Review Problems for the MTH132 Final/Solutions

#1. Compute the following limits.
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where the last equality holds since for = close to 1 but smaller than one, 1 — z is a very small positive
number and z is close to 1. So ;% is a very large positive number.
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#2. Find the equation of the line normal to the graph of f(z) = secz at the point whose z coordinate is

-_n

.
Note that f/(z) = secatanz = _— 3L — SILI - Algg sin (1) = —@ and cos (5F) = 4. Thus
3 cos?(F5)  (3)? 2

Hence the tangent line has slope —2v/3 and so the normal line has slope —— 1\/3 = ﬁ Also f(5F) =
sec(5) = é = 2. So the normal lines goes through the point (—%,2) and fulfills the equation

Hence the equation of the normal line is:

— 1 ™ _ 1 s

#3. Find the equations of the lines (there are two of them) passing through (—2,3) and tangent to the

parabola y = 2.

Let (a,a?) be a point on the parabola. The line through (a,a?) and (—2,3) has slope

a?>—3  a®—3

a—(-2) a+2
Note that (z2)" = 2z. So the tangent line to y = 22 at the point (a,a?) has slope

2a



So the line through (a,a?) and (—2,3) will be tangent to y = 22 if and only if

2 _
a—3 _ 9
a—+2
This holds if and only if a®> — 3 = 2a(a + 2) = 2a® + 4a, if and only if a® + 4a + 3 = 0 and if and only if

(a+1)(a+3)=0. Soa=—-1ora=-3.
If @ = —1, the tangent line has slope —2 and goes through (—1,1). Thus its equation is

y—1 — — o
If @ = —3, the tangent line has slope —6 and goes through (—3,9). Thus its equation is
y—9 _ _ — 61—

#4. Use the Intermediate Value Theorem to show that cosz = 22 has a solution.
Let f(z) = cosx — 22. Then f is a continuous function. We have
f(0)=cos0—-0>=1-0=1
and
f(2)=cos2-22<1—-4=-3

Thus 0 lies between f(0) and f(2). The Intermediate Value Theorem shows that f(c) = 0 for some ¢ in

[0,2]. Thus cosc — c? =0 and cosc = ¢2. So ¢ is a solution of cosx = z2.

#5. Calculate the derivative of f(z) = /3z + 1 directly from the definition of derivative.
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#6. Let f(x) = 23 + Ti2
(a) Find the domain of f.
(b) For which values of z is f continuous at .

(¢) For which values of z is f differentiable at z.



(a) 3 = {/z is defined for all z, L5 is defined for all = with z — 2 # 0. So the domain of f(z) consists
of all real numbers except 2.

(b) f(z) is continuous at all points in its domain, that is at all = # 2.
!
(c) fl(x) = (az% —(x— 2)*1) = %x*% —(z-2)"2%= \3/172 - ﬁ So f(x) is differentiable at all
except x =0 and = = 2.

2

#7. Let f(z) = 22
(
(

a) Find the horizontal and vertical asymptotes of the graph of f.

b) Find the critical points and the intervals where f is decreasing and increasing.

(c) Find the intervals where f is concave upward and the intervals where f is concave downward.

)
)
)
(d) Sketch the graph using the information obtained in a)-c).

2
(a) Since lim1 (3571)2 = +00, x = 1 is a vertical asymptote. As f(x) is continuous at all x # 1 this is the
T—r X —
only vertical asymptote.
2 2 1 1
lim f(z)= lim Y lm Y = lim —s—1 =7=1
r—+oo r—+oo (,r — 1)2 r—+oo Qj2 — 2 +1 rz—+oo ] — < + -z 1
and so y = 1 is a horizontal asymptote.

(b)

fllz) = %(m*l)(l:ﬁjf(x*l)) note: common factor 2z(x — 1)

2z(z—1)(x—1)—2x(z—1)x
(z—1)*

2z(z—1)(x—1—x)
@17

_ 2x(z—1)
@17

= —2ae
fllx)y=0atz=0
f'(z) is not defined at = = 1.
So the critical points are at = 0 and =z = 1.
f(0) =0, f(1) is not defined.

r<0|0<z<l|l<z
—9 — — —
T - + +
(x—1)3 - - +
A + -
f dec inc dec

f is decreasing on (—o0,0] and (1, 00)
f is increasing on [0, 1).
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(C) f//(x) =-2 ( )(x_l()ﬁ( D - _2( zx(—l)ﬁ ) = _2( ()xil)e ) = 4(x—12)4'

So f"(z)=0atz = f% and f” is not defined at = = 1.
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[ is concave down on (—oo, —3].
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#8. State the Mean Value Theorem and use it to show that if f(0) = 1 and f'(z) > 0 for all x, then f(z) > 1
for all z > 0.

Mean Value Theorem: Let f be continuous on the closed interval [a, b] and differentiable on the open
interval (a,b). Then there exists a point ¢ in (a, b) with

Suppose now that f is a function with f(0) =1 and f’(z) > 0 for all . Then f is differentiable at all x
and so also continuous at all z. Thus the assumptions of the Mean Value Theorem are fulfilled. Let x > 0.
Then by the Mean Value Theorem (applied with a = 0 and b = ), there exists ¢ in (0, z) with

Thus f(z) — f(0) = zf'(c). By assumption f'(c) > 0 and = > 0. Hence xf’(c) > 0.
Thus f(x) — f(0) > 0 and so f(z) > f(0). Since f(0) =1 this gives f(x) > 1.

#9.



(a) Flnddylfy:x%— x2 4+ 1.

dxz?

(b) Find f(z) if f(z) = ££L.

(c¢) Find Z—Z and an equation for the tangent line to the graph of 3y + xy® = 2 at (1,1).

(d) Find d <f1 b@Ctdt)

(a) d—z = %x*% — (2 + 1)~ 22z = %x’% z(z2+1)"z = 2\1/5 — ;2”“
d?y _1-1_-3 2 1 3 1 1 2 _ 1 —(@®+1)+2>
a%—57$2—04$+U Pt (a?+1)7522) = e v T ey T e Vs

) )_ 2mtanx—(£2+1)seczm
- tan? z .

c) Differentiating both sides of 3y + xy® = 2 with respect to = gives:

B’y + 2% )+ (1-y° +2-3y%y) =0

and so
(z® + 3zy®)y = —(32%y +¢°)
and
diyi !/ 73a:2y+y3
d.%‘iy - Z3+37y2
If e =y=1 we get
,__3+1 _
143

Thus the equation of the tangent line at the point (1,1) is

-1
Y =—1andsoy:—(x—1)+1:

z—1

) Put uw = 2% and y = ffﬁ sectdt = flu sectdt. By the Fundamental Theorem of Calculus Part I,

% flu sectdt = secu = sec x2. Also g—z = % = 2z. So by the Chain rule:

dy dyd
= 2l = seca® - 20 = |2 seca?

dr ~ dudz

(d
dy _
du —

So

2
% = %(256 sec(z?)) = 2sec(z?) + 2z sec(x?) tan(z?)2x = ’ 2sec(x?) + 422 sec(x?) tan(x?) ‘

#10. The velocity of a particle moving along the z-axis is given by v(t) = t2 — 3t + 2.

(a) Find the acceleration.

(b) Its position is 4 for ¢ = 0. Find the position at the time t.

(¢) Find the maximum position for ¢ in [0, 2].



(a) a(t) = v'(t) =[2t —3].

(b) s(t) is an antiderivative of v(t) so s(t) = 1t% — 3t + 2t + C. Since s(0) =4, C =4 and so

s(t) =|5t> - 22 + 2t + 4|

(c)v(t)=t?—3t+2=(t—1)(t—2). Sov(t)=0att=1and t=2. Hence t = 1 is the only critical
point in (0,2). We have

s(0) = 4
s(1) = 3—3+2+4 = 1+3 = H2X - B - 42
s(2) = 423-32242.244 = 3-6+4 = 3-2 = 886 - 2
Thus the maximum position is 4% at t = 1.
#11. Solve the following initial value problems.
(a) ¥ =2+ Ly(0) =1 (¢) ¥ = ava? +1,94(0) = —1.

(b) ' =z, y(1) =3.

(a)y=32"+2+C,1=y(0)=Candso|y =32’ +z+1|

(b)y:%t%+C73:y(1):%+C,C=3—%:§andso y:%x%—i—%.
(c) We first compute [ zvz? + 1dz. Let u = 2% + 1. Then du = 2zdz and %du = xdx. Thus

1 12 1 3
/x\/x2+1dx:/§\/ﬂdu:§§u%+02g(x2+1)%+0

Since —1 = y(0) = £ + C we have C = —% and so

3
y=3("+1)2 -3

#12. A page of a book is to contain a rectangle of printed matter with an area of 30 square inches. If
the page is to have a 1-inch margin on the sides and a 2-inch margin at the bottom and the top, find the
dimensions of the smallest such page.

2 Let x be the height and y the width of the printed matter. Then xy = 30 and so
y= %. The domain of x is 0 < x < co. The height of the pageis 24+ 2 +2=z+4
and the widthis 1+y+1=y+2= % + 2. So the area of the page is

30 120 120
1 ll A=(@+4)(T+2)=30+20+ —— +8=20+— +38

9 We need to minimize A.

A 12 2

df 9 120 _ o 60
dx 2 2

If £ > /60, then % > 0 and A is increasing. If 0 < z < v/60, then % < 0 and A is decreasing.

Hence A has absolute minimum at z = /60 = 2v/15. If z = 2v/15 then Yy = % = 30— \}% = /15.

T 2V15
So the dimensions of the page of minimal area are

(V15 +2) x (2v/15 + 4)

(Tt might be interesting to note that the height is exactly double the width.)




#13. An extension ladder is leaning against a wall and is collapsing at the rate of 1 foot per sec. The bottom
of the ladder is being pushed toward the wall at the rate of 3 feet per sec. How fast and in which direction

is the top of the ladder moving up or down the wall when the ladder is 13 feet long and the bottom is 5 feet
from the wall?

Let x be the distance of the bottom of the ladder from the wall, y the distance of

the top of the ladder from the floor and z the length of the ladder. Since the ladder
collapses at a rate of 1 foot per sec, we have % = —1. Since the bottom of the ladder
y _1 is pushed towards the wall at a rate of 3 ft per sec, ‘fl—f = —3. We need to compute %
dy _o ’Z =13 when z = 5 and z = 13. By the Pythagorean Theorem, 22 + 32 = 22. Differentiating
dt ﬁ =-1 with respect to ¢ gives
dx dy dz
20— +2y— = 2z—
=5 dt dt dt
de _ and so
G =3
d d
dy _ zq — Ty
dt Y

When z = 5 and z = 13 we have y = v/22 — 22 = /132 — 52 = /169 — 25 = /144 = 12 and so

dy 13-(-1)-5-(=3) —13+15 2 1
dt 12 o 12 T 1206

1t
6 sec |

So the top of the ladder is moving up the wall at rate of

#14. Make a reasonable first approximation to the root of x3 4+ 122 — 30 = 0. Use Newton’s Method to
obtain two successive additional approximation of the root.

23 +12-2-30=8+24—30=2. So 29 = 2 is a reasonable first approximation.
Put f(z) = 2% + 122 — 30. Then f'(x) = 32% + 12 and

f(z,) 3 + 12z, —30 323 + 122, — 23 — 122, +30 223 +30 223 +15
xn = xn — = xTL — = = = -
1 F'(xn) 322 + 12 322 + 12 302 +12 3 a2 +4
Hence
28415 223 23
T34 38 12
and
2(28)3 415 924l 2-(23% +15-123) (23% 4+ 15-12%) 38087
€To = — = — = = =
73 (33)2+4 3 22L412° 3.12.(232+4-12%)  18(232 +4-122) 19890

#15. Let f(x) = 22 — 22 on [2,3].
(a) Using 5 intervals of equal length and right endpoints, construct an approximation of the integral

f; (22 — 2x)dz. Draw a picture of the rectangles whose area your sum represents.

(b) Using summation notation write an approximation sum for f23 (2 — 22)dx using n subintervals of equal
length and the right endpoints of the subintervals.

(¢) Using summation formulas, simplify the sum in b) and take its limit as n — oco.



(a) The subintervals have length 222 = 0.2. Thus zg = 2, z1 = 2.2, 23 = 2.4, 23 = 2.6, 74 = 2.8 and 25 = 3.

Since ¢, is the right end point of [zx_1, zk], cx = 2. Hence

S flen)Az, = (22242-2.2) - 0.2
+ (242+2-24) 0.2
+ (2.62+2-2.6) 0.2
+ (2.82+2-238) 0.2
+  (3242-3) - 0.2
3
2.5 i
2+ _
1.5 F i
1+ _
0.5 F i
0
2 2.2 2.4 2.6 2.8 3

(b) The length of each the intervals is Az = % so if ¢ is the right end-point the k-interval, then
ck =2+ ki =22k Thys

2n+k 2n+k  (2n+k)? —2n2n+k)  4n® +4nk + k% — (4n® + 2nk) k% + 2nk
flew) = cg—2c, = ( - )? -2 = 2 = - 2

n n N n
So the Riemann Sum is
- ~ Kk +2nk1 k:2—|—2nk: 1,0
k=1 k=1 k=1 k=1
(c) We have
Shea (W +20k) = (o R) 420 (Sl k) = IR o) = n(n 4 1)(25E 4 )
= n(n + 1)2ntlon = sn(n+1)(8n +1)
Thus
L= 1n(n+1)(8n+1) 1 1 1. 8 3
A D flete = fim 57 =l G0+ D)6+ ) = 5=

#16. Evaluate the following integrals:



a) ff(x% +a27)dx. fo 3x+ ———duz.
(b) ff sec?(2z)dx.

C) fsli‘/i\éjji‘" d.T (e) f(r’igiizrl)f’dx

(a) f2(:r,§ +2T)de = [gxg n ;xsf — (325 4198 (B4l 3.2.2% L1953 _ 1 _ 48¥A+1280-24-5 _
1 =15 8 = 8 5 T8~ 75 578 0 =

{T 1251

b) f§ sec?(2z)dx = |3 tan(2x)]§ = %(tan(%’r) —tan(3)) = 1(=V3-V3)=|-V3|
(c) Put w =+/2x + 2. Then du = 2\/21I+2 2dx = —st—dz. Thus

in+/2 2
%dw = [ sinudu = —cosu+C:’—cos(\/2ac+2) +C‘

5
d) fy Fdr = [3VBe+1), = 2(V3- 5+ 1-vI- 0+ 1) = 2(VI6 - V1) = 3(4 - 1) = 33 =[2]
()Putu_x — 6z + 1. Thendu:(3z276)da: and so —%du = (2 — 2%)dz. Thus
:f—f—d’u,— 1fu75dU— 3 14U 4"_02%*"_0_ 12(:1)37161?4'1)4 +C .

3 ub

f (m3 6:6+1)5

#17. Use linear approximation to approximate +v/25.

Let f(z ) f = z3. Put 29 = 27. Then yo = f(xo) = /27 = 3. Also Az = 25 — 27 = —2. Since
=

f/(x)h: tr3 = SIQ we have f'(zo) = 3%2 =i =&
Thus
Ay~ dy = f/(20)Ar = — - (=2) = —=
y=ay = 0 =97 = o
S
) o +d 3—3—@—2E
YR =S T T

#18. A woman is 1 mile north of a pavement which runs west to east. She wants to reach a point on the
pavement 2 miles east of her current location. The area between the woman and the pavement is grass. She
can walk 3 m.p.h. on the grass and 5 m.p.h. on the pavement. She will walk diagonally to a point on the
pavement east of her current location and then walk along the pavement the rest of the way. What route
takes the least time?

Let y be the number of miles the woman walks on the grass and x the
number of miles she walks on the pavement. Since she can walk 3 mph on
the grass and 5 mph on the pavement, the total time of her walk will be

y

= — + —

2—x T 35
The domain for z is 0 < x < 2. By the Pythagorean theorem,

1+ (2—2)*=¢?

and so

y=V1+@—-22=1+@—dz+22) = Va2 -4z +5
Thus



and

dti 20 — 4 Jr1 Tz —2 Jr1
dr  3.2-v/a2—-4x+5 5 3IVx2—4xr+5 O

So j—fp = 0 if and only if

z—2 _ 1
3vz2—4x+5 5

5(x —2)=—-3V22 —dx+5
(5(x —2))? = 9(a? — 4z + 5)
25(x? — 4z + 4) = 922 — 36z + 45
2522 — 100z + 100 = 922 — 362 + 45
162% — 64z + 55 =0
(4z —5)(4x —11) =0

Soz =2 orz =1l Since 4! > 2, 1l is not in the domain. Also % is define for all z in [0,2]. So 2 is
the only critical point.
fo=5 theny=/(3)2—45+5= /(32 -5+5= /(32 =3 Thust=15+12 = (1 + )3 =

S541_8_2
127T1= 1275
Ifx:O,theny:\/gandt=§
Ifz=2 theny=y4—-8+5=vI=1landt=4+2=>520=11

Since % < % and % < % we conclude that walking for 1% miles on the grass and for 1% miles on the

pavement produces the shortest time.

#19. Find the average value of sinz on [0, ].

™

b 3
av(f)zbia/f(x)dx: 1_0/0 sinx:%[—cosm]

jus
2

_ %(—cos(g) (= cos0)) = %(—0+ 1) = %

[=RVF

#20. Find the area bounded by the curves y = cosx and y = sinz for 0 < z < 27.

10



2] and on [2F, 27]. Also cosz < sinz on [T, 7).

We see that sinz < cosx on [0, §

We compute

fo% (cosz —sinx)dx = [sinz + cos x]g = (sin(§) +cos(%)) — (sin0 + cos0)
= (H+H)-0+1) = V2-1

f?(sinx—cosm)dw = [—cosx—sinx}zf = (—cos(Z) —sin(2F)) — (—cos(F) —sin(%))
_ (L 1 1 1y _
= Bt ErR = 22

and

fir(cosx —sinz)dxr = [sinz + cos x]g = (sin(27) + cos(2m))) — (sin(2F) + cos(2F))
= 0D (h ) = 14v2

The total area is

(V2-1)+2vV2+(1+V2) =4V2

One could have simplified this calculations by observing that the sum of the left and the right area equals
the middle area. So it suffices to calculated the second integral (which is 2v/2) and double it to get the total
area of 4v/2.
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