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1 Homework: Reach and Projections onto Manifolds

e Let M C RP be a d-dimensional manifold. We define the projection onto M by

p(Z) := the unique point ¥ € M with||Z — 7|2 = d(F, M) VT e D(M)

o Let # € tube, (M) where 7 := reach(M). Furthermore, let r := d(Z, M) < .

e Suppose that IIy(Z) = m € the interior of M.

Definition 1. The interior of M is the set of points Z € M such that U € the interior of R

7 )

for some i € I, with the property that ®;(u) = Z.
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1.1 Homework Problems (Due April 3, 2014)

Given the above setup, show the following:

1. See Lecture 21, section 1.2

2. Show that 37 € T4 , ||U]|2 = 1, such that & = m +r - ¥

=

Xe T
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3. Show that ¢ from #2 does not depend on r, i.e., show that Iy (7 +7-¥) = m for all 7 € [0, r].
4. Let € M. Show that II;(2) N tube,(M) C RP is convex.
5. Let m € interior(M), let ¥ € T with || @ |[2=1 and let r € [0,7).
Show that Iy (m + 7 - 0) = m.
Hint for #5: Consider
e(¥) :=sup {r € R*|ILy(m + r¥) = i} .

Show that €(¥) > 0 = ¢(¥) > reach(M). Then, argue that €(?) # 0. You can waive your hands
a little.

e This last question shows that “the open normal bundle about M of radius 77,
{(T?L + T#g) N By (m) | m € interior(./\/l)} ,

is a subset of IT )y (interior(M)).



2 Toward Covering Numbers for Compact Manifolds

Recall the end of Lecture 22: We we want a lower bound for the d-dimensional volume
vol(B,(p) " M)
that holds for “most” g€ M. For this lower bound we need a couple of lemmas.

Lemma 1. Let M C RP be a d-dimensional manifold with T := reach(M) > 0. Let p € M and
T} be the d-dimensional tangent space to M at p. Then Il is invertible on M N B, /4(p).

Proof: See [2] and [1]. O
Proof Idea: Let 7,4 € M N B, /4(p) and consider a geodesic path from & to §.
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What could go wrong?

1.) M has more than one component in B, /4(p), and & and ¢ are not on the same component.

/4

=

— impossible by the definition of the reach.



2.) ¥ and ¥ are on a path that is entirely contained in By 4(p). Then Ilr (%) = Il7,(¥) means

N
C
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— impossible because the curvature of the path cannot be so high compared to 7.

Lemma 2. Let p,qd € M be such that ||p— ¢l < 2-7 := 2 -reach(M). Then, the angle between
- - o —1 (Il
(P~ @) and Tlr,(p— q) < sin <%).

—

Proof: Let ¥ be a unit vector along (I —Ilr,)(p'— ¢) € TE‘ and set Z=p+ 70

o Note that || Z— 7 ||z > 7 since Z€ D(M) NTF by HW #5 above.

e Let 1 be the line through Z that is perpendicular to (p'— )
e Let 2/ be the intersection of 1 and (p'— q)



e Note that ZZp¢ < 90° (by construction of 2)
o /Zqp < LZpq < 90° (1)

since || Z—q'||2 > |

7=l
e Hence, Z'/ is in between p and ¢ (i.e., our picture is accurate). Also, more importantly,
() implies that || 2/ = 7 2 < 5 | 7= 7ll2

: 775! 74l
= sin(Lp77") < 2

We can now obtain the desired lower bound.

Lemma 3. Let p € interior(M), 7 = reach(M) and r € [0,7/4). Then,

2

d

2

vol(B,(7) N M) > (1 _ 47’2) v vol (unit ball in B
T

VP s.t. Br(p) Nboundary(M) = 0.

Proof: We will show 3r’ > /1 — % -7 such that

(+) By(p) 1Ty © Ur,(B(7) 1 M)

Note: (x) implies the desired bound since

vol(B,(p) N M)
> vol (Iz,;(B,(p) N M)) (projections are non-expansive)
> vol(Bu(7) N Ty) (by (%)
= ()% vol (unit ball in Tj)

a+ b <length of the curve

Thus, it suffices to show (x). We will do this in the next lecture.
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