ON IDEAL GENERATORS FOR AFFINE SCHUBERT
VARIETIES
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ABSTRACT. We consider a certain class of Schubert varieties of
the affine Grassmannian of type A. By embedding a Schubert va-
riety into a finite-dimensional Grassmannian, we construct an ex-
plicit basis of sections of the basic line bundle by restricting certain
Pliicker co-ordinates.

As a consequence, we write an explicit set of generators for
the degree-one part of the ideal of the finite-dimensional embed-
ding. This in turn gives a set of generators for the degree-one part
of the ideal defining the affine Grassmannian inside the infinite
Grassmannian which we conjecture to be a complete set of ideal
generators.

We apply our results to the orbit closures of nilpotent matrices.
We describe (in a characteristic-free way) a filtration for the coor-
dinate ring of a nilpotent orbit closure and state a conjecture on
the SL(n)-module structures of the constituents of this filtration.

1. INTRODUCTION

Let K be the base field, which we shall suppose to be algebraically
closed of arbitrary characteristic. Let F' := K((t)), A := K][[t]]. Let
G = SL,(F),P = SL,(A), so that G/P is the affine Grassmannian,
and let X be an (affine) Schubert variety in G/P. In our previous paper
[12], we constructed an explicit basis for the affine Demazure module
H°(X, L), the space of sections of the basic line bundle L on G/P,
restricted to X. As a consequence, we obtained a basis for H°(X, L)
in terms of certain Pliicker co-ordinates.

In this paper, a sequel to [12], we first give a different construction of
our basis of H(X, L) for a certain class of affine Schubert varieties. Our
key tool is the matrix presentation of the elements of G/P, similar to
that for the classical Grassmannian. This is constructed by embedding
G/P inside an infinite Grassmannian, which in turn embeds each affine
Schubert variety X inside a certain finite-dimensional Grassmannian.

* Partially suported by NSF grant DMS-0400679 and NSA-MDA904-03-1-0034.
T Partially suported by NSF grant DMS-0405948.
! Partially suported by NSF grant DMS-0300064.
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After defining the basis elements of H°(X, L) as restrictions of cer-
tain “admissible” Pliicker co-ordinates (Definition 4.3.1), we prove that
they form a spanning set using a system of degree-one straightening re-
lations, the “shuffles” (Corollary 4.3.3). We prove linear independence
inductively by writing certain degree-two relations among the admis-
sible Pliicker coordinates and restricting to a smaller X (Section 4.6).
Both the shuffles and the degree-two relations follow from the matrix
presentation.

As an important application, we obtain explicit generators for the
degree-one part of the ideal for our class of affine Schubert varieties in-
side the finite-dimensional Grassmannian. As a corollary, we obtain
generators for the degree-one part of the ideal of the affine Grass-
mannian inside the infinite Grassmannian (Theorem 4.6.5); and we
conjecture that these in fact give a complete set of generators for the
ideal. Such ideal generators serve as effective tools in solving the geo-
metric problems, especially in the study of the singularities.

It should be remarked that though ideal generators for affine Schu-
bert varieties (as subvarieties of the affine Grassmannian) may be found
using Littelmann’s standard monomial basis [16], they are hard to com-
pute (since Littelmann’s standard monomial basis is hard to compute).
Our goal is to develop a standard monomial theory for affine Schubert
varieties in terms of Pliicker co-ordinates, in the spirit of the classi-
cal work of Hodge ([7, 8]; see also [23]). Construction of a basis for
the higher-level Demazure modules H°(X, L®%) will be taken up in a
subsequent paper.

Another application is to nilpotent orbit closures. Let A denote the
set of all nilpotent matrices in M, ,(K), a closed affine subvariety of
M,sn(K). The group GL,(K) acts on N by conjugation. Each orbit
contains precisely one matrix in Jordan canonical form (up to order of
the Jordan blocks). Thus the orbits are indexed by partitions p of n,
Le. = (p1, oo i), M=l = > iy >0, g+ -+, =n. We
denote the orbit corresponding to the partition p = (p1,..., i) by
N}, and its closure by NV,,. Lusztig has shown (cf. [17], [18], [20]) that
each N, is isomorphic to an open subset of a certain affine Schubert
variety (generally not of the special class mentioned above).

Using Lusztig’s isomorphism (and the matrix representation for the
elements of G/P), we define in a characteristic-free way a filtration
F = {F,,,m > 0} for A,, the co-ordinate ring of N,: namely, F,, ,
is the span of monomials in the Pliicker co-ordinates on N, of degree
<m.

Conjecture: Let £ = K". Let A = (A1,...,As) be the partition
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conjugate to pu. Then there is a characteristic free isomorphism of
SL(E)-modules

Fopn 2 LimE®...Q LynkE
where L, E denotes the Weyl module with highest weight v.

In characteristic zero, this conjecture holds due to [21, 25].

The sections below are organized as follows: In §2, we describe the
affine and the infinite Grassmannians, and the embedding of G/P in-
side the infinite Grassmannian. In §3, we describe the Ind-variety
structures for the affine and the infinite Grassmannians, and we re-
alize the affine Schubert varieties as closed subvarieties inside certain
finite-dimensional Grassmannians. In §4, we describe our special class
of affine Schubert varieties, and for X in this class we establish our
main results concerning a basis for H°(X, L) and ideal generators for
X. We then apply these results to the affine Grassmannian. In §5 we
present the results for the nilpotent orbit closures.

2. INFINITE AND AFFINE (GRASSMANNIANS

In this section, we recall the generalities on loop groups and affine
and infinite Grassmannians. For details, we refer to [9, 24] (see also
[20]). Let

F = K((t)):{ ST aitt | a EK} ., A=K][[t] = {Zait”ai EK} .
i=—N 1=0
If f= > at' € F, with ay # 0, define ord(f) := N, as well as
=N

ord(0) := —oo. Let n € N be fixed.

Definition 2.1. é\r(n), the affine Grassmannian, is defined to be the
set of all A-lattices (free A-modules of rank n) in F™.

Define:
K“::{Zaje” NGZ,ajEK},
j=N

and for k € Z, let:

Ek: ajej]Nzk,ajeK .
j=N
Definition 2.2. Gr(co), the infinite Grassmannian, is defined to be
the set of subspaces V' C K such that F,, C V C E_,,, for some
m € N.
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Let eq,... ,e, be the standard basis of F". Consider the identifica-
tion of K-vector spaces:
K* ~ "

(*) €enti tcei

forl <i<mnandc e Z Welett: K* — K denote the map
e; — €;1n, and we use the same symbol for the map ¢ : F* — F™ which
is multiplication by ¢ . Indeed, these two maps are identified under (x).
Also {V € Gr(oo) | tV C V} gets identified with the set of t-stable
subspaces of F", i.e., with the set of A-lattices in F" ; and we obtain
an embedding (/}\r(n) C Gr(oo). In particular, E; corresponds to the
standard A-lattice Ly = spana{ey,--- ,e,}.

For V € Gr(o0), define the virtual dimension of V as

vdim(V) := dim(V / VNE,) — dim(E, / VNE)).
For j € Z, define Gr;(o00) := {V € Gr(oo) | vdim(V') = j} and
(/}\rj(n) = Gr(n) N Grj(o0) ={V € Gr(n) | vdim(V) = j} .
We say that a subset I C Z is almost natural if |I \ I N Z,| and

|Z4 \ I NZy| are both finite numbers, where Z, = {i > 1}. In this
case, we define the wvirtual cardinality of I as:

veard(I) = ||| == [I\ I N Zy| — |Z4 \ INZ,]|.

For such I, we have the associated coordinate subspace in Gr(oo),

namely
E[: {Zaiei|ai€K} s

iel
and vdim(E;) = ||1]|.

If (i) = (i1 <ip < ---) is an increasing sequence of integers, we say
that (i;) is almost natural if the set {i;} is almost natural. In this case,
we define veard (i;) := vcard{i;}. Observe that the increasing sequence
(4;) is almost natural with virtual cardinality c¢ if and only if i; = j+¢
for 5 > 0. We denote the collection of almost natural sequences by Z,
and those of virtual cardinality 0 by Zy,. We define the Bruhat order
on increasing sequences by:

(’L]) > (k’j) < ij > kj for all ] .
Let S, be the group of permutations of Z, and let 7 € S, be
the permutation 7(i) = ¢ + n. Define the extended affine Weyl group
W :={w € S | wr = Tw}. Note that if w € W, then w is completely

determined by (w(1),...,w(n)). Indeed, for 1 < i < n, we have
w(ne +1i) = wr(i) = 7°w(i). Thus we can embed both the finite
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permutation group S, and Z" in W as follows. We map o € S, tow €
W such that w(i) = o(i), 1 <i <n;and we map ¢ = (c1,...,¢,) € Z"
to w € W such that w(i) = 7%(r), 1 < i < n. We identify S, and
Z™ with their images under these embeddings. Then Z" is a normal
subgroup of W, Z"™ N S, is the identity, and Z"S, = W. That is,
W =7"x Sy, a semidirect product.

If w € W, then {w(j) | j > 1} is almost natural. Define I,, to
be the sequence obtained by listing the elements of {w(j) | j > 1} in
increasing order. If we write w = co, where ¢ = (¢y,... ,¢,) € Z" and
o € Sy, then we may compute [|I,,|| = —>_ ¢;. We use W' to denote
7" identified as a set of coset representatives for 1% /Syn. One easily sees
that a given w € WP is determined by its set [, and that an almost-
natural set I can be realized as [,, whenever [ is 7-stable, meaining
71 C I (or equivalently tE; C Ey). That is, we have a bijection

=P n o~ I almost natural
W =7Z" — {ICZ' TCl }

w=(c1y...,¢,) +— L, ={l+cn, 24+cn, -+ n+l+cn,...}.

Now define W := {w € W | ||I,]| = 0}. Then S,,Zj C W, where
2y =7"0W ={ceZ" | c1+---+c, =0}, and we have W = Zj x S,
a se/r\nidirect product. Note that W is the affine Weyl group associated
to SL,, = SL,(F). It is the Coxeter group generated by the adjacent
transpositions si,...,s,.1 € S5, along with the reflection sy defined
by: so(1) =0, so(n) = n+1, and so(i) =i for 1 <i < n.

We use W7 to denote Z? identified as a set of coset representatives
for W/S,. Once again w +— I, gives a bijection:

Wt =7y S {1ely| I CI}.

We will denote E,, := Ej,,.

Now, G = GL,(K) acts transitively on é\r(n) and the isotropy sub-
group at Ey is P = GL,,(A), so we have é\r(n) = G/P. The group W
embeds in G : if w = co, where ¢ = (¢q,... ,¢,) € Z" and o € S, we
identify w with the matrix diag(t®,... ,t**) - [o] € G, where [o] is the
permutation matrix associated to 0. Let B = {g = (g;;) € GL,(4) |
ord(g;;) > 0 for i < j}. We have the Bruhat decomposition:

G= ] BwP,
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and projection onto G/P gives:

Gr(n)=g/P= [] BE..
wew"

where E, = wP € G/P, or equivalently E, = E;, € Gr(n). For
any V € BE,, we have vdim(V) = vdim(F,) = ||I,|. The orbit
BE, C G/P is called the affine Schubert cell associated to w, and is
denoted by X°(w).

Let Gy := {g € G | ord(det g) = 0} D P. Then Gy acts transitively
on Grg(n) and the isotropy subgroup at E; is P, so Grg(n) = Gy /P.
We again have W — G, and the Bruhat decomposition:

Go = H BuwP.

weWwr

Projection onto Gy /P gives:

Gro(n) 2 Go/P = [] BE..

weWF

Henceforth we focus on é\ro(n). Note that SL,(F) also acts tran-
sitively on é\ro(n), the isotropy at E; being SL,(A), so é\ro(n) =
SL,(F)/SL,(A).

We will see in the following section that, although Gro(n) C Gro(co)
are Ind-varieties of infinite dimension, the Schubert cell X°(w) is an
ordinary variety with the finite dimension » 72, (j — i;), where /,, =
(i1<i2< . ) and ij :j for j > 0.

3. IND-VARIETY STRUCTURES

In this section, we recall the Ind-variety structure for affine and in-
finite Grassmannians. See [13, 14] for details.

For s € N, let V, = t=*"="V L, /t°L,, with dimg(V;) = sn?. Consider
the embedding defined by:

¢s . /\sn‘/s SN /\(S+1)n‘/:9+1
VIA - AVs, — VLA ANvg, ANtPegr A+ Atde,,
and let AV, be the direct limit vector space lim (A*"V).
The map ¢, induces ¢* : ACTI?(V*) ; — A**(V*),, and we define
A®VZ to be the vector space lim (A*"V). There is a bilinear pair-

ing between A*V,, and A*°VZ implied by the universal properties of
limits under which AV} = (A®V,)*, the dual space of A*V,,. The
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universal properties of limits also imply for all s the existence of an in-
jection i : A"V — AV, and a projection mg : A°VE — A(VF) =
(/\sn‘/s)*'

If I = (iy,is,...) € Iy, we can view ey := e;, Ae;, A--- as an element
of AV, and p; := €}, Aej, -+ - as an element of AV . We call the p;
the infinite Plicker coordinates. Indeed {e; | I € Zy} forms a basis for
NV and {p; | I € Zy} is the dual basis for A¥VZ, i.e., (er,ps) = Ors
(Kronecker delta) for I, J € Zy.

The map ¢, descends to a closed immersion P(A*"V,) — P(AGFIRY, ) |
and we let P(A*V,) = U,y P(A*"V;) with the reduced projective Ind-
variety structure (see [13], [14]). The Ind-variety homogeneous coordi-
nate ring of P(A®°V,) is defined to be K[P(A®V,,)] := lim K[A*"V,] =
Sym(A®VE).

Fix an integer s > 0, and let

Fo= {V € Gro(o0)

t=sE DV DB,
dimg (V/t°Ey) = sn '

We identify F, with its image under the bijection by : Fy — Gr(sn, V),

V= V/t*E;. Now Gr(sn, V;) embeds as a closed subvariety of P(A*"V)

under the Pliicker embedding js, and we have a commutative diagram:

Gr(sn, Vy) LI P(A5V5)

| -

Gr((s + 1), Vosr) 255 PAGHIMY, )
Thus U Fs = U, Gr(sn, Vi) induces the structure of a closed Ind-

s>0
subvariety of P(A®V).
We claim that Gro(co) = (J,59Fs. Indeed, for V' € Gr(oco) with

t=*+tUE S5V D t°E;, we have V € F, if and only if
sn = dim(V/t°E)
= dim(V /VNE)) + dim(VNE, /t°Ey)
= dim(V /VNE) + (dim(E, /t*Ey) — dim(E, / VNE))
= dim(V /VNE)) + sn — dim(E, / VNE)),
i.e., whenever vdim(V') = 0, meaning V' € Gry(o0).
Multiplication by t induces a nilpotent endomorphism ¢, on each V.

Define u, := 1 + t,, a unipotent automorphism of V,, and denote the
induced automorphism of Gr(sn, V;) also by us. Let

5=V SV DL, }

Hs = {V € Gro(n) dimg (V/t°Ly) = sn
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Using the identification (%) of Section 2 and the isomorphism b, above,
we have:

(*) bs
Hs = {VeF |tV cCcV} = Gr(sn, V)",

a closed projective subvariety of Gr(sn, V;). Therefore é\ro(n) = U0 Hs
> | J,0 Gr(sn, Vi)" induces the structure of a closed Ind-subvariety of
Gro(c0). For w € WP, we define the affine Schubert variety X (w) to
be the Zariski closure X°(w) = BE,, C é\ro(n).

The following diagram illustrates the relationships between the var-
ious varieties and Ind-varieties:

X(w) ——  Gro(n) —— Gro(o0) —— P(A®VL)

W I I I
Gr(sn, Vs)% —— Gr(sn, V) —— P(A*"Vj)

If we consider each projective variety in the bottom row as a closed

Ind-subvariety of the projective Ind-variety above it, all maps in the

diagram are closed immersions of Ind-varieties.

Thus we have the corresponding graded projections (i.e. restrictions)
of the homogeneous coordinate rings:

(2)

Sym(A>VY)

I
K[X(w)] ——  K[Gro(n)] —— K[Gro(o0)] «—— K[P(A*Vi)]

l ! l

K[Gr(sn, Vy)*] «—— K[Gr(sn,Vy)] «—— K[P(A*V})]

I
Sym((A*"V;)¥)

Note that the projections of the infinite Pliicker coordinates to the
third row of (2) are just the usual finite Pliicker coordinates.

Proposition 3.1. (i) pi|xw) =0 <= I £,
(ii) For w € W¥, we have X (w) = UX°(y), the disjoint union being
over {y e WP |y <w}.
(iii) Forws = (c1,...,¢n) == (=s(n—1),s,...,s) € WP we have the
1somorphisms of reduced varieties:

t=s=D, S5 Lot L, } -

X(ws) = {A—lattlces L ' dim (L)L) — sn >~ Gr(sn, V)" .
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Remark 3.2. The Proposition implies: Gro(n) = lim X (wy).

We will adopt an abuse of notation when dealing with almost natural
sets. For any I = (i1,49, -+ ) € Iy, there is some m > 0 such that i; = j
for j > m. We shall ignore the “trivial” entries ¢; = j for j > m, and
write just the (m—1)-tuple I = (i1, ,im_1). Any such sequence may
also be considered as an ¢-tuple for £ > m—1 by restoring some of the
entries ¢; = j. Thus, any I € Z, may be thought of as an sn-tuple for
s > 0. Now part (ii) of the Proposition implies that every X (w) sits
inside X (w;) for s > 0.

The action by left translations of SL,,(F") on é\ro(n) induces a projec-

tive representation of SL, (F') and its Lie algebra sl,,(F') on K[Gro(n)].
This lifts to an actual representatlon of a central extension, the affine
Kac-Moody algebra sl,, acting on K[Gro( )].

Theorem 3.3. (c¢f. [14])

(i) Let Vi, be the basic integrable irreducible representation of .
Then Vi, = K[é\ro(n)]d = Symd(/\o"Vo*o)|é\rO(n) as sl,, representa-
tions.

(ii) For w € W?T let Vy,(w) be the affine Demazure module of Vj,
corresponding to w. Then

Viro(w) = K[X (w)]a = Sym*(A*V) [ x(w) -

4. THE SCHUBERT VARIETY X (w;)
4.1. Renormalization of indices. Recall the special element
wy = (—s(n—1),s,...,s) e W' =70

with I,, = (1 —s(n—1)n, 1 —s(n—1)n+mn,... ,1+sn—n, 1+ sn).
In order to avoid continually writing negative indices, we now renor-
malize these values. This means that, instead of working with the

component é\ro(n), we consider the isomorphic Ind-variety
Gry(n) == "D Gro(n) = {V € Gr(n) | vdim(V) = —s(n — 1)n} .
The Bruhat decomposition becomes:
Gro U X°(
where the union is over w in:
WP = ps-DyP = Ts(”*l)Zg
= {w=(c1,...,c,) | a+---+c, = s(n—1)n},
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so that
1 -1
I,€Ty = 7"V = T 1y

In this normalization, the zero-dimensional Schubert variety is X (w) =
{E,} for

w=71""Y=(s(n-1),...,s(n—1))
I, = {14+sn(n—1),2+sn(n—1),3+sn(n—1),...}.
We renormalize:
ws = (0,sn,...,sn)
I,, = (1I,n4+1,2n+1, - - sn*+1, sn?+2,sn*+3,...).
Further, we can rephrase Proposition 3.1(iii) as:
Ly D LDt

X(ws) = < A-lattices L C F"
dim L/t*" Ly = sn

} = Gr(sn, Vi),

where V, = Ly /t*" L.

4.2. Zx7Z, matrix presentation. As with the finite-dimensional Grass-
mannians, an element V' € Gr(oco) may be thought of as the column
space of a matrix with two-sided infinite columns and one-sided infinite
rows: a ZxZy matrix M = (aij)@j)ezxz,- Since E; C V for j > 0,
we write A so that a;; = d;; except for finitely many entries. Using the
(%) identification K> ~ F™ e.,; < t°e;, an A-lattice in F™ also has

a Zx 7., matrix presentation.

For example, we have the coordinate lattice: E; = Spang/(e; | i € I)
for I € Z. Writing each basis element e; as a column vector with a 1
in row ¢ and 0 elsewhere, we obtain the matrix presentation of Ej.

Now let us consider w = wg, I = I,,,. We set:

T =8N

so that X (ws) C Gr(r, Vy) where
Vs = Spang{ty,... ,t%, |0 < c<r—1}.

We may write each vector v € V; with respect to this basis in the block
form:

(%1
(%

vy
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where each v; is an nx1 column vector. Multiplication by ¢ becomes:

0

U1

Ur—1
Taking the rn X r matrix presentation of Gr(r, V;), we identify
Gr(r,Vy) = M2 (K)/ GL(K),

rmxr

where M™** indicates matrices of maximal rank, and two matrices
define the same subspace V' C Vj if they differ by a column transfor-
mation in GL.(K). The rn x r matrix M of a space V' € Gr(r, V) is
the “relevant part” of the Z x Z, matrix corresponding to the lattice
L=VeatL cCGrn).

For a generic subspace V' in the Schubert cell X°(wy) C Gr(r, Vi)™,
we can find a generating vector v € V such that its e; component is

equal to 1 and V = Span,(v,tv,...,t""'v): indeed, any vector v =
€1 + asvy + - - - is a generating vector. Thus V' can be presented by an
rn X r matrix of the form:
Ay
A
M:((Li]’):(v tv --- tr_lv) = .2 )
A,

where each Ay is an n x r block. This is a lower triangular rn x r
matrix, meaning a;; = 0 for ¢ < j , and the 1% column of A; repeats
as the 2" column of A, the 3" column of As, etc.

In particular, we have 1 = a1 1 = @i4n2 = -+ = Qr—1)n+1,,- We shall
refer to these rows 1, 14n,..., 14+(r—1)n as the pivotal rows. Now
we may reduce M by column operations so that each a1 = ap412 =
--- =1 1is the only nonzero entry in a pivotal row. This normalizes M
to make it a unique represenative of V € X°(wy).
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That is, we may identify X°(ws) C Gr(r, V) with the affine space of

matrices M = (a;j) € Mpx,(K) of the form:
[ 1 0 0 0 -~ 0 |

Q21 0 0 0 cee 0

as.1 0 0 0 0

n 1 0 0 0 0

0 1 0 0 0

An42,1 a1 0 0 0

An+3,1 as; 0 0 0

(2n,1 (n,1 0 0 0

M = 0 0 1 0 0

A2n12,1 (2,1 as, 0 0

A2n43,1 (pi3,1 as, 0 0

A3n,1 Q2n,1 ap1 0o - 0

0 0 0 o --- 1
A(r—1)n+2,1  O(r—2)n+2,1 A@r-3)nt+2,1 - - 421
A(r—1)n+3,1 A@r—2)n+31 Ar—3);n+3,1 - - (431
| Qrp, 1 A(r—1)n,1 A(r—2)n,1 R ¢ 7 |

Now it is clear from inspecting the above matrix that, the infinite
Pliicker coordinates on Gry(oo), when restricted to Gr(r, V), either
vanish or become usual Pliicker coordinates on Gr(r, Vj), the r x r
minors of the above matrix M. Indeed, the coordinate pr|x(w,) is non-
zero for I = (i; < iy < ---) if and only if

L.i; > (j=1)n+l for j=1,2,...,r.

2.9, =j+rn for j>r+1
We shall denote such an index set as an r-tuple I = (iq,... ,i,).

4.3. Generation by admissible Pliicker Coordinates.
Definition 4.3.1. A set I = (iy,i2,...) € Z} is admissible if
ij+1—ij §n for ]2 1.

In this case we also say that the Pliicker coordinate p; € K [é\ré(n)] is
admissible. If w € W7 then I (or p;) is said to be admissible on X (w)
if I is admissible and p;|x(w) 7# 0.
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We proceed to show that on X (w;), a non-admissible Pliicker coor-
dinate p; is a linear combination of admissible Pliicker coordinates.

Lemma 4.3.2. Let A,B € M,,xm(K). Fiz ¢ < m. Then the sum of
all determinants obtained by replacing £ rows of A by the corresponding
¢ rows of B equals the sum of all determinants obtained by replacing ¢
columns of A by the corresponding { columns of B.

Proof. One sees by performing Laplace expansions that (1) the sum of
all determinants obtained by replacing ¢ rows of A by the corresponding
¢ rows of B ; and (2) the sum of all determinants obtained by replacing
¢ columns of A by the corresponding ¢ columns of B ; are both equal
to (3) the sum of all products of ¢ minors of B with complementary

(m — £) minors of A. O
Let I = (i1,...,4,) be such that p;|x@,) # 0, so that i, < rn.
Further let iy > n+1, and let I = (i1—n, ... ,i,—n). Choose ¢ < r. We

define a shuffle to be the sum of all Plucker Coordmates obtained by
replacing ¢ elements J C I with the corresponding ¢ elements JcI:

1= Z Prygui-

JCI
|J|=¢

Corollary 4.3.3. The shuffles are identically 0 as functions on X (ws):

ShI|X(ws) =0.

Proof. Let I, I be as above. Let M, be the normalized matrix cor-
responding to a generic point of X°(w;), and let M (resp. M) be the
r X r submatrix of M,,, with row indices given by I (resp. I ). Then
we have that the last r—1 columns of M are same as the first r—1
columns of M, and the last column of M consists of zeroes. (Note that
since i, < rn, we have, i,—n < (r—1)n. Hence, the entries of M are
taken from the first (r — 1) blocks of M, x;.)

This implies the vanishing of the minor obtained by replacing any ¢
columns of M with the corresponding ¢ columns of M. Hence in view
of Lemma 4.3.2, we obtain the vanishing of the sum of all minors of
M obtained by replacing ¢ rows of M with the corresponding ¢ rows
of M. But this sum is simply the evaluation on M, «, of the sum of
all Pliicker coordinates obtained by replacing ¢ indices of I with the
corresponding ¢ indices of I. The desired result now follows. O

Proposition 4.3.4. Let I = (i1, -+ ,i,) be a non-admissible r-tuple
such that pr| xw, # 0. Then on X(ws) we have, p; = > gasps ,
as € K, where the sum is over admissible r-tuples.
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Proof. Let ¢ < r—1 be the smallest integer such that iy.1 —i, > n. Let
Il = (i1+n7 e 7ié+n7 Z.é-l—la e 71.7‘)7 IQ = (/L.h e 72.572.5-1—1_”7 e 72'7’_”)

Note that the (positive) difference between the respective entries of
I, I equals n. Hence by Corollary 4.3.3, the corresponding shuffle
equals 0 on X (ws). Let p; be a typical term appearing in the shuf-
fle. Corresponding to the switch of {i;+n, - ,i,+n} respectively with
{i1,-+ ,i¢}, we have, J equals I, and any other J is lexicographically
greater than I. Now the result follows by induction: note that the lexi-
cographically largest r-tuple is ((n—1)r+1, (n—1)r+2,--- ,rn) which
corresponds to the identity or zero-dimensional Schubert variety). [

4.4. The reduced chain of w,. As an element of the Weyl group
W = (s0,81,...,5n-1), We can write a reduced expression for wy as:

wy = (8182 8p—150) <+ (8182 * * Sn—150)

(. J/
-~

s(n—1) times

(In particular, dimg X (ws) = s(n—1)n = r(n—1), which is indeed the
number of variables in the generic matrix above.)

Consider the full chain of w’s obtained by deleting one simple reflec-
tion at a time in the above reduced expression for w; (starting from the
left). Let us denote these by 7; fori =1,... ,s(n—1)n+1=r(n—1)+1,
so that

Wsg =T1 > T2 > "> Tp(n—1)+1 = id .

Let us collect these into r groups of n elements so that the first group
consists of {1y, ,7,}, the second group consists of {7, , 72,1},
the next group consists of {73, 1, ,T3,_2}, etc.: that is, each group
has n elements and the first element in each group is the last element
of the previous group.

The tuples corresponding to the n elements {ry,--- ,7,} in the first
group are given by:

7 = (j,n+j,...,(r—=1)n+j) for 1<j<n.
In particular, we have:
Tn = (0,20, ,1r0).

More generally, for 2 < ¢ < r, let us denote the i-th group (of n
elements) by
Pij = Ti—1)n—(i—j)+1 » I1<j<n.
For k<, let [k,l] :== (k,k+1,---,1). Then for 1 < j < n, we have,

wij = ((i—=1)n+14+j—i, int14+j—i,... , (r—1)n+1+j—1i, [rn+2—i,rn]).
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Here the succesive differences between the first (r+1—i) entries is n,
and the remaining entries are consecutive integers.

Lemma 4.4.1. 1. #{admissible Son 7 } =n"
2. For1<j<n, #{admissible S on 7;} =n""'(n+1—j).

Proof. (1) Let S := (s1,---,s,) be a typical admissible tuple on 7 =
ws. The expression for w, as a r-tuple together with the admissibility
of S implies that there are n ways of choosing s, from {(r — 1)n +
1,(r—=1)n+2,--- ,rn}; having chosen s,., there are n ways of choosing
$y_1 from {s, —n, -+ s, — 1}, and so on.

(2) The proof is similar: at the first step, we have only (n + 1 — j)-
choices for s, (since s, has to be > (r—1)n+7, there are (n+1—75) ways
of choosing s, from {(r — 1)n + j,--- ,rn}). The rest is as before. [

More generally, we have:

Lemma 4.4.2. 1. #{admissible S on ¢;; } = n" 17",
2. #{admissible S on ¢;; } = n""(n—j+1).

Proof. (1) Since the last (i — 1) entries in ¢;; are comprised of [rn +
2 —i,rn], we have that in any admissible S on X (p;1), the last (i — 1)
entries are again comprised of [rn + 2 — i,rn|. With s,.,_;, we have
n choices (note that s,41_; may be chosen to be any entry from [(r —
1)n+2—i4,rn+ 1 —i]). Rest of the proof is as in Lemma 4.4.1

(2) Again there is precisely one choice for s, 49_;,- -, .. With s,41_;,
we have n + 1 — j choices (note that s,,1_; may be chosen to be any
entry from [(r — 1)n+ 14 j —i,rn+ 1 —i]). The rest of the proof is
as in Lemma 4.4.1 U

Pivots. Recall that 1, n+1, 2n+1,---, (r—2)n+1, (r—1)n+1, the
entries of wy, are called the pivots of w;.

For 1 <i <r(n—1)+1, let A; denote the set of all admissible S :=
(s1,+,S) on 7;, so that A; C A;_;. We shall denote A; also by just
A IfS =(s1,---,s,) € Acorreponds to a Weyl group element 7, then
we shall denote s, also by 7(k). Let

Z={SeAl|s = (r—1)n+1l=m7(r)}
Remark 4.4.3. 1. # 7 =n""!

2. Let S € A. Then pg|x(r,) is non-zero if and only if S ¢ Z. This
is clear since:

Ty = (2, n+2, 2n+2,... ,(r=2)n+2, (r—1)n+2),

and hence pg|x () is non-zero if and only if s, > (r—1)n+2. Note
that 7 is the smallest (under >) in A such that s, > (r—1)n+2.
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3. A=ZUA,
For0<j <r—1, set
si = (i—=1)n+1 = 7(7)
Zj=KS5=(s1,--+,8)€Z for j <i<r,
and s; > (j—1)n+1
i.e., for S € Zj, j is the largest such that s; is not a pivot. Note that:
1. Z =Up<j<r1 Zj.
2. Zy = {ws}
Let us arrange the elements of Z lexicographically as {S; < Ss <
-+ }, where
S1= (1, n+1, 2n+1,... ,(r=2)n+1, (r—1)n+1) =n .
So = (2, n+1, 2n+1,..., (r=2)n+1, (r—1)n+1),
etc,. The element S, will play a crucial role in the discussion below.

4.5. Degree two straightening relations. In this subsection, we
prove certain degree-two straightening relations among admissible Pliicker
coordinates on X (ws) which will be used for proving the linear inde-
pendence of admissible Pliicker coordinates on X (wg) in the next sub-
section.

We shall work with the open cell X°(w;) in X (w;) using the notation
of §4.2, particulary the normalized rn X r matrix presentation M of a
space V € X°(ws). We shall now compute fg := pg|xeow,), for S € A
in terms of the entries in M. Further, if S corresponds to a Weyl group
element 7, we shall denote fg also by f..

Lemma 4.5.1. We have: (1) fr, =1; (2) fr, =ab ; (3) fs, = ax
Proof. Clear by direct computations with the matrix M. O
Lemma 4.5.2. Let S = (s1,---,s,) be in Z;. Let S" be obtained from
S by replacing sj.1 by sj41 + 1.
1. 8" is admissible; further, S' is in Z; 1 or Ay according as j < r—1
orj=r—1.
2. szfS = fﬂfS’

Proof. (1) The admissibility of S’ follows from the facts that s; is not
a pivot and s;41 is a pivot (since S € Z;); the latter assertion in (1) is
clear from this.

(2) We compare the evaluations of fg, fsr on the matrix M. We have
fs(M) is the determinant of the matrix

M 05,
k Dr—j,r—j
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where M; is the j x j sub matrix of M with row indices s1, s2,- - -, s; and
column indices 1,2,---,j, and D,_; ,_; is the diagonal (r—j) x (r—j)
matrix diag (z,z,--- ,z). Hence
(%) fs(M) = 2" A,
where A := det M;.

Similarly, fs/(M) is the determinant of the matrix

!
Mj OjJrl,rfjfl
* Drfjfl,rfjfl

where M} is the (j+1) x (j+1) submatrix of M with row indices

51,82, , 8, 5;41+1 and column indices 1,2, - -+ , j+1,and D,_;_1 ,_j_1
is the diagonal (r—j—1) x (r—j—1) matrix diag (z,z,---,x). Hence
() for (M) =a" 7 1A,

where A" := det M.

But now the fact that S,5” differ just in the (j+1)-th entry im-
plies that the first j columns of M} are obtained by adding a2 1,
A(n—1)j42,1," " *» An+2,1 Tespectively to the j columns of M; (in view of
T-stability of w,) and the last column of M’ consists of zeroes except
the last entry which is as ;. (Note that for 1 < ¢ < r, in the i-th column
of A, the ((i—1)n+1)-th entry is a;; = 1, and the ((i—1)n+2)-th entry
is agl.)

We obtain A’ = as A, so that (xx) implies fg/(M) = 277 lay A.
Thus:

rfsg (M) = 2" an A = az fs(M),

which, with Lemma 4.5.1, implies:
fso(M) fs(M) = an fs(M) = fs/(M) = fr, (M) fs/(M)
From this (2) follows. O

More generally, we have similar quadratic relations among { fs, S €
A;} for all 1 <i <r(n—1) as given by the Lemma below. Let us first
fix some notation. Fix a ¢ := 7 for 1 <[ < r(n—1). We can identify
@ with some @;, for 1 <7 <r ;1 <k <n ;in fact, we may suppose
that k& < n, since ¢;, = @;+1,1 (since for i = r we have ¢,, = id).

Let us enumerate the elements of A, = A; as {Ry, Ry, ...} so that
=Ry < Ry <---. We have:

0 = @i = ((i—)n+1+k—i, in+14+k—i, ..., (r—1)n+1+k—i, [rn+2—i,rn]).

Write (i — 1)n+ 14k —i = pgn+ qix where 1 < g < n; for simplicity
of notation, let us denote p;, gir. by just p, ¢ respectively. Then

o=mn+q¢p@+n+q---,(r+p—i)n+gq,[rn+2—1i,rnl).
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As with 71, we shall do computations on the open cell X°(¢) in X (¢).
The Z x Z, matrix presentation for the elements of X°(y) has the
following description: The “relevant part” of the matrix presentation
of a a generic point in X°(p), may be thought of as a lower triangular
(r —p)n x r matrix M := (ay,) composed of r — p blocks 4,41, , A,
of n X r matrices, where all the columns of A, except the first column
consist of zeroes and the first column has the form

0
Upntq,1

apn-l—n, 1

Further, we have (in view of 7-stability of ¢) that the 1°* column of
A, repeats as the 2" column of A5, repeats as the 3™ column of
Apy3, and so on. Similarly, the 1 column of A,,, repeats as the 24
column of A, 3, repeats as the 3" column of A,,4, and so on.
Further, we define the pivotal rows to be those with indices {mn+q |
p < m < r4+p—i}, together with all the entries of [rn+2—i,rn|. In
these rows, the matrix M has a single entry 1 and all other entries 0.

That is:
Umn4-q, m+1—p = 17 p <m< r+p—1

Qrp4s—i, r+s—i — 17 2 S S S )

A(mn+q)j = 0, .7 7é m+1—p.
entry, 2 < s < i.) In the discussion below, fg will denote pg | xo(y).
Let ¢ denote ¢; 1. Note that X (¢') is a divisor in X ().

Lemma 4.5.3. (1)f,=1; (2)fy=altlty 1 (3)fry = Qg1
The proof is similar to that of Lemma 4.5.1.

Remark 4.5.4. Let
Z(p) ={S € Ay | $r11- = p(r+1—i)} .

Then we have:

1. #Z(p)=n""

2. Let S € A,. Then pg|x(y) is non-zero if and only if S & Z(¢).
This is clear because ¢'(r+1—i) = p(r+1—i) 4+ 1, and hence ps|x(y)
is non-zero if and only if s,41_; > @(r+1—i) + 1. Indeed, ¢’ is the
smallest (under >) in A, such that s,41_; > @(r+1—i)+1.

3. A<p - Z(QO)UASO/ .
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For 0 < j < r—i, set:

Sm = ()O(m)
Zij(p) =< S =(s1,---,8) € Z(p) | for j <m < r+1—i, ,
and s; > p(j)

ie., for S € Z;(p), j is the largest such that s; > ¢(j). Note:
L. Z(p) = Uosj<r—i Z;(p)-
2. Zo={p}
Lemma 4.5.5. Let S = (s1,---,5,) be in Z;j(p). Let S’ be obtained
from S by replacing s;41 by s;41+1.
1. 8" is admissible; further, S" is in Z;11(p) or Ay according as
J<r—iorj=r—i.

2. frofs = fols
The proof is similar to that of Lemma 4.5.2.

4.6. Linear independence of admissible Pliicker coordinates.

To show the independence of {ps | S € A}, we first prove the inde-

pendence of {ps | S € Z;(p)} for 0 < j < r—i. We use induction on

dim X (¢), the starting point being ¢ = id, for which the result is clear.
Let then dim X (¢) > 0.

First, let 7 < r—1, and suppose

(*) Z asfs =0, as € K.
SeZ;i(e)
Multiplying the relation by fr,, by Lemma 4.5.5 it reduces to:
f<p Z anS’ =0.
S'€Zjt1(#)
S’ being as in Lemma 4.5.5. Hence cancelling f,, it reduces to
Z asfs =0.
S'€Zj+1(¥)

Hence by decreasing induction on j, we obtain ag = 0, for all S.
Let now j = r —i. Multiplying the relation (x) by fr,, it reduces to
(in view of Lemma 4.5.5):

f<p Z anS’ =0.

S/GAWI

Cancelling f,, and restricting to X (¢), we obtain by induction on dim
X(p) that ag = 0 for all S.
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Next, we prove the linear independence of {ps | S € Z(p)}. Suppose:
(+5) S asfs—0, asc K.

SeZ(p)
As above, multiplying the relation (**) by fr,, cancelling f, and re-
stricting to X (¢'), we obtain ag = 0, for all S € Z,_;(¢). Hence (*¥)
reduces to:
(***) Z asfs =0, ag e K.

SeZ;i(e)

I<r—i
Again multiplying the relation (***) by fg,, cancelling f, and using
the first step above, we obtain ag = 0, for all S € Z,_;,_1(¢). (Note
that in the resulting relation, {ag | S € Z,_;_1(¢)} occur as coefficients
of the corresponding S’ € Z,_;(¢).) Thus proceeding, we obtain ag = 0
for all S € Z(p) appearing in (**). Thus we obtain:

Proposition 4.6.1. Z(p) is linearly independent.

We next prove the linear independence of {ps | S € A,}. Since
A, = Z(¢)U A, we may write a linear relation as:

(1) > asfs+ Y bsfs=0.
Se2(p) SeA,,

Restricting (1) to X (¢'), we first conclude that bg = 0, for all S € A,
Then () reduces to:
Z anS =0.

SeZ(p)
In view of Proposition 4.6.1, it follows that ag = 0, for all S € Z(y).
Thus we obtain:

Proposition 4.6.2. {ps | S € A, } is linearly independent for all
1 <0< (r—1)n+1.

Proposition 4.6.2 together with the generation by admissible pg (Propo-
sition 4.3.4) implies:

Theorem 4.6.3. {ps,S € A, } is a basis for H(X (1), Lo) for all
1 <0< (r—1)n+1.

As an immediate Corollary, we obtain:

Corollary 4.6.4. The straightening relations on X (1) as given by
Proposition 4.3.4 give a set of generators for the the degree one part of
the ideal of X (7)) considered as a closed subvariety of Gr(sn, Vy).

As another consequence, we have:
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Theorem 4.6.5. The shuffle relations among the Pliicker co-ordinates
(of Corollary 4.3.3) give a set of generators for the degree one part of
the ideal defining the affine Grassmannian inside the infinite Grass-
mannian.

Proof. As seen in §3 (Proposition 3.1, Remark3.2), we have that the
affine Grassmannian is the inductive limit of the X (w;), and the result
follows from Theorem 4.6.3, and Corollary 4.6.4. U

Conjecture: The affine Grassmannian is cut out inside the infinite
Grassmannian by the (linear) shuffle relations.

5. APPLICATION TO NILPOTENT ORBIT CLOSURES

5.1. P-stable Affine Schubert Varieties. Define
Wh={w=(a,...,co) EW |1+ +¢, =000 << ¢, } CWFE
One can check that for w € W, X (w) is stable by left translations by
P (and not just by B), and thus by SL,(K) C P. Let w € WE. There
exists a s such that X(w) C X (ws) (in fact there are infinitely many
such s); we consider X (w) inside some fixed X (wy).

Define A\, = (A1,...,\y) € Z" by Ay = —¢; + s, 1 < i < n. Note
that nc, > A\ > -+ >\, >0 (\, > 0 is implied by X (w) C X (wy))
and Ay + -+ A\, = ns. Thus A\, is a partition of ns with at most
n non-zero rows. Conversely, for any partition A of ns with at most
n rows, we have that X = ), for a unique w € WZ, which we refer
to as wy (we will often write X (\) to refer to X(w,)). Thus there
is a bijection between P stable affine Schubert varieties in X (w;) and
partitions of ns with at most n rows, i.e., column lengths are < n.

Let A= (A1,..., Am), ,u = (,ul, ..+, i) both be partitions of m € N.
We say that A > p, if Z)\ > Zlh for y = 1,...,m. This order is

=1
referred to as the dommance order. The following Lemma can be easily
verified.

Lemma 5.1.1. Let A, u be partitions of sn with at most n rows. Then
wy > w, <= A > in the dominance order.

For p a partition of sn with at most n rows, let A\ be the conjugate
partition. Let £ = C". The following result is shown in [25, 21].

Theorem 5.1.2. Vj\ (wy) = SimE® ... ® SyxnE as SL(E) modules
(here, for a dominant weight v = (v1,--- ,vs), L,E denotes the associ-
ated Schur module).

Applying Theorem 3.3, we obtain the following:
Corollary 5.1.3. K[X(u)]q = LanE®...® LynE as SL(E) modules.
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5.2. Nilpotent orbit closures. In the rest of this section, we dis-
cuss possible applications of our approach to nilpotent orbit closures
in positive characteristics.

Let A denote the set of all nilpotent matrices in M, y,(K); it is a
closed affine subvariety of M, y,(K). The group GL,(K) acts on N
by conjugation. Each orbit contains precisely one matrix in Jordan
canonical form (up to order of the Jordan blocks). Thus the orbits are
indexed by partitions p of n, i.e. = (p1,... o), 0 > pg > -+ >
n >0, gy + -+ 4+ p, = n. The orbit corresponding to the partition
pw=(p1,...,u,) will be denoted by N7, and its closure by N,,.

wo

Let A = (A1,...,\,), the conjugate partition of u. Then

NS: {NEMRXR(KH rank(N*) :n_z/\j;i:]-w” 7n}7

J=1

N, = {NEMHXH(K) | rank(N") gn—Z)\j,i: 1,... ,n}.

=1
These two facts imply:
Proposition 5.2.1. N C N, <= ' < in the dominance order.

In particular, NV, contains all nilpotent orbits; thus it equals A

Next we describe an isomorphism due to Lusztig between the nilpo-
tent orbit closures and open subsets of certain affine Schubert varieties.
Let Kk = w, with s = 1, so that » = n; thus, with the convention in
4.2, K corresponds to the n-tuple (1,n+1,2n+1,... ,n(n—1) + 1).
A generic point of X (k) has a ZxZ. matrix presentation with the rel-
evant part M being a n? x n matrix; further, M consists of n blocks of
n X n matrices:

Ay

An—l
An

Define X'(k) = {M € X(k) | pL(M) # 0}, where L is the n-tuple
(n(n—1)+1,...,n?) (note that p,(M) = |A,|). Then X’(x) embeds
into the affine subspace of M,:2,,(K) with lowest block equal to the
identity. For A a partition of n, define X'(A\) = X(\) N X'(k) (here,
X(0) = X(wy))
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Consider the morphism ¢ : N' — M,,2,, given by

anl

Lusztig has shown (cf. [17], [18], [20])

Theorem 5.2.2. ¢|y, : N, — X'(u) is an isomorphism of affine va-
rieties.

For the rest of this section, we shall denote
E=K" Y =M(K), A=Kzj<ij<n,

K being our algebraically closed field of arbitrary characteristic. We
further denote X := (x;;) the n X n generic matrix, .J, = the defining
ideal of NV, and A, := A/.J, the coordinate ring of NV,,.

We are interested in the properties of the coordinate ring A, such as
normality, rational singularities, equations, etc. Since normality and
rational singularities are known, we really want to concentrate on the
equations.

By the results of [22] on the simultaneous Frobenius splitting, the
coordinate ring A, is normal and Cohen-Macaulay (in fact the Springer
type resolution of N, is rational). Donkin (cf. [3]) showed that the
coordinate ring of N has a good filtration i.e. it is filtered by the Schur
functors.

The defining equations are known (in a characteristic free way) for
the following two classes of partitions:

(a) = (r,1"7") is a hook. These are nilpotent matrices of rank < r—1.
The defining ideal is generated by the r minors of a generic n X n ma-
trix and the invariants (namely, the coefficients of the characteristic
polynomial). These varieties are complete intersections in the corre-
sponding determinantal varieties.

(b) = (2",1"72"). These are the nilpotent matrices with the square
being zero, of rank < r. In this case the defining equations are the en-
tries of the square of our matrix, the invariants and the (r + 1) minors.
The minimal generators are the entries of the square of the matrix and
one irreducible representation of highest weight (171 0n=2"=2 (—1)"+1)
given by cosets of (r + 1) minors.
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Let X be a generic n x n matrix. Consider the following n?

matrix M:

Xn

Xn—l

M:=M(X):= :
X
1

For a given p we denote by F,, , the span in A, of the products of
< m cosets of maximal minors of the matrix M in A,. We have by
definition

fm,u C Fm—i—l,u

We denote by M (iq, ... ,i,) the maximal minor of M corresponding to
the rows i1,... ,4,, for 1 <i; < ... <1, <n%

Let us start by formulating a general conjecture regarding the spaces
Fop Let B = K"

Conjecture: Let A = (Ay,...,\;) be the partition conjugate to p.
Then there is a characteristic free isomorphism of SL(E)-modules

Fop=LawpE®...® LynE

where for a partition v = (v, ... ,1,), L,E denotes the Weyl module
with highest weight (vq,...,1,).

Remark 5.2.3. In characteristic 0, the conjecture follows from Corol-
lary 5.1.3 (cf. [21, 25]).

Our goal is to provide the explicit straightening of the products of
minors of M to the “standard products” of maximal minors. Such
straightening gives another presentation of the ring A, with the set
of generators consisting of minors spanning J; , other than the minor
M(n(n—1)+1,n(n—1)+2,...,n?) which is equal to 1. Notice that
these generators include the entries x; ; = £M(n(n—2)+i,n(n—1) +
L...,nfn=1)+j—Lnn—-1)4+j+1,...,n*) for1 <ij<n. In
view of Theorem 5.2.2 we have:

Proposition 5.2.4. The straightening relations on X (u) among the
Pléker co-ordinates(with M(n(n—1)+1,n(n—1)+2,... ,n?) specialized
to 1) give a set of generators of the defining ideal J,, (here, X () is the
affine Schubert variety associated to ).

The trouble is that even if such a straightening is described, still in
order to get a set of generators of J, (in terms of the matrix entries
x;;), we need to replace the generators of F; , other than the minors
M(n(n—2)+i,n(n—1)+1... ;n(n—1)+j—1,n(n—1)+j+1,... ,n?)(=
x;;) for 1 <14, j < n, by suitable polynomial expressions in the z;;’s.
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5.3. Kostka-Foulkes polynomials. We will describe the equations
of the ideals J, over the field of characteristic zero. This description
was given in [27]. Here we give a proof that brings out the role of the

spaces Fi .
Let us fix n and p. Let us also fix a dominant integral weight o =
(aq,...,ap) for GL(n), namely, o; € Z and a3 > g > ... > . We

denote by S,E, the Schur module associated to o. The ring A, is a
graded ring. Let us denote by m,, ,; the multiplicity of S, E in the i-th
graded component of A,. We define the series

Pa,lt(q) = Z Ma, i qz
i>0

We call the series P, ,(q) the Poincare series corresponding to the
weight a and to the orbit V. Notice that the series P, ,(¢) is non
zero only when a3 + ...+ a, = 0. We will assume this throughout
this section. All series P, ,(¢) are polynomials since by a formula of
Kostant the total multiplicity of S, E in A(,) equals the multiplicity of
the zero weight in S, FE.

The polynomials P, ,(q) have a very interesting connection with
the Kostka-Foulkes polynomials (see [19] for the definition of Kostka-
Foulkes polynomials). This connection is related to Kraft’s construc-
tion of intersecting with the diagonal which we now describe.

Let I C A(= Klxz;;]) be the defining ideal of the set of diagonal
matrices, i.e. the ideal generated by the elements x;; with ¢ # j. We
define the algebras

B=A/I,B, =A/(I+.J,)

where p' is the partition conjugate to pu; the reason for using the conju-
gate partition p' to label the algebra is that socle of B, is the Specht
module ¥#).

The algebras B, B, are graded algebras. There are natural actions of
the symmetric group S,, on the graded algebras B, B,,. Indeed, we can
embed S, into GL(F) by sending a permutation to the corresponding
permutation matrix. This defines an action of S, on A. The ideals
I,I+J, are S,-stable; hence we obtain natural actions of S, on B, B,,.
These actions are compatible with the natural surjections B — B,
B,, — B, (where v is less than p in the dominance order). We denote
by I, the kernel of the surjection B — B, i.e., By = B/1,,.

We have natural restriction maps ¢ : A — B, ¢, : A, — By. We
will denote the image of the element z;; in the algebras B, B,y by ;.
The action of S, on B, B, is given by

o(Yi) = Yo(i)
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For a partition A of n we denote by ¥* the Specht module. Let R be
the representation ring of the symmetric group S,,. For a representation
V of S,, we denote by [V] its class in R. We also consider the polynomial
ring R[g] over R in a variable ¢. For a partition p of n we define the
element K,(q) € R[q] (cf. [19]) as

Ku(q) = Z [Bu,i]qi

>0

where B,,; denotes the i-th graded component of B,,. We can write:

Bu(a) =Y K@=

The polynomials K A (q) were extensively studied in several contexts.
In [19], ch III. §6] they were defined as the transition polynomials for
the Hall-Littlewood symmetric functions. In [2, 4] it was shown that
the definition above and the one in [19] agree. For two partitions A, u
denote

ayx; = the multiplicity of > in the i graded component of B,
Define
ru,)\(q) = Z au,)\,iqz
i>0

The following Proposition was conjectured in [11] and proved in [2].

Proposition 5.3.1. Let u be a partition of n and let p' == (py, ... , u})
be the conjugate partition.

1. The representation of S, on B, is isomorphic to the induced rep-
resentation from the trivial representation of Sy X ... X Sy to
Sh.

2. The polynomialr, \(q) is equal to the polynomial K, »(q) := g "WK 7
where K, \(q) is the Kostka-Foulkes polynomial(cf. [19]).

The families of polynomials P, ,(q) and Ky ,(q) overlap in several
important cases. The first occurrence is when p = (n). Let p be
a partition of n and let a« = (ay,...,a,) be a dominant weight for
GL(n) with g +...+a,, = 0. Let o, = —k. We can define a partition
A= A a) of nk by setting A = (aq + k, ... ,a, + k).

Proposition 5.3.2. (c¢f. [5, 6]) We have P, ,)(q) = K)\7(kn)(q>.

The next occurrence deals with the following special kind of domi-
nant weights for GL(E): let W} denote the set of dominant weights
a=(a,...,q,) for GL(E) with oy + ... + o, = 0, o, = —1. Such
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weights are sometimes called the weights of level one. Let P, denote
the partitions of n. We have a bijection

oW = Py, ola) = (a1 +1,... ,a, + 1)

Theorem 5.3.3. Let u be a partition of n and let o = (ay, ... ,ap) be
in Wy Let A =o(a), i.e. A= (a1 +1,...,0n,+1). Then we have

Poyu(q) = Kauw(q)
Proof. This follows from [28], §6. O

Theorem 5.3.3 gives another interpretation to the spaces F,, , related
to the matrix M defined at the beginning of this section.

We now give a representation-theoretic interpretation for Fj , in
characteristic zero.

Proposition 5.3.4. Let K be a field of characteristic zero. Let Gy, ,, be
the isotypic component of A, consisting of all representations Sa, ... an)
with o, > —m. Then Gy, ,, = Fp .

Proof. Let first m = 1. We know (by representation theory) that F; , C
G1,, Indeed, the maximal minors of the matrix M span the subspace
whose G L(n)-representation type is a sub representation of A" E* @ W
where W is a polynomial representation of GL(n) of degree n (degree
being with respect to the matrix entries).

We will show that for dimension reasons we in fact have equality.
For a weight (aq,...,q®,) with a,, = —1, a1 + ... + a;,, = 0, consider
the partition v(a) := (a1 +1,... , a5, + 1)(= o(«)). Then by Theorem
5.3.3, the subspace G, has the decomposition to isotypic components
given by Kostka-Foulkes polynomials:

gl,u = @ f(u’,y(a)(l) SaE .
« : an=—1

aj+-Fanp=0

Thus we see that as an SL(E)-module, we have
Giu=5F®...®@ 5\ F,

(A1, -+, As) being the partition conjugate to y; hence we obtain G, ,, =
Fi,u- (Note that in view of Remark 5.2.3 and Corollary 5.1.3, Fy,, =
LyE®...®@ L\ E.)

For arbitrary m it is clear that the subspace G,, , contains F,, ,. The
equality is also clear because the space F , generates A, as an algebra,
and the equality is true for the case of the nullcone p = (n) (we have
the dimension argument working for arbitrary m in that case). O
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Corollary 5.3.5. Let Fi .4 be the d-th graded component of the space
Fiu- we have

Z quhaI‘(f17u7d) = @ f(p’,u(a)(Q)SaE

d>0 o ap=-—1
a+-~4oan=0

5.4. Equations of nilpotent orbit closures. Let us investigate the
setting of Theorem 5.3.3 more closely. Notice that the Specht module
3@ can be defined as the set of vectors in S,E of weight zero. This
means that the restriction map v, : A, — B, takes the isotypic
component of type « in A, to the isotypic component of type A := o(«)
in B,,. Thus Theorem 5.3.3 can be strengthened as:

Theorem 5.4.1. Let n,\,a, pu be as above. Let A, Bfl denote the
isotypic components of A, B,, respectively. Then the restriction map
nduces 1somorphisms
Ve A% — By,

Proof. First we prove the proposition for 4 = (n). Recall that T3, ... , T,
(the coefficients of the characteristic polynomial of the generic n x n
matrix) are the basic invariants in A. Denote e; = €;(y1,...,Yn)
the elementary symmetric functions in ¥, ... ,y,. Consider the Koszul
complexes K (T}, ... ,T,; A) and K(eq, ... ,e,; B). The restriction map
induces a map of complexes

res: K(T,... , T, A)* — K(ey, ..., en; B
which is an epimorphism on each term. Both complexes are acyclic with
zero homology groups being A?n) and B(Aln) respectively. It follows by
diagram chase that the induced restriction map @/)?n) : A?‘n) — B()‘ln) is
an epimorphism. Since the dimensions of both spaces are the same by

Theorem 5.3.3, the map is an isomorphism as claimed.
To prove the general case we consider the commutative diagram

« (a") A
Al By
l l
o wfo‘é A
A P B o

Since the vertical maps and the upper horizontal map are epimorphisms
it follows that ¢} is also an epimorphism. Again by Theorem 5.3.3 the
vector spaces Aj; and Bﬁ‘, have the same dimension, so the map ¢y is
an isomorphism and we are done. O

Let Aﬁ, Bl‘f/ denote the elements of degree d in A,, B, respectively.
We will need the following lemma regarding the multiplication by ele-
ments of degree one in A and B.
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Lemma 5.4.2. Let p,a, A, be as above. Consider a representation
S.E contained in Aﬁ and its restriction ¥* contained in Bff,. Then the
vector subspace (ZA)B}L, ofBZfrl is the epimorphic image (by the restric-
tion maps in corresponding weights) of the vector subspace (SQE)AL of
AdH,

Proof. The vector space B}, is isomorphic to the Specht module yr-11)
(except for the trivial case p = (1")). Let us investigate the tensor
product ¥* @ £~LY as a S,-module with the diagonal action of
Sn. Let us denote by [A,1] the set of partitions which differ from A
by exactly one box. Let d(\) denote the number of corner boxes in A
diminished by one. It is well known that the above tensor product has
the following decomposition.

A Rk n(n-11) _ @VG[M]ZV @ (Zx)d(/\)'

The vector space Alli is isomorphic to S(jgn-2_1)E (except for the
trivial case p = (1")). Littlewood-Richardson Rule implies the tensor
product decomposition

SaB @802, = e Somin BS(SaB)"Y @@ agp) G5B

Here m(a, #) denotes the multiplicity of SgE.

Moreover, since the Specht module £°® is obtained from S,E by
restricting to weight 0, one concludes that the restriction to weight zero
induces the epimorphism from the first two summands in the second
decomposition to the tensor product £* @ 5D, Let us call the
sum of the first two summands in the second decomposition by (S,F ®
Sa,on-2,-1)E)pa). The lemma follows by a chase of the diagram:

(SaE X S(I,O”—Q,—I)E)'P(l) — SaE (059 S(I,O”—Q,—I)E — A;lt (%9 A;dL — Aﬁ—i_l

N l ! !
-t @y* Bl ® BY, — B!

taking into account that the map h and all vertical maps are epimor-
phisms. O

Theorem 5.4.1 and Lemma 5.4.2 allow us to describe explicitly the
generators of the ideals J,, thus giving a new proof of the result of the
last author (cf. [27]). The main idea is that we know for other reasons
that the equations of J, have to belong to the subspace F; , and we
know the generators of the ideals /.

Let us define the spaces V; ,. They are defined for 0 < i < min(p, n—p).
The space V;, is contained in the span of p x p minors of X (which we
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identify with APE @ APE*). The subspace V;, is spanned by the image
of the map

4 4 Po—i) 4 » »
NEQNE LY NE @ NE* @ NNTEQ NPTE* — \PE @ NPE*

where the last map is a tensor product of exterior multiplication. The
space V;, can be alternatively defined as a span of linear combinations

> X(PJIQ,J)
|J|=p—i
for all subsets P, @Q of [1,n] of cardinality i. Here X (P|Q) denotes the
minor of X corresponding to rows indexed by P and columns indexed
by Q.
The main result of [27] is:

Theorem 5.4.3. The ideal J, is generated by the spaces Vy,, (1 < p <
n) and by the spaces V; i) (1 < i <n) where (i) == pry+- - -+ p;—i+1.

Let us look at the equations defining the algebra B,,. The restrictions
of the representations V;, that vanish on Y, certainly map to zero in
B,s. The main point of our proof of Theorem 5.4.3 is that one can
prove using only combinatorial means to show that the restrictions of
the representations V;, described in Theorem 5.4.3 generate the ideal
I1,,. More precisely, we will use the generators of 1, of (cf. [4]) described
below in Proposition 5.4.4 (note that our p is ¢/ in [4]).

Let S ={ji1,...,Jx} be asubset of [1,n]. For every r, 1 <r < #5,
we define e,(S) to be the r-th elementary symmetric function in the
variables y;,, ..., yj,.

Proposition 5.4.4. The ideal I, is generated by the following set C,
of symmetric functions on subsets of variables vy, ... , yn.

Co={e.(9) | k>r>k—dy(p), #5 =k, S C[1,n]}
where dg((t) = fn—g+1 + -+ + fn-

Proposition 5.4.5. The algebra B, is the factor of B by the ideal I,
generated by the restrictions of the representations V; iy where p(i) =
pi+ ...+ — i+ 1 (which are zero if i > min(u(i),n — u(i))) and by
the elementary symmetric functions e;(y1, ... ,Yn)-

Proof. We compare the restrictions of representations V; , to the gener-
ators exhibited in Proposition 5.4.4. The restriction of V;, is the span
of elements of the form y;, ...yj.ep—i(yj,,\»---,y;,). where ji, ..., j,
are distinct elements of [1,n].

Let us perform induction on ¢. For ¢ = 0, we get all elementary
symmetric functions in yq,... ,y, which can generate all elements of
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C, with #S = n. For ¢« = 1, we get all the symmetrizations of the
functions yie,—1(y2, ... ,yn). Modulo elementary symmetric functions
we can, however, write

ylepfl(yQ: s ayn) = _ep(y27 s 7yn)

because

ep(yla L) 7yn) = ylepfl(y% s 7yn) = ep(y27 L) 7yn)

This gives us the functions in C,, corresponding to #S5S = n — 1, since
the condition p > n — 1 — d,,_;(p) means exactly p > iy — 1.

For i = 2 we get the symmetrizations of the functions y1yse,—2(ys, - .. , Yn).
But modulo the elements which are restrictions of those from V; , and
Wo,p we have

y1y2ep72(y37 <. 7yn) = _ep(y37 <. 7yn)

because e,(y1, ... ,y,) can be written as

ep(Ysy oo s YUn)FY1€p—1(Yss - - s Yn)FY26p—1(Ys, - -+ s Un)FY1Y2€p—a(Ys, - - s Yn)

The condition r > n — 2 — d,,_o(p) means exactly p > uy + s — 2 so
we generate in this way all elements in C, with #S =n — 2.
Continuing in this way we prove that C, is contained in the ideal
generated by the restrictions of the representations V; , listed in (8.2.5)
of [28] which proves the proposition. O

Proof of Theorem 5.4.3. First of all we need to know that the geomet-
ric method of calculating syzygies applied to a Springer type desingu-
larization of N, allows to show that the ideal J, is generated by the
representations of type Sqi gn—2i (_1)iyE for 0 <7 < 5. This is Corollary
(8.1.7) in [28].

We investigate the restriction map v, on the isotypic spaces corre-
sponding to weights a(i) = (1%,0"% (—1)%), A\(i) = (2°,1"%). Con-
sider the restriction map

afi afi A2
¢H():AH()_>BHI()

This map is an isomorphism. Consider the diagram
) 4

a(i) (n) ()

Awy = B

| |
. (i) .
Az(z) I B:/(z)

where the horizontal maps are the restriction isomorphisms and the
vertical maps are natural surjections.
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Denote by J), the ideal generated by the representations defined in
Theorem 5.4.3. By [28], Lemma 8.2.1, we have that J|, C J,.

Assume that there is a representation S, E in A?TS) which is not

in the ideal J,. Take such a representation of minimal possible degree
d. Tt is therefore among the generators of J,. It maps down to zero

in A%% and therefore its image Y@ in B(’\n(i) is generated by elements
of lower degree in I,,. Therefore there is a representation X in degree
d—1in I, for which ¥*® is contained in the product ()5,

This however means by Lemma 5.4.2 that S,;)£ is in the product
(SsE)A,, where S3E is the representation restricting to X¥. Since SgE
is in J,,, we get a representation in lower degree in .J, but not J;,. Since
J,, is generated by representations of weights A(7), we can get in lower
degree a representation of a weight A(j) which is in .J,, but not Jj,. This
gives a contradiction to the minimality of d.

Remark 5.4.6. There are fascinating combinatorial expressions for
the polynomials K} ,(¢) due to Lascoux and Schiitzenberger (cf. [15]).
They define a statistic, the charge, on the set ST(\), of standard
tableaux of shape A and of content p (i.e. containing p; 1°s, s 2’s,
and so on) such that:

KA,;L(Q) _ Z qcharge(T)

TEST(N),

A general conjecture, giving the combinatorial description of P, ,(q)
for arbitrary «, is described in [26] and proved for special partitions pu.
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