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ABSTRACT. We show that there exists a C'>° volume preserving diffeomorphism
P of a compact smooth Riemannian manifold M of dimension 4, which is close
to the identity map and has nonzero Lyapunov exponents on an open and
dense subset G of not full measure and has zero Lyapunov exponent on the
complement of G. Moreover, P|G has countably many disjoint open ergodic
components.

1. Introduction. The problem of essential coexistence emerged from the following
result in [3, 10, 24, 25]: on any manifold M and for any sufficiently large r there
are open sets of C” volume preserving diffeomorphisms of M, all of which possess a
Cantor set of codimension-1 invariant tori of positive volume; on each such torus the
diffeomorphism is C' conjugate to a Diophantine translation; all of the Lyapunov
exponents are zero on the invariant tori. Those codimension-1 invariant tori cannot
be destroyed by small perturbations of the system. The existence of invariant tori
was first observed and established in Hamiltonian dynamics, from which the classical
KAM theory arises. We can view the above result as a discrete version of the KAM
theory.

It is expected that outside the set of invariant tori the system is nonuniformly
completely hyperbolic, i.e., the Lyapunov exponents are nonzero almost everywhere
and the system has at most countably many ergodic components (see [17]). In other
words, the invariant tori are surrounded by the so-called “chaotic sea”. It is still an
open problem whether generically this picture is true. In this paper, we construct a
smooth conservative system with the coexistence of elliptic behaviors and complete
hyperbolicity, which is “essential” in the sense that the chaotic sea is dense.

Main Theorem. Given o > 0, there exist a compact smooth Riemannian man-

ifold M of dimension 4 and a C*° diffeomorphism P : M — M preserving the

Riemannian volume m such that

(1) |P — Id||cr < a and P is homotopic to Id.

(2) P has nonzero Lyapunov exponents almost everywhere on an open dense subset
G C M. Moreover, G consists of countably many open connected components,
on which P is ergodic.
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(8) The set G¢ C M has positive volume and is a union of 3-dimensional invariant
submanifolds. Also P|G¢ = Id and the Lyapunov exponents of P on G° are all
zero.

We emphasize that the expected picture is still out of reach in our example,
since the 3-dimensional invariant submanifolds are not invariant tori but copies of
the suspension manifold over an Anosov automorphism of 2-torus (see section 3).

Our main theorem is parallel and somewhat complementary to the result in [12],
where a volume preserving diffeomorphism of a 5-dimensional compact manifold
is constructed in such a way that this diffeomorphism is close and homotopic to
Id, has nonzero Lyapunov exponents and is ergodic (indeed Bernoulli) on an open
and dense subset G of the manifold. The complement G° has positive volume,
and the diffeomorphism is Id and has zero Lyapunov exponents on G¢. In that
construction, G¢ is the direct product of a 3-dimensional compact manifold and a
Cantor set of positive volume in 2-torus and thus has codimension 2. On the other
hand, the set G° in our example is the direct product of a 3-dimensional compact
manifold and a Cantor set of positive Lebesgue measure in a circle, and thus has
codimension 1. Therefore the map P cannot be ergodic but has countably many
ergodic components. The codimension 1 property of the invariant submanifolds
makes our example closer to the “real KAM-like” picture than the one in [12].

The coexistence of zero and nonzero Lyapunov exponents is one of the most inter-
esting phenomena in dynamical systems. While in the absence of a general theory,
the coexistence phenomenon has been observed in various examples', among which
the area preserving surface diffeomorphisms have been mostly studied. Przytycki
[18] studied a specially chosen one-parameter family of C area preserving diffeo-
morphisms of T2, which demonstrates a route from Anosov diffeomorphisms to non-
uniform hyperbolicity and then to the coexistence of elliptic islands and the chaotic
sea’. In fact, the appearance of chaotic sea in the 2-dimensional case is equivalent
to positivity of the metric entropy, which is an outstanding and extremely difficult
problem for the standard twist maps (see [20]). Various results in this direction
have been achieved for other surface diffeomorphisms, most of which can be viewed
as modifications of the standard maps, for instance, see [22, 23, 7, 15, 8, 9]. One
would often observe the coexistence of elliptic islands and the chaotic sea in these
results. The coexistence phenomenon in the continuous-time dynamical systems
have also been found in [5, 6, 2], etc.

We emphasize that establishing the essential coexistence in [12] and this pa-
per requires somewhat different and delicate techniques. Unlike the 2-dimensional
situation, we start with a weak version of partial hyperbolicity - pointwise par-
tial hyperbolicity (see Section 2) - on an open dense subset while its complement
have all zero exponents. In general, a pointwise partially hyperbolic system just
has some but not all nonzero Lyapunov exponents. We must make great efforts
to ensure that the Lyapunov exponents are all nonzero in the chaotic sea G after
perturbations without changing the zero Lyapunov exponents in the regular region
G°. The matter is that a typical trajectory that originates in the chaotic sea G will
spend a long time in the vicinity of the regular region G¢ where contraction and
expansion rates are very small. To make sure all nonzero Lyapunov exponents, the
trajectory must spend even longer periods away from G¢ as a compensation.

1See, for example, the expository survey [21].
2The elliptic island is an open neighborhood of 0 € T2, most of which is filled with KAM
invariant circles. Therefore, the chaotic sea is not dense.
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Due to the construction of the manifold M and non-ergodicity of the map P in
this paper, we need to deal with connected components of the set G one by one.
By modifying the construction in [12], we perturb the identity map and obtain
nonzero Lyapunov exponents and ergodicity near any open connected component
of G. In this way we can construct consecutive small perturbations P;, which
possesses hyperbolicity and ergodicity on the first j connected components of G and
is identity elsewhere. The main technical issue, which does not appear in [12], is
how to effect this inductive argument and guarantee that the sequence P; converges
to the desired map P in our Main Theorem. Indeed this inductive procedure relies
on the special structure of the Cantor set in a circle, that is, it can be produced
by consecutively removing disjoint open intervals from the circle (see section 3).
Therefore we can easily label the connected components of G, each closure of which
possesses a neighborhood disjoint from other components. The inductive step from
Pj_; to P; can hence be restricted in a neighborhood of the j-th component of G,
at which P;j_ is identity. Controlling the CV-norm of P; — P;_; carefully, one can
obtain the desire map P as the limit map of the sequence P;.

The paper is organized as follows. In section 2 we introduce some background
information and basic notations in the theory of partially hyperbolic systems. In
section 3 we describe the construction of the 4-dimensional manifold M and the
open and dense subset G, and show that the construction of the diffeomorphism P
can be reduced to the construction of a perturbation H at some neighborhood of
each connected components of G. In the remaining sections, we apply the approach
in [12] to obtain the perturbation map H in the reduction. To be precise, we
describe the three steps to obtain H in section 4, create positive central exponents
in section 5, and produce the accessibility property in section 6.

2. Preliminaries. See [16, 1, 12] for more details.

Let f be a diffeomorphism of a compact smooth Riemannian manifold M and
S C M an f-invariant open subset. The map f is said to be pointwise partially
hyperbolic on S if for every x € S the tangent space at x admits an invariant
splitting

T,M = E*(x) ® E°(x) ® E"(x)

and there are continuous positive functions A\(z) < X' (z) <1 < p/(x) < p(z), z € S
such that

ldfvll < Al)vll; v € E*(z),
N (@)l <lldfv]l < w'(@)]vll, v € E(x),
(@)l <lldfol, v e E%(z).

In particular, if there is an f-invariant compact subset A C S such that the functions
Ax), N (z), pu(x), ' (x) are constants on A, then we say f is uniformly partially
hyperbolic on A.

Given a subset S we call a partition P of S a (4, q)-foliation with smooth leaves
if there exist continuous functions § = §(x) > 0, ¢ = ¢(z) > 0, and an integer k > 0
such that for each z € S:

(1) there exists a smooth immersed k-dimensional manifold W (x) containing z for
which P(x) = W(z) where P(z) is the element of the partition P containing x.
The manifold W(z) is called the global leaf of the foliation at x; the connected
component of the intersection W(x) N B(x,d(x)) that contains x is called the
local leaf at x and is denoted by V(x);
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(2) there exists a continuous map ¢, : B(z,q(z)) — CY(D, M) (where D is the
unit ball) such that V(y) is the image of the map ¢,(y) : D — M for each
y € B(z,q(x)); the number ¢(z) is called the size of V(z).

We say that a foliation with smooth leaves is absolutely continuous if for almost
every x € S and almost every y € B(z, g(x)) the conditional measure generated on
V(y) by volume m (with respect to the partition of B(x;¢(x)) by local leaves) is
absolutely continuous with respect to the leaf volume my () on V(y).

In general a pointwise partially hyperbolic diffeomorphism f on an open set
S might not have strongly stable and unstable local manifolds at every point in
S. However, for all pointwise partially hyperbolic diffeomorphisms that we will
construct in this paper, their global strongly stable and unstable manifolds form
transversal foliations with smooth leaves, denoted by W* and W*" respectively. In
this case, we say f has the accessibility property via W* and W*" if any two points
2,2 € 8§ are accessible, i.e.

(1) there exists a collection of points z1,...,2, € S such that z = 21, 2’ = z, and
2 €EWi(zp_y) fori=soruand k=2,...,n;

(2) the points 21 and 2, can be connected by a smooth curve v, C W¥(z,_1) for
i=soruandk=2,...,n. Here the leaf-wise path ~y; is called the (u, s)f-path
or simply (u, s)-path.

A uniformly partially hyperbolic diffeomorphism f is called dynamically coherent
if the subbundles EF°* = E¢ @ E*, E° and E® = E° @ E° are integrable to
continuous foliations with smooth leaves W°*, W¢ and W®, called respectively the
center-unstable, center and center-stable foliations. Furthermore, the foliation W¢
and W*" are subfoliations of W°*, while W°¢ and W* are subfoliations of W . The
following theorem (see [11, 19]) shows that dynamical coherence is robust.

Theorem 2.1. Suppose that [ is a partially hyperbolic diffeomorphism. If the
center foliation W€ is smooth, then f is dynamically coherent. Moreover, any dif-
feomorphism that is close to f in the C topology is dynamically coherent.

We denote by
A(z,v) = limsup 1 log ||df™v]|
n—oo T
the Lyapunov exponent of a nonzero vector v at x € M and by \;(z) = \i(z, f), i =
1,...,dimM, the values of the Lyapunov exponents at . Note that the functions
Ai(z, f) are invariant. We assume that these values are ordered so that

ALz, f) > > Aimm (7, f).
We also denote by

k
L) = [ Y Mte fam(a) 2.1)

where m is the Riemannian volume. We call this number the k-th average Lyapunov
exponent of f.

Consider a volume preserving C? diffeomorphisms f of a compact smooth man-
ifold M that is pointwise partially hyperbolic on an open set S. We say that f
has positive central exponents if there is an invariant set A C S of positive volume
such that for every z € A and every v € E¢(x) the Lyapunov exponent A(z,v) > 0.
The following theorem (see [12]) plays an important part in the proof of the Main
Theorem.
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Theorem 2.2. Assume that the following conditions hold:

(1) f has strongly stable and unstable (9, q)-foliations W* and W* where 6 = §(x)
and q = q(z) are continuous functions on S;

(2) the foliations W* and W* are absolutely continuous;

(3) [ has the accessibility property via the foliations W* and W;

(4) f has positive central exponents.

Then f has positive central exponents at almost every point x € S. f|s is ergodic
and indeed, is a Bernoulli diffeomorphism.

3. Construction of The Map P: Proof of Main Theorem. In this section,
we first describe the construction of the 4-dim manifold M and the related sets,
that is, the open dense subset G and its connected components G;, j = 1,2,....
Then we will show that the desired map P of our Main Theorem can be obtained by
inductive perturbations on the components G;, in other words, we need to construct
a sequence of diffeomorphisms P; converging to P. Due to the special structures of
the manifold M and the open dense set G, we can actually reduce our construction
of P; to the construction of the perturbation that changes P;_; to P;, which is
much simpler.

3.1. The 4-dim Manifold M. Take an Anosov automorphism A of the 2-torus
X = T? with the constant expanding rate 14 along the unstable direction. We
consider the suspension flow T7 over A with roof function 1. This flow acts on the
suspension manifold
N =X x10,1]/ ~,

where “~” is the identification (z,1) ~ (Az,0).

Set Y = S* =[0,1]/{0 ~ 1}. For each n € N, pick finitely many non-overlapping
closed intervals C;, .. ;,, C Y in such a way that C;, C G4, ...i, , then we obtain
a Cantor set C C Y by letting

C:ﬁ U Ciy..iy -

n=1 (iy...in)

sl g1

Alternatively, one can obtain this Cantor set by consecutively removing disjoint
open intervals from Y. More precisely, denote by Iy, I5,... those open intervals
that are removed from Y, then set Z = h—);’;l I; and C = Y\Z. Moreover, let us

o0
assume that Y |I;| < 1 so that the Cantor set C is of positive Lebesgue measure,
i=1

i=
where |I;| is the length of the interval I;.

Finally, we take M =N xY,G=NxTand G; =N x1I;,j=1,2,.... Clearly
{G;}32, are open connected components of G. Also the complement G¢ = N x C' is
of positive Riemannian volume.

3.2. The Sequence of Diffeomorphisms P;. Starting from Py = Id on M, we
intend to obtain inductively the map P; as a small homotopic perturbation of P;_;
for j > 1. Furthermore, P; differs from P;_; only on the j-th connected component
G; of G. More precisely, we will show

Proposition 3.1. Given a > 0, there exists a sequence of C*> volume preserving
diffeomorphisms P; : M — M, j =0,1,2,... such that

(1) Py = Id; P; = Pj_y outside G;, in particular, P; = Id outside Lﬂi:l Gr.; Also,
P; is homotopic to Pj_y;
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(2) P; is ergodic and has nonzero Lyapunov exponents almost everywhere on each
gk,k:].,...,j; .
(3) 1P = Pjalles < a/27.

Once such a sequence of diffeomorphisms {P;}52, is constructed, we can take
the pointwise limit P = lim;_,o P;. We shall show that P is the desired map of
our Main Theorem.

Proof of Main Theorem. By Proposition 3.1(3), for any r > 1 and | > j > r — 1,
we have

-1
Q
1P = Pillcr <Y [[Prsr — Pellgrss < § 2k+1 < o
k=j =J

It follows that ||P — Pjllcr < /27, in particular, HP — Id||c1 < «. Hence P;
converges to P in the C" topology, and therefore P is a C*° diffeomorphism since
r is arbitrary. Clearly P is volume preserving. In addition, by Proposition 3.1(1),
P =Pjon E’J{g=1 G and P = Id outside |+ U — 1 G; = G. Since every P; is homotopic
to Id, P is also homotopic to Id. These 1mply statement (1) and (3) of our Main
Theorem.

By Proposition 3.1(2), P; is ergodic and has nonzero Lyapunov exponents almost
everywhere on each Gy, k = 1,...,7, and so is P. Since j is arbitrary, statement
(2) of our Main Theorem follows. O

3.3. The Reduction. The proof of Proposition 3.1 boils down to a construction
of a suitable homotopic perturbation H; : M — M that changes P;_; to P}, i.e.
P; = H; o Pj_; and Hj is homotopic to Id, for each j =1,2,....

Fix j, and pick an open interval fj D E in such a way that fj NI, = 0 for all
1<k <j. Set G; =N x I then G; D G; and G; NGy = 0 for all 1 < k < 5. Note
that
(1) on the set G;, Pj_; = Id and hence H; = P;.

(2) outside the set G;, P; = P;_; and hence H; =1Id.

Therefore, by Proposition 3.1, we only need to restrict the construction of H; on
éj such that H; is homotopic to Id, ergodic and has nonzero Lyapunov exponents
almost everywhere on G;. Also H; = Id on G;\G;, and || H,|G; — Id|G;|¢cs < a/27.
More generally, we can show that

Proposition 3.2. Set Z = N x I and Z =N x I, where I,I are two arbitrary
open intervals satisfying I C I. Given § > 0, r € N, there ezists a C™ volume
preserving diffeomorphism H : Z — Z such that
(1) H is homotopic to Id, and H = Id on Z\Z;

(2) H|Z is ergodic and has nonzero Lyapunov exponents almost everywhere;
(3) |H — Id|cr < 6.

One can see that Proposition 3.1 immediately follows from Proposition 3.2. After
proper scalings, we may assume I = (—1,1) and I = (—2,2). We are going to prove
this proposition in section 4.

4. Construction of The Map H: Proof of Proposition 3.2. We describe the
construction of the map H splitting into several steps, following [12]. From now on,
let us fix 6 and r in the assumption of Proposition 3.2.
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4.1. Step 1: The Original Map 7. Pick an open subinterval IcI= (—-1,1),
for example, I = (—5/8,5/8), and a C function « : [ = (=2,2) — R satisfying:
(1) k(y) > 0ify € I and k(y) =0 if y € I\[;
@ Inle <1
(3) k(y) = ko for y € I, where kg is a constant.

WedeﬁneamapT:Zv%vay

((z,t),y) = (T (2, 1), ),

where (z,t) € N, y € I, and T is the suspension flow on V.

Recall that for each 7 # 0 the map 77 is uniformly partially hyperbolic with
one-dimensional stable E7, , one-dimensional unstable F7. and one-dimensional
center £ subbundles, and these subbundles are integrable to smooth stable W},
unstable W, and center W foliations of A/. Moreover, we can choose a suitable
Riemannian metric on A such that at every (z,t) € N/, T expands at the rate n’
along the unstable direction and contracts at the rate 1, along the stable direction.

By the above properties of T7 and the construction of T : Z5Z , we immediately
have

Proposition 4.1. The map T is a C* volume preserving diffeomorphism of Z

satisfying:

(1) given 67 > 0, one can choose the function k such that |T — Id||cr < O7;
moreover, T is homotopic to Id;

(2) T preserves the fibers N x {y};

(3) T is pointwise partially hyperbolic on Z with one-dimensional stable ES., one-
dimensional unstable EY. and two-dimensional center Ef. subspaces; the sub-
spaces B} and EF. are integrable to strongly stable and unstable foliations W2
and Wi with smooth leaves; these foliations are uniformly transversal and their
local leaves have uniform size; in addition, these foliations are absolute contin-
UOUS;

(4) T is uniformly partially hyperbolic on any invariant subset N x J where J C I
is a closed subinterval; moreover, T is dynamically coherent with the center
foliation Wi = Wi, x I;

(5) T|(Z2\2) = Id and dT., = Id for all z € Z\Z; in particular, the Lyapunov
exponents of T|(Z\Z) are all zero;

(6) for every z = ((x,t),y) € Z, the Lyapunov exponents of T are as follows:

Al(ZaT) = Au(sz) = ’%(y) 10g7IA >0= AQ(ZaT) = AB(ZaT)
> )\4(27T) = )‘S(zaT) = _H(y) log na.
where X*(z,T) and A*(z,T) corresponds to the direction EY. and E%. respectively

and Aa(z,T) and A3(z,T) corresponds to the direction of the flow T™ and the
I-direction respectively. Consequently,

Ll(T) = LQ(T) = Lg(T) >0= L4(T’)7
where Ly (+) is the k-th average Lyapunov exponent given by (2.1).

We say that a diffeomorphism F : Z—Zisa gentle perturbation of T if

(1) Fis C! close to T;
(2) F(Z) = Z and F is pointwise partially hyperbolic in Z;
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(3) the one-dimensional strongly stable and unstable subbundles of F are integrable
to one-dimensional strongly stable and unstable foliations with smooth leaves
on Z; the two-dimensional central subbundle of F' is integrable to a central
foliation;

(4) F|(2\Z) = Id.

Let F: Z = Z be a diffeomorphism that is C' close to 7. Given any closed
interval J C I, set A = N x J. Assume that F = T on é\A, in particular, A is
invariant under F', then F' is a gentle perturbation of T' and in fact, F'|A is uniformly
partially hyperbolic.

4.2. Step 2: The Perturbation . In this step we try to create a gentle pertur-
bation @ of T" with nonzero Lyapunov exponents, more precisely, one negative and
three positive average Lyapunov exponents. However, @ is not necessarily ergodic.

We take Iy = (—0.5,0.5) C IcC I, and Zy = N x Iy. The following statements
describe properties of the map ), which will be proved in section 5.

Proposition 4.2. Given dg > 0, there exists a C* volume preserving diffeomor-

phism @ ofé satisfying:

(1) |Q —Tllcr < dg and Q is homotopic to T';

(2) Q=T on the set é\Zo; in particular, Q preserves the fibers N x{y} ify € f\]o,
and Q) is a gentle perturbation of T.

(3) Q satisfies statements (3)-(5) of Proposition 4.1;

(4) for any z € Z we have

Eg¥(z) = BffY(2), det(dQIEY" (=) = det(dT| B} (2));

(5) ?1(62) < L2(Q) < L3(Q) = L3(T) and Ls(Q) = 0, where Li(-) is given by
2.1).

4.3. Step 3: The Final Perturbation H. We go on to perturb the map @ to a
map H that is pointwise partially hyperbolic on Z, and possesses two transversal
stable and unstable foliations W3, and W of Z. Furthermore, we will ensure that
H|Z has the accessibility property via these two transversal foliations. We shall
also show that H can be constructed in such a way that [, \i(z, H)dm(z) > 0 for
i = 1,2,3, and hence H|Z has positive central exponents. Then we can get the
ergodicity of H by Theorem 2.2.

To effect our construction of H, we choose four sequences of subintervals of I as
follows: for n =0,1,2,..., set

1 1 y 3 3
I":(_1+W’1_W)’ In:(_1+2n+3’1_2n+3)’ (4.1)
_ 7 7 - 15 15
L=t ol -ggm) =t o - 5gs)-

Clearly we have I,, C fn cl,C fn C Iny1 and Up>ol, = 1. We set
Zyo=Nx1,, Zn=N x1I,, (4.2)
Z,=Nx1I, Z,=N xI,,

Apparently Z,, C Z,C 2, C Z,, and each of these sequences of sets exhausts

Z. We will construct a sequence of diffeomorphisms H,, n = 0,1,2,..., with the
following properties:
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Proposition 4.3. Given dg > 0, there exist two sequences of positive numbers dy,

with 8, < 0 /2" and &, < d(I,,01)? = 1/22"*2 and 0, and a sequence of C*>

volume preserving diffeomorphisms H,, : Z— 2, n=20,1,2,..., such that

(1) [Ho — Qllor < do, and | Hy — Hos|
homotopic to Q;

(2) Hn(fj’n) = én, H,=T on va\Zv,’n, and H, = H,_1 on Z’n,g; in particular, H,
is a gentle perturbation of T';

(3) H,, satisfies statements (3)-(5) of Proposition 4.1;

(4) for every z € Z,

E}?g(z) = Eg;y(z), det(dHn|E}fItf(z)) = det(dQ|Egy(z));

crin < Oy for m > 1; moreover, H, is

(5) for allzer,j:O7...,n and i = u, s, c,
L(Efy, ., (2), By, (2)) < 6;/2"7.

(6) if the number dg > 0 (in Proposition 4.2) is sufficiently small, then each map
H,, is stably accessible in the following sense: let H' be a C? volume preserving
diffeomorphism on,u’ that is a gentle perturbation of T'; assume for all z € Zn
and i = u, s, ¢, _ 4

L(Ey:(2), Ep,, (2)) < On;

then any two points z1,z2 € z;,’vn are accessible via a (u,s)gu-path in Z; in
particular, Hy, has the accessibility property on Z,.

We will prove the previous proposition in section 6. By statement (1) and (2) of
Proposition 4.3, we can take the uniform limit H = lim,,_,., H,, which will be the
desired map in Proposition 3.2. The proof is essentially given in section 3.5 of [12],
so we just outline it here.

Proof of Proposition 3.2. First by Proposition 4.3 (1), we can show that H,, con-
verges to H in the C* topology for any k € N, and hence H is a C*° diffeomorphism.
Clearly H is volume preserving. Also we can have ||H —Id||c~ < 6 if we choose suffi-
ciently small numbers d7, dg, . Moreover, H = H,, on én,l, then H is homotopic
to @, to T and hence to Id. Also, since H, is pointwise partially hyperbolic, H
is also pointwise partially hyperbolic with one-dimensional strongly stable £, and
unstable E¥ subbundles. One can show that the Lyapunov exponents A\°(z) < 0 in
the direction E¥(z) and A%(z) > 0 in the direction E¥ (%) for almost every point
z€Z.

By Proposition 4.3(3),(5) for any z € Z, the strongly stable local manifolds
Vi (2) have uniform size and converges in C' topology to a local manifold, which
gives the strongly stable local manifold of H at z. Similarly one can get the strongly
unstable local manifold of H in this way. Hence the strongly stable E'}; and unstable
EY subbundles are integrable to strongly stable W}, and unstable Wy, foliations
with smooth leaves, which are transversal and absolute continuous (see [1]).

To get the accessibility property of H via W3 and W, one use Proposition 4.3
(6) to show that Z(EY(2), Bl (2)) < 0, for z € Z,, i = u,s,c, and so H has
accessibility property on each Z,,, hence on Z.

To show that H has positive central Lyapunov exponents, by Proposition 4.3 (4),
semicontinuity of Ly (-) (given by (2.1)) and the fact L3(Q) — L2(Q) > 0, one can
show that

L3(H) — Ly(H) = /Ag(z,H)dm(z) > 0.
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If follows that there is a subset A C Z of positive volume such that A;(z) > Aa(z) >
As(z) > 0 for all z € A. And since H preserves volume, one must have \y(z) < 0
for all z € A.

Now by Theorem 2.2, we obtain that H has positive central exponents almost
everywhere in Z, and H|Z is ergodic and indeed, is a Bernoulli diffeomorphism.

Finally by Proposition 4.3 (3) and the fact that 6,, < d(I,,,0I)?, we have H = Id
on é\Z and dH, = Id for all z € Z;\Z This completes the proof of Proposition
3.2. O

5. Comnstruction of The Map @): Proof of Proposition 4.2. In this part, using
an approach similar to the ones in [13, 12], we obtain the map @Q as two consecutive
gentle perturbations of T as follows:

7% 8 =hgoT "% Q=hgos,

where hg, hg are two C'° volume preserving diffeomorphisms of Z, which are close
to Id. Moreover, hg and hg are concentrated on disjoint small open subsets 25 and
Qg of Zy respectively. If follows that @) = T outside 23UQg. By this construction,
we shall show that S = hg oT has two positive average Lyapunov exponents in the
E4t subbundle, i.e. Li(S) < L2(S)), and Q = hg o S has three positive average
Lyapunov exponents, i.e. L1(Q) < L2(Q) < L3(Q).

First note that given z € Z, we can choose a local coordinate system (s, u,t,y)
associated to T, i.e.

0 0 0

s — s u — — U t —
F?(2) := s Ef(z), F“(2): Ju E%(z), F'(2): 5 (5.1)
are the stable, unstable and central flow direction of T" respectively, and
0
FY(z):= — 5.2
&)= 5 (52)

is tangent to I = (—2,2) as introduced in Subsection 4.1.

Choose periodic points p, pt, p¥ of the Anosov automorphism A of X, which are
close to each other and whose orbits are pairwise disjoint. Let V5 (p), Vi(p), Vi (p")
and V(p'), i = t,y be the stable and unstable local manifolds at these periodic
points. We may assume that each intersection V§(p) N V;(p") and V§(p*) N Vi (p)
consists of exactly one point, denoted by [p, p‘] and [p?, p| respectively. Let v¢ denote
the closed quadrilateral path with the collection of points p, [p,p’], p’, [p’,p] and p,
and let ' 4 .

v(p) =Vilp)UVilp), ~(@')=Vi®')UVip').
Choose sufficiently small number v > 0, and set for i =t¢,y,

oW = (U ByTW@,0),v) xI
t€[0,7(p")]

Gw) = ( U By ((z,t),v)) x I
(z,)€(v(p) X [0,7(P)DU(y(p) X [0,7(p*)])

aw) = (J 2ol 2w).
i=t,y i=t,y

where 7(p) and 7(p®) are the periods of p and p*, and Ba((w,t),7) is the ball in N/
of radius r centered at (x,t) € M. Finally, we set

QO = Qo(V) = Q(V) n ZO (53)
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According to sublemma 5.2, given € = dg/2 > 0, where J¢ is given in Proposition
4.2, we can choose 6y > 0 and an integer kg > 0 such that

0= Tl'/2]<i0 < by (54)
Now choose v small enough to ensure that
20kom(Qo(v)) < 1 (5.5)

5.1. Construction of The Map S. We shall obtain the map S from 7T via a small
perturbation hg, which is a small rotation in the E%' subbundle on a small subset
of Zo.

Recall that T((z,t),y) = (T" ((z,t)),y) at every z = ((z,1),y) € 2y, and the
expansion rate in the EY-direction at z is the constant n = 7}°. Given Ny > 20k,
pick a point (xg,t9) € N and 1 > 0 such that

By ((zo,to),2e1) N Proj Qo = 0;
T_kKOBN((‘r07tO)1 251) N BN((m07t0)7 281) = (2)7 k= 1... ) NO?
where Proj,, is the projection of Z onto N. Now set
QS:BN((JJ(),to),€1) XI(]. (56)

It is apparent that

QsNQ =0, TFQsNQg=0,k=1,...,No. (5.7)
Choose a C function 1 : RT — RT such that
(1) ¥(r) =19 >0if 0 <r <0.9;
(2) Y(r)>0if0<r<landy(r)=0ifr>1;
®3) [¥ller < 1.

Centered at ((zo,%0),0) € Qg, we switch from the local Cartesian coordinate
system (u,t,y,s) to the local cylindrical coordinate system (r,0,y,s), where u =
rcosf, t = rsinfd. Given 7 > 0, define a small rotation hg , in the E% subbundle
on g by

hS,T(Tveayvs) = (7",94—7'0’,2/78), (58)
where
2,07 s
o =o(r,s,y) =0.25e79(— )y (—=)v(2ly]).
€1 €1

And we can extend hg ; to Z by simply letting hs . = Id outside §2g. Clearly h,
is a C'*° volume preserving diffeomorphism such that

(1) ||h5’7— — Id”cr —0as7—0;

(2) dhs,; preserves E%t subbundle;

(3) det(dhg,,|Eu(z)) =1 for any z € Z.

We then define S; =T o hg ;. Also we set I = 0.9y = (—0.45,0.45).

Lemma 5.1. Given 0 < ds < 0¢/2, there exists T > 0 such that the map S = S
is a C'*° volume preserving diffeomorphism onv,’ satisfying:
(1) IS —=T|ler < s and S is homotopic to T';
(2) S = T outside Qg, in particular, S = T on the sets 7:\20 and Qq, which
indicates that S is a gentle perturbation of T';
(3) S satisfies statements (3)-(5) of Proposition 4.1;
(4) for any z € Z,
E§'(2) = Bf'(2), det(dS|E§'(2)) = det(dT|EY'(2));



4160 JIANYU CHEN

(5) for any y1,y2 € I},
Proja(S((2,1), y1)) = Projar(S((2, 1), y2));
(6) L1(S) < L1(T) and hence,
L1(S) < La(8) = L3(S) = L3(T') > 0 = L4 () = Lu(T);
(7) there exists a number Ag > 0 and a set IIg = ProjIls X I} such that
m(Ilg) > 20kem(Ils N Qs) > 0,

where m is the Riemannian volume on é’, and for any z € Ilg the map S has
two positive Lyapunov exponents \i(z,S), Aa(2,5) > Ag along the B4 = EY
subbundle.

Proof. The proof is an adaptation of arguments in [4, 12] to our case. We shall just
outline the proof here. Statements (1)-(5) follows easily from the construction of
the map hg,r when 7 is sufficiently small. Moreover, S is dynamical coherent by
Theorem 2.1. It remains to show Statements (6) and (7).

For statement (6), since S = S, = T on £\ Zy, we only need to show that

for sufficiently small 7. It is easy to see that

Li1(S:|20) = / A1 (z, S;)dm(z) = / log |dS;(2)|Eg_(2)|dm(z).

Zg ZO

By the fact that hg . and S; preserve the E‘-subbundle, we denote by e,(z) the

unique number such that the vector v-(z) = (1,e-(2),0,0)" € E¢ (z) for all z € Z
in the (u,t,y, s) local coordinate system. Also for z € Qg C Zy, we have

u 0 " A B
arpp) = (§ 1) anlzre = (3 7).

where
252
A=A(r,z) = 1—r7ro.sinfcosf — — 12ro0, cos? 0 + O(73),
B=DB(r,2) = —70—71ro.sin>0—r*roo,sinfcosf + O(r%),
C=C(r,2) = 710+7ro.cos®0—1?rog,sinfcosf + O(1?),
2 2
D=D(r,z) = 147ro,.sinfcosf — T ?roo, sin? 6 4+ O(1),
and hence

. A 9B
dS,|E% (z) = <770 ”D).

Repeating the arguments of Lemma B.7 in [4], one can show that

L, =Li(S:|20) = / log ndm(z) —/ log[D(T, z) — nB(1, 2)e;- (S (2))]dm(z).
2o 2o

Note that D(0,z) = 1 and B(0,z) = 0, we get

Lo= | logndm(z) = Li(T\20).
2o

Applying the same arguments in Lemma B.8 in [4], we can show
dL d’L

TT|7—:0: ) ?;|-r:0<07
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which immediately implies that (5.9) for sufficiently small 7 > 0.
In fact, one get that

dL,
— | 5= — D | — =
7 — /z(, r|r=0 dm(2)

and
o= [ (D2 = Drr 208 S ()t dm(2)

Similar to Lemma B.9 in [4], this integral can be written as

/ [(D;(0,2))% = D,7(0, 2) 4+ 2nB,(0, 2)C(0, 2)] dm(z)

/szzB (0,2)C-(0,T7(2)) dm(z).

0 4=1

The first term is bounded above by

—(1—¢y) /ZO o?dm(z) — ;/ZO r2oldm(z).

For the second term, note that

/ 2B, (0, 2)C (0, 7= (2))dm(2) < 4 / (02 + 1202) dm(2),
Zo ZO
and B, (0,2)C-(0,T77%(z)) = 0 for all z € Z;\Qs and any i. Also note that
B,(0,2)C.(0,T7%(2)) =0 at every z € Qg fori =1,..., Ng— 1 since T Qs NQg =
(). This allows we take Ny > 0 big enough such that the second term is bounded by
0 (0’ +7202%) dm(z).

Hence

d*L 9 9 1

ST o< (= — dm(z) — — *o2d :

d7'2|_0_ (10 51)/200 m(z) 4O/QSTO—T m(z) <0
It follows that Li(S;) < L1(T) for sufficiently small 7 > 0. Moreover, since
det(dS;|EL) = det(dT|EL) for i = ut,uty and S, is volume preserving, we have
L;(S;) = Liy(T) for i = 2,3, and Ly4(S;) = 0, and hence

L1(5> < LQ(S) = Lg(S) = Lg(T) >0= L4(S) = L4(T)

To prove statement (7) we notice that for any S, preserves the fiber N' x {y} for
any y € I, and by statement (5), we know that for any y1,y2 € I,

Projy(S((#, 1), y1)) = Projar(S((2, 1), y2)),

in other words, the action of S; on the fiber N x {y} are the same for each y € I|.
Then by the same arguments as above, one could have L1 (S |N x{y}) < La(S-|N x
{y}) for sufficiently small 7, which does not depend on y € Ij. Moreover, for
sufficiently small Ag > 0, the sets [Ig(y) = {z € N X {y} : Aa(2,5;) > Ag} are of
the same form as IIg(y) = A X {y} for some A C N of positive Lebesgue measure.
Then we set IIg = A x [). Clearly IIg is an S,-invariant subset. Moreover, by the
fact that Ig is also T-invariant and (5.7), we have

No

m(Ilg) > Z m(Ils N T~*Qg) = Ngm(Pis N Qg) > 20kgm (g N Qg).
k=1
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This completes the proof of Statement (7). O

5.2. Construction of The Map Q. Following [12], we go on to perturb S to the
map  via a diffeomorphism hg. This time we construct hg as a composition of
rotations in F*¥-subbundle on several pairwise disjoint cylinders in IIg (in Lemma
5.1), which gives a total rotation w/2. In this way we gain positive central expo-
nents in both central directions F'* and FY for the map Q. The technique we shall
use here is the Rokhlin Halmos tower construction for S on the measurable set Ilg,
which allows us to do rotations on finitely many small cylinders.

Let A = Ag and II = IIg be as in Lemma 5.1. Given K € N, set

N=NE) = {zell:

1
Z log ||dS* (z,v)| — )\‘ < 0.1\,
for all v € E4'(2),||lv]| =1 and all |k| > 0.5K}  (5.10)

and also
ko—1

A=AK)= ) STN(K), (5.11)
=0

where kg is given by (5.4). Since m(A'(K)) — m(Il) as K — oo, we also have
m(A(K)) — m(Il) as K — co. Remember that 7 and ¢ are given in Proposition
4.1 and 4.2 respectively, and one can choose K so large that

KX > max{bkoA, 10log 2, —10k log(1 — ér — dg)}, (5.12)
Am(IT) + 40log(1 — o7 — dg)m((II\A) > 0, (5.13)
20m(IT\A) < m(II). (5.14)
Set
A = A\ URG S0 U Qs) (5.15)

where g and Qg are given by (5.3) and (5.7) respectively. By Lemma 5.1 (7), and
also choosing v in (5.3) small enough, we have

m(Qs N1I) < m(I0)/20ky, m(Q N II) < m(IT)/20kq (5.16)

Combining above relations, we find that m(A*) > 0.8m/(II).

Now let us use Rokhlin-Halmos towers (see [14]) to approximate the measurable
set II. More precisely, we can choose a measurable subset IV C II such that ST’
are pairwise disjoint for —K < i < 6K + kg — 1 and

6K +ko—1
m< ) S’T’) > 0.9m/(I) (5.17)
i=—K

Take Ty as the set of first entries to A* of the trajectories {S?(z)}25, ! with z € T,
ie.
To={89(2):2€T",0<j <5K —1,5(2) € A*,S"(2) € A* for i < j}

By Lemma 5.1 (5), one can find that I'g = ProjyTo x I). Furthermore, we can
approximate I'g by finitely many disjoint cylinders 3o; of the form

= BFu,(uj,r;) X BFS (Sj,?“;/) X BFty((tj,yj),Tj)
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where z; = (uj,s5,t5,y;) € Z, i =1, i >rn™, and j=1,...,J. Let
K+ko—1
I; = STy, = LJ_rJ I, (5.18)
i=—K

where T'; are pairwise disjoint for —K < ¢ < K + kg — 1. Then we can also
approximate I'; by X;; = §*¥¢;, j = 1,...,J, which are also cylinders. Moreover,
we may choose the sets ¥; in such a way that

YiiNZu =0, (i,5) # (k,1), - K <i,k <K+ko—1,1<j1<J,
and X;; N (QUQg) =0 for 0 <i<kg—1,1<j<J Set A = L*J}]:1Eij for
i1=0,...,ko — 1, we can also assume that
m(T;AA;) < 0.05 max{m(T;),m(A;)} (5.19)
We need the following sublemma (see sublemma 4.5 in [12]) to construct the per-

turbation hgq.

Sublemma 5.2. For any € > 0, there is 6y > 0 such that for any 0 < 6 < 6y, any
cylinder ¥ C R* of the form

Y= Bl(Zl,Sl) X BQ(ZQ,SQ) X 334((23,24),83) with 81,82 2 S3,
there exists a subcylinder ¥’ C X of the form

¥ = Bi(z1,8)) x Ba(za,85) x Bss((23,24), 85)
and a C>* map p : R* — R* satisfying:
1. p is a rotation by the angle 6 in z23z4-plane on X', i.e.

p(z1, 22, 23, 24) = (21, 22, 23 c0s 0 — z4 8in 6, 23 sin 6 + 24 cos 0);

2. p=1d outside X;

3. m(X)/m(X) > 0.75;

4. st/s; > 0.9 fori=1,2,3;

5. |lp = Id||cr < €, where r is in Proposition 3.2.

Applying this sublemma on each cylinder ¥;;, ¢ =0,...,kg—1,5=1,...,J, we
obtain a map p;; and a subcylinder ¥i; C ¥;; such that [|p;; — Id|| < dg/2 and
m(%};)/m(2i;) > 0.75. Moreover, by (5.4), one can make p;;|¥}; the rotation by
the angle § = 7/2ko along the F'Y-subspace and p;; = Id outside ¥;;. With good

choices of X}, one may assume that S(¥;) =X}, fori=0,...,k — 1. Let
ko—1 J
Qo= A, A= 4 (5.20)
i=0 j=1

then m(Af)/m(A;) > 0.75. Define hg = p;; on each X;;, and hg = Id otherwise.
Clearly hg is a C* volume preserving diffeomorphism and dhg preserves Efffy
subbundle with det(dhq|EwY(2)) = 1 for any z € Z. Finally define Q = hg o S,

and we ready to show that @ is the desired map in Proposition 4.2.

Proof of Proposition 4.2. We give a sketch of the proof here, see section 4.2 in [12]
for more details. By the construction of @, statements (1)-(4) hold immediately.
To prove statement (5), set Af = AjNA, and

Ul - Q_KASa U2 == AO\A87
Us = Q¥ ((Ag NA\AY), Us = Q™ (Ap\A)
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and consider the first return map Q = Q” on the set U = U; U U, U Us U Uy, where
B = B(z) is the first return time of z € U to U under Q. Note that Egty(z) =

Egty(z) = Equfy(z) for any z € U.
We intend to show that

/Q(bgHAg(ﬂ§MﬁﬁTZDH-bgHAQOﬂmE#w(@HDdWKZ)>0 (5.21)

where AF(dQ|E¥%(z)) is the k-th exterior power of dQ|E%!%(z). Indeed if this is
the case, we take IT' = U$° {(U), then for k = 2,3,

1=—00

/‘bgHAk(ﬂ@E%m(dﬂwndz) = ‘/ log|| A" (dQI B (2)) | dm(z)
U I

k
[ YAz Qum(e) = Lu@im),

and hence L3(Q|II') > Lo(Q|IT’). Since @ = S outside II', we obtain that L3(Q) >
L5(Q), which indicates statement (5) of Proposition 4.2.

To show (5.21), one can split the left-hand side into four integrals on U;, i =
1,2,3,4, and estimate lower bounds for each. See [12] for more details. O

6. Construction of The Maps H,: Proof of Proposition 4.3. Recall that
the map @ in Proposition 4.2 is pointwise partially hyperbolic with one-dimensional
stable, one-dimensional unstable and two-dimensional central subbundles. @ is a
gentle perturbation of T and has positive average central Lyapunov exponents on
Z, however, Q|2 does not have the accessibility property, which is needed for the
ergodicity of Q|Z in view of Theorem 2.2.

To this end we construct H,, as a small gentle perturbation of @ for each n > 0,
such that H,, has the accessibility property on an invariant open set Zn, and is
stably accessible on an open set Z,, (see (4.2)). Then the limit diffeomorphism H
of the sequence H,, will be accessible on Z since U,>¢2Z, = Z.

6.1. Construction of The Maps H,. First we can decompose the sets Z,, én,
Z, and Z,, as follows: let Jo = [-0.5,0.5], Jo = (—5/8,5/8), Jo = (—9/16,9/16)
and Jy = (—17/32,17/32). For | > 1, set

1 1 . 3 3
le[l—?7 _ﬁ]’ Jl:(l—ﬁ,l—ﬁL
- 9 7 ~ 20 15
Jl:(l_ﬁal_ﬁ)v Jl:(l_ﬁa _21?)

and J; = —J_y, jl = —j,l, J=—J_, jl = —j,l for [ < —1. Clearly, we have for
alll € Z,

JycJ,cJ cdJ.
Also note that J; N jl+2 = (). Moreover,

I, = U Jl7 jn: U jl; Inzlu jla fn: U Zv (61)
l|I<n

= lll<n lll<n
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where I, I, I, I,, are given by (4.1). Hence we can write

= UNXJ[, Zunz UNle,

[1]<n [1]<n
Z’n:UNxJZ, z%n:UNij.
lt|<n lt|<n

Also we take K = (—1/8,1+1/8), K = (—=1/4,141/4) and K = (—1/16,1+1/16)
for the time variable ¢.

Pick two triples of pairwise disjoint periodic points {p;,p},p%}, j = 0,1, of the
Anosov automorphism A of X. We can assume that the orbits of pg and p; under
A are disjoint, and choose €y > 0 such that Bx(A'pg,eo) N Bx(Ap1,eq) = 0 for
;| = —1,0,1. We may also assume that p’,p§ € Bx(pj,€0/3). Without loss of
generality, one can take {po,p},pg} = {p,p",p¥Y} as in the construction of Qq at
the beginning of section 5. For € sufficiently small, we have that V*(p;) N V*(p}),
VeE(pj) NV (p Z) consist of exactly one point, denoted by [p],pj} [pj,pj] respectively,
where ¢ =t y,]fO 1.

For any integer [ # 0, let n_(l) = min{nz(y) cy € Ji}, set
7, (1) = d(p} [y pi]), (1) = d(p}, [ps, pS]);
v () = v, () /n-),  vi() = vi(1)/n-(D),
where j =1 mod 2, and i = t,y. Define rectangles in X:
11} = Bru (9, 7,(1) x Brs (p}, 74(1)), 11} = B (9}, v (1)) x Be: (), vi(D))-

In the case [ = 0, choose the smallest numbers !, and I} such that

A7 p' pl € Bx(v',v/2),  A[p,p'] € Bx(p',v/2),
where v is given by (5.5), and

7, (0) = d(p', A [p', pl), 71(0) = d(p', A% [p, p'));

v, (0) = 7,(0) /7y, vi(0) = v(0)/ny°
and define rectangles centered at p’ in X:
iy = Bru (¢, 7,(0)) X Bie (p', 7(0)), Ty = Bru(p', v4,(0)) x Be (p', (0)).
Finally, we let
& (D) =max{k(y)/2: y € Ji}, e(l) =5&(1)/6.

Fix an integer [ and write v} = vi (1), ¥4 = V4 (1), i = t,y, A = u, s, and & = (1),
€ = &(l). Choose C* functions on R as follows:
(1) ¢, 9" satisfying:
- ¢" =const. on (—v,1,,), ¥’ =const. on (—vi,v}).
- ¢" = 0 outside (-}, V%), ¢ = 0 outside (—v!, ).

- [ER i (r)dr = 0, and ¥ > 0 on (=, ).
¢’ Hcmu, [ lorsm < 1.

(2) &, &, satistying:
- & =const. on K, & =const. on Jl

- & = 0 outside K, &, = 0 outside Ji.
§t>OonK §y>00nJl
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Neelerens gyl grem < 1.

(3) ., ¢y satisfying:
- (¢ =const. on (—é, €), {y =const. on Jj.
- (¢ = 0 outside (—¢, &), ¢, = 0 outside Ji.
<G> 0o0n (—&,&), ¢, > 0on J.
NGellgreus ISyl grrn < 1.

Now Consider the box QY =TIV x (3—&,3+¢&)x J; centered at 2} = Y, 5, w);
where j =1 mod 2 and y; is the middle point of J;. Introduce the local coordinate
system (u,t,y,s) originated at z;, then

O = {(u,t,y8) : |ul ST, |s| <Y, |t <&, y € ). (62)

For each 8 > 0, define a vector field XV = XZZ{B supported on (UZ? by

X0 = 60~ 60 [ ¢ 0, W, o), ©3)

and clearly XV is constant on the subset Qf = II} x (% — et,% + &) X J;. We
define hY = hzﬁ on Q? to be the time-1 map of the flow generated by XY, and set
h¥ = Id outside fl;’ Since XV is divergence free, dh¥ preserves Er-subbundle and
det(dh¥|EFY(2)) = 1.

Similarly, take 2 = II! x K x J, centered at z/ = (p§7%,yl), and the local
coordinate system (u,t,y,s) is centered at z;, then

Qf = {(u,t,y, ) : |u| <L, |s| <t |t| < 3/4,y € Ji}. (6.4)
Define X* = X/ ; supported on Qf by
X' = (s, (60 [ o'in s w. 0.0), (65
0

and clearly X is constant on the subset Qf = ITj x K x J;. We define h* = hj ;5 on

Q! to be the time-1 map of the flow generated by X', and set h = Id outside §2.
Since X' is divergence free, dh' preserves EX!-subbundle and det(dh!|E¥(z)) = 1.
Take the map ) in Proposition 4.2. Given a sequence of positive numbers
{Bn}n>0, start with
Ho = hg g, 0 hf) 5,0Q,
and inductively let
H, = h’:n’ﬁn ohY o h;,ﬁn o h%,ﬂn oH,_1, (6.6)

—n,Bn
for n > 1. We are going to show that H,, are the desired maps in Proposition 4.3
with suitable choices of the sequence {8, }n>0-

6.2. Proof of Proposition 4.3. We outline the proof of Proposition 4.3, following
[4, 12].

First note that statements (2) and (4) and the fact that H,, is homotopic to
Q follow directly from the above construction. Moreover, the original map T is
uniformly partially hyperbolic on each Z, and is dynamical coherent in view of
Theorem 2.1. We can choose {3, },>0 carefully in (6.6), and a positive sequence
{6}, }n>0 with 8], <6/ _,/2 such that

1Ho = Qllor < 6y, | Hn = Hnoallcren <0, (6.7)
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then the statement (3) holds. In particular, H,, is a gentle perturbation of T" and
dynamical coherent. It remains to show H, satisfies statement (5) and (6) with
good choices of §,, and 6,,.

Denote W (z) the center manifold of H,, at the point z € Z. For any | € Z,
set zo(1) = (qj,3.m) € N x Ji, where j =1 mod 2, and y; is the middle point of
Ji. Let n = |I|, and we denote by Wi (20(l), K, Ji) the connected component of
Wi (20(1)) N (X x K x J;) that contains 2(l). We shall also use similar notations
W5 (20(1), K, Jy), etc.

Now let us introduce two important maps © and V.

Denote 'y; the quadrilateral (u,s)a-path of X with the collection of points pj,
[pj,pz-], p;, [p},pj] and p;, for i = ¢,y and j = 0,1. Given |l € Z, set n = |I| and
j =1 mod 2, one can lift the quadrilateral 'y; to a quadrilateral (u, s) g, -path ’y\; of
Z with the initial point z; by letting

2z = Vg (z21)NVE (gz)é7 1/2,y1),

23 = Vi (22) NVES (05, 1/2,m),

zg = Vi (z3)NVE (21), (6.8)
25 Vi, (za) N VEE (21).

and %’ = {z1,...,25}. This path defines a map O = Gf,Hn given by ©%(z) = zs.
It is easy to see that z; € Vj (z1), and hence ©" maps Wj; (20(1), K, J;) into
itself. Reparameterizing the curve Vi (z1) from z; to 23 by o : [0,1] — Vi (z1) so
that o(0) = 21 and o(1) = 29, we obtain a parameterized family of quadrilaterals
ﬁ; = {z1(7),...,25(7)}, 7 € [0,1], where z1(7) = 21, 22(7) = o(7), and z;(7),
i = 3,4,5 are obtained in the way similar to (6.8). Then we obtain ©7 = O], 5
given by ©%(21) = z5(7). Clearly ©f = Id, ©% = 0%, and ©! depends continuously
on 7 and maps W (20(1), K.Z)) into Wi (20(0)).

On the other hand, given z = ((z,t),y), there is a (u, s)pr-path connecting z
to 2/ = ((pj,t),y) whose length does not exceed 2d(x,p;). This generates a map
Uyp = Up; from Z to {p;} x K x I given by Up(z) = 2.

Moreover, if H! is a gentle perturbation of H,,, and hence a gentle perturbation of
T, by uniform partially hyperbolicity and dynamical coherence of H,, and T', one can
define @f’m, Qi,z,Hh and ¥y ; in a similar way, i = t,y, 7 € [0,1] and j = mod 2.
As long as H* = T outside some 2 and Z(E%,(z), Ef(z)) is sufficiently small for
all z € Zi, w = wu,s,c, the maps Gf,HW Gi,l,Hﬁ and Wy ; depends uniformly
continuously on H?, see [12] for more details.

Given a set I' C Z and a gentle perturbation H% of T set

Ap:(T)={z€ Z : there exists y € I such that

y is accessible to z via a (u, s)gs — path}. (6.9)

Let n = |I|, and set €, = min{1/2""4 &(I)}. Also, let i = t,y, w =u,s,¢, 7 € [0, 1].

We now show how to choose §,, and 6,,. For n =1 = 0, choose 6§ > 0 such that for
any gentle perturbation H? of T with Z(E%,(z), E{(z)) < 263 for z € Zo =N x I,
the maps Vpy = Wpyy o and Glr,o,Hhv are well defined. We assume that dg in
Proposition 4.2 is so small that Z(Eg(z), E%(2)) < 65 and d(©% , 5(2),2) < €/8

for z € Zy = N x Iy. Now choose 6, such that 0 < 0} < 6/2, and if H? is a gentle
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perturbation of 7' with Z(E%,(2), Eg(2)) < 26; for 2 € Zy, then
AU (2), Uo(2) <1/27, z€ Zg =N x Jp. (6.10)
Also choose &) in (6.7) so small that if |[Hy — Q|lcr < &), then for all z € Z, we
have Z(E% (2), Eg(2)) < 0.
Set 6o = min{dy, dy } and 6y = min{6;), 6y} where §( and 6 are given by Lemma
6.1. For any gentle perturbation H® of H, with L(Eg:(2), B, (2)) < 0 for all
z € Zy, we have

L(Efp:(2), B5(2)) < 260 < 05, (6.11)
L(Ep(2), B (2)) < 265. (6.12)
By Lemma 6.1, (6.11) implies that d(@i,O,HO(Z% z) <eo/4for all z€ W (20(0), K, UO),

moreover, o
Apr (Z(](O)) D Wéh (20(0), K, JO),
Since the distance between d.Jy and d.Jy is 1/2%, (6.12)
Wpe (N % Jo) © Wi (20(0), K, Jo),
and by the fact that z and W4 (2) are (u, s) gr-accessible and hence
A (20(0) DN x Jo = Z,.

Proceed inductively in a similar way for n > 1, we can find 0, and 6/, such
that (6.7) and statements (5) and (6) of Proposition 4.3 hold. More precisely,
if ||H, — Hy_1|| < 0, then Z(E% (2),E% (2)) < 0, for z € Z,. Take §, =
min{d,,, 0, } and 6, = min{6,,, 6/} where §;/ and 6, are given by Lemma 6.1, and
also one can make 6/, < ,,_1/2. Moreover, if H? is a gentle perturbation of H,, such
that Z(E%, (2), B (2)) < 0, for z € Z,, then Z(E%,(2), B% _ (2)) <20, < 0,1,
and hence by statement (6), H % has accessibility property on Zvn,l. By the same
argument above for n = 0, one can get

A (z0(n)) DN x J;, | ==+n, (6.13)

implies that

in other words, H" has the accessibility property on A/ x jl, I = +n. Note that
Zn=Zn g UWN X Jp)UWN X J_p),

and Z, 1 U (N x J;) # 0 for | = +n. Since Z, is connected, we obtain the
accessibility of H? on Z~n In particular, take H? = H,,, and we obtain that H,, has
accessibility property on gn

To complete the proof of Proposition 4.3, it remains to show the following lemma.
(Since the construction on N x J_; and N x J; are symmetric for [ > 1, we just
need to consider the case when n =1 > 0 for this lemma.)

Lemma 6.1. Let H_; = Q, z(—1) = 29(0), €_1 = €0/2, and also i = t,y,
w=u,s¢ 7€ [0,1]. Suppose for some n >0, d(©) , ;g (2),2) < €n—1/4 for
all z € Wfln_l(zo(n)7f(,jn). Then there exist 0,1, 01r > 0 such that if H,, satisfies
|Hy, — Hp—1||gr+n < 6V, then we have
d(OL 411 (2),2) < en/d, forall 2 € Wi (zo(n+1), K, Joi1). (6.14)
Moreover, for any gentle perturbation H® of H, with
L(E%4(2), E% (2)) <001, for all z € N x Jy,
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we have

Ao (20(n) D Wi (20(n), K, J,,) (6.15)
In particular, (6.15) holds with H* = H, 1.

This is essentially the same as Lemma 5.2 in [12]. The proof are parallel, hence
omitted here.
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