MTH 309-4 Linear Algebra I F11

Homework 7/Solutions

Section Exercises
3.5 6,9,21
6.1 1,2,4,6,9,10,19

(Section 3.5 Exercise 21). Let S be a subspace of a finite dimensional vector space V.
Prove that if dimS = dim 'V, then S =V.

Let n = dimV. Then also n = dimS and so by N3.4.4 S has a basis (s1,...,s,) of
length n. Since n = dim V, N3.5.4 implies that (sq,...,s,) is also basis for V. Since bases
are spanning lists we conclude

V =span(si,...,sp) = 5.

(Section 6.1 Exercise 1). Show that P : R — R3 defined by P (g) = (%) is linear.
Find a matriz A such that P <§> =A (é)

1 00 x 1 00 T T T
PutA=10 1 0|.ThenA|y| =10 1 0| |y|=|y|=P|y
0 0 0 z 0 0 0 z 0 z

Hence P = L4 and so by N6.1.7, P is linear.

A. Let V' be a vector space and U and W subspaces of V' with UNW = {0}. Let (u1,...,un) be
a linearly independent list in U and (w1, ..., wy) a linearly independent list in W. Show
that

(Upy ooy Uy W, ey Why)
18 a linearly independent list in V.

Let r1,...,7n,81,..., 8y be in R with

(*) Ul + ...+ s + S1w1 + ...+ Spwm =0

Put w = riur + ... + rpuy, and w = sqwy + ... Spwy,. Since U and W oare subspaces,
Theorem 3.3 shows that v € U and w € W. By (*), u 4+ w = 0 and so v = —w. Since W



is a subspace u = —w = (—=1)w € W. So v € UNW and since U N W = {0} we conclude
that v = 0. From u + w = 0 we also get w = 0. Thus by definition of v and w:
rul + ... rpu, = 0 and sjwy + ... $pwy,, =0

Since (uq,...,uy) and (w1, ..., wy,) are linearly independent this implies 1 = 0,7y =
0,...,7p,=0and s1 =0,...,8, =0. So (u1,...,up, Wy, ..., wy) is linearly independent.

(Section 6.1 Exercise 19). Suppose the linear function L : M(2,2) — M(2,2) satisfies

10 10 01 00
L = 5 L =
0 0 00 00 10
00 01 00 00
L = 5 L =
10 00 01 01
a b a c a b
Show that L = for all matrices in M(2,2).
c d b d c d

By definition of scalar multiplication and addition for matrices:

a b 10 01 0 0 0 0
=a +b +c +d
c d 0 0 0 0 10 0 1

Applying L to both sides of this equation and using Theorem 6.2(c) we conclude

a b 10 0 0 0 1 0 0
L =aq +b +c +d

c d 0 0 10 0 0 01



B. Let

[1 2 3 0 0]
1341 2
A=1L
25 7 1 1
01 2 3 4
Find bases for ColA, RowA and NulA.
(1 2 3 0 0] (1 2 3 0 0] 10 1 —2 —4]
13412 , v w 01112 mo2momlo11 1 2
A= R3 — 2R1 — R2 RS- R2— RS
25 7 1 1 011 1 1| m-mor 000 0 -1
01 2 3 4 01 2 3 4 001 2 2|
(1 0 0 -4 —6 (1 0 0 —4 0]
R1 — R4 —- R1
R2 — R4 — R2 010 -1 0 R1 + 6R4 — R4 010 —-10
—R3 — R3 R3 — 2R4 — R3
o001 2 2 001 2 0
000 0 1| 000 0 1

The lead variables are x1, xs, 3, x5 and so by Theorem N3.7.5 columns 1,2,3 and 5 of
A form a basis for ColA. So

1\ [2\ (3\ (o
1| |3 |4] |2
o {57 |7] |1
o/ \1) \2/ \4

is a basis for ColA.

By Theorem N3.7.5 non-zero rows of B form a basis for ColA. Hence

((1, 0,0, -4,0),(0,1,0,-1,0), (0,0,1,2,0), (0,0,0,0, 1))

is a basis for Row A.
Using the reduced row echelon form to solve for the lead variables we obtain

Xr1 = 4:64, T = 11’4, r3 = —21‘4, T4 = 11’4, Iy = 03;4,



and so by Theorem N3.7.5

is a basis for NulAd

C. Consider the following vectors in RO:

uyp =

1
0

((4717_27170))
1 3 1
1 1 1
1 3 1
y U3 = , W1 = , W2 =
1 1 0
1 3 0
1 1 0

o o O

1
1

, and wg =

1

2
3
4
5
6

PutU = span(u1, ug, us) and W = span(uy, ug, uz, wi, w2, ws). Find a sublist (x1, ...

of (u1,u2,us) and a sublist (yi, ...
U and (x1,..

We compute the reduced row echelon form of the matrix A formed by w1, us, us, wi, wo, ws:

0 1
11
0 1

3 Lny Y1y -

1

—_

1

o o O

(1131 0 1]

0

R2 4+ R4 — R2

R6 — R5 — R6

R5 — R4 — R5
—R4 — R4

113 1

R3 — Rl — R3
R5 — R1 — R5

020 O
110 1
000 O
0 01 -1
000 O
000 O

01
011 1 0 2
000 0 0 2
011 0 1 4
000 -11 4
011 0 16
_1-
4
R1+ R3 — R1
1 R2 — 4R3 — R2
R4 + 2R3 — R4
—2| Rs5-2R3—R5
R3 <+ R4
2
0

v YUm) of (w1, wa, ws), such that (z1,..
,Ym) 1S a basis for W.

10 2

01 1
L oo
wo_mom |00 0

00 0

0 0 0
1020 0 0
0110 1 0
0001 —10
0000 0 1
0000 0 0
0000 0 0

0

s Tn)
., Ty) 18 basis for

0
0
0
1




So the leading variables are x, 2,24 and zg. By Theorem 3.7.5 (applied to the first
three columns of A), (a1,a2) is a basis for Col[a1, ag, as] and by Theorem 3.7.5 applied to
A, (a1, a9, a4) is basis for ColA. Since a; = u; and a;43 = w; for 1 < ¢ < 3 we conclude that
(u1,u2) is a basis for Col[uy, ug, us] = span(uy,us,us) = U, and (u1,us,w) is a basis for
ColA = Col[uy, ug, ug, wy, we, ws] = span(uy, ug, us, wi, wa, ws) = W.



