
Math 880 The Twelvefold Way Spring 2022

We count the number of possible functions f with input set [k] = {1, 2, . . . , k} and output set [n] = {1, 2, . . . , n}, subject to restrictions
(injective or surjective). We may picture f as a way of distributing k balls (marked 1, . . . , k) into n baskets (marked 1, . . . , n). A map is
injective if each basket contains at most one ball, or surjective if no basket is empty.

Indistinguishable [k] means we consider two functions the same whenever they differ by a permutation of the inputs [k]; so we picture the
k balls as identical, unmarked. Similarly, indistinguishable [n] means we consider classes of functions up to permutation of the outputs [n],
so we picture the n baskets as identical and movable, and we cannot distinguish a first basket, second basket, etc.

f : [k] → [n] all functions injections (k ≤ n) surjections (k ≥ n)
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• Stirling partition number (second kind)
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[
n
k

]
: counts permutations w ∈ Sn with k cycles,

[
n
k

]
=
[
n−1
k−1
]

+ (n−1)
[
n−1
k

]
,
∑

n≥0
[
n
k

]
xn

n! = logk( 1
1−x).

• Bell number Bk =
{
k
≤k
}

=
{
k
1

}
+
{
k
2

}
+ · · ·+

{
k
k

}
. Dobinski: Bk = 1

e

∑
i≥0

ik

i! .
∑

k≥0Bk
xk

k! = e(e
x−1). Recurrence: Bk =

∑k−1
i=0

(
k−1
i

)
Bi.

• Partition number p(k) = p≤k(k) = p1(k) +p2(k) + · · ·+pk(k):
∑

k≥0 p(k)xk =
∏
i≥1

1
1−xi , Hardy-Ramanujan: p(k) ∼ 1

4n
√
3

exp(π
√

2n
3 ).
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