Math 458 - Practice Problems for Quiz # 4 - Fall 2023
1. Let S(t) be the price of a stock at time ¢, modeled via

dS(t) =0.15(t)dt +0.25(t) dW (t).
Calculate the probability p that after two years, the stock price is larger than its initial price.

Solution: The equation is geometric Brownian motion with solution S(t) = S (O)e(o‘_"Q/ 2)t+oW (i)

to dS = aSdt + oSdW (t). For the given parameters we have the stock price process
S(t) = 5(0)e0-1-0-22/2)t+02W (1) — 5(())e008t+02W () It follows that

P(S(2) > S(0) = P(S(0)e"BDT0NZ 5 g(0)) — P (OND022Z 5 ),

0.16
= P(0.1640.2V2Z >0) =P <Z > —) =P(Z > —0.565685),
0.2v/2

= 1-P(Z < -0.565685) = 1 — 0.285804 = | 71.4196%.

2. If W(t) is a standard Brownian motion and

is a martingale, find c.

Solution: Setting f(W,t) = W3 + ctW, we have f; = cW, fir = 3W? +ct, & fiyw = 6W so
Ito’s formula yields

1 1
dX = fwdW + <ft+2fWW) dt = (3W? +ct) dW + <cW+2-6W> dt,
= (B-cWdt+ 3W?+ct) dW.

Using the given hint, it follows that the Itd process is a martingale if and only if 3—c¢ =0 or

3. Let W (t) be a standard Brownian motion. Compute the quadratic variation of
X(t) =3+4W(t)

fromt=0tot=2.

Solution: Since dX = 4dW and (dW)? = dt, it follows that the quadratic variation is

/oQ(dX)2 - /02 (4dW)* = /02 16(dW)? = 16 /02 dt =



4. {X(t)};> follows arithmetic Brownian motion such that X (45) = 41. The drift factor of this
Brownian motion is 0.153, and the volatility is 0.98. What is the probability that X (61) < 507

Solution: We are given X (t) = 0.153¢t+ 0.98 W (t), where W (t) is standard Brownian motion.
Since X (45) = 41, it follows that

X(61) = X(61)— X(45) 4+ X (45) = 0.153 - (61 — 45) + 0.98 (W (61) — W (45)) + 41,
= 43.448 +0.98 (W (61) — W(45)); W (61) — W(45) ~ N(0;16).

Hence,

P (X (61) < 50)

P (43.448 4 0.98 (W (61) — W (45)) < 50) = P <x/EZ <03

= P(Z < 1.67143) ~ | 95.2682%.

5. For W (t) standard Brownian motion, show that

50 — 43.448)

P(W(1) <0 and W(2) <0)=".

Solution: Let Zy = W(1)—W(0) = W(1) and Zy = W(2)—W(1) so that Z; 7 are independent
standard normal random variables with joint PDF

721/2 6723/2

n(z1, z2) = n(z1)n(z) = \/ﬁ ol

Now, using n(x) = N'(x) where N(z) = P(Z < z), we find

PEWL) <0AW(ER) <0}) = PEAW(Q)<0A W) —W(1)+W(1) <0},

0 —z1 e—z%/Q 6—2’%/2
= P({Zlgo and ZQ—I—ZlSO}):/ / \/ﬂ \/ﬂ dzo| dzq,

0 7z1/2 =21 ¢ 22/2 J 0 7z1/2 N J
= /_OO 5 | e 21—/_00 o (—21) dz1,

r=—2z1, dr=—dz1
A

o0
x)dx = N YN'(z L d 2 ] dx,
Zd:L‘

I
| w




6. Solve the stochastic differential equation

b— X(t)

ax(t) =

dt + dW (t)

where 0 <t < 1 and X(0) = a. Here a, b € R are arbitrary (but fixed) constants.

Solution: First note for f(X,t) = X/(1 —t) that Itd’s formula gives

X(t) X(t) dX(t)
d<1—t> - (1—t)2dt+1—t’

_ %_t (dX(t) + ﬁdt) .

Further, the original SDE can be rewritten as

X(t) b
X t = dt +dW (t
d (t)+1_td Tt (1)
so that
X(t) 1 b b dW (t)
d = dt +dW(t) | = ——=dt .
(1—t> 1—t<1—t N W()> (1—1)? L

Integrating the previous expression we get

X(t) X0 [ b Law (s)
1—t1—0_/0 (1—5)2d8+/0 1-s

It then follows from X (0) = a that

X(t):a(lt)+bt+(1t)/t dlw(s).
0 1—s




