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Abstract

The Perona-Malik equation is an ill-posed forward-backward parabolic equation with some appli-
cation in image processing. In this paper, we study the Perona-Malik type equation on a ball in an
arbitrary dimension n and show that there exist infinitely many radial weak solutions to the homo-
geneous Neumann boundary problem for smooth nonconstant radially symmetric initial data. Our
approach is to reformulate the n-dimensional equation into a one-dimensional equation, to convert
the one-dimensional problem into an inhomogeneous partial differential inclusion problem, and to
apply a Baire’s category method to the differential inclusion to generate infinitely many solutions.

Keywords: Perona-Malik type equation; Infinitely many radial weak solutions in all dimensions;
Partial differential inclusion; Baire’s category method.

1. Introduction

In this paper we investigate the existence of radial weak solutions for an n-dimensional Perona-
Malik type equation under the homogeneous Neumann boundary condition and radially symmetric

initial data:
u, = div(a(|Du>)Du) in Q7 := Q x (0,T)

=0 on 0Q x (0, T) 1.1
u(x,0) = up(x) for x € Q,

where Q := Bg(0) is the open ball in R" (n > 1) with center 0 and radius R > 0, T > 0 is a given
time, n is outward unit normal to 9Q, uy: Q@ — R is a radially symmetric initial function, and
a € C*9([0, 0)), for some a € (0, 1), is a positive function satisfying the following:

>0 forO<p<1
2pd(p)+a(p)d =0 forp=1 and lim o(p) =0, (1.2)
<0 forp>1, b=

with o(p) = a(p?)p for p € R. We can relax the function a in (1.2) to a € C>*([0, 1)) N C([0, o))
with o strictly decreasing on [1, co) without affecting the result of this paper. The notation and
assumptions in this paragraph will be kept throughout the paper unless otherwise stated.
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Figure 1: The graph of a typical function ¢ = o(p)

In the original paper of Perona & Malik [27], they proposed an anisotropic diffusion model
(1.1) for denoising and edge enhancement of a computer vision, where Q C R? is a square and
a(p) is given as

1 _ p
g o a0 =ee(5s)
with the fixed threshold £ > 0 according to some experimental purposes. In our case we have
chosen k = 1 for simplicity, and the class of functions a contains all these functions.

For a general discussion, let us assume for the moment that Q ¢ R” is a bounded C' domain
and that a(p) = (1 + p)~'. Given a point x € Q, we say that the initial condition uy € C'(Q) is
subcritical at x if |Duy(x)| < 1, supercritical at x if |Duy(x)| > 1, and critical at x if |Duy(x)| = 1.
The initial condition u is transcritical in Q if there are two points x,y € € with |Duy(x)| < 1
and |Duy(y)| > 1. Existence of global or local classical solutions to problem (1.1) depends heavily
on the initial condition u,. Kawohl & Kutev [17] showed that a global classical solution exists in
any dimension if u is subcritical in Q. They also proved that the problem cannot admit a global
classical solution for n = 1 if u is transcritical in € under some technical assumptions, and these
assumptions were completely removed later by Gobbino [14]. Concerning the Perona-Malik type
equation, it had been the general belief that classical solutions can only exist if the initial data are
smooth, even analytic, at supercritical points; this was formally streamlined in Kichenassamy [18].
As regards the class of suitable initial conditions for classical solutions of (1.1), Ghisi & Gobbino
[11] has recently established that for n = 1, the set of initial conditions for which problem (1.1)
has a local classical solution is dense in C'(Q).

The situation concerning the existence of a global classical solution to (1.1) with a transcritical
initial condition for n > 2 turns out to be quite different from the case n = 1. The first existence
result of global classical solutions with transcritical , for n > 2 was obtained by Ghisi & Gobbino
[12], where they constructed a class of global radial C*! solutions with suitably chosen radial
initial data transcritical on an annulus centered at the origin; these solutions also have the property
of finite-time extinction of supercritical region. In contrast to the one-dimensional result of [14, 17]
mentioned above, their result showed a quite different feature of the higher dimensional problem.

either a(p) =
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On the other hand, in the radial case, Ghisi & Gobbino [13] also proved that a global C! solution
cannot exist if the gradient of initial condition u, is very large at a point. Therefore, requirement
of regularity of the solution (e.g., classical or C') would prevent the existence of such a solution if
the initial data should be arbitrarily given and transcritical.

When the initial condition u, is any given smooth function (satisfying certain compatibility
condition on 0L), it seems natural to lower the expectation on the regularity of solutions by finding
plausible weak solutions to (1.1). Even under the lowering of regularity have enormous difficulties
occurred in the existence of weak solutions. Among many different approaches and attempts in
this direction, e.g., the I'-limit method in Bellettini & Fusco [3], the Young measure solutions in
Chen & Zhang [4], and numerical scheme analyses in Esedoglu [9] and Esedoglu & Greer [10],
to our best knowledge, Zhang [30] was the first to successfully prove that, for n = 1, there are
infinitely many Lipschitz weak solutions to (1.1) for any given smooth nonconstant initial data
up; his method uses the variational technique of partial differential inclusion together with the
so called in-approximation method or convex integration. In this paper, we generalize Zhang’s
method to the case of radial weak solutions to problem (1.1) in all dimensions. Our generalization
can also deal with other ill-posed forward-backward diffusion problems (see, e.g., the pioneering
work of Hollig [16] and its recent generalization by Zhang [31]), but we will not include the results
in those directions in this paper.

For a € (0,1), we use C***!*%/2(Q;) to denote the parabolic Holder space of functions u €
C%(Qr) such that u,, iy, iy, Uy, Us,e,e, € CO(Qr) and that the quantities

|ux-t(x’ S) - ux't(-xa t)' |ux,-x-xk(x» S) - ux,-x-xk(xs t)'
i i J J
su
s s—fez EEE ’
5,t€(0,T),s#t 5,t€(0,T),s#t
Sup |Mx;l‘(xa t) - ux,-t(y, l)l u |ux,-x,-xk (xa l) - uxix_/xk (ya t)l
X,),€Q,x#y |x - yl(l/ ’ X,y,€Q,x#y |)C - yl(l
1€(0,T) 1€(0,7)
are all finite, where i, j,k € {1,...,n}.

We state the main result of this paper in the following theorem.
Theorem 1.1. Let uy € C>*(Q) be a radially symmetric function with uo(x) = vo(|x]) and

M := max |Duy| = max |vy(s)| > 0
a se[0.R]

such that the compatibility conditions hold:

n—

1
——V{(R) = 0. (1.3)

Then the forward-backward Neumann problem (1.1) admits infinitely many radial weak solutions
u € Wh(Qy) satisfying the following:

(a) Forevery & € C(l)(QT),

vo(R) =0, v{'"(R)+

f (€ + a(|Dul*)Du - D€)dxdt = 0. (1.4)
Qr
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(b) The solutions u are (uniformly and locally) classical near {0Q U {0}} x [0, T] in the sense
that there exists a constant 6y with 0 < 6y < R/2, independent of u, such that

u € C¥e1e/2 (B, (0) U (Bx(0) \ Br—s,(0)} x [0,T1). s
u, = div(a(|Du|*)Du) pointwise in {Bs,(0) U (Bg(0) \ Bg_s,(0))} x (0, T). '
(¢) The initial condition holds:
u(x,0) = up(x) VY xeQ.
(d) The boundary condition is satisfied:
ou
a—n(x, =0 VY(xt)edQx][0,T]. (1.6)

(e) The almost gradient maximum principle holds when uy is critical or supercritical at some
point in Q; that is, if M > 1, then, given any € > 0, we can choose the solutions u to satisfy
the following:

”Du”L""(QT;]R") <M+e. (1.7)

(f) The conservation of mass:
fu(x, Hdx = fuo(X)dx Yt € [0, T]. (1.8)
Q Q

The proof of this theorem will be given in Section 4.

Observe that the condition uy, € C>*(Q) requires vy(0) = v;”(0) = 0. The initial C3(Q)-
regularity and the compatibility condition (1.3) are suitable for the C3**!*®/2_regularity of u* in
Theorem 2.2 below, which is only needed in the verification of gradient maximum principle. When
n=1and a(p) = (1 + p)~!, our main theorem is equivalent to the main theorem of Zhang [30] in
the following sense. When n = 1, the second compatibility condition in (1.3) may not be needed
for the C**®!*®/2_regularity and the gradient maximum principle of the solution u*, as stated in
[30]; in this case, we may lower the regularity of the initial condition as u, € C?>*(Q) and drop
the second condition in (1.3), then even-extend the initial function in Zhang’s case to obtain an
initial function on [—R, R] satisfying the conditions of our initial function u,, and finally restrict
our solutions u(x, t) to [0, R] X [0, T'] to obtain weak solutions to Zhang’s problem.

Let us explain our main approach and the major difficulty that arises if n > 1. One can easily
reformulate the equation in (1.1) for radial functions u(x, f) into the one-dimensional equation:

n—

v = (@Wvy), + a( vy in (0,R) x (0, 7), (1.9)

where s = |x] is the radial variable and v(s, f) = u(x, ). Using the flux function o<(p) = a(p?)p and
overlooking the singularity at s = 0, this equation can be recast as

(s" ), = (s 'o(vy), in (0,R) x (0, T).
4



Introduce a stream function ¢ with ¢, = 5" 'v, ¢, = s"'o(v,), and let ® = (v, ¢). Then, to solve the
equation (1.9) in a weak form, it is sufficient to find a function ® = (v, ¢) € WH*((0, R)x(0, T); R?)

with the Jacobian matrix V®(s, f) = ( Vs Vi ), such that

VO(s,1) € Z(s,v(s,1)) fora.e. (s,7) € (0,R) x (0,7), (1.10)

where, for each s > 0 and each v € R, the set X(s, v) is defined by

(s, v) = {( S,fl : )GRZXZ:p,leR}.

v s"lo(p)

If n = 1, the partial differential inclusion (1.10) is the same as in [30] since s"' = 1, with the
set X(s,v) independent of s. But the presence of the term s"~! for n > 2 enormously affects the
inclusion problem by making it essentially inhomogeneous in the variable s. In the fulfillment of
the density result, Theorem 3.1, for applying a Baire’s category method in Subsection 2.1, we have
to construct some auxiliary functions as in [30]. Rather substantial difference occurs in the way
of defining these functions in Section 5 as the equation ¢, = s"~!'v should be kept in every gluing
process and the term s"~! makes the functions necessarily depend on the position s where they are
glued. Accordingly, auxiliary functions are piecewise C' with proper s-derivatives on the regions
that are separated by nonlinear C' curves.

The study of inhomogeneous partial differential inclusions of the type (1.10) stems from the
successful understandings of homogeneous inclusion of the form Du(x) € K first encountered in
the study of crystal microstructure by Ball & James [1, 2] and Chipot & Kinderlehrer [5]. Sub-
sequent developments including some important applications and the generalization to inhomoge-
neous differential inclusions of the form Du(x) € K(x, u(x)) have been extensively explored; see,
e.g., Dacorogna & Marcellini [7, 8], Kirchheim [19], Miiller & Sverak [24, 25, 26], Miiller & Sy-
chev [23], and Yan [28, 29]. We point out that in this connection the differential inclusion method
has been recently used in De Lellis & Székelyhidi [21] to study the Euler equations. There are two
well-known different approaches in solving the inclusion problem; however, both derive basically
the same conclusion. The first method is the convex integration of Gromov [15], elaborated in
[23, 24, 25, 26]. The other approach is the Baire’s category method, exploited in [7, 8, 19, 28, 29].
We explore a simpler Baire’s category method based on the density argument to study differential
inclusion (1.10); our approach is quite different from that of Zhang [30] even for n = 1.

Let us compare our result with that of Ghisi & Gobbino [12]. Both papers deal with radial
solutions for the Perona-Malik equation in dimensions n > 2. The paper [12] presents radial clas-
sical solutions over any annulus excluding the origin to avoid some technical difficulty due to the
singularity of the corresponding one-dimensional equation at s = 0, while our result is to construct
radial weak solutions on a ball including the singularity at s = O for the one-dimensional version.
The major difference between the two works lies in the admissible classes of the initial data u, for
solvability. In [12], the class of possible initial conditions for classical solvability is severely re-
stricted due to the presence of backward (supercritical) region of a transcritical u,. One has much
freedom in choosing the initial values in the forward (subcritical) region of u,, but then the initial
values in the backward region are determined by the values of u, in the forward region. This phe-
nomenon seems inevitable due to the inherent feature of the forward-backward radial problem. On
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the other hand, our result gives infinitely many radial weak solutions for all nonconstant smooth
radial initial data u, (under certain natural compatibility conditions) whether it is transcritical or
not. In fact, our result shows that, restricted to the smooth nonconstant radially symmetric initial
data, no matter it is the specially selected initial condition in [12] or the initial condition which is
all subcrtical (so the classical solution exists by the work of [17]), the problem (1.1) will always
have infinitely many (Lipschitz) radial weak solutions.

The rest of this paper is organized as follows. In Section 2, we introduce more notations
and gather some of the ingredients needed to prove Theorem 1.1. A Baire’s category method is
introduced in Subsection 2.1 and a classical result for uniformly parabolic Neumann problems
is included in Subsection 2.2 as a building block that is to be used for a problem modified from
problem (1.1). Section 3 contains the main setup of (1.1) as a differential inclusion and the main
density result, Theorem 3.1, which plays a pivot role in constructing a weak solution via Baire’s
method. Section 4 is devoted to the proof of Theorem 1.1 based on Theorem 3.1. The construction
of auxiliary functions needed in the proof of Theorem 3.1 is given in Section 5. The proof of
Theorem 3.1 is finally given in Section 6.

2. Notation and preliminaries

We introduce some notations here. Let N,n € N. For any measurable set X C R”, |X| denotes
the Lebesgue measure of X. We denote by RV*" the space of N X n real matrices, and for each
A =(a;) € RN we let |A| be the Hilbert-Schmidt norm of A, that is,

i=1 j=1

We let O(n) denote the space of n X n orthogonal real matrices. For each A € RY*" and each
K c RV the distance from A to the set K is defined by

dist(A, K) := 1i9n1f< |A — Bl
€

For 1 < p < oo, let W'P(Q; RY) denote the usual Sobolev space of functions u € LP(Q; RY) whose
first weak derivatives of each component exist and belong to L”(€2), where 2 C R" is open. Also
W@ RY) := W@ RY) n Wy ' (Q; RY), where W, (Q; RY) is the closure of C3(Q;RY) in
WEHQ; RY).

The following two lemmas are standard and used throughout this paper; see, e.g., [6, 8].
Lemma 2.1 (Vitali Covering Lemma). Let Q and Q be open sets in R" with Q bounded and

|0Q| = 0. Then for each € > 0, there exist a sequence {x;}.cy in R" and a sequence {€;} ey 0
q isj q iVJ
positive reals such that

xj+ejQCS~2 and € <e VjeN,
xj+€)N(x+6Q)=0 VjkeNwithj+k,
|Q\ UL (x; + €,Q) = 0.

]_
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Lemma 2.2 (Gluing lemma). Let Q be a bounded open set in R", and let {Q;};en be a sequence
of disjoint open sets in Q. Let u € W °(Q; RY), and let u; € u + Wy=(Q;; R") for each j € N. If
SUp ey 1Ullwi(q;myy < 00 and it := uxa\us,Q; + 21 UiXa, thenii € u + Wé’m(Q; RM).

2.1. A Baire’s category method

Definition 2.1 (Baire-one map). Let X and Y be metric spaces. Then f : X — Y is called a
Baire-one map if it is pointwise limit of a sequence of continuous maps from X into Y.

The proofs of the next two results can be found in [6, Chapter 10].

Theorem 2.1 (Baire’s Category Theorem). Let X and Y be metric spaces with X complete. If
f X — Y is a Baire-one map, then Dy is of the first category, where Dy is the set of points in X
at which f is discontinuous. Therefore, the set C of points in X at which f is continuous, that is,
Cr =X\ Dy, is dense in X.

Proposition 2.1. Let N and n be two positive integers. Let U be a bounded open set in R", and let
X € W'2(U;RN) be equipped with the L*(U; RY)-metric. Then the gradient operator

V:X - LP(U;RV™)
is a Baire-one map for every p € [1, o).

Observe that if X in Proposition 2.1 is complete with respect to the L*-metric, it follows from
Theorem 2.1 that the set Cy of points of continuity for the gradient operator V is L*-dense in X.
In our application we take p = 1 and X to be the L*-closure of the admissible class 733‘101 defined
in Section 3 with m = n—1, so that Cy is L™-dense in X. This is a much shorter way to achieve the
important principle that controlled L™ convergence implies W!! convergence, exlpored in [23] by
convex integration method. This explains that Baire’s method is somehow equivalent to the convex
integration.

2.2. Classical solution as building block

We need the following result to build the nonempty admissible class Pﬁ‘lol for the proof of
Theorem 1.1.

Theorem 2.2. Let uy € C>*(Q) be a radially symmetric function with uo(x) = vo(|x|) satisfying the
compatibility condition (1.3) above. Let a* € C**([0, )) be positive on [0, o). Define o*(p) :=
a*(p*)p for every p € R. Suppose that there exist two constants C > ¢ > 0 such that

c<(@)(p)<C Vp=0. 2.1
Then the Neumann problem
u; = div(a*(|Du*[))Du*) in Qr

I =0 on 0Q x (0, T) (2.2)
u(x,0) = up(x) for x € Q



has a unique solution u* € CcHel+el2(Q). Moreover, u* is radially symmetric in Qr, that is,
u (x,t) = v(|xl, t) for a function v*(s,t) on [0,R] X [0,T], and we have the gradient maximum
principle:

max |Du"| = max |Dug| = max |vg|.

Qr Q [0.R]

Proof. By (2.1) and the positivity of a*, the problem (2.2) is uniformly parabolic. Existence
and uniqueness of classical solution to problem (2.2) under the compatibility condition (1.3) are
standard for parabolic equations [20, 22]. We only include a proof for the radial symmetry and
gradient maximum principle. In the case n = 1, the radial symmetry (i.e., u*(—x,t) = u*(x, 1)) is
easy and the gradient maximum principle is also standard; so let us assume n > 2. We first show
that the solution u* is radially symmetric in x on Q7. Suppose on the contrary that there exist two
distinct points x%,y° € Q with |x°| = [y°] and a time #° € (0, T') such that u*(x°, ) # u*(y°, 1°). We
can choose a matrix A € O(n) such that y° = Ax®, where x°, y* are regarded as column vectors.
Define

i'(x, 1) = u"(Ax, 1) Y(x,1) € Qp.

Then it is straightforward to check that it* € C3**!*®/2(Q;) solves the problem (2.2). But
i (0, 1%) = ' (Ax, %) = u (0", 1) # ' (10, 1°),

and this is a contradiction to the uniqueness of solution of (2.2). Thus u* is radially symmetric in
Q7. Note that Du*(0,7) = 0 for all € [0, T] by the radial symmetry and differentiability of u* and
that Du*(x, t) = 0 for every (x, 1) € 0Q2 X [0, T'] by the Neumann boundary condition and the radial
symmetry of u*. Next, we establish the maximum principle

max |Du"| = max |Dug| = max |vg|. (2.3)
Qr Q [0.R]

Let u*(x,1) = v*(s,1), where s = |x|. Then |[vi(s, )| = |Du*(x, )| with s = |x| and hence v{(0,?) =
Vi(R,t) = O for all # € [0, T]. Similarly as in the introduction (or see (4.3) below), the function v*
solves the equation:

n—1

v, = (07 (V) + o (Vy) in (0,R) x (0, 7).

S

Let w* = v;. Then w* solves the following equation in (0, R) X (0,7

Wi = (oY WOWS + (@) (W)W + () (wHws = — o (w5,
w0, =w'R,)=0 VYrel0,T], 2.4)
wi(s,0) = vy(s) VYsel[0,R]

It is then easy to show that

max |w*| = max |[w*(-, 0)|.
[0,RIX[0,T] [0.R]

From this, (2.3) follows. (The compatibility condition (1.3) is easily seen needed from (2.4). The
presence of the term —o"‘(w*)"s%1 in (2.4) makes the proof much easier.) L]
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3. Basic setup and the density theorem

In this section, we rephrase problem (1.1) into the framework of partial differential inclusion
(1.10) with the set (s, v) replaced by a specific compact set K/’{flo(s, v) with m = n — 1, and then
present our main density result, Theorem 3.1, that is closely related to the reduction principle [23]
or relaxation property [6]. To this end, we set up the relevant definitions and prove some lemmas
building up on the definitions that are to be used in the proofs of Theorem 1.1 and Theorem 3.1. In
doing so, we try to separate the arguments from these theorems to make our presentation as clear
as possible.

3.1. A new function o and several useful sets

In what follows, let o(p) = a(p?)p be defined as above. It follows from (1.2) that for each
g € (0,0(1)), there are exactly two py, p, € R such that

0<p,<l<py, o(p;)=q. (SeeFigurel.)

Foreach A > 1,let ™ := Py SO, O<A <l<Adand g(17) = o(Q).
We begin with the following technical lemma whose proof can be found in [30, Lemma 3.1].
(See Figure 2.)

Lemma 3.1. Let A > 1 and A= < M < A. Then, there exists an odd function o* € C*>*(R) satisfying
the following:

(a) o*(p) =o(p) for0 < p < A7, o*(p) < min{o(p), oc(M)} for =~ < p < M, and
(b) there exist two constants C > ¢ > 0 such that

c < () (p) <C foreveryp>0.

We remark that the function o depends on A and M.
2 ¢=0"(p)

o q=ap)

Figure 2: The graph of a new function g = o*(p) from Lemma 3.1
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For A > 1, define the sets

Ky = {(p,o(p) e R*: |p| < A},
Uy = {(p.@ eR*:0() < g <o(l), p, <p<ph 3.1
Uy = {(p.q9) eR*: (-p,—q) € U}}.

Let m > 0 be a fixed integer in the rest of this section. Here let us keep in mind that m = n — 1 in
our application, where n is the space dimension in Theorem 1.1. For each s > 0 and A > 1, define

K?'(s) = {(p,s"q) € R?: (p,q) € K.},

Uts) = {(p.s"9 eR*: (p,g) e U LTy}, (3.2)
e (s"o(A), s"o(p)) cR  ifA-<p<2a

1(5:p) ("0 (p), —s"(A)) CR if —A<p<—A.

Given any [y > 0, for s > 0 and v € R, define the sets in R>*:

! y _

Kya(s:v) = {( ks qu)eR“wp,q)eKﬂ, |l|szo}, (3.3)
[ S

Ut (s,v) = {( an’v qu)ERZXZ:(p,q)erUUﬂ,|l|<l0}. (3.4)

We also let /[y > 0 be fixed throughout the rest of this section.

3.2. Properties of some distance functions

The following four lemmas are basically on the reformulations of some (inhomogeneous) dis-
tance functions into simpler expressions that we can easily manage for the proof of the density
result, Theorem 3.1.

Lemma 3.2. Let s > 0. Then for each (p,q’) € R?,
(p,q') € UT(S) ifand only if p € (-A4,-A7)U(17,2), ¢ €I)(s,p).

For each v/ € R, define

W, = {(:l, Z)Eszzza,b,deR}.

If K ¢ Wy, let dlw, K denote the relative boundary of K in W,,.. Let W := W, and let Py be the
projection of R>? onto W, that s,

a b\\ (a b a b %2
ol a))-(5 a) v[ea)eme
For example, KZIO(S’ V), U;’flo(s, v) C Wgn,, where s > 0 and v € R.
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Lemma 3.3. Let s > 0and v € R, and let

A= l~ ERZXZ
s g )

3 S

Then
dlSt(A’ KI[O(S7 V) ) alWSmV U:{flo(s’ V)) = dlSt(PW(A)’ K:{f[o(s, 0) U 6|WU5{510(S, 0))

Lemma 3.4. Let F Cc R, X R be a compact set, where R, :={seR:5s>0}L IfT : F - Wisa
continuous mapping, then the mapping d : F — [0, 00), defined by

d(s,t) :=dist(T' (s, 1), Kgflo(s, 0)u GIWUIZO(S, 0)) VY(s,1) € F,
is also continuous.

Proof. Let € > 0. By the uniform continuity of 7 on F, there exists a ¢ > 0 such that
€
IT(s1,01) = T(s2,12)| < 5

whenever (s1,11), (s2,22) € F, [(s1,11) — (52, 2)| < 6. Fix any two (s1,11), (52, 2) € F with |(s1, 7)) —

. ) ) pr L .
(s2,1)] < 6. Since K:flg(sl’ oOu 8|WU7£IO(S1, 0) is compact, we can choose a matrix ( lz)l 511, ) in
1
this compact set so that
pr 1
d(si. 1) = lT(sl,n) —( o i ) :

1

Put g, := (s1)™"g). Then (p1,q1) € K, U (U; L UY) if Iy € {lo, ~lo} or (51, 1) € K, U (00U UaU;)
if [} € (=ly, ly). So we have

ﬁl l~1 " .
( 0 (s)"q ) € KMO(Sz,O) U 0|WU/1,10(52,0)-

Note that

b [
d(sy, 1) < |T(Sz,fz)—( IZ)] (Sz)lngll )‘
D1 A
< |T(s2, 1) = T(s1, 1) + T(Sl,ll)—( 0 (s1)"d )
N Di I _( P I )
0 (s)"q 0 (s2)"q1 )|’
and so

A

d(sy, ) —d(s1,t1) < [T(s2,8) = T(sy, 1) +

( P I ) 3 ( P I )
0 (s))"Gy 0 (5)"Gy
g +o(DI(s)" = ().

11
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Let I ¢ R, be a compact interval with {s € R, : (s,¢) € F} C I. Then the mapping s +— s™ is

uniformly continuous on /, so that there exists a 6’ > 0 such that
€

s1.52 € L lsi =92l €0 = [(5)" = (521 € 57

Thus if (51, 1), (s2,5) € F and |(s1, 1) — (52, 12)| < min{0, o'}, then
d(s2,12) —d(s1,11) < €.

Changing the roles of (s1,#;) and (s,, ;) and combining the results, we obtain the continuity of the
O

mapping d on F.
Lemma 3.5. Let s > 0and v € R, and let
A::( szv l~, )ERZXZ
be such that |l| < l,. Then
p.q), K(5)).

dist(A, K7, (s,v)) = dist((, ¢

Proof. Choose any (p, q) € K,. Then
poIN ([ p T\ s o
( oy g ) ( Sy shg )' =12,q) = (p,s"q)l.

m

dist(A, K;{”IO(S, v)) <

Taking an infimum on (p, g) € K, we have
dist(A, K7 (s,v)) < dist((p, ), K"(s)).

To show the reverse inequality, choose any (p, g) € K, and any / € R with |/| < [,. Then

. ~ o~ m ~ o~/ m _ ﬁ Z _ p Z
dlSt((P,CI )’ K/l (S)) < |(p’4) (P’ s CI)l - ( SmV q/ ) ( sy qu )'
<[ A 2 )[4 A

s"v g s™v o s"q
X [=loy, lp], we have

so that taking an infimum on (p, g,1) € K,

dist((p,g), K}'(5)) < dist(A, K7, (s, V).

Thus the lemma is proved.

12



3.3. Admissible class and the density theorem

Let J := (0,R) C R, and J; := J x (0,T) c R% Fix ad, € R with 0 < 8, < R/2, and put
J; = (00,R = 69) X (0,T) C Jr.

Let @ = (v',¢") € W'°(J:;R?) be a given piecewise C! function in J;. We define the
admissible class needed for later construction of the weak solutions as follows:

® = (v, ) is piecewise C' in Jz,

| vs(s, 1) vi(s, 1)
VO(s, 1) —( @s(s,1)  @,(s,1) )

€ K7, (s,v(s, 1)) YUY, (5,v(s,1))
for a.e. (s,1) € J;

P =D €@+ Wy (Up RY) : (3.5)

Note that this set may be empty; but in our application below, we will define a function ®* so that
this class #7, is nonempty.

We are now in a position to state the following main density result, whose proof will be post-
poned to Section 6.

Theorem 3.1 (Density Theorem). For each € > 0, the set

Pl = {(I) €Pl: ﬁ dist(VD(s, 1), K7 (s, v(s, D))dsdt < 6|J;|}

T

is dense in P, with respect to the L*(Jz; R?)-metric.

4. Proof of Theorem 1.1

In this section we aim to prove Theorem 1.1 based on the density theorem, Theorem 3.1. To
this end, we assume a, o and u are functions given as above.

4.1. The modified parabolic problem

Let J, Jr be defined as in Subsection 3.3. Since u is radial, let uy(x) = vy(|x|) for a function
vo € C>*(J), and so

max |[vy| = max [Dug| = M > 0. 4.1)
T Q

Fix any € > 0. We define a number A > 1 as follows: if M > 1,let A = M +¢€;if 0 < M < 1, let
A > 1 be such that (1) < o(M). Then we always have - < M < A.

With this choice of M and 4, let o™ be a function that can be determined by Lemma 3.1. Define
a*(p) := c*(+/p)/ 4/p for each p > 0. Then a*(p) = o (/p)/ \p = o(/p)/ \/p = a(p) for every
p € (0,(17)?]. Since a € C**([0, 0)), we also have a* € C>?([0, o0)). Also the functions a* and o*
satisfy the hypotheses in Theorem 2.2. Therefore, for the given initial condition u,, problem (2.2)
has a unique radial solution u* € C***!*%/2(Q;) with the maximum principle

max |Du*| = max |Dug| = M > 0. 4.2)
Qr Q

13



Let u*(x,1) = v*(Jx|, ) for a function v* : J; — R. Then v* € C**!*31(J;). Let (x,1) € {Q\ {0}} x

(0,T). Foreachie {1,...,n},

Oiu*(x,1) 1= 0 u"(x, 1) = vi(|xl, t)%.

So Du*(x,t) = vi(|x], t)ﬁ, and hence

a* (1D (x, D) Du(x, 1) = a* (vi(lxl, 0)*)vi (ld, t)n

Taking divergence on both sides, we obtain

div(a*(|Du* (x, D) Du’*(x, 1)) =

. x . n—1
+a* Vi, %)Vl t)W'

Since u; (x,t) = v;(|x], ), we thus have

* %/ % % P % n-— 1
Vi (s,1) = (a" (Vi (s, PWVi(s, D), + a" (Vi(s, 0V, f)T- (s = [x])
In summary, v* € C*®1+2/2(J.) solves the following problem:

(8" v (s, 1)) = (5" *(V (s,0°WVi(s, 1), for (s,1) € Jr
vi(0,1) = ViR, 1) = fort € [0, T]
V*(s,0) = vo(s) for s € J,

where
max |[v;| = max |vj| = M.
i T

4.3)

(4.4)

4.5)

The uniform continuity of v; on Jr and the second of (4.4) imply that there exists a §, € (0, R/2)

such that

Vi <A .
{{0,60]U[R—60,RI}X[0,T]  ~
With this 6, let J;. be defined as in Subsection 3.3.

4.2. The starting function ®*
We define ®@* := (v*, ¢*), where ¢* : J; — R is given by

©*(s, 1) 1= f "=y (w, H)dw for every (s, 1) € Jr.
0
Then ¢* € C3*@+22(J;), and
oi(s,0) = V(.0

Qi(s, 1) = f hys(w, Hdw

f S(W" L (Vi w, 0P Wi (w, 1)udw  (by (4.4))

= "0, DPVi(s, D)
14
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for every (s,1) € Jr. So @* = (v*, ¢*) € C**@!+a/2(J.: R?), and

Vi(s, 1) v:(s,r)):( Vi(s, 1) Vi (s,1) )

W(s’t):( g @it ) T siisn @ wils, 02,0

Put lp := maxy, [v/| + 1 > 0. Let K, and U* be defined as in (3.1). For each (s, ) € Jr, since
[Vi(s, )] < M, it follows from Lemma 3.1 that

vi(s, t),a (vy(s, t)z)vj(s, 1) = (v(s,0),0"(v,(s,1)) € K,uU U; U Uﬂ_

and that )
Vi(s, 1), a" (Vi(s, 0P WVils, 1) = (Vils, 1), o(Vi(s, 1) € Ky (by (4.6))
if (s,1) € Jr \ J;.. Hence

{V(D*(s, e Ky, 1(s vi(s, 1) U UY, 1(s vi(s, 1) V(s 1) € Jr, 4.8)

VO*(s,1) € K” 1(s Vi(s, 1)) V(s 1) € Jr\ J5,

where the sets K;’;OI(S, v) and U j{;(}(s, v) are defined as in (3.3) and (3.4) withm = n — 1.
We now define the admissible class Pﬁ"lol by using this function ®* on J7 as in (3.5) with

m = n — 1. Then clearly,
Qe 0.

4.3. The Baire category method
Let X denote the closure of P"‘l in the space L*(J;;R?). Since the sets K, 1(s v) and
U, 1(s v) are bounded, it is easily checked that

Pl CX CO + WU RY).

Proposition 2.1 shows that the gradient operator V : X — L!(J::; R¥?) is a Baire-one map, and so
the set Cy of points in X at which the map V is continuous is dense in X by Theorem 2.1. So we
have Cy # 0, since X # (. Later we show that Cy is actually an infinite set. But first we elaborate
on how the density theorem (Theorem 3.1) guarantees that every function in Cy provides us with
a solution to problem (1.1).

Let ® = (v,¢) € Cy C X. Let k € N. By the definition of X, we can choose a O, € 7’3‘101 so that

< 1
1P — Dl < -

»

By the density theorem, Theorem 3.1, we can choose a function @ = (v, ¢;) € Pﬂ},l kSO that

1By — Dyl <

=

Combining these two inequalities, we have

2
IIG)—CD;{IIL«JS%HO as k — oo.

15



Since the map V is continuous at ®, we thus have
VO, —» V@ in L'(J;;R>?) ask — .

Upon passing to a subsequence (we do not relabel), we can assume that

VO, (s, 1) — VO(s,1) in R¥? ask — oo, fora.e. (s,1) € J;.

Since @, € Pﬁ‘lol 1k it follows from Lemma 3.5 that

f dist((vi)s(s, 1), (@e)i(s, 1), Ky~ (s))dsdt =
P

T

J*
f dist(VD(s, 1), K17 (5, vi(s, 0))dsdt < % VkeN.
”

T

Applying Fatou’s lemma to this inequality with (4.9), we obtain

f dist((v(s, 1), @:(s, 1)), K7 (s)) dsdt = 0.
o

T

Since K"7'(s) is closed in R? for each s > 0, it follows that

(vs(s, 1), (5, 1)) € K7 7'(s) fora.e. (s,) € J;.
Moreover, for each k € N, we have

l(vi)e(s, ] < Ly, (@r)s(s,0) = 8" (s, 1) forace. (s,1) € T,
so that letting k — oo, it follows that
Vi(s, D) < Ly, @5(s,1) = 5" 'v(s,1) forace. (s,1) € J;.

Combining (4.10) and (4.11), we have

Va(s,1) € K, (s,v(s, 1) forae. (s,1) € J;.

Since ® € O + Wé’“’(]* :IR?), we can extend @ from J; to Jr by setting

® := 0" onJr\ J;.

4.9

(4.10)

(4.11)

(4.12)

Then it follows that ® € ©* + Wé"x’(JT; R?) and ® = ®* on J; \ J%, where we still write ® = (v, ¢)

on Jr. Observe now that by (4.8),

V(s 1) € K, (s,v(s, 1) forae. (s,1) € Jr.

lo
Define )
u(x,t) :=v(xl, 1), w(x,t):=e(xl,t) VY(x,t) e€Qr.
16
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By (4.13) and (4.14), we have

Du(x,t)zvs(s,r)f, D:ﬁ(x,r):gos(s,r)f=|x|"-2u<x,z)x, 5= #0. (4.15)

Since (v, ¢) = (v*, ¢*) on Jr \ J7, it is guaranteed from the definition of ¢*, (4.4), and (4.7) that for
all t € [0, 7],

R
©0,0) =0, @(R,1)=@R,0)= f W vo(w) dw. (4.16)
0
We now prove the following result.

Theorem 4.1. The function u defined above solves problem (1.1) in the sense that, for every ¢ €
C'(Qr),

f (u(x, TYé(x, T) — up(x)é(x,0))dx = (ué, - a(IDuIz)Du - D€) dxdt. “4.17)
Q Qr

Proof. It is sufficient to show that (4.17) holds for every & € C°(Qy). Let £ € C*(Qr). By (4.15),
u=Dy- ﬁ, and hence

f uf,dxdt:f Dy - —f,dxdt— hmf Dy - —f,dxdt
Qr Qr | | Qf | |

where Q. = Q¢ x (0, T) with Q¢ = {€ < |x| < R}. For all sufficiently small € > 0, by the Divergence

Theorem,
T
f Dy - —f,dxdt—f l,//ft— ndet—f wdlv( ft)dxdt
e |x]" 0 Jage Il |x]"

1 r 1 7
= Rl f wé dS dt — ﬁf Wé dS dt — f wdiv( §,) dxdt
0 JIx=R € 0 Jlxl=e Qs |

=:A-B.-C,

where n is outward unit normal on dQ¢. Since y is continuous on Q; and ¥(0, ) = ¢(0, 1) = 0 for
all r € [0, T'], it is easily seen that
B.— 0 ase— 0"

By (4.16), Y(x,t) = C for all (x,1) € 9Q x [0, T], where C = fOR w" yo(w) dw is a constant; hence

1 T 1 r
_ () dSdt = — ds| .
o fo S di= oy [ f| v L

For the term C, using div (I I") 0, we have, from integration by parts on ¢,

cezf ://i-thdxdt:[ Zy. §dx] —f - . D¢ dxdt
Q |x[ e x| Q ||

17



=:D.-E..

X
[

Using the Divergence Theorem and div( ) = ( again, we have

T T T
D;U i¢/-ngx] :U wE -ndS] —UD¢- xfdx]
e | 0 o | 0 Qe | 0
1 T 1 T T
:F[f (//de] —?[f wde] —[f ufdx]
Ix=R o € Ix|=€ 0 Qe 0
T T

where

=A- nl_l U wgds] —U ufdx] = A-F.-G,,
€ |x|=€ 0 € 0
T

lim F, =0 since y(0,7) =0Vt e [0,T], lir(r)l G, = [f ufdx] .
e—0*t Q

e—0* 0

Finally, using the equation i, = a(|Du|*)Du on Q with x # 0, we have

|X|
f
Q

f uédxdt = lim (A - B. = C) = im (=B, + Fe + G, + Eo)
Qr e—0* e—0*

[

This is exactly (4.17), where u(x, 0) = up(x) in Q as shown independently in (c) below. We remark
that the fact that ¢ is constant on |x| = R plays an important role in the proof. This completes the
proof. []

a(|Dul*)Du - D€ dxdt — f a(|Dul*)Du - D& dxdt  as € — 0%,
Qr

€
T

Therefore

T

+ f a(|Du|*)Du - DE dxdt.
0 Qr

4.4. Completion of Proof of Theorem 1.1

Let us first verify that the radial function u € W'*(Qy) defined above satisfies all of (a)-(f) in
Theorem 1.1.

@ This follows easily from (4.17).

@ From (4.12), we have v = v* on Jr \ J;. So by the definition of u,

u=u' eIt ({350(0) U (Br(0) \ Br-5,(0))} X [0, T]) .
Observe that
max |Du| = max |Du*| = max [vi| < A~

{Bs, (OU(BR(0)\Br-5,(0)}x[0,T1] {Bs, (OU(BR(0)\Br-5, (0)}x[0,T1] Jr\J;

18




by (4.6). Since a = a* on [0, (17)?] and u* solves (2.2), it follows that u satisfies (b). At the end
of this proof, we will check that Cy has infinitely many elements ® = (v, ¢). The first component
vin every @ € Cy is then extended to be the common v* on J7 \ J7, so that each corresponding u
satisfies (b) with the same 6y > 0.

@ By (4.4) and (4.12), we have
v(s,0) = v*(s,0) = vo(s) forevery s € J.
Thus from the definitions of « and vy,
u(x,0) = v(|x|,0) = vo(|lx]) = up(x) forevery x € Q.
@ This follows immediately from the observation in (b).
@ Assume M > 1;then A = M + €. Let (s, 1) € Jy be any point such that

V(s, 1) € K (s,v(s, 1)) and v(s,1) exists in R.

lo

Then for every x € Q with |x| = s, Du(x, t) exists in R”,
|Du(x, )| = |vs(s, D)

by the radial symmetry of u, and |v,(s, )] < A = M + € by (4.13). Note also that these hold for a.e.
(s, 1) € Jr, so that
I1Dull,mry = Vsl < M + €.

(f): This follows easily by taking £ = 1 in (4.17), which remains valid even when Qr and T
are replaced by €, and 7 with 0 < ¢ < T, respectively.

Finally, it remains to check that Cy is an infinite set. Suppose on the contrary that Cy is finite.
Since Cy and 5‘)3_101 are dense in X, we then have Cy = X = 7’2‘[01 So ®* € 7)’;_,01 = Cy. By the
above, @ satisfies (4.13), that is,

VO'(s,1) € K}, (s,v(s, 1)) forae. (s,1) € Jr,

and so
(Vi(s, 1), st (Vs 1) = (Vs D), @ (s, 1) € Ki7'(s) forae. (s,1) € J;.

This is equivalent to saying that
(Vi(s, 1), 0" (Vi(s, 1) € Ky forae. (s,1) € J;.
By the definition of the set K;, we have

o' (vi(s, 1) = o(vi(s, 1)) fora.e. (s,1) € J7. (4.18)
19



On the other hand, it follows from (4.5) and (4.6) with A~ < M that choosing a 6 > 0 so small that
o'(p) #o(p) Ype[-M,-M +6]U[M -6, M],

we have
vie[-M,-M + 6] U [M -6, M]

on some set W = W(6) C J; of positive measure. Thus for each (s,1) € W,
o (vi(s, 1) # o(vi(s, 1),

and this is a contradiction to (4.18). Therefore, Cy is an infinite set.
The theorem is now proved.

Remark 1. Assume maxg |Dug| = M < 1. For the moment, we select a different 4 > 1 such that
A~ = M and then select M’ € (M, A). With this choice of (M’, A) in place of (M, 1) in Lemma 3.1,
we construct a function o*(p). Define a*(p) := o*(+/p)/ +/p for each p > 0. Then a*(p) = a(p) for
every p € (0, M?] and the functions a* and o* satisfy the hypotheses in Theorem 2.2. Therefore,
for the given initial condition u,, problem (2.2) has a unique radial solution w* € C3*®!+@/2(Q).
Then w* is also a classical solution to problem (1.1). However, Theorem 1.1 asserts that, even in
this case, problem (1.1) still has infinitely many weak solutions. L

Remark 2. Let M* > 1 denote the unique number with c(M*) = o(M). (Note M* = M when
M > 1.) For any two A > u > M™*, we have infinitely many weak solutions u of problem (1.1) such
that Du € [0, u"] U [u, 4] a.e. in Q7 and that the two disjoint subsets of Q at which Du € [0, u™]
and Du € [u, A], respectively, are both of positive measure. To this end, one simply replaces the
set K, in (3.1) with IN(M ={(p,o(p)) : |p|l € [0,u"] U [u, 1]} and changes the relevant sets in (3.1),
(3.2), (3.3) and (3.4) accordingly. One also replaces (M) in part (a) of Lemma 3.1 with o (u).
Then one may repeat all the same arguments thereafter to obtain such a gradient result for weak
solutions. So if u is chosen large, then 0 < u~ < 1 and the weak solutions u have a mixture of
parts with |Du| > u and with |Du| < p~ at almost every ¢ € [0, T']. This also shows that there exists
a sequence of weak solutions {u};”, such that limy_,, [|Dul|;~q;) = 0. O]

5. Auxiliary functions

In this section, we construct some auxiliary functions that are needed to prove the density
theorem, Theorem 3.1.

5.1. Construction lemma
We begin with the following useful result.

Lemma 5.1 (Construction Lemma). Leta >0, b >0, L > 0, 59 > 0, and let m > 0 be an integer.
Let sy, s, € C1(0, L) be two functions satisfying

si(O+52(0) _ Ve (0,L). (5.1)

- SO’

{ 0 < 51(8) < 59 < $2(0),

2
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Let D c R? be the bounded open set, defined by
D:={(s,HeR*:0<t<L,s5i(t) <5< st

For each (s,t) € D, define

as|(t)+bs asy (t)+bs
a+b a+b
F(s,t) := " [—a(t — 51(1))]dt + . 7"b(t — s)dt
s1(1) e
52(1)
+f - "[—a(t — s,(1))]dT.
axz t)+bs

a+b

Then we have the following:
(a) F eC'(D),
(b) there exists a unique function § € C'(0, L) such that

51(2) < 8(2) < s2(1), F(5(2),1)=0 Vre(0,L),

(c) 15| < [1+(22Y"]1s;()l for all t € (0, L),

(d) if s; € C'([0,L]), 5:(0) > 0, and s,(L) > 0, then § € C'([0, L]).

Proof. (a): Elementary computation shows that for each (s,7) € D,

(as;(t) + bs)"*? i (as2(t) + bs)™+? 2
F(s,t) = cp, [ @i as ()™ - P +as, ()™, (5.2)
where ¢, = ﬁ - ﬁ > 0. Since s1,s, € CY(0,L), it follows immediately from (5.2) that

F € CY(D).
@ For each t € (0, L), using (5.2), it can be checked (mainly from the convexity of function
§"*2 on s > 0) that F(s,(¢),1) > 0 and F(s,(¢), ) < 0. Moreover, on D,

_ (m+2)bc,,

0,F(s,1) @+ by

[(asl(t) + bs)™! — (asy(f) + bs)’"“] <0,

since s,(f) > s1(¢) > 0. In particular, 9,F(s,t) # O for every (s,f) € D. Therefore, by the
Intermediate Value Theorem, for each ¢ € (0, L), there exists a unique 5(¢) € (s1(¢), s2(¢)) such that

F(3(r),n =0.

Furthermore, by the Implicit Function Theorem, it follows that § € C'(0, L), and so (b) is proved.
@ Clearly, by (5.2), 5(¢) satisfies the equation

0 = (as;(t) + b3(H))"? — a(a + b)y" ' s,(t)"*?
—(asy(t) + b5(1))™?* + a(a + b)" ' s,()™+?
21
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for each € (0, L). Taking derivatives on both sides in (5.3) with respect to #, we obtain

a sy OUasi (@) + b3O)™" = (asi(®) + bsi)""']
b (asy(t) + b3(H)y"! — (as,(t) + b3(1)y™+!
s5(D[(asz(t) + bs:(0)™! = (asa(1) + b3(0))"']
(asx (1) + b3 = (as (1) + b3(B)"*!

@ =

for each 7 € (0, L). Applying the Mean Value Theorem, we have

asi (1) + b5 ()" 5(1) — 51(0)
ass(1) + bs(r) ) 55(1) — 51(2)
asy (1) + b5:(\" 52() — 5()
ass(t) + bs(r) ) $7(1) — 51(2)

¥ = ﬁm(

+55(1) (
for some 5(¢), 5(¢), 53(¢) € R with

Sl(f) < fl(t) < E(f) < Ez(t) < Sz(t), S]([) < 53(1) < Sz(t).

- , , O s2(0\" ,
15°(0)] < |57 (D] + ISl(t)I(Sl(t)) = [1 + (Sl(t)) ]Isl(t)l,
since 5(f) = —s' () by (5.1). Thus (c) is proved.

(d): Finally to prove (d), assume s; € C!([0, L)) with s,(0) > 0, and we will show that § €
CY([0, L)). (If s, € C'((0, L]) with s;(L) > 0, we can prove that § € C'((0, L]) exactly in the same
way.) Note that 0 < 5;(0) < 5o by (5.1). If 0 < 51(0) < 59, then we can extend s, and s, from [0, L)
to (-6, L) for some § > 0 in a way that s;,s, € C!((-6, L)) satisfy (5.1), and we can apply the
previous argument to show § € C((—d, L)). So let us assume s,(0) = s¢; then, by (5.1), 5,(0) = 5.
From (5.3), we have

li%l 5(t) = 51(0) = 5,(0) = 5.
t—0*
We claim that
lim §(¢) = 0, (5.4)

t—0*

and so § € C!([0, L)). To prove this claim, we rewrite (5.3) as
flas (1) + b3(1), as>(t) + b3(1)) = (a + b)" f(51(1), s2()) Vte(0,L), (5.9)
where f(sy, s») is the polynomial in s; and s, determined through
ST = = (51— ) f(s1,82) Y (s1,8) € R

Note that f(sy, 5) is symmetric in (s1, 53) and 9 f(sy, so) > 0 for all s; > 0 and s, > 0. To prove
(5.4), note that, by (c), §’(¢) is bounded on (0, L/2), and it suffices to show that if 8 := lim;_,., 5 (%)
exists along a sequence #; — 07, then 8 = 0. Let a = s{(07); then s,(0") = —«. Taking derivatives
on both sides in (5.5) with respect to ¢, we have

01 f(as (1) + b3(t), as (1) + b3(1)) - (ash(t) + b3 (1))
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+0, f(as (1) + b3(t), as (1) + b3(1)) - (as|(¢) + b3’ (1))

= (a +b)"™' [0, f(52(0), 51(0)55(1) + Do f (52(0), 51()) s} (1)]
for each r € (0, L). Letting t = t; — 0%, we have

01 f(asy + bsg,asyg + bsg) - (—aa + bB) + 0, f(asg + bsy, asy + bsy) - (aa + bB)

= (a + b)"" [0, £ (50, 50)(—a) + Ba2f (50, S0)a] = 0,

by the symmetry of f. This yields that 28b0, f(asy + bsg, asy + bsy) = 0, so that 8 = 0, as desired.
Hence (5.4) follows, and (d) is proved. O

5.2. Construction of auxiliary functions

We are now ready to construct auxiliary functions that will be used as local gradient modifiers

2, .1
+S0

in the proof of Theorem 3.1. Towards this goal, leta > 0,5 > 0, L > 0, s3 > s} > 0, 59 := 22,
and let m > 0 be an integer. Define

52 - Sl S] - S2

s1(1) = 02110t4—sé and s,(7) 1= ——"

for each r € [0, L]. (See Figure 3 with z, = 0.)

2

2L

t
to+ L

e )

w
o
\%
o
Wl e - -
=)
Al

Figure 3: The s-derivatives of # in Lemma 5.2 on the six regions separated by nonlinear piecewise C' curves §,(f) and
5:2(1)

Let D* c R? be the bounded open set, given by

D' i={(s,H)eR*:0<t<L, 51(t) < 5 < $2(0)}.
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For each (s,7) € D, define F(s,) as in Lemma 5.1, so that there exists a unique § € C'([0, L))
such that

s1(0) < §() < $2(0), F(5(8),1) =0 Vre|O0,L), 5.6
{ 50 < [1+(22)"]1s; 0] Vi e [0,L]. '
Let §1, 5, : [0, L] — R be given by
51 = SO DD 0 1 vie (1.2),

a+b

so that §,, §, € C'([0, L]) and that by (5.6),
51() < §1(1) < 3(2) < 52(f) < s2(t) Vt e [0, L).
Let D}, D3, D} C R? be the bounded open sets, defined by

D i={(s,f) e R*: 0 <t < L, 51(t) < s < 5,(1)},

DI ={(s,) eR*: 0 <t <L, (1) < 5 < 5(1)},
DI ={(s,H eR*: 0 <t <L, §(t) <5< 550},

so that these are disjoint open subsets of D™ with

D*\ UL D =0. (See Figure 3 with #, = 0.)

Let ¥ : D* — R be the function, defined by

—a(s — s1(1)) Y(s,1) € D}
V(s, 1) b(s — 5(1)) Y(s,t) € l_);r
—a(s — s2()) V(s,¢t) € l_);r.

It is easily checked that ¥ : D* — R is well-defined and that ¥ € W(D*). It also follows from
Lemma 5.1 that ¥ € C'(D;) fori = 1,2,3. If 0 < 7 < L, then

P(s1(1), 1) = ¥(s2(2), 1) = 0
Letr € [0, L]. Then

epmax | [¥(s, Ol = max{] = a(§1(0) = 1))}, | = al$:(0) — ()}

:max{—
:max{

a+b a+b

(S(l) - S1(l))

ab
(Sz(l) - S(t))} 7 (So — 5p)-

Hence b
a+
b(sg —5p) < T(sg — Sp)-
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Define
D™ :={(s,f) e R*: (s,—1) € D"},

D; :={(s,t) e R? : (s,~1) € D}} Vie({l,2,3},
D :=int(D* U D7).

We do the even extensions for sy, 5, 5, §, 5> : [-L, L] — R and for ¥ : D — R along the t-axis, so
that we have from the above observations that

€ Wy (D),
Ve Cl(Dli) Vie{l, 2,3}, (5.7)
maxp 7] < £2(s2 - s).

It follows from (5.6) that for each 7 € [0, L],
$2(0)
f (T, t)dt = F(3(1),1) = 0, (5.8)
s1(0)
and this equality is valid for all # € [-L, L] by the definition 7. Note also that
(=a,as (1) if (s,1) € D7,

(b, —b3 (1)) if (s,1) € D,
(=a,as(1)) if (s,1) € D%,

VIS =Y (Lo, —asi(~0) if (s.0) € Dy, (5-9)
(b, b5 (—1)) if (s,1) € D3,
(=a,-asy(-1) if (s,1) € D;.
Also the second of (5.6) implies that
2\ 2 sl
¥l < |1+ (—?) l L2 vre[-LLl
5, 2L
Combining this with (5.9), we have
sg " sg - s(l) : _
10,7(s, 1| < max{a, b} |1 + [~ Vs, e Jofupp). (5.10)
So 2L Pt
Using the third of (5.7), we obtain
Y s a+b 5., 0 1o
max T"0(T, t)dT| < (59)" (s — 89)°- (5.11)
(s.0€D | J s1(n)
One can also easily check that
s s 3
a ms= maqa ~ + -
— (f 7"9(T, t)dT) = f "0 V(T dt Y(s,1) € U(Di U D). (5.12)
It \Jsi 510 P

25



Fix any f, € R. We now translate everything constructed above along the z-axis by #,. So we
define

D(s(l), s(z), to,L) = {(s,t) e R?: (s,t—1y) € D},
D (s, s(z), fo,L) = {(s,1) € R*: (s,1—1p) € D¥} Vie{l,2,3},
Si(sh 200, Lit) = sit—ty) Vi€lto—Litg+L] Vjel{l,2} (5.13)
V(-a,b, s(l), sg, to,L;s,t) = V(s,t—1y) VY(s,1)€ D(s(l), s(z), to, L).

Here is the right spot of mentioning a rather delicate feature of our construction. We should
prohibit the auxiliary function ¥ in (5.7) from being translated in the s-axis as any s-translation
will destroy the key properties to act as auxiliary functions for local gluing in the proof of the
density theorem, Theorem 3.1. Accordingly, we construct ¥ on the positive s-axis from the start
and allow translation in the #-axis only as in (5.13).

As a conclusion of this section, we suppress the letters —a, b, s(l), sg, to, L in (5.13) for a nota-
tional simplicity and summarize the properties of ¥ inherited from (5.7), (5.8), (5.9), (5.10), (5.11),
and (5.12) as follows. (See Figure 3.)

Lemma 5.2. The function v : D — R constructed in (5.13) satisfies the following:
= 1,00
(a) € Wy(D),
(b) ve CY(D¥) VYi=1,2,3,
~ _ | —a Y(s,t)e Dy UD; UD;UD;
(€) Oi¥(s. 1) ‘{ b Y(s,t)e D}UD;,

(d) |0,9(s, 1) < max{a, b}

§2 m s2—sl -
1+ (3) |52 ven e UL@; ubn,

(e) Z([0, 7" ndr) = [* 0,5, ndr V(s,1) € UL,(Df UD;),
[ @i 0dr =0 Vi€t - L+ LI,
(g) maxp |7 < 42(s5 — sp),

S e b
(h) maxep fmn T(t, Ndt| < E2(s)"(s] — s5)%

6. Proof of Theorem 3.1

In this long and final section, we present the proof of Theorem 3.1; that is, we prove the
L>-density of Pﬁf e in Pﬁf o for each € > 0. To this end, assume ® = (v, ¢) € PT, I? namely,

® is piecewise C' in J;., and 6.1)

D € O + Wy (J5; R,
VO(s,t) € K;’flo(s, v(s, 1) U UTJO(S, v(s,1)) fora.e. (s,1) € J;.
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Let 0 < < 1. Our goal is to prove that there exists a function ®, € 7, such that ||® —

@y ||z m2) < 1; that is, there exists a function @, = (v, @) € O* + W&’W(J* ; R?) satisfying that
@, is piecewise C' in J,
VO,(s,1) € KIJO(S’ vp(s, 1) U Uﬁflo(s, vy(s,1) forae. (s,1) € J7, 6.2
. dist(V®, (s, 1), K2 (5, vy (s, D)t < €l 62)
1D — Dyl m2) < 7

We divide the proof into several parts.

6.1. Separation of domain J;.
By the second of (6.1), there is a sequence {G;};en of disjoint open subsets of J;. such that
5\ U, Gil =0,
® e C'(G;R? VieN.

Fix an index i € N throughout this section. Since d,¢ and v are continuous on G;, it follows from

the third inclusion of (6.1) that
Asp(s, 1) = s™(s,1), ie., VO(s,1) € Wo,sn Y(s,1) € Gi.

Applying Lemma 3.3, we have
di(s’ t) = dlSt(V(D(S’ t)’ KZTZO(S’ V(S, t)) U alemv(s,t) UZ?IO(S, V(S, t)))
dlSt(Pw(Vq)(S, t))5 K:]Tflo(s’ 0) U 0|WUZT[O(S’ 0))

for every (s, 1) € G;, and it follows form Lemma 3.4 that the mapping d; : G; — [0, o) is continu-

ous. Let 0 < ¢ < 1, and put
Kis :=1{(s,t) € G; : di(s, 1) < 6}.

Define also
Kil,é = {(S, l) € Kl‘ﬁ . V(D(S, t) ¢ KZTIO(S’ V(S’ t)) U Ujlrfl()(s’ V(S’ t))}’
KZs = {(s,1) € Ki5 : VO(s,1) € K7, (5,v(s, D)},
K} = {(s,0) € Kis : VO(s, 1) € UT, (5, v(s, )},

so that K is the disjoint union of K;, K7,, and K;;. Note that |K/,| = 0 by the third of (6.1), and

that
K25 C{(s,0) € G; : dist(VO(s, 1), K, (5,v(s,1))) < 6,VO(s,1) € UY, (s,v(s, 1))}
Ul(s, 1) € G; @ dist(VO(s, 1), Olw,n,,, U, (5, v(s, 1)) < 6, VO(s, 1) € U, (s,v(s, 1)}
= KUK’
Hence
wa dist(VO(s, 1), K7, (5,v(s,1))) < fo,; dist(VO(s, 1), K7, (5, v(s,1)))

+ sz,; dist(VO(s, 1), K7, (5,v(s, 1)) + fof dist(V(s, 1), K7, (5, v(s,1))) 6.3)
= Jipu distTP(s, 1), K, (5, (5, 1) + fiss distTDs, 1), K7 (5, v(5,1)
i6 ’ i ,
< SIKX|+ NIKF) < 6751 + NIKD),
27



where N; := max, g, dist(VD(s, 1), K o " (s,v(s,1))) is independent of 6. By the definition of K3ﬁ
0<o6<1),
KP Kw whenever 0 < 6; <, < 1.

1,01
() k7 =0 (6.4)

0<6<1

Let us check that

Suppose on the contrary that there is a point (s, 1) € (g<s<1 Kzf. Then
dist(VO(s, 1), 0|Wsmw) Ugflo(s, v(s, 1)) =

and so
V(s,1) € Uy, (s,v(s,1) N Ol

sMy(s,t)

UY, (s, v(s, 1) # 0.

This is a contradiction to the fact that Uf{flo(s, v(s, 1)) is open in Wn,,,, and so (6.4) holds. We
thus have
S\J7 + NIKF| >0 as 6 — 0"

Note also that
{(s,1) € G; : di(s,t) =6} > 0

for at most countably many ¢ € (0, 1). So it is possible to choose a 9; € (0, €/2) so that

* 3.8 € 7%
{ SilJ3 + NiK; | < 5551071, 6.5)

{(s,0) € G; : di(s,1) = 6;}| =0

With this choice of ¢;, we define

{(s,1) € G; : di((s, 1) < 63},
= {(s,1) € G; : di(s,1) = 9},
= {(s,1) € G; : di(s, 1) > 63},

o

so that K5, = K, UH, |H| =0 by (6.5), and K; and G; are disjoint open subsets of G; with
IG; \ (K; U G))| = 0 by the continuity of the mapping d; : G; — [0, o). By (6.3) and (6.5), we have

f dist(V(s, 1), K7, (s, v(s,1))dsdt

= me’_ dlst(VCD(s 0, K’i’o(s v(s, N))dsdt < 551J7. (6.6)

Let us take a moment here to explain what we have done so far. We have separated the open
set G; into two disjoint open sets K; and G,. On the set K;, the value of the integral in question is
already “small” enough to the extent (6.6) as we wanted in the fulfillment of the third of (6.2). So
no modification will be made to @ on the set K;. But on the set G;, the (inhomogeneous) distance
from the gradient of ® to K7, 1s relatively “large”, and therefore a necessary modification will
be made to ®@ by gluing suitable functions constructed in Section 5, specifically in Lemma 5.2, so
that the integral can be made “small” enough. This is what to be accomplished in the following
subsections.
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6.2. Properties of the gradient of ® in G;
G

By the uniform continuity of V@ : G; — R>?, there exists an n; = 1;(p, ;) > 0 such that

(S, t)? (S,, t,) € G_i7 |(S’ t) - (S,, t,)l < n; = |V(D(S7 t) - V(D(S,, t,)l < pdi’ (67)
where p > 0 is a constant with
1 1
ing —, ———— 6.8
p= mm{6 12R’"M(,} (6.8)

and
o(p) —o(p2)

P1— D2

M, = sup
P1,p2€[-24.22],p1#p2

Let us check that for each (s, ) € Gi,

{ Va(s,t) € UY, (s,v(s, 1),

< 00

dist((@sv(s, 1), (s, 1)), 0UM(s)) > 6;, (6.9)
|0v(s, 1) < Iy — ;.

To show this, choose any (s, ) € G.. By the third of (6.1), we can take a sequence {(s,?;)} jen 1N G;
such that

VCD(SJ', fj) S KZTIO(S]" V(Sj, l‘j)) U U:ZIO(S]‘, V(Sj, lj)) Vje N,

(sj, 1) = (s,j) inR?as j — oo.

So for each j € N, we have
( 8sv(sj,tj) atV(Sj,tj) ):( pj lj ) (6 10)
O0sp(sj,t;) 0ip(s, 1)) (s)"v(sj, 1) (s)"q; ’

for some (p;,q;) € K, U Ut U U7 and some [; € [—ly, ly]. Passing to a subsequence (we do not
relabel),

(pj»q) = (p.q) and [; > as j— oo,

for some (p, q) € K, U Ut U U7 and some [ € [—ly, []. Letting j — oo on both sides of (6.10), we

obtain
aSV(S, t) atV(S, t) _ p !
Byp(s,1) Dip(s, 1) )‘( (s.0) s"q | (6.11)

Since (s,1) € GAi, it follows from the definition of GA,~ that

0; < di(s,t) = dist(VD(s,1), Ky (s,v(s,0) U dlw,,, UL (s, v(s,1)))
dist(Pw(V®(s, 1)), K7, (5,0) U dlwUY, (5,0)). (6.12)

Note that K, U U} U U7 is the disjoint union of KU TUdU 7 and U7UU;. Soif (p,q) ¢ UTUU7,
then Py(VD(s,1)) € K;’flo(s, 0) U dlw U:ZIO(S, 0) by (6.11), and so d;(s,t) = 0. This is a contradiction
to (6.12). Thus

(p.q)e U uU;. (6.13)
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Next, suppose that dist((p, s"q), 80" (s)) < &;. Since dU"(s) is compact, we can choose a point
(P,§) € 80U U AU so that

(p, s"q) = (P, s"P)| = dist((p, s"q), U (s)) < 6.

But
ﬁ l m
( 0 qu ) € alWU,{’[O(S9 0)9
and so
0; < dist(Py(VD(s,1)), K;’flo(s, O)U@IWUZZO(S, 0))
< dist(Pw(VD(s, 1)), 0lw U;'f,o(s, 0))
p l m ~ m ~
< |Pw(VO(s, r))—( P ) =(p. 5"q) — (B, ")

0 s"g
by (6.11) and (6.12). This is a contradiction, and we thus have
dist((p, s"q), 8U(s)) > ;. (6.14)

Finally, suppose |l| > [y — ;. Assume further that [ > [, — 9;. Note

p lO m
( 0 qu ) € 6|WU/L[0(S’ 0),

and so

dist(Pw(VO(s, 1)), K7 (5,0) U dlwUY, (5,0)) < dist(Pw(VO(s,1)),dlwUY, (s,0))

IA

Py (VO(s, 1) —( oo )

= lo—lS(Si

by (6.11). This is a contradiction to (6.12), and thus [ < Iy — ¢;. If [ < —(Iy — ¢;), then we also have
a contradiction, so that we conclude that

] < Iy — 6. (6.15)
Thus (6.9) follows from (6.11), (6.13), (6.14), and (6.15).

6.3. Local gradient modifiers in subdivisions of G,

By the Vitali Covering Lemma, we can take a sequence {Qﬁ.‘}keN of disjoint open squares in G,
whose sides are parallel to the axes such that

éi\OQif

k=1
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For each k € N, let d* > 0 denote the side length of Q% and (s%, #/) the center of Q¥. Dividing these
squares further if necessary, we can have

2
V2 «fu ) \fu A)Rm 12Ma(1)

where M, := max,s,<r 18(s1, 52)| and g is the polynomial of two variables such that

dr < mm{ } Yk e N, (6.16)

(s)™ = (52)" = (51— 52)8(51,82) Vsi,5 € R. (Take g =0if m =0.)

We fix an index k£ € N in the rest of the section. If (s, ), (s, 1) € Qi.‘, then |(s, 1) — (s, 1)| < \/zdf‘ <
n; by (6.16), and so
IVO(s, 1) — VO(s',1')| < pé;

by (6.7). In particular,
IVO(s, 1) = V(s 1)) < pd; ¥(s,1) € Q. (6.17)

Figure 4: A necessary local s-derivative change of v in Qf

Since (s¥, ) € Q¥ ¢ G,, we have from (6.9) that

dist((d, v(sl 15, Bp(s, 1), 00 (s5)) > 6, (6.18)

VO(sk, 1) € U, (54, v(st, 1),
|0,v(s¥

) < Iy - 6;.

i

So

Av(si, 1) Ov(sy, 1)) Pt I
( SQD(Sl,tk) 8,go(s tk) ) ( (Si-()mV(Sf, tfc) (Sic)mqic ) (619)
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for some (p¥, ¢¥) € U U U7 and some I* € R with [I] < Iy — 6;. Also
dist((p}, (s))"g})), 007 (s))) > 6.

So by the Intermediate Value Theorem, there exist two positive reals a* and b* such that

dist((p! — at, (s4)"q). K} (s5) = dist((pt + b, (s1)"¢), K7'(s5) = 2,

(P} = af, (s)"g)), (P} + b, (s))"qf) € U (s),
(See Figure 4.) Observe

a+bf<1-1.
Let & > 0 be a constant with
0 di

flk < min R-60\"]’ R-60\"
24— ) [1+(52)"] 6(R - 260)(R = o)A — a7 [1+ (52)"]

)

Define the diamond-shaped D in R? as

D = int (co{(0, 1), (0, ~1), (£, 0), (£, 0)}).

(6.20)

(6.21)

(6.22)

By the Vitali Covering Lemma, there exist a sequence {(s ;, #; )} jen in O} and a sequence (€} jen

1,j "i,j

of positive reals such that {(s} , £ ) + € ;D{} jey is a sequence of disjoint open subsets of Of whose

union has measure |Qf.‘ |. Following the notations in (5.13), we have

ko k k ik _ k k ek k k .k .
(s ti’j)+e--D‘—D(si,j—ei’ji,si’j+effj * €k)—.Dl~’j VjeN.

Lj? i,j i it Cij

Let j € N. We also define according to the notations in (5.13) that

(Dr = DGl =gl sy + chghutlel) e,
(0 = 508, —€ &8+ €860 .65 Ve [l{(] ~ €l _ﬁj]’ vreil.2,
Vi(s,0) o= V(=ai bl - € g s+ 6 S T € s D V(s 0) € Dy

Then Lemma 5.2 can be restated as follows in a bit more specific form:

(a) 7, € Wy™(Df),
(b) ¥, € C' ((Dfij)f) Vredl,2,3),

—ab M(s,1) € (DX} U DXy U (D)3 U (D! ));
bE V(s € DXy U (D)),

(©) 07 (5.1) = {
(d)

A

0.7 (.0l < max{aj,b})

1271

k k kN Ak gk
1+ (Si,j + Ei,jfi] } 2Ei,j§i

Kk gk %
Si; ~ €./ 2¢;;

R— m
52)
0o

IA

(A=) &

3

5, .
5 Vo eIl vyl by 6.22)

r=1
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(e)g( Jo ) T t)dr): f(jﬁjmrmaﬁﬁj(n ndr (s,1) € U (DS )7 U (DE));],

(s ()
(20 g dr =0 k ko ok k
® f(sf,).(t) T Vl-vj(T, Hdr=0 Vte [tl.’j —€pl+ el.’j],
: ko pk
5k aHbi 5k gk o A=A gk n
(g) maXDfi,— |vi’j| < TZei’jgl. <=-di < L (by (6.16))
(h)
§ ak + bk
~k k k ek k ekn2
max f T (T ndr| < 1 ~(s; jt € €D 2e )
(s:0eDf; (sE @)
A=A
< ZEZRM@y? < L. (by (6.16))
4 V2
6.4. New function ®, from old ®
We now define
V= Z ViXpe,  nJy
i,j,keN !
Note that Vi, j,k € N,
~k ~k ~k ~k
||Vi,j||W1,D°(Dﬁj) = ”Vi,j”L“’(Dﬁj) + ||asvi,j||L°°(D§j) + ||atVi,j||L°°(Dﬁj)

< % + max{a’, b];} + % (by (c), (d), and (g))

n . €
< —+A-2)+—-, (by(6.5))
V2 4
that is, sup; ;e ||\7fj||W1,w(Dz_c ) < % + (1 — A7)+ § < co. Applying the Gluing Lemma, it follows
from this inequality, (a), and (b) that

e Wy ()
o Wr)
{ 7 is piecewise C! in J;.. (6.23)

Define ;
@(s, 1) = f "W(t, )dr (s, 1) € J;-.

o

It is then clear that ¢ € Wl’“(J;). Also, by (f) and the definitions of ¢ and 7,

Fs,0=0 Vs,nelp\ | ] Df, (6.24)

i,j,keN

and hence ¢ = 0 on dJ;. Thus § € W) *(J3).
Letr €{1,2,3} and (s,1) € (Dﬁj),i.. By (e) and (),

8,p(s,1) = f "0,V (7, D)dr. (6.25)
(

st
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So it is easily deduced from (b) that
0.3 € C°((DF)z).

By the definition of &,
0s@(s, 1) = s"V(s, 1) Y(s,1) € J7. (6.26)

Since ¥ € C°(J;), we have 9, € C°(J.). In particular,

9,p e C? ((D{.jj 3),

so that
peC'(Fz). (627)
Thus |
¢ WU,
{ @ is piecewise C' in J. 6.28)

Finally, we define
Vpi=v+ v, @y i=pt ‘,77, and (Dn = (vna ‘1071) in J;’

6.5. Completion of Proof of Theorem 3.1

To finish the proof of the density theorem, Theorem 3.1, we will show that the function @,
defined above belongs to ®* + Wé’“’(] *:R?) and satisfies all of (6.2).
First, it follows from (6.1), (6.23), and (6.28) that

D, € D" + Wy (Ji; R?),
®, is piecewise C' in J.

It remains to verify the rest of (6.2).

The fourth of (6.2): Note

12
|O = Dyl nr2y = sup |(V, Pllpepr g2y < sup (||‘7||2m N 11| ) ,
! i, jkeN P ijkeN\ D) L=y )

since ¥ = @ = 0 on J;. \ U; jeny D} - But for every (i, j, k) € N,
il ) = 17 lispt ) < —= (by (2))
Lok ) = Wijll=k ) = 2 y (g

and .
@l oot y < —=. (by (f) and (h))
L (D,,/) \/E

Thus
1D — Dyllzosr2) < 1.
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The second of (6.2): By the third of (6.1) and (6.26),

6s‘pn(5, nH = as(SO(S, 1+ (;b(S, 1)
= §"v(s,t) + s"V(s, 1) (6.29)

= s"v(s,1)

for a.e. (s,1) € J;. Since @, = ® on J; \ |, jken Dﬁj, it follows from the third of (6.1) that

V,(s,1) = VO(s,1) € K (s5,v(s, 1) U U, (5,v(s,1) = K (5, v, (5,0)) U U, (5, v,(5, 1))
fora.e. (s,7) € J7 \ Ui jken foj. Let i, j,k € N. To finish the proof of this part, it now suffices to

show that
VO,(s,1) € Uy, (s,vy(s,1)) forae. (s,1) € Df;. (6.30)

To this end, we will show that for a.e. (s,1) € Dﬁj, we have
[0,v,(s, D] < o (6.31)

and

{ asvn(s, t) c (_/l, —/17) U (/17, /l), (632)

0y (s, 1) € IV (s, 04v, (5, 1)).
Then combining (6.29), (6.31), and (6.32) and appealing to Lemma 3.2, we obtain (6.30).

Since Dﬁj c QF, it follows from (6.17) that for each (s, ) € Dﬁj,

10,v(s, 1) — O,v(sk, 1) < [VD(s, 1) — VD(sF, 1) < pd;.

i*%i 2%

But [0,v(s¥, 1) < Iy — 6; by the third of (6.18). Observe also that for a.e. (s,7) € Dﬁj,

0i
10,5(s, D) = 18,7 (s, )| < 5 (by(d)

Thus for a.e. (s, 1) € Dﬁj,

10vy(s, DI = 10v(s, 1) + 3, V(s, 1)
< 18v(s, 1) = B (sy, 1] + 10,v(st, )] + 10,5(s, D)
0; 0;
< p6i+lo—5i+5<lo—§<lo, (bY(68))
and hence (6.31) holds.

As above for each (s, 1) € Df ,

pd; = |VD(s,1) — VDO(st, 1)
> (0,9, 1), Brp(s, 1) — (Dsv(s¥, 1), Brp(sk, £))
= 1(05v(s, 1), 0ip(s, 1)) — (P, (55D (by (6.19))
> max{|8,v(s, 1) — pil,10:(s, 1) — (sH)" g} 1}, (6.33)
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where (p¥, ¢¥) € U7 U U;. Let us assume that (p¥, ¢*) € UF. (The other case that (p%, ¢) € U7 can

be shown in the same way.) We have to show that for a.e. (s,7) € Df.‘ P

ar‘Pn(S, t) € I,rln(sa asvn(sa t))’ (634)

A" <Owy(s, 1) = Ogv(s, 1) + O,0(s, 1) < A,
or equivalently s"o (1) < 9,¢(s,t) + 0,p(s,1) < s"o(0,4v(s, 1) + O;V(s, 1)).

Case 1: Assume (s, 1) € (D} )7 U (D)7 U (D)} U (Df)3.
In this case, we have
Bsﬁfj(s, ) = —af

by (c). Let 0 < p{~ < 1 < p{* be such that
o(pf*) = 4},
so that (s¥)"a(pi™) = (s¥)"g*. Then by (6.21),

i

S
k,— i k k k k k K+
2 +—<pi—ai<pi<pi+bi<pi -

3 3
(See Figure 4.) Also by (6.8) and (6.33),
0; 0;
ar3 < 0,v(s, 1) —pf < &
Thus 5 P
A~ <pi.(’_ <pf?—§i—af-‘<(9sv(s,t)+gi—§i—af
< Ov(s,1) = df = 0v(s, 1) + 0,7 (5,1) = Dyvy(s, 1)
<6Sv(s,t)—@+bf+ﬁ <pf+bf+@ < pt <,
6 3 3 !
that is,
A" <dgvy(s, 1) < A (6.35)
Next, note from (6.22), (6.25), and (d) that
R—60\" 0;
|0:@(s, )] < (R —260)(R — 6p)"(A— A7) |1 +( 5 0) ]g—‘{‘ < r (6.36)
0
By (6.21),
(sh'at < (B'opt -~y - 5. 6.37)

(See Figure 4.) But

(5o (pf = ) = $" o (@v(s, 1) = )|
= |((s5)" = s (pf — ab) + s™(o(p} — df) — 0 (9,v(s, 1) — a}))
< |Is§ = sllg(sk, $)lo(1) + R" M |p§ — 9,v(s, 1)
< Mo(1)d* + R"M,p5; (by (6.33))
<& (by (6.8) and (6.16))
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Combining this with (6.37), we get

(sHY"gk < s"o(0,v(s, 1) — d¥) - % (6.38)
So
Dip(s, 1)+ 8,@(s,1) < (s)"q} + pdi +10,@(s, 1) (by (6.33))
< "o (0,v(s, 1) — ab) — % + % + % (by (6.8), (6.36), and (6.38))
= S"o(04v(s, 1) + 0,V(s, 1)). (6.39)
Note (See Figure 4.)
(s5Y"gk > (sH"or(1) + 6, (by (6.20)) (6.40)
and P
5" () = (sH)"o (V)| < Myo(1)d} < E (by (6.16)) (6.41)
So
Qup(s, 1) + 0, p(s,1) = (s))"q — pdi = 10,@(s, 0| (by (6.33))
> (sH"o(A) +6; - % -~ % (by (6.8), (6.36), and (6.40))
. 5; 8 6
> SO'(/D—E'F&'—E—E (bY(641))
> §"o(Q). (6.42)

Combining (6.35), (6.39), and (6.42), we have (6.34) whenever (s, 1) € (Df’j);r U (Dﬁj)l‘ U (Dﬁj);r U
(D}))3.-

Case 2: (6.34) also holds whenever (s, t) € (fo].);r U (Dﬁj)g . To show this, we just follow the
lines of Case 1 with minor modifications whenever it is necessary. We skip the details.
We conclude from Cases 1 and 2 that (6.34) holds for a.e. (s,1) € Dﬁj.

The third of (6.2): Observe

f dist(VD,(s, 1), K7 (5, vy (s, )))dsdt = Z f dist(VD(s, 1), K7 (s, v(s, 1)))dsdt
Jr i1 Vki

[Se]

+ Z f dist(VO(s, 1) + VD(s, 1), K’jf,o(s, v(s,t) + V(s,1))dsdt =: A+ B,
i,jkeN v D

where @ := (¥, ). By (6.6), we have A < £|J;|. Leti, j,k € N, and let (s, 1) € UL[(D&J);r u(D;); ]
be any point at which (6.30) holds. Then by Lemma 3.5,
dist(VO(s, 1) + VO(s, 1), Kgflo(s, v(s, 1) + V(s,1)))

= dist((d,v(s, 1) + 0,V(s, 1), 0;0(s, 1) + 0,8(s, 1)), IE"A"(S)).
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We assume further that (s, 7) € (foj);r U (Df?’j)f U (Dﬁj);r U (D} )3, so that 9,7(s, 1) = —at. Choose
any (p, q) € K,. Then

(D5v(s, 1) = af, Bup(s, 1) + D p(s, 1)) = (p, "q)]

= [(0,v(s, 1), Bp(s, 1) = (D,v(s5, 1), Buep(st, 1)) + (B,v(st, 1), Byp(sh, 1))
+(=d}, 0) + (0,0,¢(s, 1)) = (p, 8" q) = (p, ()" q) + (p, (s))" )|
< p6i + (P} = i, (s))"g)) = (p, (s)" )
+@(s, D] + Iglls™ = (5]
5;

6i 0 m m
<cretot I(pf = ab, (s5)"gh) — (p, (s5)"q)

as in the verification for the second of (6.2). Taking an infimum on (p, ¢) € K, for the far-left and
-right terms of the inequalities, we have

dist((0,v(s, 1) + 0,V(s, 1), 0;(s, 1) + 0,(s, 1)), KT(S))

56; ) ~ 56; 0
< T + dlst((pﬁ.‘ - aﬁ-‘, (sf)mqf), KT(sﬁ-‘)) = i + ) <0; < g

by (6.5) and (6.21). We can get the same result when (s, 1) € (Dﬁj)g U (Dﬁj)g , but we omit the
details. We now have

dist((0,v(s, 1) + 0,V(s, 1), 0,p(s, t) + 0,¢(s, 1)), I?T(s)) < fora.e. (s,1) € Dﬁj.

N m

So we obtain B < ¥ jen ngﬁjl < £|J;]. Thus A + B < €lJ; .

The theorem is finally proved.
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