QUiZ 1 Name: Key

In all problems, you may use symmetry where appropriate and calculations where neccessary.

1. Let X be a real random variable given by a PDF (for some a)

a(l—=z?%), for —1<z<1
0, otherwise

fe(o) = {

(i) Find the proper value of a that makes this a probability density function.

- / fr(a)dr = a(e - e, = a(4/3)
Thus a = 3/4.

(ii) Find E(X)

fx is symmetric around 0 ie fx(0+ s) = fx(0 —s) so E(X) = 0.

Let Y = X2
(iii) Find the PDF of Y

Two functions for !, these are z4(y) = +,/y. Find, |d%(i\/§)| = ﬁ@

o) = Fxlo ) a0 + o) | a0 = 072 =0

2. Let A={(z,y) e R?: 0 <y < x <1}, Let the pair (X,Y) be uniformly distributed on A.

(i) Find the joint density fxy of X and Y
We must have fxy(z,y) = c for (z,y) € A and 0 otherwise.
Integrate over the density,

1://fX,Y(x,y)dmy: (//)Acdxdy

where the right hand side indicates the integral over the triangle A. The area of the triangle
is 1/2s0¢c=2.



(ii) Find the marginal distributions of X and Y

Ix(@)= [ fxy(z,y)dy = 1{0<x<1}/ 2dy = 221 9<p<1y
R 0

Here 1<p<1y = 11 0 <2 <1 and 1yp<z<1y = 0 otherwise.

1
() = | fxy(@y)de =1y / 2dy = 2(1 — y)1jo<y<1y
R Y

(iii) Find the Expectation of X and Y

EX = /xfx /2:5 dv = 2/3

EY:/Ryfy(y) dy:/o 21 —y)y dz =1/3

(iv) Find the variance of X and Y

]E(XQ):/R:(;?fX(x) dx:/012x3 dr =1/2

Then var(X) = E(X?) — (EX)?=1/2—(2/3)>=1/18
The marginals distributions of X and Y are symmetric around 1/2 :

fx(1/2+s) = fr(1/2 = s)
Thus var(X) = var(Y).

(v) Find the covariance of X and Y, cov(X,Y’), write the convariance matrix.

E(XY) //xyfxyxy dxdy—/ / Qxydydx—/ dr =1/4

So cov(X,Y) = (X)E(Y) =1/36
1 2 1
=35 ( 1 2 )
(vi) Find the conditional probability of X with respect to Y for any Y = y, ie find fx(z|Y = y)

fXY( ,Y) 1
( |Y - y) fY(y) —1_ y1{0<y<ac<1}




(vi) Find E(X|Y)

BOXNY =) = [ afxlaly =y)do

1
x
= 1{0<y<1}/ dx
Yy -y

1-— y2
-y
= Liocy<3 (1 +y)

= 1{0<y<1}

Thus, taking Y as a random variable:

EX|Y)=(1+4Y)



