MTH 995: Spec Top Numer Anly and Oper Res Spring 2015

Lecture John ellipsoid — Jan 22, 2015
Inst. Mark Twen Scribe: Minh Pham

1 Overview

In the last lecture we covered singular value decomposition (SVD) and principal component analysis

(PCA).

In this lecture we will cover John Ellipsoid.

2 Definition

Def. Convex set: A set K C RP isconvex
< Vae€|0,1], V¥, ye K :
al+(1—-a)je K

3 Theorem

3.1 Theorem 1 (Fritz John)

Theorem 1. Let K C RP be a convex compact set and K is symmetric about the origin (K = -K)
Then there exists an ellipsoid E C RPsuchthat : E C K C vVDE

Note: worst case happens when K is a cube

Proof: Assume WLOG that spankK = RP.

Since E has non empty volume, we have :

E=AB

where A is a symmetric positive definite matrix in RP*P and B is the unit ball.
From singular value decomposition we can write A as:

A=UxU"T

= AB =UXUTB = UXB since UT does not change the unit ball

D
= Volumeof E = detA =[] N
i=1

Lemma 1. The convex body K contains an ellipsoid of mazximal volume



Proof:

Let L = {A € RP*P|AB C K}

We know the following:

L is bounded

L is closed (proof is homework)

detA is continuous

= There is a maximal ellipsoid. Q.E.D

Back to the proof of the theorem

Let E be a maximal volume ellipsoid in K

E = AB, where A is a symmetric positive definite matrix in RP*? and B is the unit ball. Note
that A is full rank.

= B C A'K and B is a maximal volume ellipsoid in A7 K

Consider a 2-dimensional projection of A~!K

Let € A~'K\B

p= (a7 0)

How large can ||p]| be? By bounding a from above we will get the factor v/D .

Let

et 0 0
— At
At)\ _ 0 e 0 c RDxD
0 0 e~ M

We want Vol(A; ) = et=(D=DN) -~ 1 gnd A\B C A7LK to get a contradiction with B is the
maximal volume ellipsoid
Suppose a > /D

1 1

D-1 a?—1
Let Ly be the tangent line from ' to the circle B

Let Lo be the tangent line from p'to the ellipse A; \B
We want A; \B C AK

<= slopeof Ly < slopeof Lo

— f(t)=—(a® —1)e M —e? + a2 >0
In(A(a® — 1))

Maximizing the function at t* = T

>0 give us f(t) >0

Therefore, we have:

Vol(As)) = e!1=(D=1X) ~ 1 by choice of A
AiABC A'K by f(t) >0

= B is not the maximal volume ellipsoid
= contradiction

= a< VD

= BC AT'K C VDB

= ECKCVDE

Q.E.D



3.2 Theorem 2 (Fritz John)

Theorem 2. FE is unique when K is compact
VD factor is sharp (eg: the cube)

3.3 Theorem 3

Theorem 3. Let K C RP be convexr with Vol(K) > 0 (K may not be symmetric)
Then there exits an ellipsoid E centered at ¢ € RY such that: E C K C ¢+ D(E — ¢)

3.4 Theorem 4

Theorem 4. F is unique when K is compact
D cannot be decreased in general

4 Find best fit ellipsoid

Problem: Given {z1,...,25,} C RP, fit an ellipsoid around them.
Define ellipse as

By = {# e RPZTAZ < 1}

where A is positive definite and symmetric

Ao 0
A=U| . . . |UT
0 .. Ap
Length of semi-axis of F4:
oo L
AT AT T Ap

Homework : prove Vol(E4) = VdetA~!

To compute Ey4, we find Min cgpzp — log(detA)
i.e., det(A~1)

subject to two constraint:

1.($]’)TA33]‘ S 1

2.A is symmetric and positive definite

5 Homework

Homework 1 (section 2.1):
Let K C RP be a convex compact set and K is symmetric about the origin (K = -K)
B be the unit ball



L={AcRP"™P|AB C K}
Prove that L is closed
Homework 2 (section 3):
Let By = {7 € RP#T Az < 1}
Prove : Vol(E4) = VdetA—!



