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Chapter 1

Local Properties

local

Definition 1.1 Let C be a class of groups and G a group. Then G is called a locally locally
C-group, provided that for each finite subset X of G there exists Y < G with X CY and
Y eC.

For example a locally abelian group is abelian as any two elements of G have to lie in
an abelian subgroup of G and so commute. A less trivial observation is:

Lemma 1.2 Let G be a locally simple group. Then G is simple. ls=s

Proof: Let N be a non-trivial normal subgroup of G and 1 # x € N. We need to show
that G = N. For this let y € G. Since G is locally simple there exists a simple subgroup S
of G so that z,y € S. Asx € SN N, SN N is a non-trivial normal subgroup of S and so
S=SNN<N. Thus y € N. Now y was arbitrary and so G = N O

Another explanation why ”simple” is a local property is as follows. A group G is simple
if and only if G = (z€) for all 1 # 2 € G. This is true if and only if y € (%) for all y € G.
This in turn just means that y can be written as a product of finitely many conjugates of x
and 2~ !. But the last statement just involves finitely many elements of G and so is a local

property.
The next lemma introduces a fairly general method to construct locally C-groups.
Lemma 1.3 Let C be a class of groups and let cleg
G <G2<G3<...<G; <Gy <
be an ascending chain of C-groups . Put G = J;2, Gi. Then G is a locally C-group.

5



6 CHAPTER 1. LOCAL PROPERTIES

Proof: Let X be a finite subset of G. As G is the union of the G;, for each x € X there
exists iy > 1 with € G;,. Put i = max{i, | z € X}. Then z € G;, < G, and so X C G,.
Since G; is a C group, this proves that G is locally a C-group. O

For example the infinite cyclic group (Z, +) has lots of subgroups isomorphic to itself
and we easily obtain a chain of groups as in 1.3 with each of the G;’s isomorphic to Z and
properly contained in G;y;. The resulting group G is locally cyclic, but (as any possible
element of G lies in one of the G;’s and so generates a proper subgroup), G is not cyclic. A
more concrete example of a locally cyclic but not cyclic group is (Q, +). The reader might
also convince herself that our first example of such a locally cyclic, but not cyclic group is
isomorphic to a subgroup of Q. For example if |G;11/G;| = 2 for all ¢, then G is isomorphic
to {gr In€Z,k €N}

To obtain an example of an infinite, locally finite, locally cyclic, groups, let p be prime
and choose G; = C)i = Z/ p'Z. The resulting group G is called the Priifer p-group and will
be denoted by Cpe or Zpoo.l

Next let ©Q; = {1,2,...,i}. Then we can identify Sym(€2;) with the subgroup of
Sym(€;41) fixing ¢ + 1. Application of 1.3 yields a locally finite group G = ;2 Sym(€;).
Note that we can view G as a subgroup of Sym(Q2), where Q@ = {1,2,3,...}. But G is not
the full symmetric group, indeed

.28 2644225123235 —>T7T—9—...

is an element of infinite order in Sym(2) and so cannot be contained in G. Note also that
the elements in G fix all but finitely many elements of Q. Conversely, if 7 € Sym(2) fixes
all but finitely many elements of €2, then m € GG;, where i is the largest positive integer not
fixed by 7. For a set A define the finitary symmetric group on A by

FSym(A) = {r € Sym(A) | [ Supp(7)| < oo}

With this notation G is FSym(£2). The groups FSym(A) are always locally finite and
we have found locally finite groups of arbitrary cardinality. FSym(A) is a normal subgroup
of Sym(A) and has as a normal subgroup the alternating group Alt(€2), which consists of
those permutations which are product of an even number of 2-cycles. Also it might be
interesting to notice that for infinite A, | FSym(A)| = |A| while | Sym(A)| = 24!,

Next we use 1.3 one more time to construct one of the most fascinating locally finite
groups: P.Hall’s universal locally finite group U.

For this let n; = 3 and put G; = Sym(3). Let ny = |G1| = n1! and Gy = Sym(ng) =
Sym(G1). View Gj as a subgroup of Gg via the regular permutation action. Inductively
put ng+1 = |G| = ng!, Ggr1 = Sym(ng41) = Sym(Gy) and view Gy, as a subgroup of G41

!The reader may check that the Priifer p-groups are subgroups of the multiplicative group of complex
numbers with norm equal 1



via the regular permutation. Put U = J;2; G;. Then U is a locally finite group. We will
study U in more details later on but for now let us notice that as U contains symmetric
groups of arbitrary large finite groups, U contains an isomorphic copy of any finite group.
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Chapter 2

P.Hall’s universal locally finite
group

Definition 2.1 A locally finite group G is called universal provided that G fulfills the
following property:

(Uni) For all finite groups F' and E and embeddings a : F — G and 3 : F — E there
exists an embedding v : E — G with a = ~vf3.

The goal of this chapter is to show that P.Hall’s group U is up to isomorphism the
unique countable, universal, locally finite group.

Definition 2.2 Let G be a group acting on a set ). Then we say that G acts semi-reqularly
on Q provided that Cg(w) = {g € G |wI =w} =1 for allw € Q. G acts regularly on Q if
G acts transitively and semi-regularly on €.

The proofs of the next three lemmas are left to the reader.

Lemma 2.3 Let G be acting on a set Q). Then the following three statements are equiva-
lent:

(a) G acts semi-regularly on Q.
(b) G acts regularly on each of its orbits on ).

(¢) Each orbit for G on §) is isomorphic to the action of G on G by right multiplication.]

Lemma 2.4 Let G be a group acting semi-reqularly on a set  and H < G. Then also H
acts semi-reqularly on €. O

Lemma 2.5 Let G be acting semi-regularly on the sets 1 and Q9. Then Q1 and o are
isomorphic as G-sets if and only if || = |Qa]. O

9
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Proposition 2.6 P.Hall’s group U is universal.

Proof: Let F and F be finite groups and a : F — U and 8 : FF — E be embeddings.
Also let G1 < G3 < ... < G; < ... be the ascending chain of finite symmetric groups used
to construct U. Since «o(F) is finite, there exists j with a(F) < G;. Moreover, pick k,
ng > |E| and k > j. Then o(F) < G and there exists an embedding v* : £ — Gj. Let
i =k+1and Q = Gg. Then G; = Sym(f2). By construction G}, acts regularly on Q and
so by 2.4 we see that both « and v*# define semi-regular actions of F' on 2. By 2.5 these
actions are isomorphic. But that just means that there exists g € Sym(Q2) = G; < U so
that a = Inn(g)y*B. Putting v = Inn(g)y* we see that (Uni) in Definition 2.1 is fulfilled.d

Proposition 2.7 Let X and Y be countable, universal, locally finite groups. Then X and
Y are isomorphic.

Proof: Since X and Y are countable, X = {z1,z2,23,...} and Y = {y1,y2,ys,...}.
Put X; = (z1,22,...,z;) and Y; = (y1,92,...,¥;) and note that X; and Y; are finite sub-
groups of X and Y, respectively. Put Xj = 1 = Y. By induction we will define finite
subgroups X < X and Y; < Y;" and embeddings ¢; : X; = Y and ¢; : Y;* — X so that
for all ¢ > 0

Lo X7 = (i1 (Y21), Xi)

2. ¢; 011 is the identity on Y;* ;.

w

. ¢; equals ¢;_1, when restricted to X"
4 Y7 = (i(X7), Vi)

5. 1; o ¢; is the identity on X.

[«

. 1 equals 1;_1, when restricted to Y;* ;

For ¢ = 0 there is nothing to do. So assume such groups and maps exist for ¢ — 1. Then
use 1. as the definition of X}. Let F' = ¢;_1(Y;*;) and o : F — Y*; <Y the inverse
map of ¥;_1. Let B be the inclusion map from F' to X;.. As Y is universal there exist
v: X7 =Y with 78 = o. But this just means that vy restricted to F'is a and so 2. holds
with ¢; = 7. In particular, ¢; is the inverse of 1;_1 on X ;. By 5. the same is true for
¢;—1 and so 3. holds.

4., 5. and 6. are done in a similar way.

Define ¢ : X — Y by ¢(z;) = ¢i(x;) and ¥ : Y — X by 9(y;) = ¥i(y;). Then it is easy
to check that v and ¢ are group homomorphisms which are inverse to each other. O

phu



Chapter 3

Kegel-covers of locally finite,
simple groups

JFrom now on G will always be a locally finite group and F the set of finite subgroups of Kegel
G, i.e the set of finitely generated subgroups of G.

Definition 3.1 kegelcover

(a) A set of pairs {(H;, M;)|i € I} is called a sectional cover for G if, for all i in I,
H; € F and M; is a normal subgroup of H;, and if, for each H € F there exists i in
I with H < H; and H N M; = 1. The groups H;/M;, i € I, are called the factors of
the sectional cover.

(b) A Kegel-cover for G is a sectional cover all of whose factors are simple groups.

Definition 3.2 G is subgroup of G generated by the all the perfect finite subgroups of G. gi
G is called absolutely perfect if G = G*°.

Note that G* is the smallest normal subgroup N of G so that G/N is locally solvable.
Also for finite G, G*° is just the last term of the derived series of G and G is perfect if and
only if its is absolutely perfect.

Lemma 3.3 Let {(G;, N;)|i € I} a sectional cover for G. Suppose that T =JF_, I;. Then psc
for at least one 1 <t <k, {(Gi, N;)|i € I} is a sectional cover for G.

Proof: Suppose not. Then for each t there exists a finite subgroup F; < G so that for
all ¢ € I with F; < G; we have F; N N; # 1. Define F' = (F; | 1 <t < k). By the definition
of a sectional cover there exists ¢ € I with F' < G; and FF'N N; = 1. But then F; < G; and
F; N M; = 1. Hence i &€ I}, a contradiction to I = Ule I;. O

Lemma 3.4 Let G be a locally finite, simple group and {(G;, N;)|i € I} a sectional cover elementarykeg
for G.

11



12 CHAPTER 3. KEGEL-COVERS OF LOCALLY FINITE, SIMPLE GROUPS

(a) There exists a Kegel cover {(Hj, M;)|j € J} such that for all j € J there exists i € I

(b) For i € I let M; be a normal subgroup of G;. Then at least one of {(Gi, M;)|i € I}
and {(M;, M; N N;)|i € I} is a sectional cover for G.

(c) Suppose G is not cyclic of prime order.Then {(G°,G° N N;)|i € I} is a sectional
cover for G.

(d) Suppose G is not cyclic of prime order. Let € be a class of groups such for each i € I
and each non-abelian composition factor K of G;/N; one has K € £. Then there
exists a Kegel cover for G all of whose factors are in .

Proof: (a) Let E be a non trivial finite subgroup of G and 1 # ¢ € E.

As a first step we show there exists a finite subgroup T of G with £ < T and F < <e<eT>>
for all 1 # e € E. Indeed since G is simple, E < (¢“) and since G is locally finite, F < (ef*)
for some finite subgroup F. of G. Similarly F, < (e’¢) for some finite subgroup T, of G.
Then £ < <e<eTe>>. Now just let T be the finite subgroup of G generated by E and all the
T., 1 # e € F and the first step is completed.

Pick i € I with T < G; and TN N; = 1. Put Hg = (E%)N;.

Our second step is to find a maximal normal subgroup Mg of Hg with N; < Mg and
EN Mg = 1. For this let R be the set of the maximal normal subgroups of Hg containing
N; and R = [1R. Then G; leaves R invariant and so R is a normal subgroup of G; with
R < Hpg. Suppose that E < R. Then Hp = (E%)N; < R, a contradiction. Thus E £ R.
Thus there exists Mp € R with E £ Mg. To complete the second step it remains to show
that £ N Mg = 1. Otherwise pick 1 #e € EN Mg. Then

E < (el < (efP) < My,

a contradiction.

It follows now immediately from the second step that {(Hg, Mg) | E € F} is a Kegel
cover that fulfills (a).

(b) Assume that {(Gi, M;)|i € I} is not a sectional cover for G. Then there exists a
H € F such that H N M; # 1 for all ¢ € I with H < G;. Without loss H < G; for all ¢ € I.
For 1 # h e H let I, = {i € I|h € M;}. Then I is the finite union of these I}, and so by 3.3
there exists 1 # h € H such that {(G;, N;)|i € I;,} is a sectional cover for G. Hence we may
assume that I = I. Let E be any finite subgroup of G. Since G is LF'S, there exists a
finite subgroup 7" in G with E < T and E < (h"). Picki € I with T < G; and TN N; = 1.
Then E < (h') < M; and EN(N; N M;) < TN N; = 1. Thus {(M;, M; " N;)|i € I} is a
sectional cover for G.

(c) Otherwise we conclude from (b) that {(G;, G:°)|i € I} is a sectional cover for G.
Hence by (a) G has a Kegel cover all of whose factor are of prime order. Hence every finite
subgroup of G is embedded into a group of prime order and so G itself has prime order.
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(d) By (a) there exists a Kegel cover all of whose factors have prime order or lie in £.
Thus by 3.3 there exists a Kegel cover all of whose factors have prime order or there exists
a Kegel cover all of factors are in £. In the first case G itself has prime order and (d) is
proved. O

We remark that there exists examples of locally finite groups which do have a Kegel
cover, but are not simple.

Corollary 3.5 Non-cyclic, locally finite simple groups are absolutely perfect. In particular, lss
a locally solvable, locally finite, simple group is cyclic of prime order.

Proof: Observe that every locally finite simple groups has a sectional cover, for ex-
ample {(F,1) | F € F}. Hence the corollary follows from 3.4c. O
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Chapter 4

Serial Subgroups

The main goal of this section is to show that a subgroup of G is serial if and only if its Serial
locally subnormal.

For the next definition recall that a directed set is a partially ordered set so that each
two elements have an upper bound. For example F is a directed set under inclusion.

Definition 4.1 Let I be o directed set and for ¢ € I let L; be a subgroup of G. Then localsystem
{L; |i €I} is called alocal system for G with respect to I provided:

(a) Ly < Lj foralli < jel.
(b) Uies Li = G

By (b) each of the elements of G lie in one of the L;’s and by (a) and since I is directed
each finite subgroup of G lies in one of L;’s.

Definition 4.2 Let R be a group and H a group acting on R. Let S a set of H-invariant series
subgroups of R.

(a) S is called an H-series on R provided that:

(a) le Sand Re S.

(b) S is totally ordered with respect to inclusion. That is, if D,E € S then D < E
or E < D.

(c) S is closed with respect to arbitrary intersections and unions. That is, if D C S,
then YD €S and | D € S.

(d) For DeSput D~ =\{EF €S| E<D}. Then D~ <D forallD€S.

(b) If D # D~ for some D € S, then (D™, D) is called a jump of S and D/D~ a factor
of S.

15



16 CHAPTER 4. SERIAL SUBGROUPS

(¢c) An H-composition series is an H-series so that none of the factors has a proper H-
invariant normal subgroup.

(d) A normal H-series on R is a series all of its members are normal in R and a H-chief
series 4s a normal composition series.

(e) A series, normal series, composition series and chief series on R is a 1-series, normal
1-series, 1-composition series and 1-chief series on R.

(f) A subgroup N of R is called H-serial in R provided that N is the member of some
H-series on R.

locallysubnormal Definition 4.3 Let N be a subgroup of G. Then N is called locally subnormal provided
that for each F € F, N N F s subnormal in F.

fsn Lemma 4.4 Let G be finite, H a subgroup of G, N a subnormal subgroup of G, M a
normal subgroup of G and N a set of subnormal subgroups of G. Then

a) HN N is subnormal in H. In particular, N is locally subnormal in G.

b) NM/M is subnormal in G/M.

(c

(
(
(d) If H < (NH), then H < N.

)
)
) NN and (N) are subnormal in G.
)
)

(e) If H is subnormal in N, then H is subnormal in G.

Proof: (a) Just intersect a subnormal series from N to G with H to obtain a subnormal
series from H N N to H.

(b) Just take the images in G/M of a subnormal series from N to G to obtain a sub-
normal series from NM /M to G/M.

(e) follows immediately from the definition of subnormal.

(¢) By induction on |N| we may assume that N = {Ny, No}. Then by (a) N3 N Ny <
<N; < <G and so (A is subnormal in G.

For the proof that (N) is subnormal in G we will use induction on |G| and then on
|G/Ni1|. If |G| =1 or |G/Ni| = 1, there is nothing to prove. If Ny <G then by (b) N1 N2/N;
is subnormal in G/N; and so N N3 is subnormal in G. So we may assume that Nj is not
normal in G. Thus there exist subnormal subgroups N3, Ns with

N1 <N3<<ANs < G

Let n € Na. Since n normalizes Ny, N7 is a subnormal subgroup of Ny. Since |Ny4| < |G|,
induction on |G| implies that (N{'2) = (N7 | n € Ny) is a subnormal subgroup of Ny and
so also a subnormal subgroup of G.
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If Ny does not normalize Ny, then [(N2)| > |Nj| and so by induction on |G/Ny,
(N1, No) = ((N{2), Ny) is a subnormal subgroup of G.

So we may assume that Ny does normalize N7. Thus (N3, No) < Ng(N1) < G. Thus
by induction on |G|, (N1, N2) is subnormal in (N3, Na). Moreover by induction on |G/Ni|,
(N3, N3) is subnormal in G. Thus (N, N3) is subnormal in G by (e).

(d) By induction on |G|. If N = G we are done. So suppose N < <M < G. Then
H < (NH) <(MH")= M. As |[M| < |G| and N and H are contained in M, we are done by
induction. O

Lemma 4.5 Let {L;|i € I} be alocal system for G and for i € I let N; be a subgroup of clsn
L;. Suppose that

(a) For alli € I, Nj is locally subnormal in L;.
(b) Foralli < jelI, Ny <Nj.

Then N =

ser Ni 1s a locally subnormal subgroup of G.

Proof: First notice that by (b) and as [ is directed, N is a subgroup of G. Let F' € F.
Then since F and FFN N are finite there exists ¢ € I so that F' < L; and FNN < N;. Since
N; is locally subnormal in L;, F' N N; is subnormal in F'. But

FAN,<FNN<FnN,.

So FNN; =FNN and FN N is subnormal in F, as desired. O
We are now able to generalize 4.4 to infinite locally finite groups.

Proposition 4.6 Let H a subgroup of G, N a locally subnormal subgroup of G, M a lfsn
normal subgroup of G and N a set of locally subnormal subgroups of G. Then

(a) HN N is locally subnormal in H.

(b) NM /M is locally subnormal in G/M.
(
(d

)
)

c) NN and (N) are locally subnormal in G.
) If H < (N and H is finite, then H < N.
)

(e) If H is locally subnormal in N, then H is locally subnormal in G.

Proof: We will prove (d) and the second part of (c¢). The easy proofs for the remaining
parts are left to the reader.

(c) part 2: For F € Fput Np =(ENF | E € N). As each E € N is locally subnormal
E N F is subnormal in F' and so by 4.4c, Ng is subnormal in F. Also F} < Fy € F clearly
implies Np, < Np,. Application of 4.5 (with I = F and Lp = F) yields that N = (Jpc» N
is locally subnormal in G. To complete the proof of (c) it now suffice to show that N = (N).
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By definition of Np, Np < (N) and so also N < (N). Conversely, if g € E € N, then
g € Ny < N and so (N) < N.

(d) Since H is finite and H < (N*), there exists a finite subset A of N with H < (A).
Put FF = (A,H). Then A C FNN and so H < ((FN N)#). As N is locally subnormal
F NN is subnormal in F. Soby 4.4d H < FNN < N. O

Lemma 4.7 Let N subgroup of G that is mazimal with respect to being locally subnormal.
Then N is normal in G.

Proof: Suppose N is not normal in G. Then there exists g € G with N # N9. By 4.6¢,
(N, NY) is locally subnormal in G and thus by maximality of (N, NY) = G. In particular,
(g) < (N9) and so by 4.6d, g € N a contradiction to N # NY. O

Theorem 4.8 Let H be a subgroup of G. Then H is serial in G if and only if it is locally
subnormal in G.

Proof: Suppose first that S is a series on G containing H. Let F' € F. Then SNF =
{ENF | FE €S8} is asubnormal series of F' containing F'N H. So H is locally subnormal.

Suppose next that H is locally subnormal in G. Let & be a maximal chain of locally
subnormal subgroups of G with H € S§. That such a maximal chain exists follows from
Zorn’s lemma. To complete the proof of the theorem it suffices to show that S is a series.
Clearly 1€ S and G € S.

Let E be a locally subnormal subgroup of G so that for each S € S, E < Sor § < E.
Then S U {E} is still a chain of locally subnormal subgroups and so the maximality of S
implies F € S.

Let D C S. By 4.6¢, D is locally subnormal in G. Let E € S. If E < D for some
D € D, then E < |JD. Otherwise D < E for all D € D and so |JD < E. Hence by the
previous paragraph, |JD € S§. With a similar argument (D € S.

Finally we need to show that E~ I F forall F < S§. As F~ € S, it is locally subnormal.
Now let £~ < R < E so that R is locally subnormal in £. Then R is also locally subnormal
in G and so by maximality of S we get R € S. But this implies that R = E~ or R = FE. So
E~ is a maximal locally subnormal subgroup of G. Thus by 4.7, E~ < E.

So § is indeed a series, H is serial in G and the theorem is proved. O



Chapter 5

On the Jordan Holder Theorem for
locally finite groups

Definition 5.1 Let H be a groups acting on the groups X and Y.

(a) X andY are called H-isomorphic provided that there exists an isomorphism o : X —
Y which commutes with the action of H.

(b) Let C and D be sets of groups acted upon by H. Then C and D are H isomorphic
provided that there exists a bijection 5 : C — D so that C and $(C) are H-isomorphic
for all C € C.

(c) We say that the Jordan-Holder theorem holds for H on X provided that the sets of
factors for any two composition series for H on X are H-isomorphic.

(d) Let calE be a class of groups acted upon by H. We say that the Jordan-Holder theorem
holds for H on X with respect to £ provided that the sets of cal E-factors for any two
composition series for H on X are H-isomorphic.

The following lemma will produces lots of groups for which the Jordan Holder theorem
fails.

Lemma 5.2 Let Z be a set of groups and ®Z < H < [[Z. Then H has a normal series
whose set of factors is isomorphic to T.

Proof: Let ” =< 7 be any reversed well ordering ( that is any non empty subset has a
maximal element) on Z such that I has a minimal element. For I € 7 let H; = {f €
H| fj=1foralll <J €c€Z}yand H ={f € H| f; =1forall] < J € I}. Let
S={H} ,H; | I € Z}. We claim that S is a series for H with jumps (H; ,H;), I € H. As
@®Z < H, it is clear that H}F JH; = I, so the lemma is proved once the claim is established.

19
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20CHAPTER 5. ON THE JORDAN HOLDER THEOREM FOR LOCALLY FINITE GROUPS

If m is the minimal element of Z, then 1 = H, € H and if M is the maximal element
of I, then H=H"tM € T.

If J<1e€Z, then Hj <H; < H;r and so S is totally ordered.

Let D be a subset of S. Let R be the set of all I € 7 with Hj € D for some € € {£}.

As R has a minimimal element, there exist a largest lower bound r for for R. If H= € R,
then D = H,". If H. ¢ R we will show that (VD = H,". Clearly H < (\D. Let f € D
and let [ € 7 with r < I. As r is the largest lower bound of R, there exists J € R with
J < I. Then HS € D for some € and so f € H° < H}. Hence f; = 1 and f € H,". So
indeed D = H, .

Let R be the maximal element of R. If H} € R, then |JD = H}, and if H}, ¢ R then
Hp € Rand D = Hy,.

So S is closet under union and intersection. Next let (HS, HY'). be the a jump of S. We
need to show that (HS, HY) = (Hy, H}?) for some K € Z. If p = +, then H < H; < Hj
and so (HS,HY) = (H; ,H'I). If e = —, then H; < H} < HY and so (HS,HY) =
(H;,H*J). So suppose € = + and = —. Then J < I. Suppose there exists K € T with
J < K <I. Then H < Hp < Hj; < H; and so (HS,HY) = (Hg, HTK). So we may
assume that no such K exist. But then H :}' = H™ 1, a contradiction. O

countjor Example 5.3 There exists a elementary abelian p-groups which has a composition series
countable many factors and another with uncountable many factors.

Proof: Let A=TF IR]. Then by 5.2 A has a composition series with countable many factors.
On the otherhand, A is a vector space over F, and so A is also a direct sum of copies of
F,. As A is countable this has to be a uncountable sum and so again by 5.2, A has an
uncountable series. O

incs Proposition 5.4 Let H be acting an the group X and let C be a H-series on X. Let M
be an H-invariant subgroup of X.

(a) MNC={MnNC |C €CisaH series on X. If M is normal in X and C is an
composition series, then M NC is an H-series whose factors are H-isomorphic to a
factors of jumps (B*,T*) of C with T* N M # B*N M.

(b) Suppose that M is normal in X and M fulfills the descending chain condition on H -
serial subgroups. Then CM /M = {CM/M | C € C} is an H-series on X/M. If D is a
composition series, then DM /M is a composition series whose factors H-isomorphic
to a factors of jumps (B*,T*) of C with T*NM = B*NM

Proof: (a) It is readily verified that M ND contains 1, M and is closed under intersections
and unions. Let (B,T) be a jump of M ND. Put B* = |J{C € C | MNC = B} and
T.=(H{C e€C| MnC =T}. Then clearly M N B* = B, MNT, =T and (B*,T%)
is a jump of C. Thus B* < T, and so B JT. Moreover, M N B* = (M NT,) N B*,
T/B=MnNT,/MnNB*= (MnNT,)B*/B* <T,/B*. If C is a composition series the last
? <7 actually is an equality and the lemma holds.
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(b) It is readily verified that DM /M contains 1, X/M and is closed under unions. Let
DCC. Let E=({DM | D €D and R =(\D.

Claim F = RD.

By the descending chain conditions, DN M has a minimal element. Clearly this element
is RN M. So we may assume without loss that RN M = DN M for all D € D. Let
D e D. Then M < E < DM and so E = (DN E)M. If D* < D with D* < D,
then DNE < DNE < R = (D*NE)M and so DNE = (Dn E*)(DNM). But
DNM=RNM<(D*NnM)andso DNE < D*NE) < D*. Since this is true for all D*,
DNE<R. Clearly R< E and so E = (DNE)M = RM.

By the claim the intersection property holds for CM /M. Next let (B/M,T/M) be a
jump of CM/M. Let B* = J{C €C|CM =B} and T* = |J{C € C | CM = T}. Then
B = B*M and by the claim T = T*M. In particular, B/M <T/M and CM/M is an
H-series. Moreover,

T/B =T*M/B*M = T*/(B*M NT*) = T*/B*(M N T*).

Thus T'/B is isomorphic to a quotient of 7%/B*. If D is a composition series then
T/B = T*/B*. Conversely (B*, M*) is a jump with B* N M # T* N M, then clearly
(B*M/M,T*M/M) is jump of DM /M with factor T*/B*(M NT™). O

Lemma 5.5 Let D be a subnormal H-series on X and that all factors of H have the
minimal conditions on H-serial subgroups. Then also X has the minimal condition on
H -serial subgroups.

Proof: By induction on |D| we may assume that D = {1,M,X}. Let S be a set of

serial subgroups of X. By 5.4 SN M and SM/M are sets of serial subgroups of M and

X /M, respectively. Hence these sets of minimal elements say A and B/M. Without loss

SNM = Aforall Se€S and then also SM = B for all S € §. We claim that then all

elements of S are minimal. Indeed, let R, S € § with R < S. Then S < RM =B = RM

and so S=R(SNM)=RA=R(RNM)=R. O
Using 5.5 the follwing corollary follows easily from 5.4 and induction:

Corollary 5.6 Suppose H acts on X and D is subnormal H series all of whose factors
have the minimum conditions an H-serial subgroups. Then every H-composition series on
X has isomorphic factors as some composition series containing D. In particular, if the
Jordan Holder theorem holds for all factors of D it holds for X. O

Proposition 5.7 Let £ be a class of finite groups, which is closed with respect to sub-
group, quotients and extensions. Call G to E-perfect if no non-trivial quotient of G is locally

€.

(a) Let Og(QG) be the subgroup of G generated by all the serial locally E(G) subgroup. Then
O¢(G) is locally €

mibymi
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(b) Let OF(G) be the intersection of all normal subgroups of G whose quotient is locally
E. Then GJO®(Q) is locally € and G = (O°(F)|F € F.

(c) O%(Q) is E-perfect.

(d) Let C be series on G and H € C. If all the factors of C above H are locally &, then
Of(G) = Of(H).

(e) If M <G, then OF(G/M) = O (G)M /M
(f) If H < G, then Of(H) < O%(G)

Proof: If G is finite, all statements are readily verified. The general case follows from the
finite one via the local system F. O

dces Definition 5.8 Let £ be a class of finite groups, which is closed with respect to subgroup,
quotients and extensions.

(a) A E-series on G is a set of subgroups calS such that
(a) 1 €C and O%(G) €C.

(b) All members of S are £-perfect.

(¢) If S is a chain.

(d) If DC S, then JD € S and O (D) € S.

() ForDeS put D;=\/{E €S| E<D}. Then D~ <D forall D €S.

(b) If D # D~ for some D € S, then (D™, D) is called a jump of S. Let D_/D~ =
Og(D/D™). Then D/D~ a factor of S.

(¢) An cal E- composition series is an £-series so that none of the factors has a proper
H-invariant normal subgroup.

isces Lemma 5.9 Let £ be a class of finite groups, which is closed with respect to subgroups,
quotients and extensions. Let S be a series on G. Then O°(S) = {O°(S) | S € S} is a
£ series whose factors are O¢(Q)/0%(Q) N 0g(Q), Q a factor of S. If S is a composition
series, then the factors of O°(S) are precisely the # £ factors of S.

Proof: Clearly part (a),(b) and (c) of the definition of a E-series holds for O¢(S)hold. Let
DCS.

Claim O¢(D) = U{Of(D) | D € D} and O°(ND) = O (N{O¢(D) | D € D}).

Indeed the first part is immediate from 5.7b. For the second let T' = (D and B =
M{Of(D) | D € D}. Then clearly B is a normal subgroups of T' and O%(T) < B. Thus
Of(T) = Of(T). So also the second statement holds.

By the claim O%(S) is closed under union and ”£”- intersections. Also the jumps of
Of(S) are clearly of the form (O¢(B), 0%(T)) for a jump (B, T) of S. The claim about the
factors is now readily verified.
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jhce Proposition 5.10 Let £ be a class of finite groups, which is closed with respect to sub-
groups, quotients and extensions. Then 5.4 and 5.6 hold for locally finite groups if H-series,
H-serial, H-composition series is replaced by E-series, £-serial, £-composition series.

With minor modification the proof for 5.4 goes through. O

Corollary 5.11 Let & be a class of finite groups, which is closed with respect to subgroups, fmccf
quotients and extensions. Suppose that G has a absolute composition series C with only
finitely many factors which are =€. Then the Jordan-Holder Theorem holds for the =&-
factors on G.

By 5.9 has a finite £-composition series. Thus the claim follows from the E version of 5.6.
|

Lemma 5.12 Let G be a locally finite group with a composition series with only finitely fmnac
many non-abelian factors. Then LSol(G)E(G) # 1.

Proof:
By 5.9 G has a finite ”solvable” series. The lowest term of the series is either locally
solvable or a component.

Lemma 5.13 Let G be countable such that G has some absolute composition series with jhls
only finite many non-abelian factors. Then the Jordan-Hdlder theorem holds for G.

Proof: FEach composition factor is non abelian or C), for a prime p. By 5.11 applied to the
class of finite solvable groups, the Jordan Holder theorem holds for the non-abelian factors.
Suppose that G' has some composition series with only finitely many factors C},. The all
but finitely many composition factors are C, for ¢ # p. Hence G has only finitely many
—p/-factors. Hence the Jordan Holder theorem holds for the # p’ factors and in particular
for the C)-factors. If each composition series has infinitely many factors C), then as G is
countable, this number is countable infinite and again the Jordan Hélder theorem holds for
the C)p-factors. O
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Chapter 6

Absolute Simplicity

Definition 6.1 A group R is called absolutely simple if {1, R} is the only series on R.

The main result in this section is due to R.E Phillips. It gives a sufficient conditions for
a locally finite group to be absolutely simple. The importance of this conditions is that it
can be verified locally.

Definition 6.2

(a) Let N be subnormal in G. Then the defect dg(N) of N in G is smallest length of a
subnormal series from N to G.

(b) Let H < G. Then NCY(H) = G and inductively define NCi' (H) = <HNCE(H)>.

(¢) Let H < G. Then LSCg(H) is the intersection of the locally subnormal subgroups of
G containing H. In other words, LSCq(H) is the smallest locally subnormal subgroup
of G containing H .

Lemma 6.3 Let N be subnormal in G and d = dg(N). Then

N =NCL(N) < NCLH(N) <... < NCE(N) <« NCE(N) =G
is a subnormal series of length d from N to G.
Proof: Let N = Ng<tNyg_1<...< Ny <Ny = G be a subnormal series of length
d from N to G. If d = 0 (that is G = N) there is nothing to prove. So suppose d > 1.
The NCE(N) = (NE) < (NF) = Ny and with the same argument and using induction
we get that NCL(N) < N; for all i > 0. In particular, N < NC%(N) < Ny = N and so
NCL(N) = N. O

Lemma 6.4 Let N < G. Then LSCg(N) = Jper LSCr(FNN)

25
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Proof: Let R be the group on the right hand. Let F' € F and F < E < G. Note that
FNN < ENN <LSCg(ENN) and that the latter group is locally subnormal in E. Thus
FNN<FNLSCg(ENN) and FNLSCg(E N N) is subnormal in F'. Thus by definition
of LSCr(F N N) we get LSCr(FNN) < FNLSCg(ENN)<LSCg(ENN).

Choosing E = G we conclude that R < LSCg(N).

Choosing E to be finite we see that we can apply 4.5. Thus R is locally subnormal in
G. Clearly N < R and so by definition of LSCg(N), LSCq(N) < R. O

Lemma 6.5 Let {L;|i € I} be a local system for G, and fori € I let N; be a subgroup of
L;. Suppose that there exists a non-negative integer d so that

(a) For alli e I, Nj is subnormal of defect at most d in L;.
(b) Foralli<jel, N;<Nj.
Then N = J;c; Ni is a subnormal subgroup of defect at most d in G.

Proof: An easy induction proof shows that for all ¢ > 0, NCi(N) = J;c; NCL (V).

By 6.3 NCdLi(Ni) = N; and so NC4(N) = N. Thus N is subnormal in G and has defect at
most d. O

Lemma 6.6 Let LSol(G) be the subgroup of G generated by all the locally solvable, locally
subnormal subgroups of G. Then LSol(G) itself is locally solvable and locally subnormal.
In particular LSol(G) is the unique mazimal locally solvable, normal subgroup of G.

Proof: Suppose first that G is finite. Let A and B solvable normal subgroups of G. We
claim that AB is a solvable normal subgroup of G as well. Indeed let ¢ and j be the derived
length of A and B respectively. Then (AB)Y) < ABU) < A and so (AB)U+) < AW =1,
Thus AB is solvable and clearly also normal in G. Hence a finite group G has a unique
largest solvable normal subgroup Sol(G). We claim that Sol(G) = LSol(G). For this let A
be any solvable, subnormal subgroup of G and A < Ny << No <... <1 Ny = G a subnormal
series from A to G. Then A < Sol(Nj). Since Sol(Nj) is a characteristic subgroup of Ny,
Sol(Ny) is normal in Ny and

A < Sol(Ny) < Sol(Nz) < Sol(N3) < ... < Sol(Ng) = Sol(G).

In the general case let N be the set of locally solvable, locally subnormal subgroups
of G. Then LSol(G) = (N). Let F € F. Then N N F is a set of solvable, subnormal
subgroups of F' and so by the finite case (N N F) is a solvable subnormal subgroup of F.
Since {{(N' N F)|F € F} is a local system for LSol(G), LSol(G) is indeed a locally solvable,
locally subnormal subgroup of G. O

Theorem 6.7 Let G be a locally finite, simple group and L a local system for G. Suppose
that there exists a positive integer d with the following property:

If L € L and M is an absolutely perfect, locally subnormal subgroup of L, then M is
subnormal in L with defect at most d.

Then G is absolutely simple.
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Proof: Let N be a non-trivial serial subgroup of G. We need to show that N = G.
By 4.8 N is locally subnormal in G.

Suppose first that N is locally solvable. Then 1 # N < LSol(G). Since G is simple we
conclude that G = LSol(G) and so by 6.6 G is locally solvable. But then by 3.4c G = C,.
Clearly N = @ in this case.

Next suppose that N is not locally solvable. Then N = 1. Moreover, it is easy to see
that {(NNL)* | L e L} is a local system for N*°. By assumption (N N L)> is subnormal
of defect at most d in L and so by 6.5, 1 # N is subnormal of defect at most d in G. Since
G is simple, G has no proper subnormal subgroups. Thus G = N*° = N. O
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Chapter 7

Simple locally finite groups which
are not absolutely simple

In this section we will construct the only known examples of simple locally finite groups
which are not absolutely simple.

Lemma 7.1 Let H be a group, S a group acting faithfully and transitively on a set I,
K = H ;1 S, where stands for the restricted wreath product. Then any normal subgroup of
K either is contained in the base group B(K) or it contains B(K)'.

Proof: Let N be a normal subgroup of K not contained in B(K) = [[,.; H;. Pick
n € N\ B(K). Since K/B(K) = S, K acts on I with kernel B(K) and H]' = H;». Pick
i € I with i #4". Let a,b € H;. Then aa™™ = [a~!,n] < [K,N] < N. Since a™" < H we
have [a™",b] = 1 and so [a,b] = [aa™",b] < [N, K] < N.

Since a and b are arbitrary we conclude H! < N. And since K is transitive on I we get
H} < N for all j € I. Thus B(K)" < N. O

Lemma 7.2 Let H be a perfect finite group. Then there exists a perfect finite group H*
containing H and function X which associates to each subgroup A of H a subgroup X (A)
of H* such that

(a) H < (") for all1#h € H.

(b) X(A)NH =A forall A< H.

(c) If A< B < H, then A< B if and only if X(A) < X (B).

(d) X (H) 2 (X(H)™T").

Proof: Let S be any finite simple group such that there exists a monomorphism « :
H — S and let T be any non trivial finite perfect group. Furthermore, let S and T act
transitively and non-trivially on the sets I and J, respectively. We assume that 0 € I and
{0,1} € J. Let K = HyS. Fori € I let §; : H — K be the canonical isomorphism
between H and the #'th component of the base group of K and let 8 be the canonical
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monomorphism from S to K. Let H* = KT and for j € J let ; : K — H* be
the canonical isomorphism between K and the j'th component of the base group of H*.
Note that as H,S and T are perfect also K and H* are perfect. Define p: H — H* by
p(h) =70 (Bo(h))y1(B(a(h))). Then p is clearly a monomorphism. For A < H let X(A) be
the set of elements in the base group of H* such that the projection onto the 0'th-component
is contained in yo(][;c; Bi(A)). Identifying H with p(H) we see immediately that (b) and
(c) hold. Now (X (H)™") is the base group of H* and so (d) holds. To prove (a) let h € H.
Put N = [h,71(K)]. Then N is a normal subgroup of y; (K') and is not contained in the base
group of v1(K). Thus by 7.1 N contains v;(B(K)). Furthermore, K/B(K) = S is simple
and so N = 1 (K). Since N < (hfI") and H* acts transitively on J, we get v;(K) < (hf")
for all j € J. Hence (hI") is the base group of H* and so contains H. O

enaslfsg Theorem 7.3 There exists a locally finite, simple group G with an ascending chain

1M <My<aMs...

of subgroups such that G =J;2, M;. In particular, G is not absolutely simple.

Proof: Let G be any nontrivial perfect finite group, and inductively let G;11 = G} and
X; any function from the subgroups of G; to the subgroups of G; 1 which fulfills 7.2. Let
G = J;Z, Gi. Then G is a locally finite group and we claim that G is simple. Indeed, let
x,y € G with z # 1. Pick ¢ with x,y € G;. Then by (a) in 7.2

yeG; < <J/‘Gi+1> < <xG>

Thus (%) = G and G is simple.

Put Miy = 1, My = G and inductively, My, 11; = Xp(M, ), for 1 < j < 2n,
Mpyi1n41 = (X(Gp)%+1) and My112n42 = Gni1. Then by induction and 7.2, M1, <
Mytii41 for all 1 <4 < 2n+1 and Mp41; NGy = My, for all 1 < 7 < 2n. Put
M, = UHZ% Mn,i' Then G, < Ms,, G, N M, = Mn,i for all i« < 2n, M; < M1 and
G = Uiﬁl M;. O
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Conjugacy centralizer property

Conjugacy
Definition 8.1 Let N < (. ccp

(a) N has the conjugacy centralizer property if for all F € F there exists n € N with
[F,F"] = 1.
(b) N has the centralizer property if F' < Cq(F)N for all F € F.

Lemma 8.2 Let N be a normal subgroup of G with the conjugacy centralizer property. ccpcp
Then N has the centralizer property.

Proof: Let f € F € F and pick n € N with [F, F""] = 1. Then
f=n"tfan "t f~Inf = f*n"nf < F"N < Cq(F)N. O

Lemma 8.3 Let N < G have the centralizer property. Then cp

(a) If M < G is N-invariant, then M < G.
(

b) N is normal in G.

)
)
(¢) fA<N, then A<G.
(d) G' <N.

Proof: (a) Let m € M and g € G. Then (g,m) < Cz({g,m))N and so we can write
g = cn with ¢ € Cg(m) and n € N. Then m9 =m”™ € M and so M <G.

(b) and (c) follows from (a).

(d) Let FF € F. Then FN/N < Cg(F)N/N < Cq/n(FN/N). Thus G/N is locally
abelian and so abelian. O
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Chapter 9

Transitive groups of finitary
permutations

Groups
The purpose of this section is to describe all transitive groups of finitary permutations.

Definition 9.1 Let G be acting on a set ) and g € G. finitaryp
(a) Suppq(g) = {w € Q |w # w9}
(b) The degree degq(g) of g on S is defined as | Suppg(g)|.
(¢) G acts finitarily on Q provided that all elements in g have finite degree on Q.

(d) A block system (also called system of imprimitivity) for G on Q is a G-invariant
proper partition D of G. (here G-invariant means that A9 € D for all g € G and
proper means D # Q and D # {Q}.

(e) A block (also called a set of imprimitivity ) for G, is a proper subset A of Q such that
for each g € G, A9 = A or ANAY =0 holds.

(f) If G has a block system on Q, G is called imprimitive. Otherwise G is primitive.

(g) G acts almost primitively on Q if G acts primitively on Q2 or acts transitively on
and primitively on some block system for G on §2.

(h) G acts totally imprimitively on  if there exists an ascending chain of finite blocks
for G on Q with
A1CA2CA2C...

such that Q = ;2 A;.

(i) Let D be a partition of Q. Then m(D) := infaep |A].
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(j) Let AC Q. Ga =Cq(A) ={g € G| w9 =w forallw € A}. G® = Ng(A)/Ga <
Sym(A).

We remark that if G acts on €2, G also acts on the set of subsets of 2. In particular, if
D is a set of subsets of €2, then C(D) denotes the group {g € G | DI = D for all D € D}.
The easy proofs of the next three lemmas are left to the reader.

Lemma 9.2 Let G be acting on the set Q and let B be a chain of blocks. Then |JB is a

block or equals 2. O
Lemma 9.3 Let G be acting transitively on the set Q0 and fir w € Q. Then the map
H — wf is a one-to-one correspondence between subgroups G, < H < G and blocks
containing w.

In particular, G is primitive if and only if G, is a maximal subgroup of G. O
Lemma 9.4 Totally imprimitive groups of finitary permutations are countable. O

Lemma 9.5 Let G be transitive and finitary on . Let D be a block system for G on §2
and g € G.

(a) If g acts non-trivially on D, then m(D) < %deg(g).
(b) Put N = (g € G|deg(g) <2m(D)). Then N < Cq(D).
(c) All blocks for G on Q are finite.

Proof: (b) and (c) follow immediately from (a). For (a) pick A € D with A9 # A. As A
is a block ANAY = (). Thus g fixes none of the elements in A and also none of the elements
of AY. Hence A UAY C Supp(g) and so deg(g) > 2|A|. As G is transitive on £ and on D,
|A| = m(D) and so also (a) is proved. O

Theorem 9.6 Let G be a transitive group of finitary permutations.
Then G is either almost primitive or totally imprimitive.

Proof: We may assume that G is imprimitive and does not have a maximal block.
Then each block is properly contained in a larger block and so there exists an infinite chain

Al C Ay CA3C...

of blocks for G on . By 9.5¢c, all A;’s are finite. By 9.2, (72, A; is a block or equals
Q. The first case is impossible as (J;2; A, is infinite. So |J;2; A; = Q and G is totally
imprimitive. |

The next lemma follows easily from 9.5 and we leave the details of the proof to the
reader.
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dti Proposition 9.7 Let G be a totally imprimitive and transitive subgroup of FSym(Q) and
let 2 be a chain of blocks for G on Q with Q =|J=.

(a) Let A be a finite subset of Q. Then there exists a A € E with A C A.
(b) For a block A put N(A) = Ce(A%). Then G = Jpe= N(A).

(c) Let A be a block for G. Then N(A) is a sub-direct (restricted) product of the isomor-
phic finite groups N(A)/Cnia)(A), A € AC, O

We remark that if G is a non-primitive, transitive group of finitary permutations either
each block lies in a maximal block, or G is totally imprimitive and has no maximal blocks.
Indeed this follow from 9.7 and the proof of 9.6.

Lemma 9.8 Let X be a group acting on the set Q). Let A and B be finite subsets of  and disjoint
suppose that each orbit of X on Q has size larger than |A||B|. Then there exists a g € X
with A9 N B = ().

Proof: Case 1 All orbits of X have infinite length.

The prove is by induction on |A|. If A = (), there is nothing to prove. So assume the
result for any set A" with |A’| < |A|. For a contradiction suppose that no element g with
the required property exists. That is, each conjugate of A meets B (non-trivially).

Claim  For any subset C of Q with |C| < |A], only finitely many conjugates of A contain
C.

The claim is proved by induction on |A| — |C|. It starts trivially when |A| —|C] = 0.
So suppose that |C| < |A| and that the claim holds for all |C’| with |C| < |C’| < |A|. By
the first induction we may assume (conjugating C' if necessary) that C N B = (). By the
second induction for each of the finitely many points b € B, only finitely many conjugates
of A contain C'U {b}. So only finitely many conjugates of A contain C' and meets B. By
assumption each conjugate of A meets B and so the claim is proved.

Now taking C' = ) in the claim we see that A has only finitely many conjugates. But
this is a clear contradiction to the hypothesis in Case 1 that X has no finite orbits.

Case 2 All orbits of X on Q are finite.
Let Q4,...,8, be the orbits that meet A. Then

T

Do 1ANQ| = |4
i=1
2| > |A] - |B|

Since X acts transitively on ; each element of €2; lies in the same number (say wu;)
of conjugates of A. Also each conjugate of A meet €2; in the same number of elements as
A, that is |A N ;|. Counting the pairs (w, D) with w € D and D € AX in two different
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x .
ways we get || - u; = |AX||ANQ;|. Thus u; = %. This means that there exist at

X . .
most u;|Q; N B| = w conjugates of A which meet B N €); non-trivially. Since

X X X X .
|BN Q| <|B|and || > |A| - |B| we have 14 HATS""BQQ" <4 |‘|AAPQZ|. Summing over all
7 we see that there exist less than

|AXHAHQ\ AX|
ANQ,;
; 4] \A|Z‘ =

|4%] X
Al =147
!A\

conjugates of A that meet B non-trivially. But this means that some conjugate of A meets
B trivially. This completes the proof in Case 2.

General Case

Let Qg be the union of the infinite X-orbits and €1 the union of the finite X orbits.
Let A; and B; be the intersection of ; with A and B, respectively. By Case 2 applied to
Q) there exists z € X with AN By = (. Let Y = Cx(A%). Since A? is finite and a*¥ is
finite for all @ € AT, Y has finite index in X. Thus the orbits for ¥ on € are still infinite
and we can apply Case 1 to Y and € to get y € Y with A N By = 0. But A7Y = A7 and
so A7Y N By =0 and A®Y N B = (). This completes the proof of the proposition also in the
general case. O

We remark that the bound |A||B| in the previous lemma is the best possible. To see
this, let C' and D be any finite sets and X = Sym(C) x Sym(D) < Sym(C x D). Let c € C,
de D, A=C x{d} and B = {c} x D. Then the conjugates of A under X are of the form
C x {d'} with d’ € D, so they meet B in (c¢,d’).

ntnsg Lemma 9.9 Let G be transitive and finitary on the infinite set 2.
(a) G is neither abelian nor finite.

(b) Let N be an intransitive normal subgroup of G. Then all orbits for N on Q are finite.
Moreover G/N acts transitively and finitarily on the infinite set of orbits of N on ).
In particular, G/N is neither finite nor abelian.

Proof: (a) G cannot be finite. If G is abelian, let g be an element acting non-trivially
on Q. Then Suppg(g) is a finite G-invariant set, a contradiction.

(b) Since the orbits of N form a system of imprimitivity, each of the orbits is finite. As
Q) is infinite, N has an infinite number of orbits. The remaining assertions now are readily
verified. O

trnope Theorem 9.10 Let G be transitive and finitary on the infinite set 2.
(a) G’ acts transitively on Q.
(b) Let N be a transitive, subnormal subgroup of G. Then G' < N and and N is normal.

(¢) G’ is perfect and has no proper subgroups of finite index.
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Proof: (a) Since G/G’ is abelian, 9.9(b) implies that G’ is transitive.

(b) By induction on the defect of N in G we may assume that N is normal in G. Thus
in view of 8.2 and 8.3 it remains to verify that N has the conjugacy centralizer property.
For this let F' € F and put A = Supp(F). As G is finitary, A is finite. So by 9.8 applied
with X = N and A = B = A, there exists n € N with AN A™ = (). Since Supp(F") = A",
this clearly implies [F, F"] = 1. Thus N has the conjugacy centralizer property and (b)
holds.

(c) By (a) G” is transitive and so by (b) G’ < G”. Thus G’ is perfect. Let N be a
subgroup of finite index in G’. Without loss, N is normal in G’. Then N is transitive and
again by 9.9b G’ < N. O

Lemma 9.11 Let X be a group acting primitively on a set ) and let a € ). PJ

(a) Suppose that X, has k orbits on Q and X, has an orbit of length m on Q —a. If k
and m are finite, then |Q| < Zi‘:ol m'.

(b) If g € X acts non-trivially on 2 then the number of orbits of X, on Q is at most
deg(g).

Proof: (a) Let a # b € Q with [b*¢| = m. Define a directed graph on Q by a — f if
and only if (a, 8) = (a®,b") for some z € X. Let A(a) be the set of elements in Q that
can be reached from a via a directed path. Let A;(a) be the set of elements in A(a) that
are of distance i from a. Then |Ag(a)| = [{a}| = 1, |A1(a)| = |[bXe| = m and by induction
|Aii1(a)] < m|A;(a)] < m*t. Clearly each A;(a) is a union of X,-orbits and so at most k
of the A;(a)’s are not empty. It follows that

—_

k-1 A
|Ai(a)] <) m'.

=0

k
[Aa)] =

)

=0
In particular, A(a) is finite. If ¢ € A(a) then clearly A(c) C A(a). Since X is transitive,
|A(a)] = |A(c)| and, since A(a) is finite, we conclude A(a) = A(c). But this implies that
A(a) is a block and, as X is primitive, we conclude A(a) = Q. Thus (a) holds.
(b) Without loss g does not fix a. Since X is primitive, X, is by 9.3 a maximal subgroup
of X. Thus X = (X,,g) and so g does not normalize any of the orbits of X, on Q. But
then each orbit of X, meets Supp(g) non-trivially and so there are at most deg(g) orbits.]

Theorem 9.12 Let X be a primitive subgroup of Sym(§) and suppose that X contains a jordan
non-trivial element of finite degree d and that

d—1
Q] > (d-1)*.
=0

Then Alt(Q2) < X.
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Proof: Let 1# g € X with deg(g) = d. By assumption |Q2] > d and so there exists a € )
with a = 9. By 9.11b, X, has at most d orbits on . If X, has an orbit of length less or
equal to (d — 1)? on Q — a, then 9.11a implies |Q] < Z?;Ol(d —1)% a contradiction.

Hence all orbits of X, on € — a have length larger than (d — 1)2. Let ¢ be a conjugate
of g in X with a # a', that is a € Supp(t). Then we can apply 9.8 to X = X,, Q2 =Q —a
and A = B = Supp(t) — a to obtain h € X, with (Supp(t) — a) N (Supp(t) — a)* = 0. As h
fixes a, Supp(t) N Supp(t)® = {a}. A straight-forward calculation now shows that [t,#"] is
a 3-cycle. Alt(Q2) < X is now a consequence of exercise 14. O

Corollary 9.13 Let G be a primitive subgroup of FSym(Q) with Q infinite. Then G =
Alt(Q) or G = FSym(Q). O

Corollary 9.14 Let G be an infinite, simple group of finitary permutations. Then G is
an alternating group.

Proof: Let G < FSym(Omega). Since G is simple, it acts faithfully on each of its orbits.
So we may assume that G is transitive. Suppose that G is is totally imprimitive. Then by
9.7b, G is the union of proper normal subgroups, a contradcition to the simplicity of G.
Hence by 9.6 G is almost primitive on 2. Thus G is primitive or acts primitively on some
bock system D. In the latter case, the simplicity forces G to be faithful on D and so in any
case GG is a primitive group of finitary permutations. As G is infinite we can apply 9.13 to
conclude that G is an alternating or a symmetric group. As G is simple, G is alternating.[]

Proposition 9.15 Let G be an almost primitive subgroup of FSym(Q) with Q infinite. Let
B be a mazximal block for G on Q and D := BY. Put W = GB 1 FSym(D) and view W as
a subgroup of FSym(Q) with G < W. Then

W' <G <W.

Proof: The goal is to show that G has the centralizer property in W. The proposition
then follows from 8.3.

Let £ be any finite subset of D and A = J€.

Claim: G* = W4

Let E € £. Then by definition of W, G¥ = W¥. Hence there exists a finite subgroup F
of Ng(E) with F¥ = WF. Pick a finite subset S of D with Supp(F) C [JS. As G induces
at least Alt(D) on D, there exists a g in Ng(E) with ENSY = {E}. Put H(E) = FY9. Then
H(E) induces W¥ on E and centralizes all other ' € £. Put H = (H(E) | E € £). Then
H? =2 xpeeWF = C’W(E)A. Moreover, G¢ = Sym(£) = W¥¢ and so the claim holds.

Next let F' be any finite subgroup of W. Since W is finitary we can choose our £ as above
with Supp(F) € A. Then by the claim F' < Cy (A)Ng(A). Clearly Cw(A) < Cw (F') and
so F' < GCw(F). So G indeed has the centralizer property and the proposition is proved.



Chapter 10

Linear periodic groups in
characteristic 0

LinChar0

Definition 10.1 Let X be a group, n a positive integer and K a field. Then X is linear dlin
of degree n over K if X is isomorphic to a subgroup of GL,(K). X is linear if it is linear
of some degree over some field.

Lemma 10.2 Let X < GL,(K). Then there exists a finitely generated subgroup H of X, locirr
such that the images of KX and KH in End,,(K) are equal. In particular, X and H have
the same submodules in K™, and X is completely reducible if and only if H is.

Proof: The image of KX in End,(K) is a vector space of dimension at most n? over K
and spanned by the images of X. So it is spanned by the images of at most n? elements.
Take H to be the group generated by these elements. O

Lemma 10.3 Suppose that G < GL,(K) and ged(|G|, operatornamecharK) = 1. Then masch
G is completely reducible.

Proof: By 10.2 we may assume that G is finite. Let W be proper K G-subspace of V' =
K™. Then there exits a K-subspace U of V with V.= W@U. Define a K-linear map 7 : V —
W by m(w +u) = w for all w € W,u € U. Then define ¢ : V.— W by ¢(v) = > o m(v9).
Since ¢w is just multiplication by |G| and since ged (|G|, operatornamecharK) = 1, ¢w is
an isomorphism. Thus V = W @ ker ¢. Let h € G. Then ¢(v") = ¢(v) and so ker ¢ is a
K G-module. By induction on the dimension both W and ker ¢ are direct sum of irreducible
KG-modules. Hence V is completely irreduicble as K G-module. O

Proposition 10.4 Periodic linear groups are locally finite. perloc

Proof: TO BE CONTINUED
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Definition 10.5 Let V be a vector space over the field F' and o an automorphism of F of duni
order 2. Let f:V xV — K be a map.

(a) f is called a unitary form provided that

(a) f is linear in the first coordinate.
(

b) f is o-linear in the second coordinate.

(c) flu,w) = f(w,u)? for all u,w e V.
GU(V, f) denotes the group of invertible linear transformations fixing f).

(b) f is called a hermitian form if f is unitary with F = C and o is the complex conju-
gation.

(¢) f is apositive definite hermitian form provide that f is a hermitian form and f(u,u) >
0 forall0#ueV.

The next lemma is easily proved by induction on dim U and we will leave the details to
the reader.

ortsum Lemma 10.6 Let f be a positive definite hermitian form onV and U a finite dimensional
subspace of V. Then V. =U @ UL, where U+ = {v € V | f(u,v) =0 for all u € U}.

invher Lemma 10.7 Let G be acting on the finite dimensional vector space V over C. Then there
exists a positive definite G-invariant hermitian form V.

Proof: Suppose first that G is finite. Let f be any positive definite hermitian form on G.
For g € G define f9(u,v) = f(u?,v9). Then 3 . f7 does the trick.

For the general case we may assume without loss that G is irreducible. By 10.2 there
exists a finite, irreducible subgroup F' of G. By the finite case there exists such an F-
invariant positive definite form f on V. We claim that f is already G-invariant.

For this let be ' < H € F and h be an H-invariant positive definite hermitian form on
V. Let V* = Homg(V, C) be the dual of V*. Define

¢y V=V op(w)(v) = flv,w)

Then ¢y(w)d(v) = ¢p(w)(@") = f09 Lw) = fv,w9) = ¢p(w9)(v). Thus é; €
Homcg(V, V™). By Schur’s lemma and since C is algebraically closed Homcg(V, V*) = C-¢y.
Now H is also an F-invariant hermitian form and so ¢y = X - ¢, for some A € C. Thus
f(u,v) = Ah(u,v). Since h is H-invariant this implies that f is H-invariant.

This is true for any finite H containing F' and so f is indeed G-invariant. O

norm Definition 10.8 Let f be a positive definite hermitian form on V. For v € V put ||v|| =
V f(v,v). For A € Endc(V) put ||A|| = sup{”ﬁﬂ” |0#£veV}.
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trie Lemma 10.9 Let f be a positive definite hermitian form on V.
(a) f(v,w)+ f(w,v) < 2[[v] - [|w]].
(b) v+ wl[ < [Jv]| + [[w]].
(
(d
(e) Suppose that A € GU(V, f) and there is a 0 # v € V with f(Av,v) = 0. Then
141l = v2.
(f)

)
)
c) [|A+ B[l < [[A[l +[|B]]
) If A€ GU(V, f) then ||Al| =1 and ||A —1]| < 2.
)

|ABI[ < [[A[l-]|B]]

Proof: Let v,w € V and put a = ||v|[, b = ||w|| and t = f(v,w) + f(w,v).

(a) Let r € R. Then

0 < f(v+rw,v+rw) = a®+rt+r2b%. Choosing r = —% we conclude that a2—%t+a2 > 0.
Thus t < 2ab and a holds.

() flv+w,v+w) =a®+t+b* < a®+2ab+b* = (a+ b)%

(c) Follows from (b) and the definition of || A|]|.

(d) As f is A-invariant, ||Av|| = ||v||. Moreover, ||[(A—1)v|| = |[Av—2v]|| < ||Av||+]|[]v]|| =

2 |[o]].
(e) If f(Av,v) =0, then f(Av —v, Av —v) = 2f(v,v).
(f) follows immediately from the definition of ||A|]|. O

Lemma 10.10 Let f be a positive definite hermitian form on the finite dimensional K- norcom
vectorspace V and A, B € GU(V, f).

(a) V is the orthogonal sum of the eigenspaces of A.

(b)

IAC| = IC]] = [ICA]|
for all C' € Endc(V).

(c) I[A,B] —1|[<2-[|[A=1]|-[[B —1]].

(d) If|IB=1|| <V2, ||[A=1|| < 5 and [B, A k] =1, for some k < 1, then [B, A] = 1.
Proof: (a) As C is algebraically closed, there exists a non-zero eigen-vector v. Then by
10.6 V = Kv @ v+, and (a) follows by induction on dim V.

(b) is clear.

() [I[4, B]-1]| = [|[AT B~'AB-1|| = [[AB-BA|| = [|(A-1)(B-1)—=(B-1)(A-1)|| <<
(A =DB =Dl +[[(B-1)(A -1 <2[[A-1[[-[|B - 1]|.

B, A,2) == (B, A], A] and [B, A,n + 1] := [[B, A], A]
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(d) By (c) and induction, ||[B, A, k] — 1|| < +/2 for all k. So by induction on k we may
assume that & = 2. So suppose that [B, A] # 1. Then A # AB. Since A commutes with
[B,A] = A=BA, A also commutes with A®. As A # AP there exists some eigenspace D
for A on V with D # DB. Since AP commutes with A, A” leaves D invariant and so D is
the orthogonal sum of the eigenspaces for A® on D. Hence D = (D N DA) @ (D N DBL).
So there exists 0 # v € (D N DPL). But then v® € D4 and v L v®. Thus 10.9¢ implies
1B —1][> V2. 0

Theorem 10.11 There exists a function J : N — N so that whenever G is a periodic
subgroup of GL,(C), then G has an abelian normal subgroup of index at most J(n).

Proof: Let V = C". By 10.7 there exists a G-invariant hermitian form on V. Let
A={9€G||lg—1l <3} and H = (A).

Step 1 H is abelian.

Let a,b € A and put a; = [a,b,k]. By 10.4 (a,b) is finite. Hence there exists a k with
|lax — 1|| minimal. Suppose that aj # 1. Then ||ax — 1|| # 0 and so by 10.10c

lart1 = 1| = |lfax, b = 1| < 2 [lag, = 1] - [|b = 1]} < [Jax — 1],

a contradiction to the minimal choice of ag. Thus ax = 1 and so [a,b] = 1 by 10.10d.
Step 2 |G/H]| is bounded by a function of n.
Let R be a transversal to H in G and r, s € R. Since Hr # Hs, rs~! ¢ H and so

1

—rl| =1 —rs7Y| > <.

s =rll =1t =rs™| 2 5

It follows that the spheres of radius % around the members of R are disjoint. As the
elements of R have norm 1, all these spheres are contained in a sphere of radius g. Hence
|G/H| = R is bounded by the fraction of the volumes of spheres of radius ¢ and % in the

2n? dimensional metric space End¢ (V). O

Corollary 10.12 Let G be a periodic subgroup of GL,(K), where K is a field of charac-
teristic 0. Then G is an abelian normal subgroup of index less or equal to J(n).

Proof: We contend our self with a sketch of a proof. Suppose first that G is finite. Then
it can be show that there exists an F' < K with G < GL,(F) and F is algebraic over Q.
But then F' < C, and so G < GL,(C). So the theorem holds by 10.11.

In the general case we see that all finite subgroups of G have an abelian normal subgroup
of index at most J(n). Let I be the set of finite subgroups of G. For H € I let Ty be the
set of all abelian normal subgroups A of H with |H/A| < J(n). Then Ty is not empty.
Let L< Heland A€ Ty. Then ANL<L and |[L/ANL| =|LAJ/A| <|H/A| < J(n).
Thus AN L € T, and we obtain a map, ¢rr, : Ty — 11, A — AN L. Clearly ¢pp is the
identity function on Tpy. Also if M < L and A € Ty, then M NA=Mn(LNA) and
S0 ¢ras © ¢ = dpa- So the Ty and ¢pp form an inverse limit system. Since each Th
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is finite, 11.2 shows that that the inverse limit system has an inverse limit, (Ag)ger. Put
A =Uper An. We will show that A is an abelian normal subgroups of A and |G/A| < J(n).

Let H € I. We claim that Ay = AN H. Clearly, Ay < ANH. Let a € AN H. Then
there exists L € [ with a € Ar. Put M = (H,L). Then M € I, Ay = Ay N H and
A=Ay NL. Sincea€ A, ac Ayyandsoa € Ayy NH = Ay. So ANH < Apy.

Let a,b € Aand g € G. Put H = (a,b,g). Then H € I and so {a,b} € ANH = Ap.
Since Ay is a normal abelian subgroup of H we have (a,b) < Ay < A, a9 € Ay < A and
[a,b] = 1. Thus A is an abelian normal subgroup of G.

Let R be a transversal to A in G and S a finite subset of R. Put H = (S). Then H € I.
Since As # At for all s 2t € S and since Ay = ANH, Ags # Ayt for all s #¢t € S.
Thus |S| < |[H/Ag| < J(n). Since this holds for all finite subsets of R, |R| < J(n) and so
|G/A| < J(n). O
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Chapter 11

Inverse limits of finite sets

In this section we will show that inverse limits of finite sets are not empty.

Definition 11.1 Let I be a directed set. Then an inverse limit system based on I is a dinvlim
tuple (T; | i € I,¢i5 | i > j € I) such that

(a) Forie I, T; is a non-empty set.

)
(b) Fori>jel, ¢ij:T; = Tj is a function.
(¢) Fori € I, ¢i; is the identity on T;.

)

(d) Fori>j>k, ¢jio dij = pik.

The inverse limit of a inverse limits system is the set of all tuples (t; | i € I) such that
t; € T; and gﬁ”(tz) = t]‘) fO?“ all i > JjE 1.

Proposition 11.2 The inverse limit of an inverse limits system of finite sets is not empty. inlifi

Proof: Let A be the set of all tuples (J,t; | j € J) such J C I, t; € T; and

(*) For all finite subsets F' of J and all FF < s € I there exists ts € Ty so that ¢s¢(ts) =ty
forall f € F.

Order Aby (J,tj |jeJ) < (K,sp | ke K)if J C Kandt; =s; forall j € J. It
is easy to verify that the assumptions of Zorn’s lemma are fulfilled and so there exists a
maximal elements (J,t; | j € J) in A. If J = I then (*) easily implies that (¢; | j € J) is in
the inverse limit. So we may assume that J # I. Pick ¢ € I \ J and put

X = ¢si([) 657 t0) | FCIIF| < oo, F<sel
feF

We claim that X is non empty. Since T; is finite, there exists finite subsets Iy, Fs, ... F;
of J and elements s1, so,...s; with Fj, < s

45
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X =4 @wil (] 055t 1<k <

fEFK

Let s be an upper bound for the s}s and F' = ﬂi;:l Fj. Then by (*) there exists
ts € Ty with ¢gp(ts) = ty for all f € F. Put = ¢4(ts). Then for all k and all f € F},
€Tr = ¢ski(¢ssk (ts)) and ¢skf(¢ssk (ts)) = Qbsf(ts) = tf' Hence ¢ssk (ts) € ﬂfEFk qb;clf(tf) and
z € X. Thus X is indeed not empty.

Now let t; € X and put J* = J U {i}. It’s clear from the definition of X that (J*,¢; |
J € J*) fulfills (*), a contradiction to the maximality of (J,t; | j € J). O
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Ultra-products and a little bit of
model theory

In this section we will prove Malcev’s Theorem which asserts that a group with a local
system of linear groups of bounded degree is itself linear. The main tool in th proof are
ultra-products. The most natural setting for ultra products is model theory. So we will use
the occasion to introduce the basic definitions in model theory.

Definition 12.1

(a)

A first-order language is a set FL together with a partition (FS,RS,CS,LS) of FL.
The elements of FL, FS, RS, CS and LS are referred to as symbols, function sym-
bols, relations symbols, constant symbols and logical symbols Also LS = {), (, A, —, =
,V,01,02,V3...,0p,...}. The v;’s are called variables and ¥V a quantifier. The func-
tions symbols are assumed to be partitioned into 1-placed,2-placed, 3-placed, ... func-
tion symbols and the relation symbols are partitioned into 1-placed, 2-placed,. . . relation
symbols. V is the set of variables.

A model A for the language oL is a set A together with a function which assigns
to each m-placed functions symbol s an function A™ «+ A, and to each m-placed
relation symbol an m-placed relation on A and to each constant symbol an element of
A. A is called the universe of the model. The object assigned to a symbol is called the
interpretation of the symbol in A.

A term is any sequence of symbols obtain in finitely many steps by the following
procedure:

(a) A wvariable is a term.
(b) A constant symbol is a term.

(¢) If f is an m-placed function symbol and ty,ta, ..., ty, are terms, then f(tita...ty)
15 a term.

47

sUltra

dmodth



48 CHAPTER 12. ULTRA-PRODUCTS AND A LITTLE BIT OF MODEL THEORY

(d) An atomic formula is a sequence of symbols of one of the following two forms:

(a) t1 = to, where ty and ty are terms.
(b) R(tita...tm), where R is an m-placed relation symbol and ti, ...ty are terms.

(e) A formula is any sequence of symbols obtain in finitely many steps by the following
procedure:

(a) An atomic formula is a formula.
(b) If ¢ and v are formulas, then (¢ A1) and (—¢) are formulas.

(¢) Ifv is a variable and ¢ is an formula then (Yv)¢ is a formula.

(f) Let v be a variable and ¢ a formula. If v is in the sequence ¢, we say that v is a
variable of ¢. If v is a variable of ¢ and the last occurrence of v is of the form Vv
then v is called a bound variable of ¢. A wvariable of ¢ which is not bound is called a
free variable of ¢. Otherwise v is a bounded variable of ¢.

dquant Definition 12.2 Given formulas ¢ and ¥ and a variable v.
(a) ¢V psi) denotes the formula (—((—¢) A (~1)))).

(b) (¢ < ) denotes the formula ((—b) A )

()

(d) (Fv)¢ denotes the formula (# (Yv)(—1)))).

(¥ <> 1) denotes the formula ((¢ < ) A (¢ < phi)).

dsatmod Definition 12.3 Let coL be a first order language and A a model for coL with universe
A. Let E be a function fromV — A.

(a) Lett be a term. The the value t | of t at E is defined as follows:

(a) Ift is a variable, then t |p= E(t).
(b) Ift is a constant, then t |g is the interpretation of t in A.
(¢) Ift =F(ty...tym), for a function symbol F' and terms ty, ..., ty, then

t |E: F*(tl ‘E,'--,tm |E>
where F* is the interpretation of F' in A.

(b) Let ¢ be a formula. Then the statement E satisfies ¢ in A (written A = ¢ |g) is
defined as follows.

(a) If ¢ is the atomic formula t; =ty for terms tq, to when A= ¢ |g if and only if
t1 ’ E =t ‘ FE.
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(b) If ¢ is the R(ty...ty) for a relation symbol R and terms ti,...ty,. Then A |
¢ |g if and only if (t1 |E, ..., tm |E) fulfills the interpretation ofR in A.

(¢) If ¢ = ¢1 A phia, then A |= ¢ |g if and only if both A |= ¢1 |g and A = ¢2 |E
hold.

(d) If p = ), then A= ¢ |g if an only if not A= |g.

(e) If p = (Yu)yb, then A = ¢ |g if and only if A = ¢ |g«, for all functions
E* YV — A which agree with E except maybe on v.

The easy proof of the following lemma is left to the reader.

Lemma 12.4 Let coL be a first order language, A a model for coL and E, F :V — A.
(a) Ift is a term and E and F agree on the variables of t, thent | E =t | F.

(b) If ¢ is a formula and E and F agree on the free variable of ¢ then A |= ¢ |g if and
only if A= ¢ |p. O

In view of the previous lemma we can talk about ¢ |g, whenever ¢ is a term and F is
a function from the variables of ¢ to A and about A |= ¢ |g whenever ¢ is a formula and
E a function defined on the free variables of ¢. In particular, if ¢ has no free variable, the
statement A |= ¢ already makes sense.

Definition 12.5 Let FL be a first order language and A a model for A.

(a) ¢ is a sentence if ¢ has no free variables.
AIb Let ¢ be a sentence then we say that A is a model of ¢ if A= ¢.

(c) A theory for A is a set of sentences.

(d) A model for a theory X is a model for FL which is a model for each of the sentences
mn 3.

(e) Two models A and B for FL are called elementary equivalent if for each sentence ¢

of FL, A= ¢ if and only if B = ¢.

Choose FL = {-,1}ULS, where ” -7 as 2-placed function symbol and ”1” as a constant
symbol. Then groups are exactly the models of the theory with the following sentences:
(where we write a - b for -(ab)

o (Yu1)(Yua)(Vug)vy - (v2 - v3) = (v1 - v2) - vs.
[ (Vvl)ul -1 = V1

L] (Vvl)(ﬂvg)vl s Vg = 1

dov
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Definition 12.6 Let I be a set.
(a) Let P(I) is a power set of I, i.e the set of all subsets of I.
(b) A filter D on I is a subset of P(Z) such that

(a) I €D.
(b) If D,E €D, then DNE € D.
(¢c) If DeD and D C E C 1, then E € D.

(¢) An wltra filter on I is a filter D on I so that for each D C I exactly one of D and
ICDisinD.

Examples for filter on a set I are:

The improper filter P(I)

The trivial filter {I}.

For D C I the principal filter for D on I: {E | D C E C I}.

The cofinite or Frechet filter : {E C I ||\ E| < cc.

A proper filter is any filter other than the improper filter

Its an easy exercise to show that on a finite set each filter is a principal filter. Also
arbitrary intersections of filters are filters and unions of chains of filters are filters. In
particular, if £ is any subset of P(I) than there exists a smallest filter containing £, namely
the intersection of all the filters containing £. This filter is called the filter generated
by £. We say that £ has the finite intersection property if any intersection of finitely
many members of £ is not empty. The following proposition follows immediately from the
definitions:

Lemma 12.7 Let I be a set and E C P(I). Then the filter generated by £ is the filter
{D | ﬂj C D C I for some finite subset J ofE.

In particular, the filter generated by & is proper if and only if £ has the finite intersection
property. O

Lemma 12.8 A filter is an ultra-filter if and only if its a maximal proper filter.

Proof: Clearly a ultra-filter is a maximal proper filter. So let D be maximal proper filter
and E C I with E ¢ £. We need to show that I \ £ € D. Since £ is maximal, the filter
generated by D + F is improper. By 12.7 this means that D + E does not have the finite
intersection property. Since finite intersection of members of D are still in D we conclude
that there exists D € D with DN E =. Hence D C I\ E andso I \ E € D. O

Corollary 12.9 FEwvery proper filter, and so also every subset of D with the finite intersec-
tion property, lies in an ultra filter.

dfilter
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Proof: By Zorn’s lemma every filter lies in a maximal filter. By 12.8 this maximal filter
is an ultra filter. 0

Definition 12.10 Let I be a set, D a filter on I and fori € I let A; be a non-empty set.
Let A =T1,c; Ai = {{as|mida; € A;,i € I)} be the cartesian product of the A;’s.
The equivalence relation =p on A is defined by
(a;j|iel)=p(bj|iel)ifand onlyif {i €l |a;=0b;} €D

For a € A let ap be the equivalence class of =p containing a. Let [[ A; be the set of
equivalence classes of =p.

[1p Ai is called the reduced product of A; modulo D A reduced product modulo D is
called an ultra-product of A; modulo D if D is an ultra filter. If A; = B for all i € I, then
[1p B is called an ultra-power of B.

Since over-sets of filter sets are filter sets (a; | i € I) = (b; | i € I) if and only if there
exists D € D with a; = b; for all i € D. This observation will be usefully in any concrete
calculation since in it might be rather difficult to determine the exact sets on which a; and
b; agree

Definition 12.11 Let I be a set, FL a first order language and A;,i € I a model for FL.
Let A; be the universe of A; and for a non-logical symbol s let s§ be the interpretation of s
in Ai. Then the reduced product [ [, Ar is the model for FL describes as follows.

(a) The universe A of [[p Ai is [[p As.

(b) If R is an m-placed relation symbol, when the interpretation R* for R in [[p As is
defined by

R*(a',...an) if and only if {i € I | R} (a'(i),...a™(i)} € D
where a® = (a*(i) | i € I)p
(b) If F' is an m-placed function, symbol then the interpretation F* for F in [[p A is
defined by
F*(a',...,a™) = (R} (a},...,a") | i€ D)p
where a* = (a¥) | i € I)p.

(c) If c is an constant symbol then the interpretation c* for c in [[p Ai is defined by

C:<C*i>‘i€I<D
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The reader should convince herself that this is well defined, i.e. does not depend on the
particular choice of the representatives (a*(i) | i € I) for a*.

fundult Theorem 12.12 Let D be an ultra filter on I and A = [[pAi be an ultra product of
models of the first order language FL. Let E; : V < A; be a functions and E = [[p E; :
Vi Ao+ (E;i(v)|i€l)p.

(a) Lett be a term of FL, then

tE:<tEi‘i€I>D

(b) Let ¢ be a formula in FL. Then

A ép if and only {i | A £ ¢ |} €D

(¢) Let X be a finite theory. Then Ais a model for ¥ if and only if there exists D € D so
that for all i € D, A; is a model for X..

Proof: (a) This is merely an unwinding of the definition and the details are left to the
reader.

(b) As usual this is proved using the inductive definition of a formula. We will carry out
this analysis for formulas of the form (Vv)¢ and # ¢ an d leave the remaining easier cases
to the reader. So suppose that (b) holds for the formula ¢.

Let v be a variable. We wish to show that (b) also holds for (Vv)¢.

By definition A = ((Yv)¢) |

if and only if for all E:V + Asuch that F agrees with £ on V — v one has

A ¢p

As (b) holds for ¢ this is equivalent to

(x)  {ilAiE¢lpteD

for all such F and where we may choose the E; to agree with F; on V —v.

Let D = {i | A; |= (V@) |g,} € D. Then for any E, D is a subset of the set in (*). So
if D € D, (*) holds.

Conversely suppose that D ¢ D. Then by definition of = (Yv)¢ |g,, for each i € I\ D
there exists E; so that F; agrees with E; on V — v and we do not have A; | ¢ | o Put
Eq== Ey for d € D and put E = [[p E;. For this choice of E the set in (*¥) is a subset of
D and so as D ¢ D (*) does not hold. This completes the proof of (b) for formulas of the
form (Yv)o.

Next we consider the formula # ¢.

By definition A =# ¢ |g if and only if not A = ¢p. As (b) holds for ¢, this is equivalent
to
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{ilAiEd) |} gD

As D is an ultrafilter (this is the only place there the ultra filter assumption is used)
this holds if and only if

{i| not Ai =¢) |p,} €D
By definition of = —¢ |g this is the same as

{i|Ail=(=9) |z} eD

(c) By (b), (c) holds a single sentence, As a D is closed under finite intersection (c) holds
for arbitrary finite theory (or more general for any theory with a finite set of axioms). [
bigskip

As an immediate consequence of 12.12 we obtain that an ultra products of groups is
again a group and an ultra-product of fields is a field. Also if n is a given positive integer
and each A; is a set of size at most n, then any ultra-product of A; is a set of size n. Indeed,
a set has size at most n if and only if it satisfies the sentence

(Fur ... 0n) (VUng1) (V1 = Vg1 Voo VU = Upt1)

To be able to talk about groups,fields and vector spaces at the same time we add an
additional set = to a first order language ,where each element of = stands for one of the
structures. The universe of now is of the form (A¢|{ € =) where each A¢ is a set. The
function symbols are now (mg| | £ € E) — &o)-placed (with 3 .c v, m¢) finite) where such
a symbol is interpreted by a function nga AZLE — Ag,. The relation symbols are treated

similarly. The variables are of the form vg,n € N, ¢ € Xi. To evaluate terms v is only

allowed to be replaced to element of A¢, that is the only consider functions E : (JVJ Ae
with F (vi) € A¢. All the assertions about first order language we made so far are still true
in this more general set-up. Indeed, it is not difficult to see that this set can be expressed
in terms of the old set up.

If V; is vector space over the field K;, we now obtain [[, A; is a vector space over the
field [[p K;. Now if each A; has dimension at most n, then [[, A; has dimension at most
n over [[p K;. Indeed a vector space over a field has dimension at most n if the following
sentence is fulfilled:

(El’Ul R vn)(anH)(Elkzl ce kn)vn+1 =ki-vit+ko-vo+...+ k:nvn)

where the v;’s are vector space variables and the k;’s a field variables.

If g € GLK(V) define deg(g) = degy (9) = dim[V,g] = dimV/Cy(g). Furthermore
pdegy (¢9) = inf{degk-g | 0 # k € K}. The statements degy (z) < n and pdegy(9) < n
can be expressed in the first order language of groups acting on vector-space . For example
pdeg(g) < n reads as
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(31)1 .. .Un)(akn+1)(—|(kn+1 = O)A((VU,H_l)(Ekl . kn)kn—i-lUZJrl = kl'v1+k2'1)2+. . .+knvn+vn+1)

We also have a natural embedding [[p GLk, (Vi) — GLy1, k,(I[p Vi This induces an
embedding [[p PGLk,(V;) = PGLy k,(IIp Vi Indeed, (gi)p acts as a scalar (k;)D on
[Ip Vi if and only if there exists D € D with k; = g; for all ¢ € D. But this is the same
as saying that (g;)p is in the kernel of the map from [[, GLk, (Vi) to [[p PGLk,(V;). If
pdeg Vi(gi) < n for all i € D € D, then we get pdegyyy,((9:)p) < n.

Let X be a group, (L; | i € I) a local system for X and for each i € I, let ¢; : L; — H;
be a group homomorphism. For i € I < IZ1 = {j € I | j > i}. Since I is directed,
{IZ%|i € I} as the finite intersection property. Hence there exists an ultra-filter D on I so
that I=? € D for all i € I.

Let H = [[p H;. Extend ¢; to a map (but not a homomorphism) X — H; by ¢;(z) =1
if z € X \ L;. Define

¢o: X —>H,x— <¢Z($)<D

Let 2,y € X and pick i with (z,y) < L;. Then ¢;(zy) = ¢;(z)¢;(y) for all j € I=.
Since =% € D this implies ¢(xy) = ¢(2)¢(y). Hence ¢ is a homomorphism. In general it
seems to a non-trivial task to determine the kernel of ¢ and in general the kernel depends
on the choice of the ultra filter. But there is an easy sufficient condition which guarantees
¢(z) # 1. Namely if there exists i € I so that ¢;(z) # 1 for all j > ¢ then ¢(x) # 1. In
particular if all ¢; are one to one, then

For locally finite X (or more generally for arbitrary groups if instead of finite groups,
finitely generated groups are considered) we give a similar conditions which ensures that ¢
is one to one:

Suppose that {(L;, M;)|i € I} is a sectional cover and that ker ¢; = M;. For i € I let
I ={jel| L <LjL NM;=1}. The definition of a sectional cover implies that
{L*<?|i € I as the finite intersection property. Hence we can choose an ultra-filter D with
L% € D for all i € I. Then clearly ¢ is one to one.

malcev Theorem 12.13 Let X be a group with a local system of linear groups of degree n. Then
X s linear of degree n.

Proof: Let £y |) € T be the local system such that there exist field /K; and embeddings
¢i — GLy(K;). By the preceding discussion X can be embedded into [ [, = G Ly, (K;) which
in turn is embedded into GL,,([[p K;). O

With the same sort of argument we obtain:

joncev Theorem 12.14 Let X be a group and {(L;,M;) | i € I} be a sectional cover for G.
For i € I let V; be a vector space over the field K; and ¢; : Li/M; — PGLk,(V;) an
embedding. Furthermore let Y C X so that for all y € Y there exists an integer d, and a
finitely generated subgroup F, so that for all i € I with F, < L; and F,, " M; = 1 one has
pdegy, (¢i(y)) < dy.

Then there exists a vector space V' over the field K and an embedding ¢ : X — PGLK (V)
so that pdegy (¢(y)) < dy for ally € Y. O



Chapter 13

Periodic, simple, linear groups

In this chapter we present and partly prove the classification of the periodic, simple,
linear groups.

Definition 13.1 A projective representation of the group X is homomorphism of X into
PGLK(V), where V is a vector space over the field K. dimg V' is called the degree of the
projective representation.

For example PSL, (K) has projective representation of degree n. This indicates that a
projective representation can be a more natural object to look at as a linear representation.
Also we remark that any group with a faithful projective representation of finite degree is
linear (but maybe of larger degree). Indeed if V' is a projective representation for X, then
X ® X* provides a linear representation, where X* is the dual of X.

Definition 13.2 Let H be a finite group. Then mdeg(H) is the minimal positive integer
d so that there exists a field K and finite groups B IT < GL4(K) such that TN K < B
and M = H.

Lemma 13.3 Let q be a prime, M a finite q-group with 1 = M' < ®(M) < Z(M). Let
|M/Z(M)| = q".

(a) If Z(M) is cyclic, then M has an abelian subgroup of rank at least 5.

(b) Let K be a field and V' faithful irreducible K M-module. Then V' has dimension at
least q%.

Proof: (a) Let x € M. Then the commutator map induces defines an isomorphism
from M/Chp(z) into [M,z] < Z(M). Since M/Cp(z) is elementary abelian and Z (M) is
cyclic this implies |M/Cy(x) < ¢g. An easy induction argument shows that |[M/Cys(A)| <
|A/JANZ(M)| for all A < M. Since Cp(A) < A for any maximal abelian subgroup of M,
(a) holds.
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(b) Since M is irreducible, Z(M) is cyclic Also if 1 # z € Z(M), then Cy(z) is an M
submodule and so Cy(z) = 0. Without loss K is algebraically closed.

Let A be a maximal abelian subgroups of M. Then Z(M) < A and A is normal in M.
Let W be a Wedderburn component for A on V and let B = Ny (W). Then [A, B] < M’ <
Z(M). As Ais abelian and K is algebraically closed, A has an eigenvector on W and so acts
as scalars on W. Thus [A, B] centralizes W. Put Cyzn(W) = 1 and so [A4, B] = 1. The
maximality of A implies B < A. Hence Ny(W) = Aand dimV = dim W-M/A|. It remains
to show that |[M/A| > |A/Z(M)|. For this pick B < M with M = AB and ANB = Z(M).
Then as seen above |M/Cy(B)| < |B/Z(M)| = |M/A|. Thus also |A/Ca(B)| < |M/A|.
Put Ca(B) < Cm(AB) = Z(M) and so |A/Z(M)| < M. O

Lemma 13.4 Let H be a non-cyclic, finite, simple group, d = mdeg(H) and B IT <
GL4(K) finite groups with HNK < B and T/B = H. Then T acts primitively on K% and
B<K.

Proof: Suppose that 7 normalizes a proper subspace W in V = K% By minimality of d
neither T'/Cr (W) not T/Cr(V/W') have composition factor isomorphic to H. But neither
does the abelian group Cp(W) N Cp(V/W).

Hence T is irreducible on V. Suppose next that A is a system of imprimitivity for T’
on V. Since Cp(A) is not irreducible it cannot have composition factor isomorphic to H.
Thus T2 does. But T° < Sym(A) < Sym(n) and Sym(n) is isomorphic to a subgroup of
GL4-1(K) via the even permutation module, a contradiction.

So T' is indeed primitive on V.

Suppose now that B /K and pick a counter example with |7'| minimal. Without loss
K is algebraically closed. Put Z = T N K and let ¢ be a prime dividing the order of
B/Z. Let @ be a Sylow g-subgroup of B. By the Frattini argument 7" = BNp(Q) and so
Nr(Q)/Nay(Q) = H. Thus by minimality of | B|, @ is normal in T". Let M be a subgroup of
(Q minimal with respect to M £ Z and M <Q7T. As T is primitive Clifford’s theorem implies
that V is the direct sum of isomorphic irreducible M-modules. If M would be abelian then
as K is algebraically closed we get M < Z, a contradiction.

Thus M is not abelian. By minimality of M. ®(M) < Z and Z(M) < Z. Put
M = M/M N Z By minimality of T and as M < C7(M) the latter group has no composition
factor isomorphic to H. Hence T/C7p(M) has a composition factor isomorphic to H. Let
M = ¢™. Note that M is a vector space over GF(q) and so by minimality of d, d < m. On
the other hand by 13.3, d > ¢/m*"2. So ng. Asm > 1, q =2 and m < 4. But then
(Aut(M)/Inn(M))oo < Sps(2)*° = PSL2(9). Hence d < 2, m = 2 and Aut(M) is solvable,
a contradiction.

Lemma 13.5 Let A be a elementary abelian r subgroup of X = GL,(K) with r #
operatornamecharK. Then A has rank at most n and |[Nx(A)/Cx(A)| < nl.

Proof: Without loss K is algebraically closed. Let £ be the set of eigenspaces for A on
K". Then || < n. Let E € £&. Then A/C4(E) is cyclic and so A has rank at most
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|€]. Since A acts as scalars on E we get that [Nx(FE), A] centralizes E and so [Cx(E), A]
centralizes K= @ E. Hence Nx(A)/Cx(A) is is isomorphic to a section of Sym(€) and so
has order at most |E]!. O

Proposition 13.6 Let G be a infinite, periodic,linear, simple group and d the minimal
degree of a projective representation for G.

(a) Let K be any Kegel cover for G. Let J consists of whose K € K with K perfect and

mdeg(K) = d. Then J is Kegel cover for G, K\ J is not a Kegel cover and Hy is
simple for all J € J.

(b) G is the union of an ascending chain G1 < Gy < Gs... of finite simple subgroups
with mdeg(G;) = d for all i.

Proof: (a) Without loss K has non cyclic factors.Suppose that K \ J is a Kegel-cover
for G. Then by 13.4 all the factors of this Kegel cover have a projective representation of
degree less than d. By Malcev’s theorem 12.13 we conclude that also G has a projective
representation of degree less then d. A contradiction.

So K\ J is not a Kegel cover and thus J is a Kegel cover. Let J € J. Since Hj is has
a projective representation of degree d and d = mdeg.J. Hence H is simple by 13.4

(b) By exercise 16. G is countable. Thus (b) follows from (a). O

In order to proceed we proudly present:

The classification of finite simple groups

Any finite simple groups is isomorphic to one of the following groups where p is a prime,
g = p"* and n, k are positive integers.

. C,
o Alt(n),n>5

o Au(q) = PSLnt1(q); (n,q) # (1,2),(1,3).

o 2Au(¢?) = PSUn11(¢%), n < 3, (n,q) # (3,2)
o B,(q) = PQanii(q), n >3, p odd.

o 2By(q) = S2(q), p=2, k > 1 odd.

e Cn(q) = PSpan(q), n =2, (n,q) # (4,2).

e Dy(q) = PQ3,(q), n>4

* *Dy(¢®) = PQy,(q), n > 4.

e 3Dy(q%)

Isls
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e 2Es(q?)

o Fu(q)

o 2Fy(q), p=2, k> 1 odd, 2Fy(q)’
o Ga(q), ¢ #2.

e 2Gs(q), p=3,k > 1.

o My, Mia, Mag, Ma3, Moy, J1, J2, J3, Js, HS, McL, Suz, Ly, He, Ru,
O/Na 0037 0027 001, Fi227Fi23a FZ./247 F37 F5a F37F1

e DDELNPPRST

~

All of these groups are simple. And they are pairwise non-isomorphic except for Alt(5) =
PSLy(4) =2 PSLo(5), PSLo(9) = Alt(6), PSL3(2) = PSLy(9) and PSpy(3) = PSU4(2?).

Islt Proposition 13.7 Let G be a infinite, periodic,simple linear group.

(a) There exists a prime p, an positive integer n, a Lie-type X and an ascending chain

G1 < Gy < G3 < ... of finite simple subgroups of G such that G = (\;2; G; and

i & X,(pFr). Moreover, any linear representation of G has to be over a field in
characteristic p.

(b) If G is a linear representation over the field K, then operatornamecharK = p.

Proof: Let G; < Gy < ldots be as 13.6. Using 3.3 we will select a subsequence which
fulfills (a). (b) will be proved along the way. First of all we may assume that none. of the
G;’s is one of the sporadic groups. Also suppose that K is a field so that G has a faithful
projective representation of degree d over K. Let p = operatornamecharK.

Let r be any prime with r # p and let L be any simple section of one of the G;’s. By
13.4 L has faithful projective representation of degree d. L is linear of degree d? and so L
has no elementary abelian subgroups of rank larger than d?. In particular there is bound on
the size of the alternating sections. Hence only finitely many of the GG;’s can be alternating
groups. So we may assume that G; = X (i), (¢), ¢ = pfl

We will use the following facts about groups of Lie type without proof:

1. X, (¢) has a section isomorphic to Alt(n)

. . 1
2. X,,(¢) has an elementary abelian subgroup A with |A| = q and |[N(A)/C(A)| > 4=
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JFrom 1. we conclude that there are only finitely many distinct n;’s. Also there are only
finitely many X (7)’s and so by 3.3 we may assume that for all ¢ and some X and n, X (i) = X
and n; = n. By 2. and 13.5 there is a bound on the ¢;’s with p; # operatornamecharK .
Thus, p = operatornamechar K is a prime and p; = p for all but finitely many 3. O

Lemma 13.8 Let K be a field of characteristic p > 0, V' a finite dimensional vector space
over K, B a basis for V, G = GLy(K) and S = SLy(V). Let W be a K-subspace of V
and put Qw = Ca(W)NCq(V/W)

(a) Qw < SLx(W) and Qw N K = 1.

(b) Nae(W)/Qw = GLi(W) x GLg (W),
Ns(W)/W 2 {(a,b)a € GLx(W),b € GLg(V/W), det(a) det(b) = 1}.

(¢) Qw is an elementary abelian p-group (where an elementary abelian 0-group is defines
to be a torsion free abelian group). As ZNg(W)/Qw-module Qw is isomorphic to
Hompg (V/W, W).

(d) If W is a proper subspace of V, then Cq(Qw) = QwK* and Cpsrev)(Qw) =
QwK# |K#

SLK(V) = <QKb | be B).
Qp acts transitively on the points of V' \ B.
Let V=A® B withdim A =1. Then SLg(V) = (Qa,®@B).

Suppose that dimg V' > 3 or |K| > 4. Then every proper normal subgroup of SLi (V')
is contained in K and PSLk (V') is simple.

Proof: (a) Obvious.

(b) There is an obvious homomorphism from ¢ : Ng(W) — GLg(W) x GLg((V/W)
and Qyy is the kernel of this homomorphism. Alsoif V.= W@U ,then GLg(W)XxGLk(U) <
GLk(V), and ¢ restricted to this subgroup is an isomorphism. Hence ¢ is onto. This proves
the first part of (b). The second is obvious.

(c) For ¢ € Qw define ¢* € Hom(V/W, W) by ¢« (v+ W) = [v,q]. As ¢ centralizes
V/W, [v,q] indeed lies in W and since ¢ centralizes W this well defined. Conversely if
a € Hom(V/W, W) define a* € Qw be o*(v) = v+ a(v+ W).

(d) Let g € Cq(Qw). Let H be a hyper-plane (that is a subspace of codimension 1) of
V/W and U a 1-space in W. Pick a € Hom(V/W, W) with kera = H and Sa = U. Then
kerad == HY9 and Safd = UY. Since a* = a9 we also have @« = o9 and so H9 = H and
UY9 = U. Since this is true for all such H and U it is easy to see that g acts as an scalar on
W and on U. ag = ga implies that these scalars are the same. Thus the first part of (d)
holds. The second follows from the first and (a).
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(e) Let n = dim KV. If n = 1, there is nothing to prove. So suppose n > 2. Let
H=(Qgp|beB. Let a€e B, By=8B—a, Hy = (Qra N Cg(a) | a € By) and V) = K(By).
Let b € B. By induction on n, Hy = SLk(Vp).

Step 1 If v + Ka = w + Ka, then v? = w for some ¢ € Qx,4.
Pick oo € Homy ey ip With a(v+ Ka) = w —v. Then v® = w.
Step 2 H acts transitively on V7.

By step 1 every l-space in V' \ K, is conjugate under Qr, to am element of Vp. Since
Hj acts transitively one the 1-spaces of V, we conclude that Qg,Hy acts transitively on
the 1-spaces different from 1. Moreover, Qi does not fix Ka and so H is transitive one
the 1-spaces of V. It remains to show that for all A € K#, a and X - a are conjugate under
H. By step 1 (sometimes applies to b in place of a), a and a + b are conjugate under Q gy,
a-+band \-a+b are conjugate under Qx,, and A-a+b and A-a are conjugate under Q) gyp.

Step 3 k., acts transitively on the complements to Ka in V.

Let W be any complement to Ka in V. Let S(vg + Ka) be the projection of vy onto
Ka viaV = Ka® W. Then 8 € Homy, gy, gy and vo + B(vo) € W for all vg € Vy. Thus

Voﬁ " =W and Step 3 is established.

Let s € SLy (K). By Step 2 and Step 3 there exists h € H so that sh centralizes a and
normalizes Vy. Thus sh € SLi(Vp) < Hy < H and s € H.

(f) This is just the dual statement to Step 3 in (e).

(g) By (f) V = (A98) and so A9 contains a basis. Thus by (e) (Q%7) = SLk(V).

(g) Let N be a normal subgroup of S. Let A be a 1-space and M = Ng(A). Clearly
SLk (V) acts double transitive on the 1-spaces and so M is a maximal subgroup of G. If
N < M, then as N is normal in S and S is transitive, S normalizes all the 1-spaces in V.
Thus N < K. So suppose N £ M. Since M normalizes Q4 we conclude that MQ4 < S.
Thus S = NQa and [Qa,M] < N. Suppose that [Qa, M] # Q4. Since Cg(A) acts
irreducibly on Qﬁ we conclude that [Qa, M] = 1. Thus by (d) M < Q4K. This implies
dimV = 2 and |K| < 3, a contradiction to the assumptions. Hence Q4 = [Qa, M| < N
and S = N. O

Lemma 13.9 Let K be a field in positive characteristic p. Let n > 1 an integer. Let ¢ :
PSL,(K) < PGLrp(W) be a embedding with operatornamecharK = operatornamecharF
and dimp W < n. Then dim F'W = n. Moreover if A is point or a hyper-plane in V', then
?(Qa) < Qp for a unique point or hyper-plane B in W.

Proof: By induction on n. Let p = operatornamecharF. Since Q4 is a p-group,
Q4 centralizes proper subspace B in W. If n = 2, B has to be a point and we are done.
So suppose n > 2. Note that Ngr, (x)(A)/Q has a subgroup isomorphic to SL,_1(K).
Induction and the simplicity of PSL,_1(K) (respectively the structure of PSLy(2) and
PSLy(3) implies either B or W/B has dimension at least n — 1. Thus B is a point or a
hyper-plane and Q4 < @p. O



61

pslslt Theorem 13.10 Let G and G1 < Ga < ... be as in 13.7(a) with X = A. Let I be the
subfield of F), generated by the F x,. Then G = A, (F).

Proof: Letd =n=1. Let F; = }Fpki and V; = Fl-d. Let V5, and F, be a suitable ultra
product of the V; and F;, respectively. Then V, is a projective G-module of degree d over
Fy. Put Goo = G. Let Z; = {k € F; | k% = 1}. Then for i < oo, G; = PSLk,(V;) =
SLk,(Vi)/Z;i. |Zi] < d and so passing to a subsequence we may assume |Z;| = z for all
1 <4 < oo and some z. Then also |Z| = 2.

Let V1 = A; @ B for a point A; and a hyper-plane By. Then for 1 <i < o0, Qa, < Q4
for some point or hyper-plane A; in V;. Replacing V; by its dual if necessary we may assume
that A; is a point. Also let B; be the point or hyper-plane of V; with Qp, < @p,. Then
G; = (Qa,,Qp,) normalizes A; + B; and so V; = A; @ B;. Note also that if i < j < oo,
then Qa, < Q4,. Fix 1 < i < co. Let M; = Ng,(A;) and M the inverse image of
M; € SLr_ (V). Let K; be the subfield of F, generated by the scalars induced by M} on
As. The p-elements in M centralize A,,. Also MZ-/OPI(MZ-) o Fi#/Zi, M?/Z~ = M; and
Z; =2 Zs. Thus Kj; is isomorphic to a subfield of F;. Let O # a € Ay,. Let W; be the K;G;
submodule of V,, spanned by a. Also let t1,%9,...ty € G1 so that V; = @izldAﬁi and let
a; = ali

Claim For all i < co, W; = K;a ® (W; N Bx)

Let g € G;. If AYB;, then Qp, < M and so AY < Cw,(Q4,) < Bs. If AY £ B;, then
by 13.8f, A = A? for some ¢ € Qp,. Hence g = mgq for some m € M;. By definition of Kj,
m normalizes K;a and so K;a9 = K;a? < K,a|K;, q] < K;a(Bs N Wj).

Thus the claim is proved. It follows that W; N A, = Kja and so [W;,Q4,] < Kia.
Hence G; = <ijl | 1 < j < d normalizes EB?:lKiaj. Hence a1, ao,...aq is a K;-basis for
W;. W; is a faithful projective G; module and so |PSLy(K;)| > |PSLg(K;). Since K; is
a isomorphic to a subfield of F; this implies that K; and F; are isomorphic. Moreover G;
maps isomorphically onto PSLg, (W;).

As G =JG; we have W =Ji =1°W,;, Koo = UK; = F and G =\ PSLk,(W;) =
PSLig (W) = PSLy(F). O

The next theorem (or in some cases parts of it) was proved independently by Belyeav
[?], Borovik [?], Hartley and Shute [?] and Thomas [?]. We refer the reader to whose papers
for a proof.

Theorem 13.11 Let G be an infinite, periodic,linear, simple groups. Then G is a groups BBHST
of Lie type over an infinite,locally finite field. More precisely if Gi < Go < ... are as
13.7(a) and F is the subfield of IF), generated by the F x,. Then G = X, (F). O
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Chapter 14

The maximal subgroups of SLy(K)

masusl
In this section p is a prime and K is locally finite field in characterictic p, that is K is
a subfield of the algebraic closure of F,. Let V be a 2-dimensional vector space over K ,
L=SLg(V), Z=2(L)={#+1}and L = L/Z(L) = PSLx (V). The goal of this section is
to determine the maximal subgroup of L.

Lemma 14.1 Let m = sup{i | F o < K}. ffson
(a) F has a field extension of degree 2 if and only if m < oo.

(b) Let F be a field extension fo degree 2 of K. Then
(a) F: K is Galois.

m—+1
(b) F is unique up to K-isomorphism. Namely F is the splitting field if 2P -1

over K
(¢) Let o the non-trivial K -automorphism of F. Then K ={ff° | f € F}.

Proof: Let E the algebraic closure of K. We start with describing the subfields of F.
Let ¢ be a power of p. Then (ab)? = a?%% and (a + b)? = a? + b9 for all a,b € E. Hence
the ¢ roots of the polynomial ¢ — x for a subfield F, of E. Conversely, if T' is a subfield
of order ¢ in E, then as (T7,-) is a groups of order ¢ — 1, t971 = 1 forall o #t € T
and so t9 —¢t = 0 for t € T". Thus [, is a unique subfield of order ¢ in E. Let T" be any
subfield and for a prime 7 let m,(T) = sup{r | F i< T}. Let Nk be the formal product
[ 1, mr(r),there the product is taken of all the primes. For two such formal we can build
the product, the greates comman divisor and leat commom multiple in an obviuos way.
Given a formal product N = [[m, let F,n = U,en{Fpn | ndividesN}. Then F,v is a
subfield of E with Ny = N and T' = F,~;. Hence we obtain a one to one correspondence
between subfield of E and the formal products. Given two formal products N, M. Then
Fov NFpy = Fpgeavany, The subfield of E' generated by Fyn and Fpu is Fiemv.ar. Also
F v < F,u if and only if N divides M, in which case the degree of this extension is M/N.

63



absl

64 CHAPTER 14. THE MAXIMAL SUBGROUPS OF SLy(K)

By the preceeding dicussion it remains to prove (bc) Since F' is the union of its finite
subfields and since all finite subfields are invariant under o we may assume that F' is finite.
Let ¢ = |K|. Then z — x4 is non trivial K-autmorphism of F' and so o(f) = f? for all
f € F. Since o has order two, ff is fixed by o and so lies in K. The map f — ff° = fat!
induces a homomorphism form the multiplicative group of F' to the multiplicative group of
K. Since F has at most ¢+ 1 (¢ + 1)’th roots of unity, the cernel of this map has order at
most ¢+ 1. As |F#|=¢*> —1=(qg—1)(¢+1) and |K#| = ¢ — 1, this map must be onto.]

Lemma 14.2 Let A be an abelian subgroup of L. Then Cr(A) is is the unique mazimal
abelian subgroup of L containing A, N1(A) is solvable of derived length two and one of the
following holds:
1. (a) A is an elementary abelian p-group.
(b) KA has exactly one proper submodule W in V.
(c) CL(M) = Z(L)U where U = C,(W) = (K, +) is a maximal unipotent subgroup
of L. With respect to some of basis V., U = {( ]1 (1) ) | ke K}.

(d) Np(A) = NL(W), N (W)/U = (K*#,-) and with respect to some basis of V,
A0

Np(A) = {( b - ) |ke K.\ e K7},
2. (a) A is a locally cyclic p' group.
(b) KA has excactly two proper submodules W1, Wy on V
(c) OL(A) = Np(W1) N Np (W) = (K#,.). With respect to some basis V, Cp(A) =

{<lg kEl > | k€ K7},

(d ( ) NL({Wl,WQ}), ’NL(A)/CL<A)| =2 and NL(A)/CL<A) mverts CL(A)

b

(¢) Let F = Endga(V). Then F is a field extension K of degree 2. Let 1 # o €
Gal(F,K), then CL(A)=FNL={feF|ff°o=1}.

(d) NL(A) = Nr(F), INL(A)/CL(A)| =2 and NL(A)/CL(A) inverts CL(A).

) N
3. (a) A is a locally cyclic p'-group.
(b) A acts irreducible on V.
)

Proof:
Case 1 A is not a p’ group.

Let 1 # b € B be an element of order p. Then (b —1)?» = b’ — 1 = 0. Hence there
exists vy € V with v; = 02 7é neq0 and v1(b— 1) = 0. Then W = Cy(b) = Kwv; is the
only proper K /b)-invarinant subspace of V. As A is abelian, A normalizes W and so 1b
holds. Hence also N,(A) leaves W invariant and 1d holds. A simple calculation shows that
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Cr(b) = UZ(L) where U is as in lc. Since UZ(L) is abelian, UZ(L) = CL(A) and so lc
holds. Also A < U and so la holds.

Case 2 A is a p’ group and A is not irreducible.

Let W; be a proper K A-submodule in V. Let a € A\ Z(L). Then a acts as a scalar
A on Wj. Since deta = 1, a acts as A~ on V/W;. Suppose that A = A~!. Then A = +1.
Put then a? = £1 and as A is a p-group, a = £1 a contradcition to a € Z(L). So A # 1.
Let W5 be the eigenspace of a corresponding to the eigen vector A™'. Then W; and W> are
the only proper K (a) submodules in V' and so 2b holds. Is is now easy to check that also
2c and 2d hold. Finally finite subgroups the multiplicative groups of field are cyclic and so
also 2a holds.

Case 3 A is irreducible( and so also a p’ group)

By Schur lemma F' is a division ring. Clearly K < F and as A is abelian A < F and so
F # A. Since V is a vector space over F' we get 2 = dimg V = dimp V - dimg F. Hence
F' as degree 2 over K and V is 1-dimensional over F'. In particular we may and do identify
the K-space V with the K-spave F. Let f € F\ K. Then 1, f is a K basis for V. Let
f?=—k—1f for some k,l € K. So m¢(z) = 2 + lz + k is the minimal polynomial for f

0 1
ko > Thus det f = k.

over K and the matrix for f with respect to the basis 1, f is <
As f € SL(V) if and only if k = 1.

In particular for a € A\ Z(L) we see that a and a~' are the roots of m, (), F contains
all roots of mg(z) and mg(z) does not have a double root. Thus F': K is a Galois extension.

Let o be the non trivial element of Gal(F : K). Then f, f7 are the roots of my(x) and
so k= ff?. Hence f € L if and only if ff? = 1. Note that 0 € GLg(F) = GLk (V). With
rspect to the basis a,a™! we see that det o = —1. So in order to show that N (F) £ Cp(F)
we need find f € F with det f = —1, for then fo € Np(F)\ Cr(F). This amounts to
finding f € F with ff? — 1. But such an f exists by 14.1. Since C(A) < F, 3a holds and

thus 3. holds in this case. O

Lemma 14.3 Let M < L. Then one of the following holds.

(a) M has an abelian normal subgroup A with A £ Z(L) and the structure of M < Np,(A)
is described by 14.2. In particular, M is solvable of derived length at most 2.

(b) p is odd and there exists Q@ < M so that Q is a quaternion group of order eigth.
Moreover Nz (Q) = Alt(4) or Sym(4).

(c) M® is locally ”finite,simple” and so simple.

Proof: Suppose first that M has a solvable normal subgroup @ with @ £ Z(L). Choose @
of minimal derived length. If @ is abelian, then (a) holds. So suppose that @ is not abelian.
Then by minimal choice Z(Q) = Q' = Z(L) and p is odd. By 18.13 Q/Cp(Q) < 2% = 4.
If |Q/Z(Q)| <3, Q/Z(Q) is cyclic and so @ is abelian. So |Q/Z(Q)| = 4 and |Q| = 8. By
14.2, Cy x (5 is nor a subgroup of L and so @) is a quaternion group. It is easy to see that

solmnl
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Cr(Q) = Z(L) and so Nz (Q) is ismorphic to a subgroup of Aut(Q). Since Aut(Q) = Sym(4)
it rmains to verify that 3 divides N7, (Q). We leave this as an exercise to the reader.

Note that we have probed that all solvable subgroups of L have derived length at most 4
and so all locally solvable subgroups of L are solvable. So we may assume that LSol(M) <
Z(L). Let R be non trivial normal finite perfect subgroup of M and T a normal subgroup of
R minimal with respect to T' £ Z(L). Let S be some Sylow subgroup of T with S £ Z(L).
Then by Frattini, R = TNg(S). Since Nr(S) is solvable and R is perfect, R = T. We
conclude that R is simple. O

Lemma 14.4 Let H be a finite group.

(a) Let r a prime and S a Sylow r-subgroup of G. If S is cyclic and Ng(S) < Cg(S),
then H has a normal p-complement, that is H = NS for some normal p' subgroups
N of H.

(b) Let T < S < G with S a Sylow 2-subgroup of H. Let t be an involution in H and
suppose that |S/T| = 2. Then either t is conjugate in H to an element of T or H has
a normal subgroup of index two which does not contain t.

(a) Since S is cyclic S has a faithful 1 dimensional module over C. Let W be the C module
induced from U. For h € H let sign(h) € {1, —1} be the sign of h as a permutation on H/S
and let det h the determinant of h as a linear map map on W.

If h is a 7’ element then no non-trivial power of h normalizes a conjugate of W under
H and so as C(h)-module, W is isomorphic to the permutation module on H/S. Thus
det h = sign h.

So suppose now that s € S with |h| = p. Let X be scalar induced by s on U. Let g € H
so that s fixes Sg. Then both s € SN .SY9 and so both S and 59 are Sylow p-subgroups of
Cy(s). Hence S9 = S¢ for some ¢ € Cy(s). Thus ge=! € Ny (S) = Cy(S) < Cy(s) and
so g € Cp(s). In particular s acts as A on UY. Let m = |Cg(s)/S|. We conclude that
det s = A" sign h.

Define ¢(h) = det(h)sign(h). Then ¢ is a homorphism form H into the multiplicative
group of C. Also by the above ¢(h) = 1 for all p’ elements and ¢(s) = \™ # 1 as A is a
p-root of unity and m is coprime to p. Hence H = ker ¢S and ker¢p NS = 1.

(b) Consider ther action of H on 2 = H/T by right multiplication. Suppose first that
H has a fixed point Th on Q. Then Tht = Th and so t" € T. So suppose that ¢ acts fixed
point freely on 2. Then t as % = % orbits on 2. Thus ¢ induces an odd permutaion on 2.
Thus the normal subgroup of H consisting of all the elements inducing an even permutation
on {2 has index two and does no contain 2. O

Lemma 14.5 Let M < L so that M is non-abelian, finite simple simple. The one of the
following holds.

1. There exists a finite subfield Ky of K and 2-dimensional Kp; subspace Vyy with
KVy =V and M = SLk,, (V).
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2. pis odd and M = Alt(5).

Proof: Let Ay, As,... A, be representatives for the conjucagcy classes of maximal abelian
p’ subgroups of M. Also let Ag be a Sylow p subgroup of M.

1. Every non trivial element of M is contained in exactly one conjugate of exactly on of
the A;’s, 0 < <.

Let z € M\ Z(L) and put A = (z). Then A is abelain. If A is not a p’ group then by
14.2 A'is a p-group and so A is contained in a conjugate of Ap. If A is a p’ group, then A is
contained a maximal abelian p-prime subgroup of M, which by definition is a conjugate of
one of the A;’s, 1 <i < r. Finally if A < A? for some z € M, then A7 < Cp/(A) which by
14.2 is abelian and either (modulo Z(L) a p or a p’ group. Thus A¥ = Cjs(A) is unique.

Let a; = |A;], m = |M| and r; = [N (4;)/A;]. Let e = ged(2,p — 1)
2. 1—%227;:0%(1—&)

TiQ;
conjugates contains a; — 1 non-trivial elements and so by 1. and as M as m — 1 non-trivial
elements:

Fist note |Nz(A;)| = ria; and so A; has |[L/Np(A;)| = -2 conjugates. Each of these

a; —1).
> (oD

Dividing boths sides by m gives 2..
3. a;#1foratleast two 0 <i <r

Suppose a; # 1 for exactly one i. Then as a;r; < m, 2.

1 11 1. 1 1 1
<l-—=—(1-—)==—-r;<1-

a;T; m T a; r; a; a;T;

1—

Hence all inequalites are inequalities and we conclude, a;r; = m, r; = 1 and a; = m.
Thus M = A; is abelian a contradiction.

4.
(a) Let 1 < <r, then r; < 2.

(b) If ag # 1, then ro = a; for some 1 < j <.

ssl-1
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(a) follows directly from 14.2. For (b) suppose that ag # 1. Suppose that ro = 1. If
ap < 3, then Ay is a cyclic Sylow p-subgroup of M. Since ro = 1, Nys(Ag) = Ay is abelian,
a contradiction to 14.4. Thus ap > 4 and so 2(1 — L > 2. By 3. 7 > 1 and by (a)
1 1 171 1 ° °
al-a=>503) =1

Thus 2. provides the contradiction

1 3 1
1— . > 1 + 1= 1

Hence 19 # 1. Let r be a prime divisor of g and T be a Sylow r subgroup of Njy;(Ap).
Let A = Cy(T). Then be 2., A = AY for some i and g in M. By 14.2(1) there exists a
unique 1-space Y invariant under Ag. In particular also 7" normalises Y and by 14.2(2), T’
fixes exactly two 1-spaces and both of these are also invarinat under A. Thus A normalizes
Y and so also Ag. Thus A = Ny, (4,)(T). Since Npr(Ap)/Ao is cyclic, AT is normal in
Ny(Ap) and so by a Frattini argument, Nj;(Ag) = AgA. Thus ro = |A| = a;.

5. Let r be a primes divisor of M.
(a) r divides exactly one of the a;’s.
(b) Let S, be a Sylow r subgroup of M. Then exactly one of the following holds:

1. ris odd or p =2, and S, < A? for some g € M.

2. r =2, pis odd and for some g € M, S, N AY is a Sylow r-subgroup of A7 and
1S, /S, N AY| = 2.

(c) m =2 foralli>1.

Let @ be an element of order r in M. Then a € A? for some i and some g € M. Without
loss a € A;. Then r divides a;. Let T, be the Sylow r-subgroup of A;. Let t € Ny (T)).
Then T, = TY < A; N A and so by 1., A; = AY. Thus Ny (T,) = Nag(A;).

Supppose first that r is odd or p = 2. Without loss T}. < S,.. By 4., r does not divide
r;. So T, is a Sylow p-subgroup of Nj/(7,) and hence Ng.(T,) = T,. Hence T, = S,. So
(b) holds. Assume that r also divides a;. Then also A; contains a Sylow r-subgroup of M
and so 2. implies ¢ = j. Thus (a) holds. Suppose i > 1 and r; = 1, then Ny (T}) = A; is
abelian. Since T, is a cyclic Sylow r subbgroup of M, this contradicts 14.4. So (c¢) holds
for this 7.

Suppose next that r = 2 and p is odd. Without loss @ < Z(S). Then T, = Cg, (a).
S, acts on the coset @ = aZ(L) and aZ(L) contains only two elements. Thus |S,/T,| = 2
and S, < Ny (T,). If S, = T, we obtain the same contradiction as at the end of the last
paragraph. Thus S, # T, and r; = 2. So (b) and (c) hold. Assume that r = 2 also
divides a;. Then /Ij contains an involution b. As T} has indes two on S, 14.4 implies that
b9 € T, < A; for some g. Thus b9 € A? N A; and so by 2., j = i. So also (a) holds and all
parts of 5. are proved.

6. m=cel[;_,ai.
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Clearly m = [ |S,|, where the product is taken over all prime divisors r of m and S, is
a Sylow rp-subgroup of M. Thus 6. follows from 5.(b).

7. One of the following holds ssl-6
(a) 7=3
(b) r =2 and ag # 1.

Since r; < 2 for all ¢ > 1 2. implies

- Lyl
m - 22
hence 1 < 7 and r < 4.
Suppose that neither (a) nor (b) hold. Then r <2 and ag = 1, or r < 1. So by 3. there

exists exactly two a;’s ( say ¢ and j) with a; # 1. Then r; > 2 and r; > 2 and so by 2.

1——=—(1 +—1-=<-1-—+1-—)

1 1 l 1 i 1 1 1
m 7 i Ty aj — 2 a; a;

Thus

1 1 1
< =
a; a; — m

By 6., m = ea;a; so multiplication with m implies

e(aj + ai) <1

A contradiction, as e, a; and a; ar all larger or equal to a.

8. Suppose that 7 = 3. Then rg = 1, p > 5, {a1,a2,a3} = {2,3,5} and m = 60. In ssl-7
particular, M = Alt(5).

Since r = 3, 2. implies:

1 1 1 2 2 1
—+—4+—=14—+—(1-—)>1
a1 a2 as m 7o ao

Suppose that {a1,a2,a3} # {2,3,5}. Then since the a;’s are relatively prime
11 1 _1 1 1 21+1446 41

<1

< i
ai a2+a3_2+3+7 42 42
a contradiction.

Thus {aj,a2,a3} = {2,3,5}. Since p does not divide any a; for ¢ > 1, p > 5. In
particualar, p is odd and m =2-2-3-5-ag and so m = 60ag. Also

1 1,1 1 1 1 1541046 31

aq a2+a3 2 3 5 30 30
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1 1 1
S 1ra(l — —
60~ Goag 1" rof ao>

But this clearly implies, ag = 1 and so m = 60.

9. Suppose that » = 2 and ag # 1. Put ¢ = a¢ and choose notation so that rg = a1. Then
one of the follwing holds:

(a) ear =q—1,eay = q+1, Z(M) = Z(L) and |[M| = q(q+ 1)(¢ — 1).
(b) ¢q=p=3, a1 =2, ap =5 and m = 60. In particular, M = Alt(5).

Without loss A1 < Ny(Ag. By 1. Cjy < Ag for all 1 # a € Ag and so all orbits of A; on
fl# have length a;. Thus

ay dividesq — 1 (1)
By 2.
1 1 1 1 1 1 1
— =—(1-- —(1—-— —((1 — —
eqayas al( q)+2( a1)+2(( ag)
Thus
1 1 1 1

% B eqaas - 2a1  a1q

Put d = 2 ged(2,p) and multiply the previous equation with 2a;a2q. We obtain:

e —

qay — d = qaz — 2a2 = (¢ — 2)az (2)

Thus g — 2 divides ga; — d and so also ga; — d — a1(q — 2) = 2a; — d. Since a; > 1 and
d <2, 2a9 —d>0and thus ¢ — 2 < 2a; — d and so

-1 d-1
m> 1 0 )

Suppose first that p = 2. Then d = 2 and (3) and (1) imply that a; = ¢ — 1 and by

(2), ag = Q(qq__lg_2 = (q+(11)_(g_2) = ¢+ 1. Thus 9. (a) holds in this case. Soppose next that

p is odd. Then d = 1 by (3) and (1), a1 = q;21 orag =q—1. Ifa = % then by (2)
a—1_

ag = 2 = L %q(qq:;) = % and again 9. holds. So suppose a; = q;21. Thus by (2)

ay=q+1+ q_%. This implies ¢ = 3, a; = 2 and ay = 5. Hence 9. is proved.

10. Suppose that 9.(a) holds. Then there exists a subfield K of F' and a 2-dimensional
F subspace W of V' with V.= KW such that M = SLy(W), where SLp(W) is (in the
canonical way) viewed as a subgroup of SLg (V).
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Let U be the 1-dimensional subspace normalizes by Ay and choose notation so that
Ny(Ap) = Ny(U) = ApA;. For a € Ap let Ma) € K be defined by u® = A(a)u for all
u€U. Let F = \a) | ac AyU{0}. Since |A;| = ¢— 1 and X is a homorphism, F# is cyclic
of order gq. Thus f? = f for all f € F and as ¢ is a power of p, ' = F, is a subfield of U.
Let w € NM(Al) \Al Then NM(Ao) ONM(ABU) = NM(U) ONM(Uw) = A;. In particular,
|A¥40| = | Ag| = ¢. On the otherhand, |[AY| = |M/Ny(Ao)| = |a(q — 1) (g + 1)/q(q — 1)| =
¢+ 1 and so AB"AO U{Ao} = AY. Hence {1} UwA, is a transversal to ApA;.Thus

M = AgA;1 U AgAqwA, (4)

Let Y be a l-dimensional F' subspace of U. Let W = (YM). Then W as an FM-
submodule of V. Since Y is AgA; invariant,(4) implies W = (Y +Y%40) = Y YV 4[Y™, Ag]
Since [V, Ap] < U and Y < U we conclude that W = (W NU)+Y"Y. Thus WNU"Y =
(WNnUNUY)+YY=Y"andso WNU =Y and W =Y +Y"™. Hence W is 2-dimensioal
over F'and M < SLy(W). As [SLa(W) = q(¢—1)(¢g+1) = |M| we conclude M = SLa(W)
and is proved. O

Lemma 14.6 Letp =3 orp>5 and M < L with M = Alt(5). Then M = Np(M).

Proof: Note that Z(L) < M. Let R = Ny (L) and let T be the kernel of the actions of
R on the five Sylow 2-subgroups of M. If T' Z(L) we conclude that N (T")/Tis solvable, a
contradcition to M < Np(T) and M NT = Z(L). Thus T = Z(L) and so R is isomorphic
to a subgroup of Sym(5). Thus R = M or R = Sym(5). Let A be a Sylow 5-subgroup of
M. Then A is abelian and as p # 5 we conclude from 14.2 that |[Ng(A)/Cgr(A)| < 2. This
excludes the case R = Sym(5). Thus R = M. O

Lemma 14.7 Let M < SLo(V) so that M is infinite simple. Then there exists an infinite
subfield F' of K and a 2-dimensional F-subspace W of V with M = SLay(W) and V = KW.

Proof: By 14.3 M is locally ” finite ,simple”. As M is countbale we conclude that M is
an ascending union of finite subgroups

My < My < Mg < My <...Mp <

such that M, is simple. Without loss M}, is non-abelian and has order larger than 60.
Thus by 14.5 M), = SLy(F},) for some finite subfield Fj, of K. Let k < j. Then M < M;
and so by 14.5 applied to K = Mj, Fy is a subfield of Fj. Let F = |Jy— Fy. Then F
is an infinite subfield of K. Let a be an element of order p in M; and 0 #€ u € Cy(a).
Put W, = (Fru™*). Then as seen in the proof of 14.5 ??, W}, is 2-dimensional over F},
and My = SLp, (Wg). Put W = (FuM = |J32; Wi. Then W is 2 dimensional over F and
M =2y My = U2y SLe, (W) = U2y SLe(W). U

Lemma 14.8 Let F be a subfield of K and W a 2-dimensional subspace F subspace of V
with V.= KW. Let M = SLi(W)

ssl-9
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(a) No(M)=GLg(W)F#*NL={\|be GLp(W),\ € F# X2detb=1}.
(b) Put Fz = {k € K | k* € F}. Then

INL(M)/M| = |F3# JF#| < 2

Proof: Let M = SLp(W) and a € GLk (V). Then M® = SLp(W*®). Hence M = M* if
and only of M normalizes W®. Let u be a non-trivial unipotent element in M, 0 # w €
Cw(u) and 0 # y € Cwa(u). Then y = Aw for some A € K. Then W and AW are
both 2-dimensional F'M-submodules of V' and containe y = Aw. Thus W% = AW. Hence
aX™' € Nep,(v)(W) = GLp(W) and a = b for some b € GLg(W). Moreover a € L if
and only if 1 = deta = A?det b. Thus (a) holds.

To prove (b) define ¢ : Np,(M) — F%#/F#, Ab — A. We claim that ¢ is a well defined
homomorphism, is onto and has kernel L. Indeed, suppose that A\buc. Then \u~t = cb™! €
GLp(W)N K# = F# and so \F# = uF#. Also as \2detb = 1, A € Fz. So ¢ is well
defined. Clearly ¢ is a homomorphism. Let A € F 3% Then there exists b € GL (W) with
detb = A\72 and so A\b € Np(M) and ¢ is onto. If Ab is in the kernel of ¢ if and only if
A € F. And that is the case if and only if \b € GLp(W)NL = SLr(W). So the kernel of ¢
is M. 1}Tote that F37# isa multiplicative subgroup of K# and so is locally cyclic. It folloes
that F27 /F is a locally cyclic group, in which the square of every element is trivial. Thus
Fa# /F has order at most two, and the proof of (b) is completed. O

masusl Theorem 14.9 (Dickson’s List) Let M be a mazimal subgroup of L. Then one of the
follwing holds.

(a) M =Np(U), U a 1-dimensional K subspace of W.
(b) M = N.({U1,Us}), Uy, Us distinct 1-dimensional K -subspaces of V.
(¢) M = N(F), where F is field extension of degree teo of K.

)

of V. withV = FW.
(e) pis odd and M = N(Q), where Q < L with Q = Qs.
(f) p=3 orp>5, and M = Alt(5).

Proof: This merely summarizes the results of this chapte. We also refer the reader to the
lemmas in this section for a more detailed descriptions of structure of M. O



Chapter 15

The generalized Fitting subgroup
of periodic, linear group

This section is devoted to the general structure of periodic linear groups. Our aim goal is
to show that modulo the unipotent radical, the generalized Fitting subgroup of a periodic
linear group has finite index. As an application we show that Jordan Hoelder Theorem
holds for countable, periodic, linear groups.

Definition 15.1 Let X be a group. dgf
a) X is called quasi simple if X is perfect, X # 1 and X/Z(X) is simple.
b) X is (absolutely semisimple if X is a direct sum of (absolutely) simple groups.

(

(

(¢) A component for X is a quasi simple, subnormal subgroup of X.

(d) The layer E(X) is the subgroup of X generated by the components of X.
(

e) The Hirsch-Plotkin radical LN(X) is the subgroup of X generated by all the locally nilpo-
tent normal subgroup of X.

(f) The generalized Fitting subgroup F*(X) of X is the group LN(X) E(X)
We remark that the Hirsch-Plotkin radical is always locally nilpotent so LN(X) is the
largest locally nilpotent normal subgroups of X. A proof for this non-trivial fact can be

found in [?]. On the other hand for locally finite groups this is readily verified and we leave
the details to the reader.

Lemma 15.2 Let X be group. comp
(a) LetY be a subnormal subgroup of X and K a component. Then K <Y or[Y, K] =1.

(b) Distinct components of X commute. In particular E(X)/Z(E(G) = P{K/Z(K) |

K a component of X.

73
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Proof: Note first that (a) implies (b). Indeed let K; and K2 be components of X with
[Kl,Kg] 7é 1. Then by (a) K1 S K2 and KQ S Kl.

We prove (a) by induction on the defects of K and Y. If K = G, then either Y < Z(K)
or YZ(K)/Z(K) is a subnormal subgroup of the simple group K/Z(K). The latter implies
K=YZ(K) Thus K = K' <Y. So we may assume that K <L <X

If Y =G we are done. So Y <N < G. If K < N, we are done by induction. Hence
[K,N] < LN N and K £ LN N. Hence by induction [L N N, K] = 1. Thus [N, K, K] = 1
and the three subgroup lemma implies, [N, K] =1 and so [Y, K| = 1.

ff*g Proposition 15.3 Let G be a finite group. Then Co(F*(G) < F*(G).

Proof: Let D = Cq(F*(G)). Clearly a component of D is a component of G and F(D) <
F(G). Thus F*(D) < F*(G) < Cg(D) and F*(D) = Z(D). If D = Z(D) we are done.
So let E/Z(D) be a minimal subnormal subgroup of D. Then E/Z(D) is simple and so
either E/Z (D) is abelian or perfect. In the first case E is nilpotent and in the second case
E = FE'Z(D) and E' is a component of G. Hence E < F*(D) < Z(D), a contradiction. [

siass Lemma 15.4 Let S be a set of perfect, simple groups and X = @&S.

(a) If N < <X, then N = &N for some N C S.

(b) If N is serial in X and X is absolutely semisimple, then N = &N for some N C S.

Proof: Let C be a (subnormal) series on X with N € S. Let S € S and C' € S. Then
C' N S is a subnormal (serial) subgroup of S and as S is (absolutely) simple. C NS =1
or CNS = S. In the latter case S < S. Let Ts the intersection of the elements of S
containing S and Bg the union of the elements which meet S trivially. Then (Bg,Ts) is a
jump, T's < Bg, BgNS =1 and since SBg/Bg is a normal subgroup of Ts/Bg, Ts = SBg.
It Ts = Tg+ for some other S* € § we conclude [Ts,Ts| < [S, S*|Bs < Bg,a contradiction.
Let 1 #n € N and write s = s1 ... s, with 1 # s; € S; and distinct Sy,...5, € S. To
complete the proof of the lemma it suffices to show that 5; < N for all . Without loss
Ts, < Bg, for all i <n. Then n € Bg, and so N £ Bg,. But then T, < N and the lemma
is proved. O

sas Proposition 15.5 Let K be a quasi- absolutely simple, serial subgroup of G and'Y a serial
subgroup of G. ThenY < K or [K,Y] = 1. In particular K is a component.

Proof: Let D be a composition series for G with Y € D.

Suppose first that G = K. Completing the chain {D*Z(K)/Z(K) | D € D} with
respect to intersections we obtain a series for K/Z(K). As K/Z(K) is absolutely simple we
conclude that Y = K or Z(K) <Y.

In the general case we conclude K < D or DN K < Z(K) for all DcD. So there

exists exists a jump (B,T) of C with K < T and TNB < Z(K). fT <Y, K<Y. So
suppose Y < B. Let F be a finite subgroup of B. Then K N F is subnormal in F' and so
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[F, KNF,r] < K, where is the defect for KNF in F Hence [FNB, KNF,r < BNK < Z(K)
and the three subgroup lemma implies [F' N B, (F N K)*>® = 1]. Thus K = K centralizes
B. Tt follows that K commutes with its distinct conjugates. Hence K is normal in (K¢) O

Lemma 15.6 Let X be linear of degree n then X has at most [ 5] components.

Proof: Without loss X = E(X) and say X < GLgk(V) with dimg V = n and K alge-
braically closed. If n = 1, GLg (V) is abelian and X = 1. So suppose n > 2If W is a proper
KX submodule of V' of dimension m. Clearly no component can centralize W and V/W.
Moreover by induction at most % components act non-trivially on V' and at most *5™ on
V/W. So we may assume that X acts irreducible. Let L be a component of X. Let | € L so
that [ does not act as a scalar on V and let W be an eigenspace for [ on V. Any components
R other than L centralize [ and so normalize W. Moreover, since R is normal in X and so
Cy(R) = 0 and [V, R] = V. But this implies Cyy(R) = 0 and [V/W,R] = V/W. Thus R
acts non-trivially on W and V/W. But at least one of W and V/W has dimension at most
%. Thus by induction X has at most || + 1 components. O

Lemma 15.7 Let d be a positive integer so that each F' € F has at most d non-abelian
composition factors. Then any composition series for G has at most d non abelian factors.

Proof: Let C be a composition series for G and (B;,T;), 1 < i < k by jumps of C with non-
abelian factors. Then B;/T; is an non-abelian locally finite simple groups and thus is not
locally solvable. Hence there exists finite subgroup F; < B; so that F; B;/B; is not solvable.
Let FF = (F; | 1 <i<k. Then FNT;/F N B; has a subgroup isomorphic to F;B;/B; and so
is not solvable. Hence F N T;/F N B; has at least one non-abelian composition factor and
so I has at least k non-abelian composition factors. Hence k < d. O

The following examples show that absolutely semisimple by finite groups can fail the
Jordan Hélder theorem. For n € N let K, be an absolutely simple group and 1 # k,, € K,,.
Let B = @K, and define ay € Aut(X) by (r,)* = (ngl)_ Let T = X x (o) and inductively
let i1 = ak; € T. Then «; centralizes K for all j < i and so T; = oplus;>i(c) is a normal
subgroups of T'. Moreover T;/T;11 = K; and |JT; = 1. Hence T has a composition series
without abelian composition factor. If the K; are locally finite and the k; have bounded
order then T is locally finite.

Definition 15.8 Let H be acting acting on a group X.
(a) H acts unipotently on X provided that [X, H, k| = 1 for some positive integer k.

(b) H acts locally unipotently on X provided that for each finitely generated subgroups F
of H and each finitely generated subgroup L of X, F acts unipotently on (XF).

Lemma 15.9 Let G = MH with M <G, H < G and Cqg(M) < M.

(a) If M is nilpotent of class | and H acts unipotently of degree k on M , then G/M is
nilpotent of class at most kl — 1 and G is nilpotent of class at most kl + k — 1.

nclg
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(b) If M s locally nilpotent and H acts locally unipotently on M, then G is locally nilpo-
tent.

Proof: Clearly (a) implies (b).

(a) Let 1 = M; < M;_q... < M; < My = M be the upper central series for M. Define
Ligyr = [M;y,H,r] for all O < r < k and all O < o <1. Then G = HM centralizes the
factors of the series.

=Ly <Ljp1<...Ly <Ly=M.

Let Gs = [G,G,s — 1] be the s’th term of upper-central series of G. We claim that
[Ly,Gs] < Lytsy1. If s =0, then Gp = G and [Ly, G] < Ly41. Assume by induction that
[Ly,Gs—1] < Lyys, for all u. Then

[Lu7 GS—17 GH < Lu+s+1 and[Lu7 G, Gs—l] < [Lu+17 Gs—l] < Lu+s+1'

Thus by the 3-subgroup lemma [L,, [G, Gs,]] < Lyts+1- But [G,Gs—1] = G5 and the claim
is proved.

By the claim [M,Gp—1] = 1. Since Cq(M) < M we get Gy—1 < Z(M). Hence G/M
is nilpotent of class at most kl — 1. Moreover, Gxj1x—1 = [Gri—1, G, k] < [Z(M),H, k] = 1
and so G is nilpotent of class at most kl + k — 1. O

abchar Lemma 15.10 Suppose that X has an abelian normal subgroup of finite index n. Then
X has an abelian, characteristic subgroup of finite index bounded by a function of n.

Proof: . Let A be a maximal abelian normal subgroup of index at most n in X. Let
a € Aut(X). Then also A% is a maximal abelian normal subgroup of index at most n.
Then C4(A%)A® is an abelian normal subgroup of X and the maximality of A% implies
AN AY = Cy(A%). But Ca(A%) = C4(AA®). Since |G/A| < n, the number of possibly
AA® is bounded by a function of n. Hence there are only boundedly many intersection
ANA®, a € Aut(X). It follows that the index of the characteristic subgroup (¢ Aut(x) A
is bounded by a function of n. O

npabf Lemma 15.11 Let G be a locally nilpotent, periodic, linear group of degree n with trivial
unipotent radical. Then G has an characteristic, abelian normal subgroup of index bounded
by a function of n. In particular, G is solvable of derived length bounded by a function of
n.

Proof: By 15.10 it suffices to find a normal abelian subgroup of bounded index. By an
inverse limit argument we may assume that G is finite. Let A be a maximal abelian normal
subgroup of G. Since G is nilpotent, C(A) = A. Thus |G/Cq(A)| < n! by 13.5 O

F*gp Theorem 15.12 Let G be a periodic, linear group of degree n over a field in characteristic
p with trivial unipotent radical.

(a) Co(F*(G) < F*(G).
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(b) G has an abelian normal subgroup and components Li,Ls...L, so that each L;
is a group of Lie type over a locally finite field in characteristic p and the index
AL Ly --- L, in G is bounded by an function of n.

(¢) The index of F*(G) in G is bounded by a function of n.

(d) The number of non-abelian composition factors (in any composition series) of G is
bounded by a function of n.

Proof: Suppose for the moment that we established that all four statement are equivalent.
As (a) is true for finite groups, we conclude that (d) is true for finite groups. But then by
15.7 (d) is true in general and the theorem is established.

Suppose now that (a) holds. In several steps we show that (b) is true. In the following
bounded always means bounded by a finite function of n

Step 1 The number of components of G is bounded
Thus is true by 15.6.

Step 2 Let H the the largest subgroup of G normalizing all the components of G. Then
the index of H in G is bounded.

G/H acts faithfully in the set of components so G. Thus Step 2 follows from Step 1.
Step 3 Let I the the largest subgroup of G inducing inner automorphism on each of
the components of G, (that is [ = Cq(E(G)E(G)). Then the index of I in H is bounded.

By Step 1 it suffices to bound Ng(L)/Cg(L)L for each component L in G. Here we
use the classification of simple periodic linear groups. We conclude that up to boundedly
many finite exceptions L is a group of Lie type X,,(p*), where is the characteristic of the
underlying vector space and m is bounded. Next we use one more property of groups of Lie
Types

e There exists an abelian p’ groups C' (the Cartan subgroup) in X = X,,,(p*) such that
Aut(X) = X Naw(x)(C) and |C oy x)(X)X/X]| is bounded by a function of m.

Put R = Ng(L). Then we get R = Nr(C)L and Cr(C)L/LCg(L) is bounded. By 13.5
also R/Cr(C)L| = Nr(C)L/Cr(C)L < |[Ngr(C)/Cgr(C) is bounded.

Step 4 Then there exists a characteristic, abelian subgroup of G which is bounded index
in Cq(E(Q)).

Let J = Cg(E(G) and L = LN(G). Then L < J and Cy(L) < C;(LE(G)) <
Ca(F*(G)) < L. By 15.11, there exists a characteristic, abelian subgroup A of L of bounded
index in L. Then C;(L/A) has bounded index in J. Also by 13.5 C;(A) has bounded index
in J. Put P = C;(L/A) N Cj(A). Then P has bounded index in J. Since [L, P] < A,
[L,P,P] = 1. Thus P acts unipotently on L and by 15.9 LP is locally nilpotent. Thus
P < L and so A has bounded index in P and so also in J. So Step 4 holds.

(b) now follows form Steps 2,3 and 4.
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As LN(G) contains any abelian normal subgroup of G, (b) implies (c¢). As G has
boundedly many components (c) implies (d).

It remains to show that (d) implies (a). This proof is very similar to the one in 15.3 But
note first that as (a) and so also (b) holds for finite groups , any finite solvable subgroup
of GG is solvable of bounded derived length. Thus also any locally solvable subgroup of G is
solvable (of bounded derived length).

Put D = Cq(F*(G)). Then F*(D) = Z(D). Suppose D # Z(D). By assumption
D/Z(D) has only finitely many non-abelian composition factors and so by 5.12, D/Z(D)
either has a non-trivial locally solvable normal subgroup, or a component. In the first
case the previous paragraph implies that ¢ that D/Z(D) has non-trivial abelian normal
subgroup. Thus in either case we get the same contradiction as in 15.3. O

Corollary 15.13 The Jordan Hoélder theorem holds for all countable, periodic, linear
groups. In particular it holds for all periodic linear groups with trivial unipotent radical.

Proof: 15.12d and 5.13 O



Chapter 16

Non-linear, locally finite, simple
groups with p-groups as
centralisers

Definition 16.1 Let X be a group, Y a subgroup of X and W a Y -set. Then dcoin
WAs={f: X > W/ f(zy) = f(z)! forallz € X,y € Y}.
w ﬂ})f is called the set coinduced from W to X.

Note Y acts on X by right multiplication and W ﬂ{f consists of all Y-equivariant maps
from X to W.

Lemma 16.2 Let X be a group, Y a subgroup of X and W a Y-set. PutV =W ﬂ{f bcoin
Then

(a) X acts on'V by f"(z) = f(hz) for all z,h € X.

(b) Let I be a left transversal to Y in X. Then the map pr : V. — WL f — fris a
bijection. In particular, V and WX/Y are isomorphic as sets.

(¢) Define
TV = Wr(f) = f(1).

Then m is an onto Y -equivariant map.

(d) Suppose that t is a fized-point for' Y on W. For w € W define

w® ifx ey

ﬁt(w):X—>VV,:L‘—>{ L oifrdy

Then

79
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(a) ke(w) €V, and ke : W — V is a one to one Y -equivariant map.
(b) 7(ke(w)) =w for allw € W.
(c) m(ke(w)®)) =1t forallw e W and x € X \ Y.

(e) Suppose in addition that W is a Y -group, that is Y is a group and for each y € Y the
map W — W,w — w® is a homomorphism of group. Then the maps pr,m™ and k1 all
are homomorphism of groups.

Proof: (a) We need to verify that f* € V and f* = (f*)! for all f € V,h,l € X. Let
z€Xandye Y. Since fiay) = f(h(zy)) = f((ha)y) = F(ha)! = (f(x)), f* e V.
Also fM(z) = f((h)z) = f(h(lz)) = f*(lz) = (f")!(z) and so (a) holds.

(b) Let x € X. Then x = iy for some unique : € I, y € Y.

Let f € V. Then f(x) = f(iy) = f(i)Y and so f is uniquely determined by f;. Thus
f — fr is one to one.

Let g € W!. Define f : X — W by f(z) = f(i)¥, It is easy to verify that f € V and
fr = g. Hence f — f is onto.

(c) Let f €V, y € Y. Then (f*) = f*(1) = f(y-1) = f(1-y) = (1) = n(f)¥. So
is Y-equivariant. By the axiom of choice, 1 is contained in some left transversal. Hence (b)
implies that 7 is onto.

(d) Let w e W,y € Y and z € X. Then z € Y if and only if zy € Y. Also by assumption
t =tY and so

atie) ={ % Rl {0 HieY =)

Thus k¢(w) € V.
Also yzr € Y if an only if z € Y and so

)@ ={ WSl {0 REEY = s = ((w)e)

Thus k¢(wY) = (ke(w))? and (da) olds

Since 1 € Y, m(k¢(w)) = ke(w)(1) = w! = w and so (db) holds.

Let x € X\Y Then 7(kt(w)®) = ke(w)*(1) = ke(w)(x - 1) = Ke(w)(z) = t. So also (dc)
holds.

Suppose now that 1 is a Y-group. It is readily verified that W is a group via (fg)(z) =
f(z)g(z). Moreover, for f,g € W {55, z € X and y € Y we have

(f9)(zy) = f(zy)g(zy) = f(x)Yg(z)? = (f(x)g(x))? = (fg)(xy)Y

So fg € W fty. Similarly f=! €ty and clearly 1 € W fty. So W {5 is a subgroup of W.

For any J C X, then restricted map WX — W+ f — f|; is a homomorphism. Thus
pr and 7w are homomorphism. W — W, w — wY and W — W, w — 1 are homomorphisms
and so also k1 is a homomorphism. O
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beta Lemma 16.3 Let X, Y, W, K be groups with Y < X and Y = W x K Then there exits a
semidirect product H =V x X and an embedding B :Y — H such that

(a) V=WY/X as groups.
(b) VB(y) =Vy forally €Y.
(c) Lety €Y with y & k', where y = wk, w € W,k € K. Then

(a) VCu(By) =VCx(y)

(b) Bly) ¢y
Proof: Let y € Y and y = wk with w € W)k € K. Let p be the projection of Y onto
K, that is p(wk) = k. Define o : Y — Sym(W) by w’® = wP(y). So w’® = w* and W
becomes a Y-set W,. Put V. =W, ﬂf/(. Then by 16.2 X acts on V and we can build the
semidirect product, H =V x X = {(v,z)|v € V,xz € X}. We view V and X as subgroups

of HL SoH=VXandVNX=1. Let m:V - Wand k = k1 : W — V be as in 16.2. Let
velV.

1. 7(vY) = 7(v)P® = 7(v)* and 7(v¥ ") = w(v)* . beta-2

By 16.2(c) and keeping in mind that the action of ¥ on W is given by o, 7(v¥) =
7(v)?(y) = 7(v)* and so the first part hold. Since p(y~') = p(y)~' = k™!, the second
statement follows from the first.

2. Define beta-3
B:Y = Hy— (k(w),y).

Then $ is a monomorphism and V3(y) =V - (1,y).

Clearly [ is one to one. For i = 1,2 let y; € Y and y; = w;k; with w; € W, k; € K;.
Then

k_l
Y1y2 = wikiweky = wiwy' kika,
and so

-1

k
B(yryz) = (k(wiwy' ), y1y2).
On the otherhand,

—1
By1)B(y2) = (k(w1), y1)(k(wz),y2) = (k(w1)r(w2)”* , y1y2)
As k is a Y-equivariant homomorphism,

—1

B(y1)B(y2) = H(w1w§1 )s Y1y2)

and so indeed § is a homomorphism.
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1

3. Let (v,z) € Cp(B(y)). Then s(w)v? ' =vk(w)? . and zy = yz. beta-4

We compute
By) (v, z) = (k(w),y) (v, 2) = (K(w)v? ., yz)
and
(v, 2)B(y) = (v, 2)(K(w),y) = (vr(wW)" ", zy)
Thus 3. holds.

beta-5 4. Suppose that VCx(B(y)) # VCy(y). Then y € k.

Since 5(Cy(y)) < Cu(B(y)), VCr(B(y) > VB(Cy(y)) z VCy(y) and so there exists
(v.2) € Ciy(3(y)) with £ Y. 1 1
By 16.2(c), m(k(w)) = w. By L , (Y ) = w(v)¥ . Also since € Y and k = ki,

16.2(dc) implies 7(k(w)* ) = 1. So applymg m to both sides of the equation in 3. we obtain

w7r(v)k_1 = 7(v).

Put r = 7(v). Then wkrk™' =r, wk = rkr— and y = wk = k" ' € kW.
beta-6 5. If B(y) € 4V, then y € k.

Suppose that 5(y) = (1,3)®V) for some v € V. Then

(5(w),y) = (7, 1)(1,9)(v,1) = (0 ), 1) = (07" y)

and so k(w) = v~ v¥ . Applying 7 to both sides we conclude w = 7(v"1)m(v)* . Put
r = m(v) then w = r~'krk=! and y = wk = r—'kr = k”. Thus 5. holds.

We are now in the position to prove the lemma. (a) follows from ?? (b),(e). By 2. (b)
holds. By 4. (ca) and by ,5. (cb) holds. O

alpha Lemma 16.4 Let G be a finite group and 11 a set of primes. Then there exist a finite
abelian ZG-module W and a monomorphism o : G — W x G such that

(a) W is a II-group.
(b) Wa(g) =Wg forallg € G
(c) alg) & gV for all non-trivial Il-elements g in G.

(d) If G is perfect, then W = [W,G] and W x G is perfect.
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Proof: Let m be the II-part of |G|. Let B = (Z/mZ)® and H = Z/mZ.G, where wreathed
product is build with respect to regular action of G on G. Then B is the base group of H
and H = BG. For f € B put ||f|| = > cq f(9). Let W = [B,G] = {f € B |||f[| = 0}.
Then W is a I-group and (a) holds. Also if G = G’, the three subgroup lemma implies
[B,G,G] = [B,G] and so W = [W,G] and WG is perfect. Thus (d) holds.

Let b € B be defined by b(1) = 1 and b(g) = 0 for all g € G¥. Define o : G — WG, g —
g® = [b,g7']g. Then a is an monomorphism and (b) holds. It remains to prove (c). So let
g be a non-trivial II-element in G and suppose that g° = ¢g¢ for some a € W. Put n = |g]
and ¢ = ba~!. Then ¢ € Cg(g). Let I be a left transveral to (g). Then each g in G can be
uniquely written as ig¥ for some i € I and some 0 < k < n. Since ¢ = ¢, ¢(i) = c(ig¥). Let
s = crc(i). We conclude that [|c|| = ns. Thus

L= |bll = [lac|| = llal| + [lc]] = 0 4 ns = ns

in Z/mZ, a contradiction as n divides m. O

Lemma 16.5 Let G and F be finite groups and II a set of primes. Then there exist a
finite group G* with G < G* and normal subgroup V' of Gsuch that:

(a) V is an abelian II-subgroup and G*/V is simple.
(b) GNV =1.

(¢) Let x be a Il-element in G. Then Cg+(x) has a normal solvable T1-subgroup M (x)
with Cg+(x) = M(x)Ceq(z).

(d) G* has a subgroup isomorphic to F'.
(e) If G 1is perfect, G* is perfect.

Let @« and Y = A X G be as in 16.4. Let X be any finite simple group containing Y’
as a subgroup and such that X has a subgroup isomorphic to F. Let 8 and V be as in
16.3 applied with K = G. Let G* =V x X and M* = V. Let g be a Il-element in G
and put v = Ba. Then by 16.4 a(g) € ¢". So by 16.3, Cg+(v(z)) < VCy(a(x) Also
Cy(a(x)) < WCq(x) and VIW~(Cq(x)) = VIWCq(x). Thus

Ca-(y(z)) < VWr(Ca(x))

Put M(z) = Cyw(v(x)). Then Cg+(y(z)) = M (2)Cq(x). Identifying G with its image
in G* under v we see that all parts of the lemma hold. O

Lemma 16.6 Let G be a locally finite group.

(a) Suppose G is absolutely perfect and (locally solvable) by simple. Then LSol(G) contains
all proper normal subgroups of G.

beal

sobysi
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(b) Suppose G is locally “absolutely perfect and (locally solvable) by simple” Then G is
absolutely perfect and (locally solvable) by simple.

(¢) If G has Kegel-cover K such that for all (H, M) € K, H is perfect and M is solvable,
then G is simple.

Proof: Let L = LSol(G).

(a) Let N be a normal subgroup of G with N £ L. As G/L is simple, G = NL. Since G
is absolutely perfect, G/N is the union of finite perfect subgroups. Now G/N = L/LNN is
locally solvable and so all finite subgroups of G/N are solvable. Thus G/N =1 and G = N.

(b) Let N/L be a non-trivial normal subgroup of G/L. Then N is not locally solvable
and so there exists a finite, non-solvable subgroup 7' of N. Let F' be any finite subgroup
of G. By assumption there exists an absolutely perfect and (locally solvable) by simple
subgroup M of G with (F,T) < M. Then T < M NN <M. Thus M NN £ LSol(M) and
soby (a), MNN =M. Hence F <M < N and N =G.

(c) By (b) it suffices to show that L = 1. Let F' be a finite subgroup of L. Then there
exists (H,M) € K with FF < H and FN M = 1. Since H is perfect, H # Sol(H) and so
Sol(H) =M. Thus F < LNH <M and F = 1. Therefore also L = 1. O

cc Proposition 16.7 Let Gy be a finite, perfect group, I1 a non-empty set of primes and for
each positive integer n let I, be a finite group. Then there exists a locally, finite simple
group G with Gy < G and such that:

(a) If x is a Il-element of G, then Cg(x) has a locally solvable, normal I1-subgroup M (z)
of finite index.

(b) If x is a II element in Gy, then Cg(z) = M(z)Cgq,(x).

(c) F, is isomorphic to a subgroup of G.

Proof: By induction on n € ZT we will produce finite groups G,, and a normal subgroup
M, of G such that

cc-1 1.
1. G, is perfect.
2. M, is abelian and G,,/M,, is simple.
3. Gp1 <Gpand G,_1NM, =1.

4. If = is a IT element in G,_1, then there exists a solvable normal II subgroup M, (x)
of Cg, (z) with Cg,, () = My (z)Cq,,_, ().

5. G, has a subgroup ismorphic to Fj,
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Let n > 0 and suppose we already found Gi,...G,. Then G, is perfect and so we can
apply 16.5 to G = G,, and F = F,1;. Put Gy,41 = G}. Then by 16.5 1. to 5. hold.

Put G = U, Gn. Then {(Gn, M,) | n > 1} is a Kegel cover for G and by 16.6, G
is simple. Let z € G be a Il-element. Then x € G, for some n. Put M"(z) = 1 and
inductively, M (z) = M™(x) M, +1(x). It follows from 1.4. and induction that

2. Let m > n. Then M™(z) is a solvable, normal II-subgroup of Cg, (x) and Cg, () =
M™(x)Cgq,, (x).

Put M(z) = U,,_,, M™(z). Then by 2., M(x) is a locally solvable, normal II-subgroup
of Cg(x) and Cg(z) = M(z)Cg, (x). Thus the proposition is proved. O

Corollary 16.8 Let II be a non-empty set of primes. Then there exists a non-linear,
locally finite, simple group G such that

(a) The centralizer of every non-trivial I-element has a locally solvable 11-subgroup of
finite index.

(b) There exists an element whose centralizer is a locally solvable TI-group.

Proof: Let p € Il. Let Gog = Alt(2p + 1) and z the product of two commuting p-cycles.
Then x € Gy, Go is perfect and Cg,(x) = C, x C, and is a solvable II-group. Apply 16.7
to this Go and with F;, = Sym(n). The resulting G is not linear and fulfills (a). Moreover,
(b) holds for the element x € Gy < G. O

Corollary 16.9

(a) There exists a non-linear, locally finite, simple group such that the centralizer of every
element is (locally solvable) by finite..

(b) Let p be a prime. Then there exists a non-linear, locally finite, simple group with an
element whose centralizers is a p-group.

Proof: Apply 16.8(a) with II the set of all primes and 16.8(b) with II = {p}. O

cc-2
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Chapter 17

Examples of simple and of
characteristically simple groups

Let I be a set. Then the power set P(I) is a algebra over the field F5, where addition is
given by symmetric difference and multiplication by intersection. Then empty set is the O
and I is the 1 in this algebra. Let A be a subalgebra of P(I) with 1, i.e A is a non-empty
set of subsets of I such that

1. f Ac Athen I\ A € A.
2. If A,Be A, then AN B € A.

Note that then also AU B and A\ B are in A for all A. Let H be a group and let

R=R(H,A) ={feH'||f(I)] < oo, fL(i) e Aforall i € I}.

Let D be the set of finite partions of I into members of A. Then f € H' lies in R(H, A)
if and only if Ay = {f'(i) | i € I} € D. For A € Alet Ry consist of whose function
f € H! which are constant on A and 1 on I\ A. For A € A let D4 be the set of finite
partitions of A into members of A. Also for A € A and A € Dy let Ra consist of whose
function which are constant on each member of A and are 1 on I\ A. For f € H' let
Supp;(f) = Supp(f) = {f~'(H#). Define a partial order on D by defining A < A* if
and only if each member of A* is contained in a member of A. For A, A* € D define
ANA* ={DND*|DeAD*ecA*}. Then A < AANA* and so D is a directed set.

Lemma 17.1
(a) Let A,A* € D with D < D*. Then Ran < Ra~ < R.
(b) Let Ac A. Then Ry = H.

(c) Let A € D. Then Ran = ®peaRp = HA.

87
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(d) Let f € R and A € D. Then f € Ra if and only if Ay < A.

(e) {RA | A € D is a local system for R. In particular, if H is locally finite then R is
locally finite.

Proof: This is readily verified. O

cnoid Lemma 17.2 Suppose that H is a non-trivial perfect, simple group. Let B be an ideal in
A and put Rg = {f € R | Supp(f) € B The the map B(Ng is a one to one correspodence
between the ideals in R and the normal subgrousp of R.

Proof: Note first that B is an ideal in A is equivalent to saying that B is a subset of A
with the following two properties:

1. If Ae A, B € Bwith AC B, then A € B.
2. If B, B* € A with BN B*(), then BU B* € B.

Let f,g € Rg and r € R. Since Supp(f) = Supp(f") = Supp(f~', f~1, f" € Rg. Let
D e Ay NAy. Then f, g and fg are constant on D and D € A. Suppose that fg is not 1
on D, then at lest one of f and ¢ is not one on D. Hence D C Supp(f) or Supp(g) and so
by 1. D € B. As Supp(fg) is the finite disjoint union of such D’s, 2. implies Supp(fg) € B
and so Rp is a normal subgroup of R.

Next let M be any normal subgroup of R and put & = {Supp(m) | m € M}. We need
to show that £ is an ideal in A and M = Rg. Let m € M and E = Supp(m). Let A € Dg
and put A* = AAAy. Then m € Ra- and and m projects non truvially onto Rp+ for all
D* € A*. Hence by 15.4, Rp~ < (mfa* < M. Tt follows that Rp < Rp+ < M. Hence M
contains all elements of R with support E and if A € A with A < E, then A € £. Finally if
mi,mg € M withe Supp(m1) N Supp(mz) = 1, then Supp(mimsz) = Supp(m1) N Supp(ms)
and also 2. holds. Thus £ is indeed an ideal in A and M = Rg. O

minide Lemma 17.3

(a) Suppose that B is a minimal ideal of A. Then B = {0, B} for some minimal elements
of A.

(b) Suppose that H is a non-trivial perfect, simple group and that M is a minimal normal
subgroups of R. Then M = Rp for some minimal member of A.

(a) Let E=JB,ec FandC={D € B|e¢ D}. Then C # B. As B is an ideal it easy to
see that also C is an ideal. So by minimality of B, C = {(}}. Hence e € B for all ) # B € B
and all e € E. Thus B = E and (a) holds.

(b) follows from (a) and 17.2.

Rsesi Lemma 17.4 Suppose that H is a non-trivial, perfect simple group. Then R is semisimple
if and only if I is the disjoint union of finitely many minimal members if A.
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Proof: Suppose first that R = @jeJ R; for some nontrivial simple groups R;,j € J.
Then by 17.3 R; = Rp; for some minimal member B; of A. Let 1 # f € R;. Then
fEeER= @jeJ Rj and so f = rira...7, where r; € R;, for some j; € J. It follows that
I =J;, Bj, and so the "only if” statement of the lemma is proved.

Conversely, let I be the disjoint union of A1, ..., A, where each A; is a minimal member
of A. Then each A € A is a union of some of the A;’s and so R = ®]_ R4, = H". O

Definition 17.5

(a) Let I and Iy sets and fori = 1,2 let A; a subalgebra of P(1;) and ¢ : I} < Iz a map.
¢ 1is called homomorphism from (A1, I1) to (Asg, I3) provided that ¢p(A)1 C Aa. ¢ is
an isomorphism if ¢ is a bijection and maps A; onto Aa. ¢ is an automorphism if
I = Ir, Ay = As and ¢ is an ismorphism. Aut(A,I) is the group of automorphism
of (A, 1).

(b) Let S be a subgroup of Aut(A,I). Then the canonical action of S on R(H,A) is
defined by f5(i) = f(isil) forall f € R(H,A), s€ S. A is called S-simple if S leaves
no proper ideal of A invariant.

O

Lemma 17.6 Suppose that S < Aut(A, I) and A is S-simple. Also suppose that H is non-
trivial, perfect,simple. Then S normalizes no proper normal subgroup of R. In particular R
is characteristically simple and R is a minimal normal subgroup of R><.S.

Proof: Clear by 17.2 O

Lemma 17.7 Let S < Aut(A,I) and for all A € D there exists A* € D with A < A*
such that Ng(A*) acts transitively on A*. Then A is S-simple.

Proof: Let B be a non-zero ideal S-invariant ideal in A. We need to show that B = A.
For this let A € A and () # B € B. Let A be the set containg the non-empty members of
A\B,B\ A, ANB,I\ (AUB). Then A € D and so by assumption there exists A* € D so
that A < A* and Ng(A*) acts transitively on A*. Since either B\ A or AN B is not empty,
A contains a memember of B. As B is closed under A-subsets also D* contains a member
of B. As B is S-invarinat and Ng(D*) is transitive on A* all A* C B. Since D < D*, we
conclude that A\ B and AN B and so also A is a disjoint union of members of B. Thus
A € B. As A was arbitrary, B = A. O

As an application we now use the above machinery to prove:

Proposition 17.8 There exists a locally finite group G and a minimal normal subgroup
R of G so that R is not semi simple.
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Proof: Let K be an infinite set of finite sets. Let I = [[X. Let H be any locally finite,
non-abelian, simple group. For subset £ of K put Ig = [[€. We will always identify I with
Ig x [ K\E-

E C I[€ put Ap = Ex[[K\E C I. Let A consists of all the subsets of the form
Ap, where £ runs through the finite subsets of K and E through the subsets of [[£. It is
easy to see that A is a subalgebra of P(I) with I € A. As K is infinite, .4 has no minimal
elements and by 17.4 R = R(H, A) is not semisimple.

Next we will define a locally finite subgroup S of Aut(.A, I) which makes A, S-simple.
Then by 17.6 G = Rr<S fulfills the conclusion of the lemma.

Again let £ be a finite subset of K. Define a monomorphsim ¢g : Sym(Ig) « Sym([),
pe(m) : (a,b) « ¢(a),b) for all a € Ig, b € Ix\¢ and 7 € Sym(lg). Put Sg = ¢g(Sym([e.
Then it is easy to see that Sg is a subgroup of Aut(A, I). Moreover, if £ C £ then Sg+ < Sg
and so if we let S be the union of the Sg, where £ runs through the finite subsets of IC,
then S is a locally finte subgroup of Aut(A,I).

It remains to show that A is S-simple. For this it suffices to verify the assumptions of
17.7. Solet A € D. Then A = {Ag, |1
leqi < n}, for some finite subsets & of K and some E; C Ig,. Put & = U?:l &; and
A* ={{a} xIpng | a € Ie. Then A < A*, Sg normalizes A* and induces Sym(A*0) on A*.
In particular, Sg and so also Ng(A*) acts transitively on A*. So we assumptions of 17.7
are indeed verified and the proposition is proved. O

For later use let as denote the group S constructed in the proof of the previous lemma
by Diag(]][ ), the diagonal group on [[ K. Note here that all orbits of Sg = Sym(I¢ on
I = [[ K are isomorphic to Ig, so Sym(I¢ is "diagonally” embedded into Sym(]] ). Also
the redaer should notice that Diag(]] K) does depend on K and not only on [[ K as a set.
Also let Ag = ¢g(Alt(Ig) and Diag*(K) be the union of the Ag, where as usual £ runs
through the finite subsets of K. The easy proof of the following propostion is left to the
dedicated reader.

simdia Lemma 17.9 Diag*(K) is a locally finte simple group. |Diag(K)/Diag*(K)| < 2 with
equality if and only if only if only finitely many of the K € IC have even size. O



Chapter 18
Finitary groups

In this section we will investigate two kinds of finitary groups: locally solvable ones and
locally finite, simples one of alternating type.

Definition 18.1 Let X be a group, K a field and V a KX -module.
(q) V is called a finitary K X-module if [V, g] is finite dimensional for all x € X.

(b) X is called a finitary group, if there exists a field K and a faithful, finitary KX -
module.

(c) Let x € X. Then degy () = dimg[V, z].
(d) FGLg (V) ={z € GLK(V) | degy (z) < oo}. O

Proposition 18.2 Let X be a group, K a field and V' a faithful K X-module. Then X has
largest normal subgroup LU(X) acting locally unipotent on V.

Proof: Let Y the semidirect product VX and let N be a normal subgroup of X. If Y N
is locally nilpotent, it is easy to see that N acts locally unipotently on V. Conversely if
N acts locally unipotently on V', then by 15.9 VN is locally nilpotent. Since V' < LN(Y'),
LN(Y) = V(LN(Y) N X). Hence LN(Y) N X is the largest normal subgroup of X acting
unipotently on Y. O

For the remainder of this section we assume that K is a field, V is a vector space over
K, X is a subgroup of FGLg (V) and F is the set of finitely generated subgroups of X.

Lemma 18.3 Lett € X and W a K-subspace of V,
(a) If Cw(t) =0, then dimg W < degy (¢).
(b) If WNW! =0, then dimg W < degy (t).
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(¢c) Let k be a positive integer and A be a block system for X on W so that dimg W = k
for all W € A. Let s the number of orbits fort on A. Then

1 1
5 I8uppq(t) < k- S| Suppq ()] < k- (JA] = s) < degy (¢).

Proof: (a) W = W/Cw(t) = W/ W NCy(t) = W + Cy(t)/Cyv(t) < V/Cy(t). As
dim V/Cy (t) = degy (t), (a) holds.

(b) Since Cy (t) < W NW! =0, (b) follows from (a).

(c) Let Wi, ... W, be representatives for the orbit fof t on A. Let W = "7, W;. Since
each W € A is conjugate one of the W;’s and since V = S_A, V = (W < W + [V, ¢].
Thus

k-]A| =dimg V =< dimg W + dimg|[V,t] = s - k + degy ().

Thus it remains to show that |Delta| — s > £ Suppa(t). For thus let Ay,...A, be
the orbits of ¢ on A with Aq,..., A, the orbits with |A;| > 1, i.e. A; < Supp(t). Then
21A;] < |A;| —1forall 1 <i <7 and so

S T 7 1 1
Al=s =D 1A= 1= |Ai=1> ) o|Ai| = 5 |Suppa(t)|D
i=1 i=1 =1

Lemma 18.4 Let F € F. Then there exists a finite dimensional K F-submodule U in V
and C < Cy(F) with V =U @ C. In particular,F is a linear group.

Proof: Let F' = (I) for some finite subset I of F. Then Cy(F) = (),c;Cv(i) and
[V,F] =3 ,c;[V,i]. Hence as X is finitary, V//Cy (F') and [V, F] are finite dimensional. Thus
there exists a finite dimensiona K-subspace U of V with [V, F] < U and V = U + Cy (F).
Since [V, F] < U, U is F-invariant. Let C' be a complement to Cy(F') in Cy(F). Then
V =U & C and the lemma is proved. O

Lemma 18.5 Suppose that X acts locally unipotently on V and V is finite dimnsional.
Then X acts unipotently on V. In particular, if V # O, then V # [V, X]

Proof: Without loss V' # 0. Let F' € F. Then F acts unipotently on V and so [V, F] # V.
Pick F' € F so that [V, F] has maximal K-dimension. Then for all F' < F* € F, [V, F| =
[V, F*] and so [V, X]| = [V, F]| # V. That X is unipotent on V' now follows by induction on
dimg V. O

Lemma 18.6 Let D be an K X-composition series on V. Then LU(X) is the largest
subgroup of X acting trivially on all of the factors of D.

Proof: Let W be factor of D and N a normal subgroup of X acting locally unipotent on
W. Suppose that [W, N] # O. Then as X is irreducible on V, W = [W, N]. Let 0 # w € W.
Then w € W = ({(wX), N] and so there exists F' € F with [w € [(w!), F N N]. Put U(w").
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Then w € [U, F N N] ans since F normalizes [U, F N N], U = [U, F N N]. But F N N acts
locally unipotent on U and we obtain a contradiction to 18.5. Hence N centralizes W.
Conversely let N be a subgroup of X which centralizes all the factor of D. Let U
be a finite dimensional subspace of V and F' a finitely generated subgroup of N. Put
W = U[V, F]. Then W is finite dimensional and F invariant. Moreover F' centralizes all
factors of the series DNW and so F' avts unipotently on W. Thus IV acts locally unipotently
onV O

Lemma 18.7 Let H < X so that d = dimg[V, H] is finite and put L = (HX).

(a) Let C be a series for KX on V. Then at most d factors of L are non centralized by
L.

(b) There ezists a KX series D on V' so that

(a) |D] < 2d + 2.

(b) If W is a factor of D, then either L act trivially on W or W is irreducible as
K X -module.

Proof: Let E = [V, H] and let C be any series for KX on V. Then CN E is a finite series

l=Ey<E1<...E,=FE

withr <d. For0<i<r,putT; =({Ce€C|CNE=FE;and Bis; ={CeC|CNE =
EH_l.Then

1:T0§Bl<T1§B2...BT<TT...BT+1:V

is an K X-series on V. We claim that for all 1 < i < r, (B;,T;) is a jump of C. For this
note first that FE N B; = E;_1 and ENT; = E;. Let C € C with B; < C < T;. Then
E,1 < ENC < E;. As (F;_1,E;) is a jump of ENC we comclude ENC = E;_; or
E~C = E;. In the first case £ < B; and in the second T; < C. Thus C' = B; or T;.

Thus (B;,T;) is indeed a jump and so T;/B; is a factor of C. Next we show that for
all 1 < i <r, L centralizes B;/T;_1. For this note that [B;, H| < B;NE < E;_1 < T;_1.
Hence H and so also L acts trivally on B;/T;_1. It follows that all factors of C other than
the (B;,T;) are centralized by L. Thus (a) holds. Choosing C to be a composition series,
we get that T;/B; is irreducible as K X-module and so also (b) is proved. O

Corollary 18.8 Let H < X so that d = dimg[V, H| is finite and put L = (HX) and
LU(L) is unipotent of degree at most 2d + 1 and so also nilpotent of class at most 2d.

Proof: By 18.7 there exists a series of length at most 2d+1 so that each factor of is either
irreducible as K X-module or centralized by L. Hence by 18.6 LU(L) centralizes all the
factors and so is unipotent of degree at most 2d+1. Thus by 15.9 LU(L) is nilpotent of
class at most 2d. O
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Lemma 18.9 Let z,y € X. Then degy[z,y] <2-x.
Proof: [z,y] =2 '2¥ and so [V, [z,9]] < [V, 2] + [V, 2Y] O

Lemma 18.10 Let H be a primitive of Sym() with Sol(H) # 1 Then || < 2| Suppq(h)
foralll£Ahe H.

Proof: Let 1 # A be an abelian normal subgroup of H. An orbit of A is a block for
H, A is transitive. Let w € Q. By a Frattini argument, H = H,A. Also Cp,_ (A) fixes
Q = w4, elementwise and so Cp, (A) = 1. In particular, A, = 1 and so Supp(a) = Q for all
1# a € A. So we may assume that h ¢ A. Now Cy(A) = Cp,(A)A = A and so ther exists
b€ A with a = [b, h] # 1. Thus |Omega| = |Suppq(a)| < 2|Suppq(h). O

Lemma 18.11 Let H be a solvable group. Then H has a characteristic subgroup N with
Ca(N) < N such that N is nilpotent of class at most two.

Proof: By Zorn’s Lemma H has a maximal characteristic, abelian normal subgroup A.
Next let N/A be maximal characteristic, abelian normal subgroup of Cn(A)/A. Then N is
characteristic in H. Suppose that B = Ci(N) £ N. Since Since A < BN N < Z(B), the
maximality of A implies A = BN N. Let E/A be last non-trivial term of the derived series
of B/A. Then [NE,NE| = N'[N,E|E’ < A and the maximality of N/A implies E < N
and so F < A, a contradiction. O

Lemma 18.12 Suppose that X is solvable and acts irreducible on V and that V is finite
dimensional.

(a) If X is primitive then dimg V < 4degy (t) for all 1 #t € X.

(b) If X is generated by elements of degree less or equal to d, then dimg V < 4d.

Proof: (a) By 18.11 there exists a normal subgroup N of X so that Cx(N) < N and N is
nilpotent of class at most N. Let 1 # a € Z(N). Since X is primitive, Z(N) is homogenous
on VandsoV =[V,a]. By 7?7 a € (t* < i <4), where z; € X. Hence degy (a) < 4 degy (t)
and so (a) is proved.

(b) By (a) we may assume that X acts imprimitively on V. Let A be a block system for
X on V with |A| minimal. Then X acts primitively on A. As X is generated by elements
of degree less r equal to d, there exists ¢t € X with degy () < d acting non-trivially on A.
By 18.10 |A] < 2| Suppa(t). Let k = dimg W, W € A By 18.3c, k|Suppa(t) < 2degy (1)
and so

dimg V = k|A| < k2 - | Suppa (¢)| < 4degy (t).0

Lemma 18.13 Suppose that ndimg (V) is finite and that Y < GLg (V) with [X,Y] < K#.
Then | X/Cx(Y)| < n?.

degcom
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Proof: Let T be a transversal to Cx(Y) in X. View X and Y has subsets of Endg (V)
and note that Endg (V) is a n? dimensinal vector space over K. Hence it suffices to show
that T is linear independent over K. Otherwise let M be a minimal linear independent
subset of T'. Since none of the elements of T are 0, |M| contains at least two elemenst a
and b. Since Cx (Y)a # Cy (t)b, ba=t £ Cy (t), there exists z € X with (ba™!)* # ba~! and
so [b,z] # [a,z]. For x € X and m € M let \,, = [m,z] € K. Then )\, = m~'m® and

(I)m m* = \p,

As M is minimal linear dependent,

2) 0= pum

for some non-zero p,, € K. Conjuating (2) by x and using (1) we obtain

(3) 0= Z fom A M

meM

Multilying (2) by A, we obtain

(4) 0= 3 pmdam

meM

Subtracting (4) from (3) we conclude

(5). 0= ttm(Am —Aa)m

Since pigpia(Ag — Ag) = 0, the minimality of M implies fi,, (A — Ag) = 0 for all m. But
as up # 0 and Ay # Ap, tp(Ap — Ag) # 0, a contradiction. O

Lemma 18.14 Suppose that X is solvable and n = dimg V. solbf
(a) If K is algebraicly closed and X is primitive, then |X/Z(X)| < n?!.
(b) X has as normal subgroup A so that | X/A| < n?! and A’ acts unipotenly on V.

Proof: (a) Let N a a normal subgroup of X so that Cx(N) < N and N has class at
most 2. Since X is primitive and K is algebraicly closed, Z(N) < K# and Z(N) < Z(X).
Since N has class at most 2, [N, N] < Z(N). Thus by 18.13, N/Z(N)| < n?. Let Y =
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|Cx(N/Z(N)|. Then |X/Y| < (IN/Z(N)| —1)! < (n? —1)I. Also [N,Y] < F and so by
18.13, |Y/Cy (N)| < n% But Cy(N) < Z(N) < Z(X) and so | X/Z(X)| < n?(n?—1)! = n?\.

(b) Without loss K is algebraicly closed.Suppose that W is a proper K X-submodule
and put m = dimg W By induction on n there exist normal subgroups A; and As so that
Cug(W) < Ay, Cyg(V/W) < Ay, A} act unipotently on W, Al acts unipotently on V/W,
|H/A; < m?! and |[H/As] < (n —m)?l. Put A= A; N As. Then A’ acts unipotently on W
and V/W and so also on V. Futhermore, |H/A| < |H/A1||H/Az| < m2!(n —m)?! < n2l.

Suppose next that X acts irreducible on V and that A is a block system for H on
V. Let W € A and let £k = dimg W. Since H has no non-trivial unipotent normal
we conclude by induction that again by induction there exists exists normal subgroups B
of Cy(A) so that Cy(W) N Ch(A) < B, B centralizes W and |Cy(A)/B < k?!. Let
m = |Al = % and A = (,cy B". Then [Cy(A)/A| < (K*)™, |H/Cyx(A)| < m! and
|H/A| < (B2)™m! < (mk)?! = n?.

Finally if X is primitive (b) follows from (a). O

Corollary 18.15 If X is solvable and V' is finite dimensional, then the derived length of
X is bounded by a function of dimg V.

Proof: Since Unip(X) is nilpotent of class at most dimg V, this follows directly from
18.14 O

Theorem 18.16 Let d be a positive integer and suppose that X is generated be elements of
degree at most d. Then LSol(X)/LU(X) is solvable of derived length bounded by a function
of d.

Proof: Let L =LSol(X),U =calLU(X) < Land I ={[l,z] |l €l e L,z € X,degy (z) <
d. Then degy i < 2d for all i € I and H = (I)[L, X]. Since L' < H it suffices to bound the
derived length of HU/U in terms of d. By 18.15 there exists an postive integer r so that if
F a linear groups of degree at most 8d, then F (r) is unipotent. We will shot that H() is
locally unipotent.

For this let J be a finite subset of I and put H; = (J). Then [V, X ;] is finite dimensional.
Let W be any composition factor for Hy on W. Then [W, H;] =0 or W = [W, H;|. Hence
in any case W is finite dimensional. Since H; is generated by elements of degree at most
2d on W we conclude from 18.12 that W has dimension at most 8d. So X ST) is unipotent
on W and so on all V. If J* C J, then Hg*r) < HST) Since the H;’s form a local system

for H, the H 57‘) form a local system for H("). Thus H(") is indeed locally unipotent. O

Corollary 18.17

(a) Let H < X with [V, H] finite dimensional. Then LSol((HX)) is solvable of derived
length bounded by a function of dimg[V, H].

(b) LSol(X)/cal LU(X) is the union of a countable ascending chain of solvable X -invariant
subgroups.
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Proof: (a) follows from 18.16 and 18.8. (b) Let X; = (x € X | degy (x) < i(. Then by
18.16, LSol(X;) is unipotent by solvable. Also LSol(X;) = [J;2; LSol(X;0 and so (b) holds.
O

Lemma 18.18 Let T, S be a finite groups, p a prime and T), and S, Sylow p-subgroups of sylwr
T and S respectively. Let S be acting on the finite set I. Then T),1.S, is a Sylow p-subgroup
of T S.

Proof: Clear by an order argument. O

Lemma 18.19 Let n be a positive integer, p a prime, and Sy, a Sylow p-subgroups of sylsym
Sym(n).

(a) If S is a primitive p-subgroup of Sym(n), then |S| =n = p.
(b) If n = p¥, then S(p*,p), is transitive and Sk p = Sr-1 10y,
(¢) Letn = Zle nip’ with 0 <i < p. Then S, = @ng’p.

(d) Sn has derived length |log,n|.

(e) Let y € Sym(n) with |y| = p. Then there exists a p-subgroup S of Sym(n) with y € S
and der(y®) > |log,, SUpr)(y)J.

Proof: (a) Let A < Z(S) with |A| = p. Then A< S and as S is primitive, A is transitive.
Thus n = p and (a) holds. (b) Since Sym(p*) contains a pF-cycle, S(p¥, p) is transitive. Let
D be a system of blocks for S(p*,p) with [D| minimal. Then by (a), |D| = p. Let A € D.
Then S(p*,p is a Sylow p-subgroup of Ngym(pey (D) = Sym(A) 1 Sym(D). So (b) follows
from 18.18.

(c) Let Q1(4) ..., (i) be the orbits of S,, ,, of length p'. Then S(n,p) < ®; ; Sym(Q;(i)
leqSym(n). Let Tj(i) be the projection of S(n,p) onto Sym(€2;(i) onto Sym(£2;(i) and let
S; (i) be a Sylow p-subgroup of Sym(€;(7) with T};(i) < S;(i). Then S(n,p) < @;;T;(i) and
as the latter group is a p-subgroup of Sym(n), S(n,p) = @;;1;(i). Suppose that m; > p
for some i. Then &%_,T;(i) is a Sylow p-subgroup of Sym(UJ_; Q;(i)) = Sym(p'*!, which
is not transitive, a contradcition to (b). Hence m; < p and as ), m;p’ = n, m; = n;. Thus
(c) holds.

(d) Choose k as in (c) with k minimal. Then ny # 0 and k = [log,n|. Then by (c),
Sp.p and Sy, have the same derived length. By (b) S, ), = Spe-1.,1Cp. Also (Spe-1,0Cp)’
is a subgroup of the base group Sﬁk,l which projects onto Spe-1. Hence der(Syr-1,
Cp)' der Spi-1 ,, = k — 1, by induction. So der S, , = (k —1)+1=k.

(e) Let Ay,...A, be the non-trivial orbits for y. Then r = %. Pick z; € A; and

let A ={x; |1 <i<r} Let1<j<p. Thenxi;&x?j € A; and so ANAY = 0.
Thus A is block for y. Let Ty be a Sylow p-subgroup of Sym(A). Let T; = T¢'. Then
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T; € Sym(A”) and T = (T | 0 < j < p) 2 T¥. Hence T is a p group and y normalizes
T. Hence S = T(y) is a p-subgroup of Sym(n) containg y. Moreover [T,y] < (y*) < (y°).
Let t € T. Then [t~!,y] = tt7¥ acts as t on A and so der(y®) > der[T,y] > derT. By (d)
derT' = log, |A| = log,  and (e) is proved. O

Theorem 18.20 Let G be a locally finite, simple, finitary group which has a Kegel cover
all of whose factors are alternating groups. Then G is an alternating group.

Proof: Let p be an odd prime so that G has an element x of order p. By 18.17 there
exists a postive integer r so that

1. (%)) =1 for all p subgroups S of G with = € S.

Let {(H;,M;) | i € I} be a Kegel cover for G with H; = H;/M; = Alt(€;). Let

2. Let j € J and S a p-subgroup of H; with z € S. Then der(z5) < r.

For this let R be the inverse image of S in H;. Also let S be a Sylow p-subgroup of R with
r €S. As R/M; = S is a p-groups, R = SM;. Hence der(z°) der(z)M;/M; < der(z®)
and so 2. follows from ?7.

3. Let j € J. Then |Suppg, |(z) < p™*>.

Suppose |Suppg, |(z) > p'*.

Alt(Q;) with 7 € S and der(z°) > r + 1. But this contradicts 2..

Then by 18.19¢ there exists a p-subgroup S of ﬁj =

4. (@ is a group of finitary permutations.

Let D be an ultrafilter on I with J € D. Let Q = [[5 ;. Then G acts on Q. Since
J € D, x acts non-trivially on Q. As G is simple, G acts faithfully on €. By 3. and as
J € D we conclude that | Suppg(z)| < p"*2. Hence z € FSym(Q). Since G = (2) and
FSym(€2) is a normal subgroup of Sym(Q2), G < FSym(2).

The theorem now is an immediate consequence of 4. and 9.14. O
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Chapter 20

Exercises

5. Let M be a minimal normal subgroup of G. If M is locally solvable show that M is
elementary abelian (i.e M is abelian and there exists a prime p with m? = 1 for all m € M).

6. Let G be a universal, locally finite group group and H a countable, locally finite group.
Prove that G contains a subgroup isomorphic to H.

7. Let G be a group and N a normal subgroup of G. If N and G/N are locally finite,
prove that G is locally finite.

8. Let G be an LFS-group such that G has a Kegel cover all of whose factors are alter-
nating groups. Let x € G such that Cg(x) is abelian.

(a) If G is finite determine all possibilities for G and x.

(b) Prove that G is finite.

9. Let U be a P. Hall’s universal group. Show that U is simple and explicitly write down
a Kegel cover U.

10. Let G be any of non-absolutely simple LF'S-groups constructed in section 6. Determine
a Kegel-cover for G.

11. Let V be a finite dimensional vector space over the field K and p a prime. Investigate
the maximal p-subgroups of GLk (V).

12. Let N be a minimal normal subgroup of G. What can you say about the structure
of G?

13. Construct a locally finite simple group with a maximal subgroup which is a p-group.
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14. Let X be a primitive subgroup of Sym({2) containing a 3-cycle. Prove that Alt(2) < e3cycle
X.

15. Let K be an infinite, locally finite field. Determine under all pairs (F, K') where F' emssl2
is a finite subfield of K so that the subgroup SLs(F) of SL2(K) is not contained in any
maximal subgroup of SLy(K).

eplc 16. Prove that a periodic, linear group with no non-trivial, unipotent, normal subgroups
is countable.

euifp 17. Show that there are uncountably many isomorphism classes of transitive, finitary
permutations groups.

euup 18. Given a set I, a non-principal ultra-filter D on I and non-empty finite sets A;,i € I.
Suppose that for all positive integers n,

{iel]||A;] <n}¢&D.

Also suppose that either all A; are finite or that I is countable. Show that [[, A4; is
uncountable.

ecwp 19. Let A, B be groups such that B acts transitively on the set I. Let H = A B.
Determine H’.

eilsn  20. Investigate G under the assumption that all infinite subgroups of GG are locally sub-
normal.

ecnas 21. Let G be any of the non-absolutely simple, locally finite simple group constructed in
class and

1=MydM; IdM;dMs...<G
the corresponding series.

(a) Explcitly determine a Kegel coverfor G.
(b) Show that for each i > 0, M;;1/M; is residually finite.

(c) Show that G has a composition series all of whose factors are finite.

emnsc 22. Let N be a minimal normal subgroup of G. Show that N has a sectional cover all of
whose factors are characteristically simple.

eqc  23. Let G be a finite group, M <G and z € G. Prove that |Cg/p(7)] < |Ca(w)].

efc 24. Let G be a locally finite simple group with a Kegel cover all of whose factors are
alternating groups. Let x € G with Cg(x) finite. Prove that G is finite.
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djckc Definition 20.1 Let K be field, X a group and V an irreducible K X-module. Let D =
Endgy (V). Then a JCK -cover for V with respect to X is a set of triples {(H;, V;, M;) |
i € I} such that for alli in I:

) H; is a finitely generated subgroup of X.

) Vi is a finitely generated D H;-submodule of V.
(¢) M; is a mazimal DH;-submodule of V;.

)

For each finite dimensional D-subspace W of V', there exists j € I so that W <'V;
and W N M; =0.

25. Let K,X and V as in the above defintion. Show that there exists a JCK-cover for
V with respect to X. ( Hint: Use the usual argument for Kegel covers and the Jacobson-
Chevalley Density Theorem.)

26. Let K be a set of finite sets and J a partion of K into finite subsets. For J € J put
Ty =[]J. Show that Diag([] K) = Diag([];cs T7)-

27. Let K and J be countable sets of finite sets. Determine necessary and sufficient
conditions for Diag(][ ) and Diag(][ J) to be isomorphic as abstract groups.

28. Let I be a set, A a subalgebra of P(I) with I € A, H a non-abelian simple group
and R = R(H,A). Let M be a maximal normal subgroup of R. Show that R = M R; and
conclude that R/M = H.
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