
Math 880 Grassmannians and Schubert Cells Fall 2023

The Grassmannian Grpd, Fnq is the parameter space whose points correspond to
d-dimensional subspaces V in the n-dimensional vector space Fn over a given field F .
We specify a subspace V “ SpanF pv1, . . . , vdq by a dˆn matrix of row vectors, with
change-of-basis symmetry group GLdpF q. This matrix can be normalized by making a
given dˆd submatrix into the identity, in columns I “ ti1 ă ¨ ¨ ¨ ă idu Ă rns, provided
the determinant of this submatrix is nonzero:

V “ GLd

œ

»

—

—

–

——– v1 ——–
——– v2 ——–

...
——– vd ——–

fi

ffi

ffi

fl

“

»

—

—

–

˚ ˚ ¨ ¨ ¨ 1 ¨ ¨ ¨ 0 ¨ ¨ ¨ 0 ¨ ¨ ¨ ˚ ˚
˚ ˚ ¨ ¨ ¨ 0 ¨ ¨ ¨ 1 ¨ ¨ ¨ 0 ¨ ¨ ¨ ˚ ˚...
˚ ˚ ¨ ¨ ¨ 0 ¨ ¨ ¨ 0 ¨ ¨ ¨ 1 ¨ ¨ ¨ ˚ ˚

fi

ffi

ffi

fl

The ˚’s denote dpn´dq free parameters in F defining a coordinate chart UI of the
Grassmannian, making it into an F -manifold: Grpd, Fnq “

Ť

I UI .
We define the Schubert cell decomposition Grpd, Fnq “

š

I XI by letting XI

consist of those V P UI which have no ˚’s to the right of any 1 (row-echelon form).
We can define XI geometrically in terms of the standard basis te1, . . . , enu of Fn and
the standard coordinate subspaces Er “ Spanpe1, . . . , erq; then V P XI whenever
dimpVXErq “ #pIXrrsq for r “ 1, . . . , n. That is, I “ rds forces V “ Ed, and larger I
makes V P XI stick out further from the standard subspaces, until I “ tn´d`1, . . . , nu
corresponds to generic V ’s in the open set XI “ UI . The topological closure XI is
given by: dimpVXErq ě #pIXrrsq for r “ 1, . . . , n. We keep track of how the cells fit
together using the Bruhat degeneration order: we define I ď J to mean XI Ă XJ , or
equivalently XI Ă XJ .

Example: For Grp2, F 4q, we have:

U34 “ X34 “

„

˚ ˚ 1 0
˚ ˚ 0 1



“ tV | VXE2“ 0 ,dimpVXE3q“ 1u,

U14 “

„

1 ˚ ˚ 0
0 ˚ ˚ 1



, X14 “

„

1 0 0 0
0 ˚ ˚ 1



“ tV | E1ĂVĆE3u.

Here are the cell closures with defining conditions, height indicating Bruhat order:

X34 “ Grp2, F 4q

X24 “ pdimpVXE2qě1q

X23 “ pVĂE3q X14 “ pE1ĂV q

X13 “ pE1ĂVĂE3q

X12 “ pV“E2q

The Bruhat order relations XI Ă XJ are evident from the defining conditions on V .
To verify in coordinates that t1, 3u ď t1, 4u, we show that any plane V˝ P X13 is
approached by planes in X14: we find a continuous family V : F Ñ Grp2, F 4q with
Vptq P X14 for t ‰ 0, and Vp0q “ V˝:

V˝ “

„

1 0 0 0
0 a 1 0



, Vptq “
„

1 0 0 0
0 a 1 t



“

„

1 0 0 0
0 a{t 1{t 1



for t ‰ 0.

Similarly, the flag manifold FlpFnq is the parameter space of flags

V‚ “ p0 Ă V1 Ă ¨ ¨ ¨ Ă Vn´1 Ă Fnq, dimpVdq “ d.

We specify V‚ by a basis tv1, . . . , vnu of Fn, with Vd “ Spanpv1, . . . , vdq; the basis forms
an nˆn matrix of row vectors. The change-of-basis symmetry group B of V‚ consists
of all lower-triangular matrices (with non-zero diagonal entries) in GLnpF q, since we
can add a multiple of vi only to a later basis vector to leave each Vd invariant. We get
a Schubert cell decomposition indexed by permutations w P Sn: FlpFnq “

š

w Xw,
where Xw consists of V‚ whose B-reduced form is a permutation matrix w, plus ˚ co-
ordinates in the positions of the Röthe diagram Dpwq “ tpi, jq | jăwpiq, iăw´1pjqu.
Thus dimpXwq “ #Dpwq “ invpwq.


