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Abstract. We prove the convergence of a class of numerical schemes for stochastic dynamical
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1. Introduction. Consider the following stochastic dynamical system with a
time scale separation measured by ε � 1:

(1.1)

⎧⎨
⎩

Ẋε
t = a

(
Xε

t , Y
ε
t , ε

)
+ σ

(
Xε

t , Y
ε
t , ε

)
Ẇt, Xε

0 = x,

Ẏ ε
t =

1

ε
B
(
Xε

t , Y
ε
t , ε

)
+

1√
ε
C
(
Xε

t , Y
ε
t , ε

)
Ẇt, Y ε

0 = y,

where Xε
t ∈ Rn and Y ε

t ∈ Rm, and Wt is a standard d-dimensional Wiener process.
Notice that a(·) ∈ R

n and B(·) ∈ R
m are vector valued functions, while σ(·) ∈ R

n×R
d

and C(·) ∈ Rm ×Rd are matrix valued functions. Under appropriate assumptions on
B(·) and C(·), the dynamics for Y ε

t with Xε
t = x fixed is ergodic with a unique

invariant measure με
x(dy). In this case, it has been proved [5, 8] that the effective

dynamics for Xε
s in the limit of ε → 0, in both the weak and the strong sense, is an

SDE in the following form:

(1.2) ˙̄Xt = ā
(
X̄t

)
+ σ̄

(
X̄t

)
Ẇt, X̄0 = x,

where

ā(x) = lim
ε→0

∫
a(x, y, ε)με

x(dy),

σ̄(x)σ̄T (x) = lim
ε→0

∫
σ(x, y, ε)σT (x, y, ε)με

x(dy).

(1.3)

In [14], a multiscale integration scheme was proposed to deal with systems in the
form of (1.1) by solving the effective dynamics (1.2). Fitting into the framework of
heterogeneous multiscale methods (HMM) [1, 2, 15], the scheme consists of a macro
solver to evolve (1.2) and a micro solver to simulate the fast dynamics in (1.1) with
fixed slow variables. An estimator is chosen to approximate the coefficients ā(·) and
σ̄(·) on the fly at each macro time step, using data obtained from the fast simulations
with the micro solver. Without having to resolve all the details of the fast processes
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on the O(ε) fine time scale, the method is able to overcome the numerical stiffness
induced by the time scale separation. To fully justify the strategy, a thorough analysis
of convergence and efficiency of the scheme is needed. In [3], the convergence of the
HMM scheme for (1.1) is proved assuming that the slow dynamics is deterministic,
i.e., σ = 0. For systems with the slow diffusion depending only on the slow variables
such that σ = σ(x), the convergence of the scheme is established in [4]. In this paper,
we are going to study the more general case of fully coupled systems where the slow
diffusion depends on both slow and fast variables. We will provide the convergence
rate for the HMM scheme in both strong and weak senses. We will also illustrate
the optimality of results with simple examples and numerical experiments. It will be
shown that the error estimate here is much sharper compared with those in similar
works [4].

Throughout the remainder of this paper, we will denote by C a generic positive
constant which may change its value from line to line. In chains of inequalities, we
will adopt C, C′, C′′, . . . or C1, C2, C3, . . . to avoid confusion.

2. The multiscale scheme. For a system in the form of (1.1), what is usually
of interest is the behavior of the slow variableXε

t , whose leading order term for small ε
is X̄t, as described by (1.2). The difficulty of dealing with X̄t lies in the fact that the
coefficients ā(·) and σ̄(·) are given via expectations with respect to measure με

x(dy),
which is usually difficult or impossible to obtain analytically, especially when the
dimension m is large. The basic idea of HMM is to solve X̄t with ā(·) and σ̄(·) being
estimated on the fly using a time-ensemble average of the original slow coefficients
a(·) and σ(·) with respect to numerical solutions of the fast processes, which gives a
three-step procedure:

1. Macro solver. At each time step n, having the numerical solutionXn, in order
to move to step n+1, we evolve (1.2) with an explicit stable SDE solver using
approximate coefficients ã and σ̃. For instance, in the simplest case when the
Euler–Maruyama scheme is selected, we have

(2.1) Xn+1 = Xn + ãnΔt+ σ̃nΔBn+1,

where Δt is the macro time step size and ΔBn’s are independent N(0,Δt)
Gaussian random variables.

2. Micro solver. To obtain ã and σ̃ used in the macro solver, we solve the
following fast scale problem:

(2.2) Ẏt =
1

ε
B
(
x, Yt, ε

)
+

1√
ε
C
(
x, Yt, ε

)
Ẇt,

with fixed parameter x = Xn, and we denote the solution by {Yn,m}, where
m labels the micro time steps. Multiple independent replicas can be created,
in which case we denote the solutions by {Yn,m,j}, where j is the replica
number.

3. Estimator. ã and σ̃ can be given by the following time and ensemble average:

(2.3) ãn =
1

MN

M∑
j=1

nr+N∑
m=nr+1

a
(
Xn, Yn,m,j , ε

)
and

(2.4) σ̃nσ̃
T
n =

1

MN

M∑
j=1

nr+N∑
m=nr+1

σn

(
Xn, Yn,m,j, ε

)
σT
n

(
Xn, Yn,m,j, ε

)
,
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where M is the number of replicas, N is the number of steps in the time
averaging, and nr is the number of steps we skip to eliminate transients.
σ̃n is then obtained by a Cholesky decomposition.

For the macro solver, any stable explicit SDE solver such as the Euler–Maruyama,
a Taylor, or a multistep method can be adopted. For simplicity, we consider only
explicit solvers here. Extension to implicit solvers is straightforward, but it tends to
make the implementation and analysis more involved. For the micro solver, denoting
by � the weak order of accuracy, we can use the following Euler–Maruyama scheme,
which is first order accurate (� = 1),

(2.5) Y i
n,m+1 = Y i

n,m +
1

ε
Bi
(
Xn, Yn,m, ε

)
δt+

1√
ε

∑
j

Cij
(
Xn, Yn,m, ε

)
W j

m+1

√
δt,

or the second order scheme (� = 2):

Y i
n,m+1 = Y i

n,m +
1√
ε

∑
j

Cij
(
Xn, Yn,m, ε

)
W j

m+1

√
δt

+
1

ε
Bi
(
Xn, Yn,m, ε

)
δt+

1

ε

∑
jk

Aijk
(
Xn, Yn,m, ε

)
skjm+1δt

+
1

2ε3/2

∑
j

Dij
(
Xn, Yn,m, ε

)
W j

m+1δt
3/2

+
1

2ε2
Ei
(
Xn, Yn,m, ε

)
δt2.

(2.6)

In (2.5) and (2.6), δt is the micro time step size (note that it appears only in terms
of the ratio δt/ε =: Δτ), and the coefficients are defined as

Aijk =
∑
l

(
∂lCij

)
Clk,

Dij =
∑
l

(
Clj∂lBi +Bl∂lCij

)
+

1

2

∑
kl

Gkl∂k∂lCij ,

Ei =
∑
j

Bj∂jBi +
1

2

∑
jk

Gjk∂j∂kBi,

whereG = CCT and the derivatives are taken with respect to y. The random variables
{W j

m} are independent and identically distributed (i.i.d.) Gaussian with mean zero
and variance one, and

(2.7) skjm =

⎧⎪⎪⎨
⎪⎪⎩

1
2W

k
mW j

m + ξkjm , k < j,

1
2W

k
mW j

m − ξjkm , k > j,

1
2

(
(W j

m)2 − 1
)
, k = j,

where {ξkjm } are i.i.d. with P{ξkjm = 1
2} = P{ξkjm = − 1

2} = 1
2 . At each macro time step,

the fast process is reinitialized such that

(2.8) Yn+1,0,j = Yn,nr+N,j;

i.e., the initial values for the micro variables at macro time step n+ 1 are chosen to
be their final values from macro time step n.
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3. Convergence of the scheme. In this section, we provide the rate of con-
vergence for the scheme described in section 2. We will first discuss the convergence
in the strong sense and then give the convergence in the weak sense. The optimality
of the estimated convergence rate will also be addressed. Define C∞

b to be the space
of smooth functions with bounded derivatives of any order. We make the following
assumptions.

Assumption 3.1. The coefficients a(·), σ(·), B(·), and C(·), viewed as functions
of (x, y, ε), are in C∞

b . Moreover, a(·) and σ(·) are bounded.
Assumption 3.2. There exists a constant α > 0 such that ∀ (x, y, ε)

(3.1) yTC(x, y, ε)CT (x, y, ε)y ≥ α|y|2.
Assumption 3.3. There exists a constant β > 0 such that ∀ (x, y1, y2, ε)〈

(y1 − y2), B(x, y1, ε)−B(x, y2, ε)
〉
+
∥∥C(x, y1, ε)− C(x, y2, ε)

∥∥2
F

≤ −β|y1 − y2|2,
(3.2)

where ‖ · ‖F denotes the Frobenius norm.
Assumption 3.4. There exists a constant γ such that ∀x

(3.3)
∥∥(σ̄(x)σ̄T (x)

)−1∥∥
2
≤ γ and σ̄ii(x) ≥ 0,

where ‖ · ‖2 denotes the l2-norm.
Assumption 3.1 can be weakened but is used here for simplicity of presentation.

Assumption 3.2 means that the diffusion is nondegenerate for the y-process, which
guarantees a smooth transition probability density. Assumption 3.3 is a dissipative
condition for the stability of the fast process. Under these assumptions, one can show
that for each (x, ε) the fast dynamics (2.2) is exponentially mixing with a unique
invariant measure. Assumption 3.4 is for the well-posedness of the Cholesky decom-
position.

3.1. Strong convergence rate. Base on Assumptions 3.1–3.4, we can prove
the following theorem on the strong convergence rate of the HMM scheme.

Theorem 3.5. Assume that the macro solver is kth order accurate in the strong
sense and the micro solver is �th order accurate in the weak sense. Suppose Δt and
(δt/ε) are small enough. Then, for any T0 > 0, there exists a constant C > 0
independent of (ε,Δt, δt, nr,M,N) such that

sup
n≤T0/Δt

(
E
∣∣X̄tn −Xn

∣∣2)1/2

≤ C

(
Δtk + ε+

(
δt

ε

)�

+
e−β(nr+1)(δt/ε)

N(δt/ε) + 1

√
R+

1√
M(N(δt/ε) + 1)

)
,

(3.4)

where

(3.5) R =
Δt

1− e−2β(nr+N)(δt/ε)
.

To understand the above error estimate, we should first of all notice that the error
estimate on |X̄tn −Xn| in (3.4) can be divided into two parts:

E1. |X̄tn−X̄n|, where X̄n is the approximation of X̄tn given by the selected macro
solver assuming that ā(·) and σ̄(·) are known exactly.
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E2. |X̄n −Xn|, where the error is induced by using ã and σ̃, instead of ā(·) and
σ̄(·), to advance effective dynamics (1.2).

The estimate of E1 is a standard numerical SDE error estimate. Based on the smooth-
ness of ā(·) and σ̄(·) given in the appendix, we have

(3.6) E
∣∣X̄tn − X̄n

∣∣ ≤ CΔtk,

which is the first term on the right-hand side of (3.4). Error E2 can be further divided
into four parts:

1. The second term of O(ε) in (3.4) arises from the dependence of a(·) and σ(·)
on ε. This error does not exist if a(·) and σ(·) are independent of ε such that
a = a(x, y) and σ = σ(x, y).

2. The term (δt/ε)� is due to the micro time discretization which induces a
difference between the invariant measures of the continuous and discretized
processes.

3. The term

e−β(nr+1)(δt/ε)

N(δt/ε) + 1

√
R

accounts for the errors caused by the time scale for the relaxation of the fast
variables. The exponential term and its denominator are from the geometric
convergence of the distributions of the fast process to its quasi-equilibrium
distribution. When (nr +N)(δt/ε) 
 1, the fast process will be fully relaxed
to the equilibrium at each macro time step. In this case, we can have

√
R ≈

√
Δt,

which is consistent with the fact that moving to the next macro time step
will generate only an O(ΔW ) deviation in the equilibrium distributions of
the fast processes.

4. Finally, the central limit theorem type of estimate

1√
M(N(δt/ε) + 1)

gives the sampling errors when the fast variable reaches its quasi equilibrium.
The optimality of the convergence rate (3.4) can be illustrated through the fol-

lowing example:

(3.7)

⎧⎪⎪⎨
⎪⎪⎩

Ẋε
t =

(
Y ε
t − 1

2

)
Ḃt, Xε

0 = x,

Ẏ ε
t = −1

ε
Y ε
t +

1√
ε
Ẇt, Y ε

0 = y.

The effective dynamics prescribed by (1.2) has the solution

(3.8) ˙̄Xt =

√
3

2
Ḃt, X̄0 = x.

For simplicity, we choose the Euler–Maruyama scheme as both macro and micro
solvers for the HMM scheme. Since the effective dynamics (3.8) has a constant coef-
ficient, the Euler solver for (3.8) is exact and the macro time step error E1 does not
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exist. Also, since the coefficient of the slow dynamics does not depend on ε, the O(ε)
error also does not show up. These errors can be easily introduced if we change the
slow coefficient from Y ε

t − 1
2 to Y ε

t +Xε
t or Y ε

t + ε, so the effective slow dynamics will
depend on x or ε. As can be shown by little modification of the computation below,
these changes will not affect other errors. For simplicity, we choose the example in its
current form to avoid these terms and focus on the relaxation and sampling errors.

The micro solver for the fast process therefore has the following form if we let
Δτ = δt/ε:

{
Yn,m+1 = (1−Δτ )Yn,m +Wn,m+1

√
Δτ,

Yn,0 = Yn−1,nr+N , Y0,0 = y.

The solution of the above equation is a Gaussian process with mean and covariance

EYn,m = (1 −Δτ)n(nr+N)+my,

Cov (Yn,m, Yn.l) =
(1−Δτ )|m−l| − (

1−Δτ
)2n(nr+N)+m+l

2(1−Δτ/2)
.

The HMM scheme for the effective dynamics has the form

Xn+1 = Xn +

(
1

MN

nr+N∑
m=nr+1

M∑
j=1

(
Yn,m,j − 1

2

)2
)1/2

ΔBn+1, X0 = x.

Itô isometry suggests that

E
∣∣X̄nΔt −Xn

∣∣2
= Δt

n−1∑
k=0

E

⎛
⎝
(

1

MN

nr+N∑
m=nr+1

M∑
j=1

(
Yk,m,j − 1

2

)2
)1/2

−
√
3

2

⎞
⎠

2

.
(3.9)

To verify (3.4), we calculate the error of the scheme for two asymptotic regimes
of the numerical parameters, where either the relaxation error or the sampling error
will dominate.

1. We first consider the situation M → ∞, which means the equilibrium dis-
tribution of the fast processes is perfectly sampled. In this case, there is no
sampling error in (3.4). By the law of large numbers, we have, with proba-
bility one,

1

M

M∑
j=1

(
Yk,nr+m,j − 1

2

)2

−→ 1− (
1−Δτ

)2k(nr+N)+2m

2(1−Δτ/2)
+

((
1−Δτ

)k(nr+N)+m
y − 1

2

)2

.

By Taylor expansion, (1−Δτ ) = e−Δτ +O(Δτ2). Therefore we can have
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lim
M→∞

1

N

∑
m

1

M

M∑
j=1

(
Yk,nr+m,j − 1

2

)2

= O

(
3

4
+Δτ +

e−(k(nr+N)+nr+1)Δτ (1 − e−2NΔτ)

NΔτ

)

= O

(
3

4
+Δτ +

e−(k(nr+N)+nr+1)Δτ

NΔτ + 1

)

and

lim
M→∞

E
∣∣X̄nΔt −Xn

∣∣2 = O

(
Δτ2 +

e−2(nr+1)Δτ

(NΔτ + 1)2
Δt

1− e−2(nr+N)Δτ

)
.

The exponential decay rate is consistent with estimate (3.4) since system (3.7)
satisfies Assumption 3.3 with β = 1.

2. We next let nr → ∞, which means the fast processes are fully relaxed to
the equilibrium. Estimate (3.4) implies that the error consists only of the
micro time step error and the sampling error. We can compute the following
variance:

lim
nr→∞E

(
1

N

∑
m

(
Yn,m,j − 1

2

)2

− E

(
Yn,m,j − 1

2

)2
)2

= O

⎛
⎝ 1

N2

∑
m,l

(1−Δτ )|l−m|

2(1−Δτ/2)

⎞
⎠

= O

(
1

NΔτ + 1

)
.

By the central limit theorem, when M 
 1,

1√
M

∑
j

(
1

N

∑
m

(
Yk,m,j − 1

2

)2

− E

(
Yk,m,j − 1

2

)2
)

can be approximated by a Gaussian random variable with mean zero and the
above variance. Again by Taylor expansion, we have

lim
nr→∞E

∣∣X̄nΔt −Xn

∣∣2
= lim

nr→∞Δt

∑
k

E

⎛
⎜⎝
⎛
⎝ 1

N

∑
m,j

E

(
Yn,m,j − 1

2

)2
⎞
⎠

1/2

+O

(
1√

M(NΔτ + 1)

)
−

√
3

2

⎞
⎟⎠

2

= O

(
Δτ2 +

1

M(NΔτ + 1)

)
,

which is consistent with estimate (3.4).
Results similar to Theorem 3.5 have been given for the case when σ = σ(x) in [4].

Under the assumption that a(·) and b(·) are independent of ε, it is proved in [4] that
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when M = 1 and nr = 0

(3.10) E
∣∣X̄tn −Xn

∣∣2 ≤ C

(
Δt+

(
δt

ε

)1/2

+
ln2
(
N(δt/ε)

)
+ 1)

N(δt/ε)
+

1

N

)
,

while (3.4) suggests that the error should be

E
∣∣X̄tn −Xn

∣∣2 ≤ C

(
Δt2k +

(
δt

ε

)2�

+
Δt

(N(δt/ε) + 1)2
+

1

N(δt/ε) + 1

)

≤ C
′
(
Δt2k +

(
δt

ε

)2�

+
1

N(δt/ε) + 1

)
.

(3.11)

Both (3.10) and (3.11) imply that the numerical scheme gives accurate results only
in the following regime of the parameters:

(3.12) Δt, (δt/ε) � 1, N(δt/ε) 
 1,

which reduces (3.10) to

(3.13) E
∣∣X̄tn −Xn

∣∣2 ≤ C

(
Δt+

(
δt

ε

)1/2

+
ln2
(
N(δt/ε)

)
N(δt/ε)

)
.

It can be seen from (3.13) and (3.11) that the error estimate we provide here is sharper
than that in [4]. The current estimate gives the right order of accuracy for the time
discretization errors. It also takes into account the relaxation and sampling errors in
a more accurate and consistent way.

3.2. Proof of strong convergence. We first want to establish some axillary
estimates for the estimator ã.

Proposition 3.6. Under the assumptions in Theorem 3.5, for each T0 > 0,
there exists an independent constant C > 0 such that ∀ n ∈ [0, T0/Δt]

E
∣∣EXn ãn − ā

(
Xn

)∣∣2
≤ C

(
ε2 +

(
δt

ε

)2�

+
e−2β(nr+1)(δt/ε)

(N(δt/ε) + 1)2

(
e−2βn(nr+N)(δt/ε) +R

))(3.14)

and

E
∣∣ãn − ā

(
Xn

)∣∣2
≤ C

(
ε2 +

(
δt

ε

)2�

+
e−2β(nr+1)(δt/ε)

(N(δt/ε) + 1)2

(
e−2βn(nr+N)(δt/ε) +R

))

+
C

M(N(δt/ε) + 1)
.

(3.15)

Proof. Let ā(x, ε) =
∫
a(x, y, ε)με(dy). Using the smoothness of ā(x, ε) estab-

lished in Lemma A.6, we have ā(x) = ā(x, 0) and

E

∣∣∣EXn ãn − ā
(
Xn

)∣∣∣2 ≤ 2E
∣∣∣EXn ãn − ā

(
Xn, ε

)∣∣∣2 + 2E
∣∣∣ā(Xn, ε

)− ā
(
Xn

)∣∣∣2
≤ 2E

∣∣∣EXn ãn − ā
(
Xn, ε

)∣∣∣2 + Cε2,
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which gives the first term on the right-hand sides of (3.14) and (3.15). Letting Yn,m =
Yn,m,1 and making use of independence, we can compute for the weak estimate (3.14)

E

∣∣∣EXn ãn − ā
(
Xn, ε

)∣∣∣2 =
1

M2N2
E

∣∣∣∣∣
∑
m,j

EXna
(
Xn, Yn,m,j , ε

)− ā
(
Xn, ε

)∣∣∣∣∣
2

=
1

N2
E

∣∣∣∣∣
∑
m

EXna
(
Xn, Yn,m, ε

)− ā
(
Xn, ε

)∣∣∣∣∣
2

.

It is explained in the appendix that when Δτ = (δt/ε) is sufficiently small, for each n,
Yn,m is exponentially mixing with unique invariant probability measure μn. Lemma
A.2 also implies that we can have a process Zn,m over the whole time domain m ∈
(−∞,∞) satisfying the same equation as Yn,m with the stationary distribution μn.
Now we have

EXna
(
Xn, Yn,m, ε

)− ā
(
Xn, ε

)
= EXna

(
Xn, Yn,m, ε

)− EXna
(
Xn, Zn,m, ε

)
+ EXna

(
Xn, Zn,m, ε

)− ā
(
Xn, ε

)
.

Inequality (A.14) implies that

E

∣∣∣EXna
(
Xn, Zn,m, ε

)− ā
(
Xn, ε

)∣∣∣2 ≤ C(Δτ )2�.

Therefore

E

∣∣∣EXna
(
Xn, Yn,m, ε

)− ā
(
Xn, ε

)∣∣∣2
≤ C

(∣∣∣EXna(Xn, Yn,m, ε)− a(Xn, Zn,m, ε)
∣∣∣2 +Δτ2�

)
.

(3.16)

Let Vn,m(y) = ∇yYn,m(y), where∇y denotes derivatives with respect to initial value y.
Then we have by (A.12), for some ξn ∈ [Yn,0, Zn,0

]
,

E

∣∣∣EXn

(
a
(
Xn, Yn,m, ε

)− a
(
Xn, Zn,m, ε

))∣∣∣2
= E

∣∣∣Yn,0 − Zn,0

∣∣∣2∣∣∣EXn∇ya(Xn, Yn,m(ξn), ε)Vn,m(ξn)
∣∣∣2

≤ Ce−2mβ(δt/ε)
E
∣∣Yn,0 − Zn,0

∣∣2.
Remember we set the initial condition of the fast simulation Yn,0 = Yn−1,nr+N . By
the same argument as above and (A.12)–(A.13), we can have

E
∣∣Yn,0 − Zn,0

∣∣2
= E

∣∣Yn−1,nr+N − Zn,0

∣∣2
≤ E

∣∣Yn−1,nr+N − Zn−1,nr+N

∣∣2
+ 2

∣∣∣E(Yn−1,nr+N − Zn−1,nr+N

)∣∣∣∣∣∣EXn−1∇xZn−1,nr+N |x=Xn−1(Xn −Xn−1)
∣∣∣

+ E

∣∣∣EXn−1∇2
xZn−1,nr+N |x=ηn−1(Xn −Xn−1)

2
∣∣∣

≤ e−2β(nr+N)(δt/ε)
E
∣∣Yn−1,0 − Zn−1,0

∣∣2
+ CΔt



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

MULTISCALE METHOD FOR STOCHASTIC DYNAMICAL SYSTEMS 953

for some ηn−1 ∈ [Xn−1, Xn]. Repeating the above argument from macro time step
n− 1 till 0, using (A.3), we have

E
∣∣Yn,0 − Zn,0

∣∣2 ≤ e−2βn(nr+N)Δτ
(
E
∣∣Y0,0 − Z0,0

∣∣2 + CΔt
)

≤ C
′
(
e−2βn(nr+N)Δτ +R

)
.

Inserting these results in (3.16), we arrive at

E

∣∣∣EXna
(
Xn, Yn,m, ε

)− ā
(
Xn, ε

)∣∣∣2
≤ C

(
e−2βmΔτ

(
e−2βn(nr+N)Δτ +R

)
+Δτ2�

)
.

Summing over m ∈ [nr + 1, nr +N ], we obtain

E

∣∣∣EXn ãn − ā
(
Xn, ε

)∣∣∣2

≤ C
1

N2

∣∣∣∣∣
nr+N∑

m=nr+1

e−βmΔτ
(
e−βn(nr+N)Δτ +

√
R
)
+Δτ �

∣∣∣∣∣
2

≤ C
′
(
e−2β(nr+1)Δτ

(
1− e−βNΔτ

)2
N2

(
1− e−βΔτ

)2(e−2βn(nr+N)Δτ +R
)
+Δτ2�

)

≤ C
′′
(
e−2β(nr+1)Δτ

(NΔτ + 1)2

(
e−2βn(nr+N)Δτ +R

)
+Δτ2�

)
,

and the last two terms on the right-hand side of (3.14) follow.

Next we compute

E
∣∣ãn − ā

(
Xn, ε

)∣∣2
=

1

M2N2

∑
m,l,j,k

E

(
a
(
Xn, Yn,m,j , ε

)− ā
(
Xn, ε

)) ·
(
a
(
Xn, Yn,l,k, ε

)− ā
(
Xn, ε

))
.

By the same analysis as above and independence between Yn,m,j and Yn,l,k for j �= k
for given {Xn′}n′≤n and {Yn′,·,·}n′<n, we have for j �= k in the above sum

∣∣∣∣∣
∑
m,l

∑
j �=k

E

(
a
(
Xn, Yn,m,j , ε

)− ā
(
Xn, ε

)) ·
(
a
(
Xn, Yn,l,k, ε

)− ā
(
Xn, ε

))∣∣∣∣∣
≤
∑
m,l

∑
j �=k

E

∣∣∣En

(
a
(
Xn, Yn,m,j , ε

)− ā
(
Xn, ε

))

· En

(
a
(
Xn, Yn,l,k, ε

)− ā
(
Xn, ε

))∣∣∣
≤ CM2N2

(
e−2β(nr+1)Δτ

(NΔτ + 1)2

(
e−2βn(nr+N)Δτ +R

)
+Δτ2�

)
,

where En denotes the expectation conditioned on {Xn′}n′≤n, {Yn′,·,·}n′<n. When
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j = k, we have∣∣∣∣∣E
(
a
(
Xn, Yn,m,j, ε

)− ā
(
Xn, ε

)) ·
(
a
(
Xn, Yn,l,j , ε

)− ā
(
Xn, ε

))∣∣∣∣∣
≤ E

(
EXn

∣∣∣a(Xn, Yn,m,j , ε
)− ā

(
Xn, ε

)∣∣∣ · ∣∣∣En,m,ja
(
Xn, Yn,l,j, ε

)− ā
(
Xn, ε

)∣∣∣
)

whenm ≤ l and similarly whenm > l. Here En,m,j denote the conditional expectation
with respect to Yn,m,j. The same analysis for (3.16) gives

E

∣∣∣En,m,ja
(
Xn, Yn,l,j , ε

)− ā
(
Xn, ε

)∣∣∣2 ≤ C

(
e−2β(l−m)Δτ +Δτ2�

)
.

Summing over m, l ∈ [nr + 1, nr +N ], this leads to∣∣∣∣∣
∑
j

∑
m,l

E

(
a
(
Xn, Yn,m,j, ε

)− ā
(
Xn, ε

)) ·
(
a
(
Xn, Yn,l,j , ε

)− ā
(
Xn, ε

))∣∣∣∣∣
≤ CMN2

(
1

NΔτ + 1
+Δτ2�

)
,

which gives the last term in (3.15).
We can also have similar results for σ̃.
Proposition 3.7. Under the assumptions in Theorem 3.5, for each T0 > 0,

there exists an independent constant C > 0 such that ∀ n ∈ [0, T0/Δt]

E
∥∥EXn σ̃nσ̃

T
n − σ̄

(
Xn

)
σ̄T
(
Xn

)∥∥2
F

≤ C

(
ε2 +

(
δt

ε

)2�

+
e−2β(nr+1)(δt/ε)

(N(δt/ε) + 1)
2

(
e−2βn(nr+N)(δt/ε) +R

))(3.17)

and

max
{
E
∥∥σ̃nσ̃

T
n − σ̄σ̄T

(
Xn

)∥∥2
F
, E

∥∥σ̃n − σ̄
(
Xn

)∥∥2
F

}

≤ C

(
ε2 +

(
δt

ε

)2�

+
e−2β(nr+1)(δt/ε)

(N(δt/ε) + 1)
2

(
e−2βn(nr+N)(δt/ε) +R

))

+
C

M(N(δt/ε) + 1)
.

(3.18)

Proof. Inequality (3.17) and the first inequality in (3.18) can be obtained by the
same proof as for Proposition 3.6. For the second inequality, we know from [12] that
when ∥∥∥(σ̄σ̄T

(
Xn

))−1
∥∥∥
2

∥∥∥σ̃nσ̃
T
n − σ̄σ̄T

(
Xn

)∥∥∥
F
≤ 1

2

we have ∥∥∥σ̃n − σ̄
(
Xn

)∥∥∥2
F
≤ C

∥∥∥σ̃nσ̃
T
n − σ̄σ̄T

(
Xn

)∥∥∥2
F
,

where C depends on
∥∥σ̄∥∥

F
,
∥∥σ̄σ̄T

∥∥
2
, and

∥∥(σ̄σ̄T )−1
∥∥
2
, which by Assumptions 3.2

and 3.4 are bounded. Therefore by Assumption 3.1 we can have the following estimate:
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E

∥∥∥σ̃n − σ̄
(
Xn

)∥∥∥2
F
= E

(
χ{‖(σ̄σ̄T (Xn))−1‖2‖σ̃nσ̃T

n−σ̄σ̄T (Xn)‖F≤ 1
2}
∥∥∥σ̃n − σ̄

(
Xn

)∥∥∥2
F

)

+ E

(
χ{‖(σ̄σ̄T (Xn))−1‖2‖σ̃nσ̃T

n−σ̄σ̄T (Xn)‖F> 1
2}
∥∥∥σ̃n − σ̄

(
Xn

)∥∥∥2
F

)

≤ CE

∥∥∥σ̃nσ̃
T
n − σ̄σ̄T

(
Xn

)∥∥∥2
F

+ CP

{∥∥∥σ̃nσ̃
T
n − σ̄σ̄T

(
Xn

)∥∥∥
F

∥∥∥(σ̄σ̄T
(
Xn

))−1∥∥∥
2
>

1

2

}
.

Using Chebyshev’s inequality and Assumption 3.4, we obtain

E

∥∥∥σ̃n − σ̄
(
Xn

)∥∥∥2
F
≤ CE

∥∥∥σ̃nσ̃
T
n − σ̄σ̄T

(
Xn

)∥∥∥2
F

+ 4E
∥∥∥σ̃nσ̃

T
n − σ̄σ̄T

(
Xn

)∥∥∥2
F

∥∥∥(σ̄σ̄T
(
Xn

))−1∥∥∥2
2

≤ CE

∥∥∥σ̃nσ̃
T
n − σ̄σ̄T

(
Xn

)∥∥∥2
F
,

which, with the first inequality in (3.18), suggests the second inequality in (3.18).
Proof of Theorem 3.5. We will prove (3.4) for the case when the macro solver is

the Euler–Maruyama method. The extension to general stable explicit macro solvers
mentioned in section 2 is straightforward. Letting en = Xn − X̄n, we have

en+1 = en +
(
ãn − ā

(
X̄n

))
Δt+

(
σ̃n − σ̄

(
X̄n

))
ΔWn+1

= en +
(
ãn − ā

(
Xn

))
Δt+

(
ā
(
Xn

)− ā
(
X̄n

))
Δt

+
(
σ̃n − σ

(
X̄n

))
ΔWn+1

and

E e2n+1 = E

∣∣∣en +Δt
(
ā
(
Xn

)− ā
(
X̄n

))∣∣∣2
+ 2ΔtE

(
en +Δt

(
ā
(
Xn

)− ā
(
X̄n

))) ·
(
ãn − ā

(
Xn

))
+Δt2 E

∣∣∣ãn − ā
(
Xn

)∣∣∣2
+ΔtE

∥∥∥σ̃n − σ̄
(
X̄n

)∥∥∥2
F

=: I1 + I2 + I3 + I4.

For I1, by the smoothness of ā(·), we have

I1 ≤ (
1 + CΔt

)
e2n.

For I2, we have

|I2| ≤ 2ΔtE
∣∣∣en +Δt

(
ā
(
Xn

)− ā
(
X̄n

))∣∣∣ ∣∣∣EXn ãn − ā
(
Xn

)∣∣∣
≤ ΔtE

∣∣∣en +Δt
(
ā
(
Xn

)− ā
(
X̄n

))∣∣∣2 + CΔtE
∣∣∣EXn ãn − ā

(
Xn

)∣∣∣2
≤ Δt

(
1 + CΔt

)
Ee2n + CΔtE

∣∣∣EXn ãn − ā
(
Xn

)∣∣∣2.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

956 DI LIU

I4 can be estimated as

|I4| ≤ 2ΔtE
∥∥∥σ̃n − σ̄

(
Xn

)∥∥∥2
F
+ 2ΔtE

∥∥∥σ̄(X̄n

)− σ̄
(
Xn

)∥∥∥2
F

≤ 2ΔtE
∥∥∥σ̃n − σ̄

(
Xn

)∥∥∥2
F
+ CΔtE e2n.

It follows from (3.14), (3.15), and (3.18) that

E e2n+1 ≤ (
1 + CΔt

)
E e2n + CΔt

((
δt

ε

)2�

+ ε2

)

+ CΔt

(
e−2β(nr+1)(δt/ε)

(N(δt/ε) + 1)2

(
e−2βn(nr+N)(δt/ε) +R

)
+

1

M(N(δt/ε) + 1)

)
.

Therefore, we have

Ee2n ≤ C

((
δt

ε

)2�

+ ε2 +
e−2β(nr+1)(δt/ε)

(N(δt/ε) + 1)2
R+

1

M(N(δt/ε) + 1)

)
,

which completes the proof of Theorem 3.5.

3.3. Weak convergence rate. Now we can give the rate for the weak conver-
gence of the HMM scheme under the assumptions in Theorem 3.5, except that the
macro solver is only supposed to be of weak order k and does not have to be strongly
convergent.

Theorem 3.8. For any f ∈ C∞
0 and T0 > 0, there exists a constant C > 0 such

that

sup
n≤T0/Δt

∣∣f(X̄tn

)− Ef
(
Xn

)∣∣
≤ C

(
Δtk + ε+

(
δt

ε

)�

+
e−β(nr+1)(δt/ε)

N(δt/ε) + 1
Q

)
,

(3.19)

where

(3.20) Q =
Δt

1− e−β(nr+N)(δt/ε)
.

Proof. Again for simplicity we will discuss only the case when the macro solver is
the Euler–Maruyama method (k = 1). Generalizations to other stable explicit solvers
will require little modification. Using the same argument as before, the first term on
the right-hand side of (3.19) arises from

∣∣Ef(X̄tn) − Ef(X̄n)
∣∣ and the fact that the

macro solver is weakly convergent. To estimate
∣∣Ef(X̄n) − Ef(Xn)

∣∣, we define an
auxiliary function u(m,x) for m ≤ n as follows:

u(n, x) = f(x), u(m,x) = u
(
m+ 1, x+ ā(x)Δt+ σ̄(x)ΔWm+1

)
.

By this definition, u(m,x) depends only on
{
ΔWm+1, . . . ,ΔWn

}
and Eu(0, x) =

Ef(X̄n). By the smoothness of ā(·) and the fact the f ∈ C∞
0 , it is easy to show that,
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for each index I, |∇I
xu(m,x)| is uniformly bounded for different x, m, and Δt. Hence

we have ∣∣∣E(u(m+ 1, Xm+1

)− u
(
k,Xm

))∣∣∣
=
∣∣∣E(u(m+ 1, Xm + ãmΔt+ σ̃mΔWm+1

)
− u

(
m+ 1, Xm + ā

(
Xm

)
Δt+ σ̄

(
Xm

)
ΔWm+1

))∣∣∣
≤ Δt

∣∣∣E∇xu
(
m+ 1, Xm

) · (EXm ãm − ā
(
Xm

))∣∣∣
+ΔtC

∣∣∣E∇2
xu
(
m+ 1, Xm

) · (EXm σ̃T
mσ̃m − σ̄T σ̄

(
Xm

))∣∣∣
+ CΔt2.

Therefore, by Propositions 3.6 and 3.7 and the fact that
√
R ≤ Q, we have∣∣∣Ef(Xn

)− f
(
X̄n

)∣∣∣ = ∣∣Eu
(
n,Xn

)− u(0, x)
∣∣

=

∣∣∣∣∣
∑

0≤m≤n−1

E

(
u
(
m+ 1, Xm+1

)− u
(
m,Xm

))∣∣∣∣∣
≤ C

(
ε+

(
δt

ε

)�
)

+ C

∑
0≤m≤n−1

Δt
e−β(nr+1)(δt/ε)

N(δt/ε) + 1

(
e−βm(nr+N)(δt/ε) +Q

)

+ CΔt,

which gives (3.19).
The optimality of (3.19) can also be shown by system (3.7). Suppose we choose

f(x) = x2. The weak error can be calculated such that

E
(
X̄tn

)2 − E
(
Xn

)2
= Δt

n−1∑
k=0

(
E

1

MN

nr+N∑
m=nr+1

M∑
j=1

(
Yk,m,j − 1

2

)2

− 3

4

)

=

(
Δτ +

e−(nr+1)Δτ(
NΔτ + 1

) Δt(
1− e−(nr+N)Δτ

)
)
.

4. A numerical example. Consider the following example for (X,Y ) ∈ R2:

(4.1)
Ẋε

t = −(Y ε
t

)3
+ sin(2πt) + Y ε

t Ẇt, Xε
0 = x,

Ẏ ε
t = −1

ε

(
Y ε
t −Xε

t

)
+

1√
ε
Ḃt, Y ε

0 = y.

From (1.2), the effective dynamics for Xε
t is

(4.2) ˙̄Xt = −(X̄t

)3 − 3

2
X̄t + sin(2πt) +

√(
X̄t

)2
+

1

2
Ẇt, X̄0 = x.

Since the error caused by the macro solver is standard, we analyze only the difference
between the numerical solution Xn given by the multiscale scheme and the numerical
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Fig. 4.1. The error E�
p = 1/K

∑K
k=1(Δt/T0)

∑
n≤�T0/Δt� |X̃n − X̄n| in the function of p when

� = 1 (circles) and � = 2 (stars). Also shown is the predicted estimate, 0.1× 2−p (red line).

Table 4.1

The computed values for the error E�
p.

p = 0 p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7
� = 1 .058 .070 .032 .019 .0096 .0067 .0025 .00076
� = 2 .045 .059 .022 .021 .0098 .0064 .0033 .0014

solution X̄n given by the macro solver for (4.2). In other words, we analyze the error
caused by using ãn and σ̃n instead of ā(Xn) and σ̄(Xn). As explained before, since
the coefficients of the slow dynamics in (4.1) are independent of ε, the corresponding
ε terms in the error (3.4) and (3.19) do not exist. From Theorem 3.5, we know that
when the numerical parameters are chosen to satisfy (3.12) the strong error has the
form

E
∣∣Xn − X̄n

∣∣ ≤
((

δt

ε

)�

+
e−β(nr+1)(δt/ε)

N(δt/ε)

√
Δt+

1√
MN(δt/ε)

)
.

Notice that Δt is a fixed parameter here.
Suppose we want to bound the error by O(2−p) for p = 0, 1, 2, . . . and, for that

purpose, we choose the parameters such that

(δt/ε) = O(2−p/�), N = O(2p(2+1/�)), nr + 1 = M = O(1).

In the numerical calculations, we compute the following error estimate averaged with
an ensemble of K = 104 realizations of the macro dynamics numerically obtained by
the Euler–Maruyama method:

E�
p =

1

K

K∑
k=1

⎛
⎝Δt

T0

∑
n≤T0/Δt

∣∣X̃n − X̄n

∣∣
⎞
⎠ .

Figure 4.1 shows the error for different values of p. It can be seen that the error decays
logarithmically as p increases. The deviation from the error estimate when p is large
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time

 

 

Effective Dynamics
Multiscale Scheme

Fig. 4.2. The comparison between X̄n (blue curve) and Xn produced by the multiscale scheme
with � = 2, p = 4 (red curve).

is due to the sampling with finite realizations of the macro dynamics. According to
the central limit theorem, this error is O(10−2) if K = 104, which is of the same
order as the error of the multiscale scheme for large p. One realization of the effective
dynamics and the numerical result from the multiscale scheme is shown in Figure 4.2.

Appendix. Limiting properties of the fast processes. Here we want to
provide some properties for the fast process Yt defined by the following dynamics:

(A.1) Ẏt =
1

ε
B
(
x, Yt, ε

)
+

1√
ε
C
(
x, Yt, ε

)
Ẇt, Y0 = y,

which is the same process that the micro solver simulates in the HMM scheme. The
ergodicity of Yt with a unique invariant measure με

x(dy) for each fixed (x, ε) under
Assumptions 3.1–3.3 has been established in [6]. We want to provide some sharper
estimates for the purpose of proving our theorems. First, we give an energy estimate
for Yt and its invariant measure.

Lemma A.1. There exists a constant C such that ∀ t ≥ 0 we have

(A.2) E
∣∣Yt

∣∣2 ≤ e−βt/ε|y|2 + C
(|x|2 + ε2 + 1

)
,

and the invariant measure με
x for Yt has a finite second order moment

(A.3)

∫
y2με

x(dy) ≤ C
(|x|2 + ε2 + 1

)
,

where C is the same constant as in (A.2).

Proof. Fixing y1 = y and y2 = 0 in Assumption 3.3 will give us

(A.4)
〈
y,B(x, y, ε)−B(x, 0, ε)

〉
+
∥∥C(x, y, ε)− C(x, 0, ε)

∥∥2 ≤ −β
∣∣y∣∣2.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

960 DI LIU

By Assumption 3.1, we have, for any γ > 0,∥∥C(x, y, ε)
∥∥2 ≤ (1 + γ)

∥∥C(x, y, ε)− C(x, 0, ε)
∥∥2

+ (1 + 1/γ)‖C(x, 0, ε)‖2

≤ ∥∥C(x, y, ε)− C(x, 0, ε)
∥∥2

+ C1γ|y|2 + C2(1 + 1/γ)
(|x|2 + ε2 + 1

)
,

(A.5)

where C1 and C2 are the Lipschitz and linear growth constants of function C(·),
respectively. If we choose an appropriate value for γ such that C1γ ≤ β/4, by As-
sumption 3.3 and (A.4)–(A.5), we can get〈

y,B(x, y, ε)
〉
+
∥∥C(x, y, ε)

∥∥2
≤ 〈

y,B(x, y, ε)−B(x, 0, ε)
〉
+
〈
y,B(x, 0, ε)

〉
+
∥∥C(x, y, ε)− C(x, 0, ε)

∥∥2 + β

4
|y|2 + C

′(|x2|+ ε2 + 1
)

≤ −β

2
|y|2 + C

′′(|x|2 + ε2 + 1
)
.

Itô’s formula then suggests that

dE
∣∣Yt

∣∣2 =
2

ε
E
〈
Yt, B

(
x, Yt

)〉
dt+

1

ε
E
∥∥C(x, Yt, ε

)∥∥2dt
≤ −β

ε
E
∣∣Yt

∣∣2dt+ C

ε

(|x|2 + ε2 + 1
)
dt.

Gronwall’s inequality then suggests that

E
∣∣Yt

∣∣2 ≤ e−βt/ε|y|2 + C
(|x|2 + ε2 + 1

)
.

Taking t → ∞, ergodicity gives (A.3).
Based on ergodicity and Lemma A.1, we can prove the existence of a stationary

solution for (A.1) over the whole time domain.
Lemma A.2. For each fixed (x, ε), there exists a stationary process Zt defined

over t ∈ (−∞,∞) satisfying

(A.6) Żt =
1

ε
B
(
x, Zt, ε

)
+

1√
ε
C
(
x, Zt, ε

)
Ẇt

such that the law of Zt is invariant, i.e.,

L(Zt) = με
x.

Proof. Define the process Zτ,t to be the solution of the following equation on time
domain (τ,∞):

dZτ,t =
1

ε
B
(
x, Zτ,t, ε

)
dt+

1√
ε
C
(
x, Zτ,t, ε

)
dWt, Zτ,τ = z.

For τ2 < τ1 ≤ 0, by Itô’s formula and Assumption 3.4, we have

dE
∣∣Zτ1,t − Zτ2,t

∣∣2 =
2

ε
E
〈
Zτ1,t − Zτ2,t, B

(
x, Zτ1,t, ε

)−B
(
x, Zτ2,t, ε

)〉
dt

+
1

ε
E
∥∥C(x, Zτ1,t, ε

)− C
(
x, Zτ2,t, ε

)∥∥2dt
≤ −2β

ε
E
∣∣Zτ1,t − Zτ2,t

∣∣2dt.
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Using Lemma A.1, we have

E
∣∣Zτ1,t − Zτ2,t

∣∣2 ≤ E
∣∣Zτ2,τ1 − z

∣∣2e−2β(t−τ1)/ε

≤ C
(
x2 + z2 + ε2 + 1

)
e−2β(t−τ1)/ε.

For any monotonically decreasing sequence {τn} such that |τn+1 − τn| ≥ 1 and τn →
−∞ as n → ∞, we have

P
{∣∣Zτn+1,t − Zτn,t

∣∣ > 1/|τn|2
} ≤ |τn|2E

∣∣Zτn+1,t − Zτn,t

∣∣2
≤ C

(
x2 + z2 + ε2 + 1

)|τn|2e−β(t−τn)/ε.

Since
∑

n |τn|2eβτn/ε < ∞, by the Borel–Cantelli lemma, we know that, with proba-
bility one, Zτn,t satisfies ∣∣Zτn+1,t − Zτn,t

∣∣ ≤ 1/|τn|2

when n ≥ N(ω). Therefore we know that {Zτn,t} almost surely is a converging
sequence when n → ∞. By the arbitrariness of {τn}, we know that, with probability
one, Zτ,t converges when τ → −∞. So we can define

Zt = lim
τ→−∞Zτ,t.

Notice that, for any s < t, Zτ,t satisfies the integral equation

Zτ,t = Zτ,s +
1

ε

∫ t

s

B
(
x, Zτ,ω, ε

)
dω +

1

ε

∫ t

s

C
(
x, Zτ,ω, ε

)
dWω .

Taking τ → −∞ in the above equation suggests that Zt satisfies (A.6). By ergodicity
and translation invariance of (A.6), we have

L(Zt

)
= με

x.

The following lemmas describe how the solution of (A.1) behaves when we perturb
the initial condition.

Lemma A.3. Suppose Yt is the solution of (A.1) with initial value Y0 = y. We
have that the following estimate holds uniformly ∀ (x, ε):

(A.7) E
∣∣∇yYt

∣∣2 ≤ e−2βt/ε.

Proof. Letting y1 = y + θz and y2 = y in Assumption 3.3, we have〈
z,

1

θ

(
B(x, y + θz, ε)−B(x, y, ε)

)〉

+
1

θ2
∥∥C(x, y + θz, ε)− C(x, y, ε)

∥∥2
≤ −β|z|2.

Taking θ → 0 in the above inequality, we get

(A.8)
〈
z, ∇yB(x, y, ε)z

〉
+
∥∥∇yC(x, y, ε)z

∥∥2 ≤ −β|z|2.
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Meanwhile, the equation satisfied by Ut = ∇yYt has the following form:

dUt =
1

ε
∇yB(x, Yt, ε)Ut dt+

1√
ε
∇yC(x, Yt, ε)Ut dWt, Ut = I.

Then, by Itô’s formula and (A.8), we have

d
∣∣Ut

∣∣2 =
2

ε

〈
Ut,∇B(x, Yt, ε)Ut

〉
dt+

1

ε
‖∇yC(x, Yt, ε)Ut‖2dt

+
2√
ε

〈
Ut,∇yC(x, Yt, ε)Ut dWt

〉
≤ −2

ε
β
∣∣Ut

∣∣2dt+ 2√
ε

〈
Ut,∇yC(x, Yt, ε)Ut dWt

〉
,

which gives (A.7).
Now we want to prove the stability of Zt under perturbation of parameter x.
Lemma A.4. Suppose Zt is the solution of (A.6) with parameter x. Then, for

any multi-index I, we have

(A.9) E
∣∣∇I

xZt

∣∣2 ≤ CI .

Proof. We first focus on the first order derivative. By definition, the equation
satisfied by Vt = ∇xZt has the following form:

dVt =
1

ε
∇yB

(
x, Zt, ε

)
Vtdt+

1

ε
∇xB

(
x, Zt, ε

)
dt

+
1√
ε
∇yC

(
x, Zt, ε

)
VtdWt +

1√
ε
∇xC

(
x, Zt, ε

)
dWt.

(A.10)

Using Assumption 3.1 and (A.8), by Itô’s formula, we have

dE
∣∣Vt

∣∣2 =
2

ε
E
〈
Vt,∇yB

(
x, Zt, ε

)
Vt

〉
dt+

2

ε
E
〈
Vt,∇xB

(
x, Zt, ε

)〉
dt

+
1

ε
E
∥∥∇yC

(
x, Zt, ε

)
Vt +∇xC

(
x, Zt, ε

)∥∥2dt
≤ −2β

ε
E
∣∣Vt

∣∣2dt+ 2

ε
E
〈
Vt,∇xB

(
x, Zt, ε

)〉
dt

+
2

ε
E
∥∥∇xC

(
x, Zt, ε

)∥∥2dt
≤ −β

ε
E
∣∣Vt

∣∣2dt+ C

ε
dt,

(A.11)

which gives (A.9) for Vt. Recursively repeating the same argument for higher order
derivatives gives (A.9) for arbitrary index I.

Suppose Ym is a numerical solution of Yt using either micro solver (2.5) or (2.6)
with a time step of Δτ = (δt/ε). The ergodicity of Ym when Δτ is sufficiently small
under Assumptions 3.1–3.3 can be easily established by the theorems in [9, 10, 11].
Suppose με

x,Δτ is the unique invariant measure of Ym. Using the same arguments for
Lemmas A.1–A.3, we can parallel results for Ym.

Lemma A.5. Suppose (δt/ε) is sufficiently small; then we have the following:
(i) For each fixed (x, ε), there exists a process Zm defined over m ∈ (−∞,∞)

satisfying the same equations as Ym with the stationary distribution L(Zm) =
με
x,δt/ε.
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(ii) Suppose the initial value of Y0 = y; then the following estimate holds ∀ (x, ε):

(A.12) E
∣∣∇yYm

∣∣2 ≤ e−2βt/ε.

(iii) For any multi-index I, we have

(A.13) E
∣∣∇I

xZm

∣∣2 ≤ CI .

It is also proved in [13] that under Assumptions 3.1–3.3, for any arbitrary smooth
function f with its derivatives having at most polynomial growth at infinity, for suf-
ficiently small (δt/ε), we have

(A.14)

∣∣∣∣
∫

fμε
x(dy)−

∫
fμε

x,δt/ε(dy)

∣∣∣∣ ≤ C(δt/ε)�,

where � is the order of the micro solver (2.5)–(2.6) and C is a constant depending on
the derivatives of f .

Now we prove some regularity for the coefficients of the effective dynamics (1.2).
Define

(A.15) ā(x, ε) =

∫
a(x, y, ε)με(dy)

and

(A.16) Σ̄(x, ε) =

∫
σ(x, y, ε)σT (x, y, ε)με(dy).

Lemma A.6. Functions ā(x, ε) and Σ̄(x, ε) defined by (A.15) and (A.16) are
smooth functions in terms of (x, ε) with bounded derivatives.

Proof. The differentiability of the solution of (A.1) with respect to the initial
condition and parameters under Assumption 3.1 is established in [7]. Therefore we
have the smoothness of ā(·). Here we want to show the boundedness of the derivatives.
Let us now focus on the first order derivative ∇xā(·). Remember that Yt denotes the
solution of (A.1) with initial condition y and parameter (x, ε). Defining

Ht = ∇xYt,

we have

dHt =
1

ε
∇yB

(
x, Yt, ε

)
Htdt+

1

ε
∇xB

(
x, Yt, ε

)
dt

+
1√
ε
∇yC

(
x, Yt, ε

)
HtdWt +

1√
ε
∇xC

(
x, Yt, ε

)
dWt.

Using Assumption 3.1 and (A.8), by the same argument for Lemma A.4, we get

E
∣∣Ht

∣∣2 ≤ C.

The boundedness of∇xā(·) follows from the above estimate and Assumption 3.2, since

∇xā(x, ε) = lim
t→∞∇xEa

(
x, Yt, ε

)
= lim

t→∞
(
E∇xa

(
x, Yt, ε

)
+ E∇ya

(
x, Yt, ε

)
Ht

)
.
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Letting

Gt = ∇εYt,

the boundedness of ∇εā(·) can be obtained by repeating the above argument for Gt.
Reiterating the same argument as above, we have have boundedness for higher order
derivatives of ā(x, ε). The smoothness of Σ̄(·) and the boundedness of its derivatives
can be established in the same way.

Acknowledgments. The author is grateful to Weinan E and Eric Vanden-
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