
Math 880 Homework 4 Fall 2025

Feel free to discuss homework problems with other students, and to learn from references,
but please do not look up specific answers. Write out solutions in your own words, and
give explicit credit for any significant help.

1. Show that the number e2k of permutations in S2k which have only even-length cycles is
(1 · 3 · 5 · · · (2k−1))2. For example, e4 = (1 · 3)2 = 9 counts the permutations:

(1234), (1243), (1324), (1342), (1423), (1432), (12)(34), (13)(24), (14)(23).

Hint: The even part of a function f(x) is 1
2
(f(x) + f(−x)).

Extra Credit: Give a bijective transformation proof of this formula.

2. Writing permutations as sets of cycles, we computed the bivariate generating function:
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∑
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Consider the average or expected number of cycles in a permutation w ∈ Sk:
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Show that the generating function of ak is a partial derivative of S̃(x, y):

A(x) =
∑
k≥0

akx
k =

[
∂

∂y
S̃(x, y)

]
y=1

.

Compute A(x), and find a simple asymptotic approximation ak ∼ f(k): what is the ap-
proximate number of cycles expected for a permutation w ∈ Sk? Hint: Harmonic series.

Burnside Lemma: For G acting on a finite class F , the number of orbits is equal to the
average number of fixed points: #F̄ = 1

#G

∑
g∈G #Fg, where Fg = {f ∈ F | g(f) = f}.

Pattern inventory generating function: For fixed k, n, and the finite class of functions
F = {f : [k]→ [n]}, define the multi-variable generating function:

F (~y) = F (y1, . . . , yn) =
∑
f∈F

y
wt1(f)
1 · · · ywtn(f)

n =
∑
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n ,

where wti(f) = #f−1(i) and F~m = Fm1,...,mn = #{f | wt1(f) = m1, . . . ,wtn(f) = mn}.
Cycle index polynomial: For a permutation group G ⊂ Sk define:

ZG(z1, . . . , zk) =
∑
w∈G

z
cyc1(w)
1 · · · zcyck(w)

k =
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k ,

where cyci(w) = # i-cycles in w ∈ Sk and Gc1,...,ck = #{w ∈ G | cyci(w) = ci for all i}.



3. Polya formula: Let G ⊂ Sk act on F = {f : [k]→ [n]}, with orbits F̄ = F/G. Then:

F̄ (~y) = 1
#G

ZG(p1(~y), . . . , pk(~y)),

where pi(~y) = yi1 + · · ·+ yin. Prove this as follows:

a. Show F̄ (~y) = 1
#G

S(~y), where S(~y) is the multi-variable generating function of:

S = {(w, f) ∈ G×F | f(w(i)) = f(i) for all i},

with wti(w, f) = wti(f) = #f−1(i). Hint: Apply Burnside to each weight set F~m.

b. For the multi-graded class N = [n] with pattern inventory N(~y) = y1 + · · ·+ yn, give
a multi-graded bijection:

S ∼=
∐
w∈G

(∆1N )cyc1(w)× · · · × (∆kN )cyck(w),

where ∆iN is the diagonal class {(j, . . . , j) ∈ N i}. Use this to prove Polya’s formula.

4. Let G be the rotational symmetry group of the 3-dimensional cube, containing 1
4

&
1
2

rotations around opposite pairs of square faces, 1
3

rotations around opposite pairs of
vertices, and 1

2
rotations of opposite pairs of edges. (You may rely on pictures, no need to

codify the representation in matrices.)

a. Show G is isomorphic to S4. Hint: Find 4 isometric structures inside the cube,
permuted by G, so that certain rotations induce the generators (12), (23), (34) ∈ S4.

b. Count the possible designs for dice, ways to label the 6 square faces with every element
of 1, . . . , 6, up to rotational symmetry: that is, count the physically distinct designs.

c. Consider the permutation representation G ⊂ S6 induced by the rotations permuting
the 6 faces. Determine the cycle index polynomial ZG(z1, . . . , z6).

d. Let F = {f : [6]→ [n]} be the class of labelings of the 6 faces with n available colors.
Use Burnside to compute the number of physically distinct labelings in F̄ = F/G.

e. Use Polya to determine the pattern inventory polynomialF (y1, . . . , yn). Expand this
by computer for n = 3, and find how many colorings of the 6 faces use the labels
1, 1, 2, 2, 3, 3.

5. Define the Euler phi-function ϕ(k) = #{j ≤ k | gcd(j, k) = 1}, the number of integers
in [k] which are relatively prime to k. For example, ϕ(p) = p−1 for p prime.

a. Use the Principle of Inclusion-Exclusion to prove that if k has prime factorization
k = p`11 p

`2
2 · · · , then ϕ(k) =

∏
i p

`i−1
i (pi−1).

b. Determine the cycle index ZG(z1, . . . , zk) for the cyclic group G = Ck generated by
(12 · · · k) ∈ Sk. The answer will involve the phi-function.

c. For a graded unlabeled class B, consider the class F̄ = Cyck B consisting of all
cyclic arrangements of k elements of B, up to rotation symmetry. Use the previous
problems to find the generating function F̄ (y) in terms of the ordinary generating
function B(y).


