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MTH 309-4 Linear Algebra I F11

Recitation 12

(A) Let A be an n× n matrix and (v1, . . . , vn) a linearly independent list of eigenvectors of
A, so (v1, . . . , vn) is a basis for Rn and for all 1 ≤ i ≤ n there exists λi ∈ R with Avi = λivi.
Set

D =



λ1 0 0 . . . 0 0 0

0 λ2 0
. . . 0 0 0

0 0 λ3
. . .

. . . 0 0
...

. . .
. . .

. . .
. . .

. . .
...

0 0
. . .

. . . λn−2 0 0

0 0 0
. . . 0 λn−1 0

0 0 0 . . . 0 0 λn


and

P = [v1, . . . , vn]

that is, the ith column of P is the vector vi . Prove:
(A1) P is an invertible matrix.
(A2) PD = AP
(A3) A and D are similar matrices.
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(B) Let

A =

 1 3 3
−3 −5 −3

3 3 1

 .
(B1) Find the characteristic polynomial of A.
(B2) Find the eigenvalues of A.
(B3) Find bases of the eigenspaces of A.
(B4) Find a diagonal matrix D and an invertible matrix P such that D = P−1AP .
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(C) Let T : V → V be a linear function and f = anx
n + an−1x

n−1 + . . . + a1x + a0 a
polynomial. For k a non-negative integer define T k inductively by T 0 = idV and T k+1 =
T k ◦T . Let f(T ) : V → V be the function anT

n + an−1T
n−1 + . . .+ a1T + idV . Prove that:

(C1) f(T ) : V→ V is linear.

(C2) If v is an eigenvector of T associated to λ ∈ R, then v is an eigenvector of f(T ) associated
to f(λ).



4

(D) Let T : V→ V be a linear function with dim ImT = k <∞, Prove that T has at most
k + 1 distinct eigenvalues.


