MTH 234-61 Multivariable Calculus Quiz 9 11/29/11
Solutions

1. (4 points) Find a potential for F = (2zyz, 222, 2%y) and evaluate fC FdF, where C is a smooth curve
from (0,0,0) to (1,2, 3).

Solution: We need to find a function f with Vf = F, that is a function f with

fm = 2zyz, fy = {E2Z, fz = $2y

From f, = 2zyz we get f = 2?yz + g, where g a function of y and z. So f, = z?z + g, and since
fy = 2%z we get g, = 0. Therefore g = h, where h is a function of z. Hence f = z?yz + h and
f, = 2%y + h.. Since f, = 2%y we get h, = 0. Thus h = ¢, ¢ a constant. We are only asked to find

find one potential, so we can choose ¢ = 0. Then

By the Fundamental Theorem of line integrals

/de:f(172,3)—f(0,070):12~2-3—0~O-0:6—O:@.
C

2. (4 points) Use the Flux-Divergence form of Green’s Theorem to evaluate fo (22 — 3y, x +y) - ds, where
C' is the unit circle 7= (cost,sint), 0 <t < 2.

Solution: Let R be the unit circle 22 + y? < 1. Then C is the counter clockwise boundary of R.
By Green’s Theorem

%<2x73y7x+y>~ﬁds:// div(2z — 3y, x + y)dA.
C R

We have div(2z — 3y, = +y) = L (2z — 3y) + d%(z+y) =2+1=3andso

T

// div<2x73y,x+y>dA:// 3dA:3// dA = 3area(R) =[37]
R R R

3. (3 points) Find a parametrization for the portion of the sphere x? + y2? + 22 = 4 in the first octant
between the zy-plane and the cone z = y/x2 + y2.

I will present three different solutions:

Solution 1: In terms of spherical coordinates the sphere 22 +y2 4 22 = 4 can be described as p = 2.

So

7= (2sin ¢ cos 0, 2sin ¢ cos , 2 cos ¢), 0<op<m0<O<27r
is a parametrization of the whole sphere 22 + y2 + 2% = 4.
The cone z = /2% + y? can be described as ¢ = 7, and the xy-plane as ¢ = 7. So the region
between the zy plane and the cone z = y/x2 + y2 can be described by 1<%

The first octant is described by 0 <6 < 7 and 0 < ¢ < 7. So we obtain the following parametriza-
tion:




vl

’FZ (2sin ¢ cos 0, 2 sin ¢ cos b, 2 cos @), T<0<3,0<0<

Solution 2: In Cartesian coordinates the semisphere z? + 32 + 22 = 4,z > 0 can be described as
z=+/4 — 22— 9?2 and so

F:<xvyv\/4_m2_y2>7 $2+y2§4

is a parametrization of the semisphere z? + 32 + 22 =4, z > 0.
The region between the xy-plane and the cone z = /22 + 32 can be described by 0 < z < /22 + y2.

So for z = \/4 — 22 — y2 this means \/4 — 22 —y2 < /22 +y2 and so 4 — 2% —y? < 2% + 42,4 <
2(2? + y?) and 2 < 22 + y2. The first octant is > 0,4 > 0,z > 0 and we obtain the following
parametrization:

77:<5572U»\/4_$2_y2>> 2§$2+y2§47$207920

Solution 3: In cylindrical coordinates the semisphere z? + y? + 22 = 4,z > 0 can be described as

z =14 —1r2 and so

Fz(rcosﬂ,rsinﬁ,\/m>, 0<r<20<6<2r

is a parametrization of the semisphere 22 + 32 + 22 =4, 2 > 0.

The cone z = y/x2 + y2 can be described by z = r, the zy-plane by z = 0 and so the region between
the zy-plane and the cone z = /22 + 32 can be described by 0 < z < r. For 2 = v/4 — r2 this means
Vi—r2<randsod—r2<r?4<2r2 2<r?and v2 < r. The first octant is 0 < 6 < 5,220
and we obtain the following parametrization:

7= (rcosf,rsinf, /4 —r?) V2<r<20<0<72




