + 0 for some a € A. Thus i€ J, € J, I =J and [ is finite. O

Theorem 3.3.10. [pidmod] Let M be a finitely generated module for the PID R. Then M is direct
sum of finitely many cyclic R-modules. Moreover, each of the summand can be chosen be isomorphic
toRorR/ PXR for some prime ideal p € R and some k € Z*. In other words,

M=ReRe..®ReR/p"R® R/PPR® ... ® R/pR
[ —

k-times
for some k,n €N, ki,ko ...k, € Z" and primes p1, pa,...,pn € R.

Proof. By M =F &T(M), where F is a free R-module. So F is a direct sum of copies of R.
Also by T(M) = @,cp M, where P is set of representatives for the associate classes of primes
in R. Let p € P. Since M is finitely generated and Mp is a homomorphic image of M, M), is finite
generated. Thus M,, = (I)g for some finite subset I of Mp. For i € I pick /; € N with plii = {0y}
and put / = max;e; ;. Then lep = {0p}. Thus by M, is the direct sum of non-zero cyclic
submodules. By each of these cyclic submodules is isomorphic to R/p*R for some k € Z*.

It follows that M is a direct sum modules of the form R or R/ P*R, p € P, k € Z*. Since M is
finitely generated, this direct sum is a finite direct sum. O

Corollary 3.3.11. [fg abelian]
(a) [a] Let A be a finitely generated abelian group. Then A is the direct sum of cyclic groups.

(b) [b] Let A be an elementary abelian p-group for some prime p. (That is A is abelian and pA = 0).
Then A is the direct sum of copies of Z|pZ.

Proof. Note that an abelian group is nothing else as a module over Z. So (a)) follows from [3.3.10]

and (b)) follows from [3.3.5]and
@ can also by proved by observing that A is also a module over the field Z/pZ and so has a
basis. O



Appendix A

Set Theory

A.1 Relations and Function

Definition A.1.1. [def:ordered pair] Let x and y be objects. Then (x,y) = {{x},{x,y}}. (x,y) is
called the ordered pair of x and y.

Lemma A.1.2. [ordered pairs] Let a,b,c,d be objects. Then (a,b) = (c,d) if and only of a = ¢
and b =d.

Proof. We first show
1°. (1]  Leta,b,¢ and d be objects with & = ¢ and {a,b} = {¢,d}. Then b = d.

Since b € {a,b} and {a,b} = {¢,d}, we have b € {¢,d}. So b = ¢ or b = d. In the second
case (1°) holds. Thus we may assume b = &. Since a = ¢ this gives b = a. Since d € {¢,d} and
{¢,d} = {a,b},d € {a,b} andsod = @ord = b. Since b = a either case gives d = b and 5o also
b =d. Thus is proved.

Suppose now that that (a,b) = (¢, d). By the definition of an ordered pair, (a,b) = {{a},{a,b}}
and (¢,d) = {{c},{c,d}}. Thus

(*) {{a}.{a,b}} = {{c}.{c. d}}.

Since {a} € {{a},{a,b}}, (*) implies {a} € {{c},{c,d} and so {a} = {c} or {a} = {c,d}.
Since ¢ € {c} and ¢ € {c,d} either case gives ¢ € {a}. Thus
() c=a.

Hence also {a} = {c} and so (*) shows that the assumptions of are fulfilled for a = {a},
b={a,b},&={c}andd = {c,d}. Thus implies {a,b} = {c,d}. Since a = ¢, another application
of (T°) gives b =d. O

155
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Definition A.1.3. [def:relation]
(a) [a] A relation R is a class all of whose members are ordered pairs.

(b) [b] Let R be a class. Then
Dom(R) = {x | (x,y) € R for some y}
Dom(F) is called the domain of F.
Im(R) = {y | (x,y) € R for some x}

ImR is called the image of R.

(c) [c¢] Let R be a relation and x,y objects. Then we say that x is in R-relation to y and write xRy
if (x,y) €R.

(d) [d] A function is a relation F such that for all x,y,z, (x,y) € F and (x,z) € F implies y = z.

(e) [e] Let F be a function and x € Dom(F). Then Fx denotes the unique object such that (x, Fx) €
F. We will also use the notations F(x) and F for Fx.

(f) [f] Let A and B be classes. We says that F is a function from A to B and write F : A — B, if F
is a function, A = Dom(F) and Im(F) € B.

Example A.1.4. [inclusion]

(a) [a] Let A be any class. Thenids = {(a,a) | a € A} is a function from A to A, called the identity
function on A.

(b) [b] Let A and B be classes with A € B. Then id4 is a function from A to B.

A.2 Zorn’s Lemma

This chapter is devoted to prove Zorn’s lemma: Let M be a nonempty partially ordered set in which
every chain has an upper bound. Then M has a maximal element.
To be able to do this we assume throughout this lecture notes that the axiom of choice holds:

Hypothesis A.2.1 (Axiom of choice). [axiom of choice] Ler I be a non-empty set and (A;)ic; a
family of non-empty sets. Then

><Ai 0
iel

Note that this means that there exists a function f with domain 7 and f(i) € A; for all i € I.
Naively this just means that we can pick an element from each of the sets A;.
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Definition A.2.2. [def:poset] A partially ordered set is a set M together with a reflexive, anti-
symmetric and transitive relation” <. That is for all a,b,c € M

(a) [a]l a<a (reflexive)
(b) [b] a<bandb<a—a=a (anti-symmetric)
(c) [e] a<bandb<c=—a<c (transitive)

Definition A.2.3. [def:bounds] Let (M, <) be a partially ordered set, a,b € M and C < M.
(a) [a] a are called comparable ifa < b or b < a.

(b) [b] (M,<) is called totally ordered if any two elements are comparable.

(c) [e] C is called a chain if any two elements in C are comparable.

(d) [d] An upper bound m for C is an element m in M such that that c < m for all c € C.

(e) [f] An element m € M is called a smallest element (or a least element) of C if me C and m < ¢
forall c € C.

(f) [g] An element m € C is called a largest element (or a greatest) elements of C if m € C and
c<mforall ceC.

(g) [f] An element m € C is called a maximal element of C if c = m for all ¢ € C withm < c.
(h) [g] An element m € C is called a minimal element of C if ¢ = m for all ¢ € C with ¢ < m.
(i) [h] A function f : M — M is called increasing if a < f(a) forall a € M.

Lemma A.2.4. [unique upper bound] Let M be partially ordered set and A € M. Then A has at
most one least element.

Proof. Let a and b be least elements of A. Since a € A and b a least element of A, b < a. By
symmetry b < a. Since < is anti-symmetric, a = b. O

As the main step toward our proof of Zorn’s lemma we show:

Lemma A.2.5. [fixedpoint] Let M be a non-empty partially ordered set in which every non-empty
chain has a least upper bound. Let f : M — M be an increasing function. Then f(mg) = mq for
some mq € M.

Proof. Since M # @ we can choose a € M. Let B:= {me€ M | a < m}. If b € B, then a < b and
b < f(b). Soa < f(b) and f(b) € B. Note also that the least upper bound of any non-empty chain
in B is contained in B. So replacing M by B we may assume that

1°. [-1] a<mforallme M.
Define a subset A of M to be closed if:
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(Cli) [a] acA
(Clii) [b] f(b)eAforallbeA.
(Cliii) [c] If C is a non-empty chain in A then its least upper bound is in A.

Since M is closed, there exists at least one closed subset of M.

2°, [0] Let D be chain in M and suppose D is closed. Then D has a least upper bound d in M
and f(d) = d.

By (i), D is not empty and so D has a least upper bound d. By (iii), d € D and by (i), f(d) €
D. Since d is a upper bound for D, f(d) < d and since f is increasing, d < f(d). Since < is
antisymmetric f(d) = d.

In view of(2°) we just have to find a closed chain in M. For this let A be the intersection of all
the closed subsets of M and observe that A itself is closed.
e € A is called extreme if

(Ex) f(b)<eforallbeAwithb<e

Note that a is extreme, so the set E of extreme elements in A is not empty.

3°. [1] Letebe extremeandb € A. Thenb < e or f(e) < b. In particular, e and b are comparable.

To prove (3°) put
A,={beA|b<eorf(e) <b}

We need to show that A, = A. Since A is the unique minimal closed set this amounts to proving that
A, is closed.

Clearly a € A,. Let b € A,. If b < e, then as e is extreme, f(b) < e and so f(b) € A,. If b = e,
then f(e) = f(b) < f(b) and again f(b) € A,. If f(e) < b, then f(e) <b < f(b) and f(e) < f(b)
by transitivity. So in all cases f(b) € A,.

Let D be a non-empty chain in A, and m its least upper bound. If d < e for all d in D, then e is
an upper bound for D and so m < e and m € A,.. So suppose that d £ e for some d € D. Asd € A,,
f(e) <d <mand again m € A,.

We proved that A, is closed. Thus A, = A and holds.

4°. [2] Eisclosed

As already mentioned, a € E. Let e € E. To show that f(e) is extreme let b € A with b < f(e).
By b <eor f(e) <b. In the latter case is b < b, a contradiction. If b < e, then since e is extreme,
f(b) <e< f(e). If e=b,then f(b) = f(e) < f(e). So f(e) is extreme.

Let D be a non-empty chain in E and m its least upper bound. We need to show that m is
extreme. Let b € A with b < m. As m is a least upper bound of D, b is not an upper bound and there
exists e € D with e £ b. By (3%), e and b are comparable and so b < e. As e is extreme, f(b) <e<m
and so m is extreme. Thus E is closed.

As E isclosed and E € A, A = E. Hence by , any two elements in A are comparable. So A
is a closed chain and by (2°), the lemma holds. i
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As an immediate consequence we get:

Corollary A.2.6. [weakzorn] Let M be a non-empty partially ordered set in which every non-empty
chain has a least upper bound. Then M has a maximal element.

Proof. Suppose not. Form € M let U,, = {u € M | m < u}. Then U, is not empty and so by the
Axiom of choice there exists

f€><Um

meM
Then f is a function from M to M and m < f(m) for all m € M. But this contradicts o

Lemma A.2.7. [maxchain] Let M be any partial ordered set. Order the set of chains in M by
inclusion. Then M has a maximal chain.

Proof. Let M be the set of chains in M. The union of a chain in M is clearly a chain in M and is a
least upper bound for the chain. Thus by M has a maximal element. i

Theorem A.2.8 (Zorn’s Lemma). [Zorn] Let M be a nonempty partially ordered set in which every
chain has an upper bound. Then M has a maximal element.

Proof. By there exists a maximal chain C in M. By assumption C has an upper bound m. Let
l € M withm < I. Then Cu {m, [} is a chain in M and the maximality of C implies / € C. Thus [ < m,
m = [ and m is maximal element. m]

As an application of Zorn’s lemma we prove the Well-Ordering Principal.
Definition A.2.9. [def:wellordered]

(a) [a] A totally ordered set M is called well-ordered if every non-empty subset of M has a minimal
element.

(b) [b] We say that a set T can be well-ordered if there exists a relation < on T such that (T,<) is
a well ordered set.

Example A.2.10. [ex:well-ordered] Let J be a non-empty well-ordered set and let (/) je; a family
of non-empty well -ordered sets. Let m; be the minimal element of /;. For a,b € X ¢; I define
Supp(a) ={jeJ|aj*m;} J(ab)={jeJ|a;+Db;}.
Put
K = {a e X1 ‘ |Supp(a)| is ﬁnite}.
jeJ

Note that J(a,b) € Supp(a) U Supp(b) and so J(a,b) is finite for all @ + b € K and we can
define j(a,b) € J = max J(a,b). Define an ordering on K by

a<b — a+bandaj<bjwhere j= j(a,b)

We claim that this is a well ordering on K.
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Suppose a < band b < c and let j = j(a,b) and k = j(b,c). If j <k, thena; = b; = c;forall I > k
and ay < by <cysoa<c. Andif j>k,thena;=b;=c;foralll> janda;j<b;=c;and againa < c.
So K is totally ordered.

Let A be a non-empty subset of K. Suppose A has no minimal element. Note that if b,a € A
with b <aand j = j(a,b), then bj < a;. Soa;+ m;and j(a,b) € Supp(a). Thus we can define

j(a) = max j(a,b) and J =min j(a)
ZiA aeA
a

Under all a € A with j(a) = j pick one with a; minimal Let b < a. Then j(a,b) < j(a) and so
ay = by forall k > j = j(a). Let ¢ < b. Then ¢ < a and so also a; = ¢, and an thus j(b,c) < j. Thus
Jj(b) < j and by minimality of j, j(b) = j. The minimality of a; implies b; = a;. Since also ¢ < a,
we get ¢j = b; and so j(c,b) < j. Thus implies j(b) < j, a contradiction.

Theorem A.2.11 (Well-ordering principal). [wellorder] Every set M can be well ordered.

Proof. Let W be the set of well orderings a = (M,,<,) with M, € M. As the empty set can be well
ordered, W is not empty. For @, € W define a < 8 if

<1 [1] M, c Mg
<2 [2] S,B|M(,=S(l'

<3 [3] asgbforallae M,,be Mg~ M,

It is easy to see that < is a partial ordering on W. We would like to apply Zorn’s lemma to obtain
a member in W. For this let A be a chain in W. Put M. = Uyeq M, and for a,b € M, define a <, b
if there exists @ € A with a,b € M, and a <, b. Again it is readily verified that <, is a well-defined
partial ordering on M. To show that <, is a well-ordering, let I be any non-empty subset of M* and
pick a € A so that In M, # @. Let m be the least element of In M, with respect to <,. We claim that
m is also the least element of / with respect to <. Indeed leti € I. If i € M, then m <, i by choice
of m. So alsom <, i. If i ¢ M,, pick B € A withi € Mg. As A is a chain, « and 8 are comparable.
Asie Mg~ M, we get a < and (< 3) implies m <g i. Again m <, i and we conclude that (M., <)
is a well-ordered set and so an element of W. Observe that (M., <, ) is an upper bound for A in W.

So by Zorn’s Lemma there exists a maximal element @ € W. Suppose that M, # M and pick
m € M\ M,. Define the partially ordered set (M., <.) by M. = MyU{m}, <i|m,xm,=<o and i <, m
foralli e M,. Then (M., <.) is contained in W and @ < (M., <..), a contradiction to the maximality
of a.

Thus M, = M and <, is a well-ordering on M. O

Remark A.2.12 (Induction). [induction] The well ordering principal allows to prove statement
about the elements in an arbitrary set by induction.

This works as follows. Suppose we like to show that a statement P(m) is true for all elements
min a set M. Endow M with a well ordering < and suppose that we can show
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P(a) is true for all a < m = P(m)istrue

then the statement is to true for all m € M.
Indeed suppose not and put I = {i € M | P(i) is false }. Then I has a least element m. Put then
P(a) is true for all a < i and so P(i) is true by the induction conclusion.

A.3 Ordinals
Definition A.3.1. [def ineq] Let a, b be sets. Then ae b means a€ b ora=b.
Definition A.3.2. [def:ordinal] An ordinal is a set S such that

(i) [i] Each element of S is a subset of S.

(ii) [ii] € is a well-ordering on S.

Example A.3.3. [ex:ordinals] The following sets are ordinals:

2,{2},{2.{2}}.{2.{2}.{2.{2}}},
If we denote @ by 0, {@} by 1,{@,{2@}} by 2 and so on, then
n+1=nu{n}={0,1,2,...,n}.
Lemma A.3.4. [basic ordinal] Let a, 8 and y be a ordinal.
(a) [a] Define a+1=au{a}. Then a + 1 is an ordinal.
(b) [b] Every element of ordinal is an ordinal.
(c) [e] Exactly one of B € a,a = 3 and B € a holds.
(d) |d] IfaecBandfBecy. Thenacy.
(e) [e] acBifandonlyifa ¢ Bandifandonlyifa+1¢€p.
(f) [h] aebifandonlyifa c B andifand only ifa € B+ 1.

(g) [f] Let A be a non-empty set of ordinals, then N A is an ordinal. Moreover, N A € A and so N A
is the minimal element of A.

(h) [g] Let A be a set of ordinals. Then \JA is an ordinal.
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Proof. (@) Let x e @+ 1. Then x € ¢ or x = @. If x € @ and so also x € @ + 1. Then x = @, then
again x C @. So every element of @ + 1 is a subset of @. Now let y by any non-empty subset of a + 1.
If y = {e}, then « is a minimal element of y. If y # {@}, then y \ {@} is a subset of @ and so has
minimal element m with respect to €. Then m € @ and so m is also a minimal element of y. Since
zeaforall zea+ 1 with z # it is readily verified that ’€’ is a total ordering on @ + 1.

(b) Let B € @ and y € B. Since S is subset of a, ¥ is an element and so also a subset of @. If
0 € v, we conclude that 6 € a. Since 6 € y and y € 8 and ’€’ is a transitive relation on « have that
0 € 8. Thus vy is a subset of 8. Since ’€’ is a well-ordering on @ and 3 is a subset of @, €’ is also a
well-ordering on «.

Let y € a. By induction (on the elements of & + 1) we may assume thaty € 8, y =B or S €.
If y=p0,then 8 e a. If B € ythen S € a, since vy is a subset of @. So we may assume that y € 8 for
all y € @. Thus @ € 5. We also may assume that @ # § and so there exist 6 minimal in 8 with § ¢ «.
Let 7 € 6. Then 7 € § and so 1 € @ by minimality of 6. Thus ¢ € @. Since ¢ ¢ @ and vy is both and
element of @ and a subset of @, § # y and ¢ ¢ y. As both ¢ and y are in 8 and ’€’ is an ordering on 3
we conclude thaty € 6. Thusa € dand so @ =9 € 5.

(d) This follows since 3 is a subset of y

and (f): If @ € B, then since 3 is an ordinal. @ € 8. Also no set is an element of itself and so
a #fand

Suppose now that @ ¢ 5. Then a # 8. Note also that 8 ¢ 5 and so 8 ¢ a. Thus (c]) implies a € 8
andsoa+1=au{a}cp.

Thus
aep — aGp
and so also
acepf — acp
Thus

a+lef <= a+1cf <= acPfand aecff < acBf and a¢f < aGpf

and

aef+1 < acfora=8 < acp

So () and (f) are proved.

@ Any subset of a well-ordered set is well-ordered. So M A is well-ordered with respect to ’e.
Let x e NA. Then x € a for all a € A and so x € a for all a € A. Hence x € UA. Thus UA is an
ordinal. If NA # a for all a € A, then N A ¢ a and by , NAecaforallaecA. Hence YA€ NA, a
contradiction to (e]).

(h) Let x;,x2,x3 € UA. Then x; € a; for some a; € A. Then x; € a; and so x; € A. By () and
(@) there exists a € {ay,ay,a3} with a; < a for all a. Thus x1, x2, x3 € a. Since "€’ is an ordering on
a we conclude that "€’ is also an ordering on | JA. Let d be a non-empty subset of |JA and define
B={acA|dna+ o}t By (g), Bhas a minimal element b. Then b N d has a minimal element m
and m is also a minimal element of d. Thus ’¢’ is a well-ordering on U A. O
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Definition A.3.5. [def: cardinality]

(a) [a] Let A be a set. |A| is the smallest ordinal such that there exist a bijection from A to |A|. |A|
is called the cardinality of A.

(b) [b] A cardinal is the cardinality of some set.
(c) [€] Rg is the smallest ordinal such that a + 1 € R for all a € Ry.
(d) [d] An ordinal « is called finite of a € Ry.

(e) [e] A set Ais called finite if |A| is finite, otherwise its called infinite. A is called countable infinite
if |A| = Ro. A is called countable if its finite or countable infinite. A is called uncountable if is
not countable, that is R € |A|.

(f) [f] wy is the smallest uncountable cardinal, that is w is the smallest cardinal with Ry € w;.
Lemma A.3.6. [countable upperbound]

(a) [a] w; has non maximal element.

(b) [b] Any countable subset of wy has an upper bound in w.

Proof. Note first that by minimal choice of w1, all elements of w; are countable.

(a) Let @ € w;. Since a is countable, also a + 1 is countable. So a + 1 # w;. Note that w; ¢ @ + 1
and so by[A.3.4(c) , @ + 1 € wi. So a is not maximal in w; and so w; has no maximal elements.

(b) Let A be a countable subset of w; and put @ = UA. By[A.3.4] @ is an ordinal. Also all
elements of w; are subsets of w; and so « is a subset of w;. Since countable unions of countable
sets are countable, « is countable. The minimal choice of w; shows that @ € w; Let b € A. Then
B € a and so by B¢ a. Thus « is an upper bound for A. i

Definition A.3.7. [def:defining function] Let G be a function and « an ordinal.

(a) [a] Let f € Fun(a). Then f is called G-defined if for all B € a, f|g € Dom(G) and f(B) =
G(flp)-

(b) [b] G is called an a-defining function if f € Dom(G) for all B € a and all G-defined f € Fun(B).

Lemma A.3.8. [g defined] Let a be an ordinal and G an a-defining function. Then there exists a
unique G-defined function f € Fun(a).

Proof. Put
I = {ye a| there exists a unique G-defined g, € Fun(y)}

Let B€ a with 8 ¢ I. We will show that 8 € I. Define f € Fun(B) by f(y) = G(gy) for all y € 8.
Note here that y € I. Also g, € Dom(G) since g, is G-defined and G is an a-defining function.

1°. [2]  Suppose ye B and h € F(y) is G-defined. Then h = f|,.
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Let 6 € y. Then hls is G-defined and since § € B C I, h|s = gs. Since h is G-defined

h(6) = G(hls) = G(gs) = f(6).
2°. [3]1 fis G-defined.
Let y € 8. Then g, is G-defined and implies f|, = g, and so

flyeDom(G)  and  f(v)=G(gy) =G(fly)

Thus f is G-defined.
Conversely let 4 € Fun(B) be G-defined. Then by h = f. So f is the unique G-defined
function on 3.

We proved that 8 € I for all B¢ @ with 8 € I. Thus « € I and the theorem is proved. O

Corollary A.3.9. [no infinite ascending chain] Ler (M, <) be a non-empty partially ordered set
and suppose there does not exist a strictly increasing function h : Ro - M. Then M has a maximal
element.

Proof. Suppose not. Then for each m € M, M,,, = {n € M | m < n} is not empty. By the axiom of
choice there exists g € X, epr M. S0 g : M — M is a strictly increasing function. Pick my € M. Let
D = Upeq, Fun(n,M). Let n € ag and f € Fun(n, M). If n # 0 define G(f) = g(f(n - 1)) and if
n =0, define G(f) = mop. So G is a function from D to M. If n € & and f € Fun(n) is G-defined then
f € Fun(n, M) and so f € Dom(G). So by[A.3.8|there exists a unique G-defined / € Fun(aq). Then
forall n € ag, h(n + 1) = G(h|y+1) = g(h(n)) > h(n) and so A is strictly increasing, a contradiction
to the assumption. O

A.4 Cantor-Bernstein

Lemma A.4.1. [cantor-bernstein] Let A and B be sets and suppose there exists 1-1 function f :
A — Band g: B— A are 1-1. Then there exists a bijection h: A — B.

Proof. PutC=g(B),D=g(f(A)) anda=go f. Thenais 1-1,D=a(A), DS CcA. Since gisa
bijection from B to C, its suffices to construct a bijection from A to C.
Let E = {a*(a) |a € A~ C,k € N}. Define

a(a) ifacE

B:A—-A a—
a ofac ANE

Let e € E. Then by definition of 8, B(e) = a(e). By definition of E, e = o*(x) for some x € ANC
and some k € N. Thus 8(e) = a(e) = o1 (b) € E.

Let a,b € A with (a) = B(b). Suppose first that a ¢ E. Then B(b) = B(a) = a ¢ E. Since
B(e) € E for all e € E, this gives b ¢ E and so a = B(b) = b. Suppose that a € E. Then also b € E and
so a(a) =B(a) =B(b) = a(b). Since « is 1-1, this gives a = b.
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SopBis 1-1. If a € E, then B(a) = a(a) € D € C. Suppose a € AN E. If x € A\ C, then
x=a"(x) e E. Thusa e C and so 8(a) = a € C. Hence B(A) c C.

Now let ¢ € C. If ¢ € E, then ¢ = o*(b) for some b e AN C and k € N. Since c € C, ¢ # b = a°(b)
and so k > 0. Then x = o*~(b) € E and B(x) = a(x) = &*(b) = c. So c € B(A).

Suppose that ¢ ¢ E. Then 8(c¢) = ¢ and again “B(A). Thus C < B(A). SoB(A) =C and Bis a
bijection from A to C. o

A.5 Algebraic Structure

Definition A.5.1. [def:star] Let (S;);e; be a family of set. Define

DSi= X S,
iel iel
S i+

Definition A.5.2 (Structures). [def:structures] Let S be set.

(a) [a] Let I and K be sets. An I-ary operation on S with constants K is a function f such that
S'® K is contained in the domain of S..

Such an operation is called closed on S if

f(x)eS
forallxeS'® K.

(b) [b] An operation on S is an I-ary operation on S with constants K for some set I and K.

(c) [e]l A structure G on S is set of triple (I,K, f) such that f is closed I-ary operation with
constants K on S.

(d) [d] Let G be a structure on S. A subset T of S is called G-closed if G is a structure on T, that is

f(x)eT
forall (ILK,f)e€Gand x € T' ® K.
A G-closed subsets of S is also called a G-subset of S.

Example A.5.3. [ex:structure]

(a) [a] Let G be a group. Let G be the structure in G consisting of

fi: GxGe @ -G (ab)—ab
f: Gog -G a—-a’'
fr: g {0} G 0 - eg
fa: GeG -G (ab)—~"a
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Here the set on the right side of ® is the set of constants.

Then T ¢ G is G-closed if and only if

ab = fi(a,b) €T foralla,beT
al = f(a) eT forallaeT
eG = fg(O) eT

ba fi(a,b) €T forallaeT,beG

So the G-closed subsets of G are the normal subgroups of G. If we remove the function f; from
G, the G-closed subsets of G is would be subgroups of G.

(b) [2] Consider a group G acting on a set S. Let G be the structure on S given by

fi: S®G—S,(s,8)—gs
LetT ¢ S. Then T is G-closed if and only if

gt=fi(t,g)eTforallteT,geG

So T is G-closed if and only if T is G-invariant.

(c) [3] Consider aring R. Let G be the structure on R given by

fi: RxR®@ —->R (ab) >a+b

fr: Reog —R a—-a
f3: o ® {0} >R 0 — Og
E R®R - R (ab) —>ba

Let I € R. Then I is G-closed if and only if

a+b = fila,b) €T foralla,beT
—a = fa(a) €T forallaeT
Or = f3(0) €T
ba = fi(a,b) €T forallaeT,beR

So the G- subsets of R are just the left ideals in R.
If we replace f; by
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fs: RxR®2Z—R, (a,b)—ab

the closed subsets will be the subrings.

If we replace fi by

fo: R®R—->R, (a,b)-ab

the G-subsets will be the right ideals in R. If we use f; and fg, the G-closed subsets will be the
ideals

Proposition A.5.4. [intersection of g-sets] G be a structure on the set S and (Ty)4e@ a non-empty
family of G-closed subsets of S. Then Ngeg Ty is G-closed.

Proof. Put T = Ny Ty Let (I,K, f) € Gand x = (y,k) € T'® K. Let g € Q and note that y; € T,
for all i € I. Thus x € T/ @® K and since T, is G-closed we get f(x) € T,. Since this holds for all
q€Q, f(x)eT. Thus T is G-closed. o

Definition A.5.5. [def:directed] A family (T,)eo of sets is called directed if for each q, p € Q there
exists r € QwithT,uT, CT,.

Proposition A.5.6. [union of g-sets] Let G be a structure on the set S and (Ty)ge0 a non-empty
Sfamily of G-closed subsets of S. Suppose that

(i) [a] (Ty)qeq is directed.
(ii) [b] I is finite for all (I,K, f) € G.
Then Uyep Ty is G-subset of S.

Proof. Put T = Uy Ty Fix (I,K,f) € G and let x = (y,k) € T' @ K. Then for each i € I there
exists g; € Q with y; € T,,. Since I is finite and (7)o is directed we can choose g € Q with T,;, € T,
forallie . Thusy; € T, forallie/andsoxe T;@K. Since T, is G-closed we get f(x) e T, c T.
Thus T is G-closed . m|

Corollary A.5.7. [intersection of groups]

(a) [a] Let G be a group and (Gg)gep a non-empty family of (normal, ) subgroups of G. Then
Nyeo Ty is a (normal, )subgroup of G.

(b) [b] Let G be a group and (G,)qeo a non-empty directed family of (normal, )subgroups of G.
Then Uyep Ty is a (normal, ) subgroup of G.

(c) [c] Let R be a ring and (1;)4eo a non-empty family of (left,right, ) ideals in R. Then Nyeg I, is
an (left,right, ) ideal in R.

(d) [d] Let R be a ring and (I;)qeo a non-empty direct family of (left,right, ) ideals in R. Then
Ugeo 1y is an (left,right, )ideal in R.
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Definition A.5.8. [def:closure or structure] Let G-be a structure of the set S and T a subset of G.
The set

(T)g:=({H|T cHCcS,H is G-closed}
is called the G-subset generated by T, or the G-closure of T.



Appendix B

Categories

B.1 Definition and Examples

In this chapter we give a brief introduction to categories.

Definition B.1.1. [category] A category Cat is a triple of (C,Hom, Com) such that
(i) [i] Cis class;
(ii) [ii] Hom is a function from C x C to the class of sets;

(iii) [iii] Com is a function with domain C x C x C such that for each A, B,C € C, Com(A, B,C) is
a function
Com(A, B,C) : Hom(B,C) x Hom(A, B) - Hom(A, C)

(iv) [iv] the elements of C are called the objects of Cat.

(v) [v] If A and B are objects and f € Hom(A, B) are then the triple (f, A, B) id called a morphism
from A to B and is denoted by f : A — B. (Note here that f does not have to be a function from
AtoB.

(vi) [vi] Forobjects A, B, C and morphisms f : A -~ Band g : B — C we denote Com(A, B,C)(g, f)
by g o f. (Note that this is a bit ambiguous, since g o f also depends on A, B and C, but this
should not lead to confusion). g o f is called the composition of g and f. If f = (f,A, B) and
g= (g, B,C) wewrite gof for (go f,A,C). Note that the notation g o f is unambiguous.

(vii) [vii] If f:A— B, g: B— C and h: C — D are morphisms then
ho(gof)=(hog)of

(viii) [viii] For each object A there exists a morphism from A to A, denoted by idy, such that for all
morphism f:A—> Bandg:B— A

foidg=f and idgog=g

169
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Definition B.1.2. [def:equivalence] Let Cat be a category..

(a) [a] A morphism f: A — B is called an equivalence if there exists a morphism g : B -~ A with
fog=idp and gof=idy
(b) [b] Two objects A and B are called equivalent if there exists an equivalence f : A - B.

Remark B.1.3. [rm:comp of equivalence] Let Cat be a category.

(a) [a] The composition of two equivalences in a category is an equivalence.
(b) [b] Let A be an object. Then (Hom(A,A),Com(A,A,A)) is a monoid. f : A - A is an

equivalence if an only if f is invertible in Hom(A,A). So the set of equivalences from A to A
form a group.

Proof. Straightforward. o

Example B.1.4. [ex:cat]

1. [1] Let S be the class of all sets. Let Hom(A, B) = Fun(A, B) be the set of all functions from
A — B. Let Com(A, B, C) be regular composition. Then (S,Hom,Com) is a category called the
category of sets. A morphism in this category is an equivalence if an only if it is a bijection.

2. [2] The class of all groups with morphisms the group homomorphisms and the regular compo-
sition is a category called the category of groups.

3. [3] By Remark[B.1.3|a category with one objects is essentially the same think as a monoid.

4. [4] Let G be a monoid. Let C = G. For a,b € G define Hom(a,b) = {x| xa = b}. So x:a - b
means xa = b. Define composition by multiplication. If x : a - b and y : b — ¢ are morphisms
then

(yx)a = y(xa) = yb = ¢

and so yx is indeed morphism from a to c. Note that e is the identity in Hom(a,a) for all a € G.
So (C,Hom, Com) is category.

5. [8] The class of all partially ordered sets with morphisms the increasing functions and regular

composition is category.

6. [6] Let (I,<) be a partially ordered set. Let a,b € I. If a > b define Hom(a,b) = @. If a < b let
Hom(a, b) have a single element, which we denote by "a — b”. Define composition by

(b—>c)o(a—Db)=(a—rc).

this is well defined as partial orderings are transitive. Associativity is obvious. Since < q is
reflexive a — a is an identity for A. So (I,Hom, Com) is a category.

Conversely, suppose Cat is a category such that C is a set and |[Hom(A, B)| < 1 for all A,B € C.
Define A < B if [Hom(A, B)| = 1. Then (C,<) is a partially ordered set.
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7. [7] Let Cat be any category. Let D be the class of morphisms in Cat. Given morphisms f : A - B
and g : C — D in C define Hom(f,q) to be the sets of all pairs (a,b) where a : A - C and
b : B — D are morphism such that g o a = b o f, that is the diagram:

A—— C

commutes.

If h: E - F is a further morphism and (c,d) € Hom(g, h) define (a,b) o (c,d) = (aoc,bod).
Then (a,b) o (c,d) e Hom(f, h):

A c <> E
I O
B—".p_“,F

The resulting category is called the category of morphisms for Cat.

8. [8] Let Cat be a category. The opposite category Cat®? is defined as follows: The objects of
Cat® are the objects of Cat.

Hom®P (A, B) = Hom(B, A) for all objects A, B.
f € Hom®® (A, B) will be denoted by

f:AO—p>B or f:A< B.

op
S og=gof.

The opposite category is often also called the dual or arrow reversing category. Note that two
objects are equivalent in C if and only if they are equivalent in C°P.

B.2 Universal Objects and Products

Definition B.2.1. [def:universal]

(a) [a] An object I in a category is called universal ( or initial) if for each object C of C there exists
a unique morphism I — C.

(b) [b] An object I in a category is called couniversal ( or terminal) if for each object C of C there
exists a unique morphism C — 1.
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Note that / is initial in C if and only if its terminal in C°P.

The initial and the terminal objects in the category of groups are the trivial groups.

Let I be a partially ordered set. A object in C; is initial if an only if its a least element. Its
terminal if and only if its a greatest element.

Let G be a monoid and consider the category C(G). Since g : e — g is the unique morphism
form e to G, e is a initial object. e is a terminal object if and only if G is a group.

Theorem B.2.2. [uniuni] Any two initial (resp. terminal) objects in a category I are equivalent.

Proof. Let A and B be initial objects. In particular, there exists f : A - Band g : B — A. Then
id4 and g o f both are morphisms A — A. So by the uniqueness claim in the definition of an initial
object, id4 = g o f, by symmetry idg = f o g.

Let A and B be terminal objects. Then A and B are initial objects in C°P and so equivalent in
C°P. Hence also in C. ]

Definition B.2.3. [def:cat product] Lez C be a category and (A;,i € I) a family of objects in C. A
product for (A;,i € I) is an object P in C together with a family of morphisms rt; : P — A; such
that any object B and family of homomorphisms (¢; : B — A;,i € I) there exists a unique morphism
¢: B — Psothat ;o ¢ = ¢; foralliel. That is the diagram commutes:

¢

NA

A;

P B

commutes for all i € I.

Any two products of (G;,i € I) are equivalent in C. Indeed they are the terminal object in the
following category £

The objects in £ are pairs (B, (¢;,i € I)) there B is an object and (¢; : B — A;,i € I) is a family
of morphism. A morphism in & from (B, (¢;,i € I)) to (D, (¥;,i € I) is a morphism ¢ : B — D with
gi=yiopforalliel.

A coproduct of a family of objects (G;,i € I) in a category C is its product in C°P. So it is an
initial object in the category £. This spells out to:

Definition B.2.4. [def:coproduct category] Ler C be a category and (A;,i € I) a family of objects
in C. A coproduct for (A;,i € I) is an object P in C together with a family of morphisms ni; : A; > B
such that for any object B and family of homomorphisms (¢; : A; — B,i € I) there exists a unique
morphism ¢ : P — B so that ¢ ot; = ¢; forall i € I.
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