Math 254H Homework 9 Solutions Jan 30, 2017

la. The Jacobian derivatives of f(z,y) and P(r,8) = (rcos(6),rsin(0)) are:

_ _ Ter ar | cos(#) —rsin(h)
[Df(ac,y)] = Vf(z,y) = [azv ay} ) [DP(T,G)] = [sin(ﬂ) reos(9) |
By the Chain Rule, the derivative of g(r,0) = f(P(r,#)) is the product matrix:
B cos —rsin(6)
Do = Vo(r:0) = [JP0). 3P 0)] - | o) e
= [8f cos(6) + ggj sin(f) , — fr sin(0) + 8—f («9)}

where af, gf are taken at P(r,0).

1b. We get the same result in Leibnitz notation, writing z = f(x,y), * = rcos(6),
y = rsin(f) and computing:
0z 0z 0x 0z 0y of

or Oz or oy oyor %(x,y) cos(0) +

and similarly for 8—;.
2. For c¢(0) = P(r(0),0), we have:

c'(0) = [DPyg)0l [D(r(0),0))]

af

5, v) sin(6),

= ey ooty | 1

_ [COS(Q)T’(G)—T(G) sin(0) }
sin(6)r'(6)+r(6) cos(6)

o cos(0) cos(6) ]

= ) [sin(ﬂ)] +7(0) [sin(@)
The last expression agrees with the Product Rule applied to c(6) = r(6)(cos(f), sin(0)).
3. For m(z,y) = zy and F(z,y) = (f(x,y),g(x,y)), the Jacobians are:

or of
. or Oy
[Dmx,y]:vm(x7y):[y .%'], [DF(x,y)]_ ! g g ] .
ox 0Oy
Letting F'(a,b) = (f(a,b),g(a,b)) = (f,g), the Chain Rule says:
V(fg)(a,b) = [D(moF),ynl = [Dmpepyl- [DFapy)]
of of or of
dr 0Oy - . dz Oy
o [E ¥ [E 4]
Jdr Oy dr Oy

= {gai‘i‘fam:gay‘i‘f }
_ of of 99 O
= o (8.5 ] - [8.5]

= g(a,b)Vf(a,b) + f(a,b) Vg(a,b).



4. Given h(z,y) = f(z,9(z,y)), we define G(z,y) = (x, g(z,y)) and compute:

Vh(aa b) - [D(foG)(mb)] - [DfG(a,b)] ’ [DG(aJ))]
~ Vf(@g@b)- | o o ]
Jr Oy

= [%(a,9(a,5) + &0 9(0,) 3(a,D) , GE(a,g(a,0)) Z(a.b)

Notice that g—f means the partial derivative of f(z,y) with respect to the second

variable, before substituting g(z,y) for that variable.
This might be clearer in Leibnitz letter-notation:

z=f(z,y), z=u, y=g(u,v),

of

0z 0z 0x 0z 0y af of
dy

= a9, 7(“79(“7”))"’

dg
u  Ordu + Oy Ou Ox (1, 9(u, v) %(u, v),

0z  0z0x 0z0y of g
9 = 0200 T ogae = 0T gy, (W ow) 5 (u0),



