
Math 254H HW 2/15 Solutions Feb 5, 2016

2a. Consider functions the form:

f : R2 → R2 c : R→ R2 g : R2 → R

f(x, y) = (f1(x, y), f2(x, y)) c(t) = (c1(t), c2(t)) g(x, y).

The Jacobian matrices of partial derivatives at v = a or t = a are:

[Dfa ] =

[
∂f

∂x

∂f

∂y

]
=

[
∇f1(a)

∇f2(a)

]
=

[ ∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

]

[Dca ] =

[
dc

dt

]
=
[
c′(a)

]
=

[
dc1
dt

dc2
dt

]

[Dga ] =
[
∇g(a)

]
=
[

∂g
∂x

∂g
∂y

]
.

Each of these represents a linear function which approximates the original function
near a specific point v = a or t = a, and it is a matrix of numbers, not of functions.

We form all possible compositions between these functions, and write out the
matrix form of the Chain Rule.

• g ◦ c : R c→ R2 g→ R. The most important case of multivariable Chain Rule.

[D(g ◦ c)a] =
[
d
dt(g(c(t))

]
= [Dgc(a)] · [Dca] = [ ∇g(c(a)) · c′(a) ]

=
[

∂g
∂x

∂g
∂y

]
·

 dc1
dt

c2
dt

 =
[
∂g
∂x

∂c1
∂t + ∂g

∂y
∂c2
∂t

]
.

We usually write this without matrices, and denoting c(t) = (x(t), y(t)):

d

dt
(g(c(t)) = ∇g(c(t)) · c′(t) =

∂g

∂x

∂x

∂t
+
∂g

∂y

∂y

∂t
,

where it is understood that we plug in t = a, x = x(a), y = y(a).



• c ◦ g : R2 g→ R c→ R2.

[D(c ◦ g)a] =

 ∂
∂xc1(g(x, y)) ∂

∂y c1(g(x, y))

∂
∂xc2(g(x, y)) ∂

∂y c2(g(x, y))


= [Dcg(a)] · [Dga] = [ c′(g(a) ] · [ ∇g(a) ]

=

 dc1
dt

dc2
dt

 · [ ∂g
∂x

∂g
∂y

]
=

 dc1
dt

∂g
∂x

dc1
dt

∂g
∂x

dc2
dt

∂g
∂x

dc2
dt

∂g
∂x

 .
• f ◦ c : R c→ R2 f→ R2.

[D(f ◦ c)a] =

 d
dtf1(c(t))

d
dtf2(c(t))



= [Dfc(a)] · [Dca] =

[
∇f1(c(a)) · c′(a)

∇f2(c(a)) · c′(a)

]

=

[ ∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

]
·

[
dc1
dt

dc2
dt

]
=

[ ∂f1
∂x

dc1
dt + ∂f1

∂y
dc2
dt

∂f2
∂x

dc1
dt + ∂f2

∂y
dc2
dt

]
.

• g ◦ f : R2 f→ R2 g→ R.

[D(g ◦ f)a] =
[

∂
∂xg(f(x, y)) ∂

∂yg(f(x, y))
]

= [Dgf(a)] · [Dfa] =
[
∇g(f(a)) · ∂f∂x ∇g(f(a)) · ∂f∂y

]
=

[
∂g
∂x

∂g
∂y

]
·

[ ∂f1
∂x

∂f1
∂y

∂f2
∂x

∂f2
∂y

]
=

[
∂g
∂x

∂f1
∂t + ∂g

∂y
∂f2
∂t

∂g
∂x

∂f1
∂t + ∂g

∂y
∂f2
∂t

]
.

2b. We illustrate f(c(t)) for the case: f(x, y) = (xex
2+y2 , yex

2+y2), c(t) = (t cos(t), t sin(t)),
and a = π. Then: c(a) = (π, 0), c′(a) = (cos(t)−t sin(t), sin(t)+t cos(t))|t=π = (1, π),
and:

[ Dfc(a) ] =

[
(2x2+1)ex

2+y2 2xyex
2+y2

2xyex
2+y2 (2y2+1)ex

2+y2

]∣∣∣∣∣
(x,y)=(π,0)

=

[
(2π2+1)eπ

2
0

0 eπ
2

]
Thus:

[ D(f ◦ c)(a) ] =

[
(2π2+1)eπ

2
0

0 eπ
2

]
·
[

1
π

]
=

[
(2π2+1)eπ

2

πeπ
2

]


