§16.2 Line Integrals

. Line Integral with respect to the arc length: Consider a planar curve C given by
() = (x(t), (D), a<t<b.

Divide the parameter interval [a, b] into n subintervals [t;_1,t;],i =0, ...,n, and thus
divide the curve C correspondingly n sub-curves of length As;. Choose randomly a
point P/ = (x7,y}) on the i-th sub-curve.
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Given a function f(x,y), consider the sum

Y F(xt ) s;

i=1

Definition 1: the line integral of f along C (with respect to arc length) is

/fxyds— lim Zf x5, y5)As;

11—)00

provided the limit exists.

Since

2 2
ds = \/dx? +dy? = \/@—f) + (Z—Z) dt = \/x'(t)2 +y/'(t)? dt,

Theorem 1:

[rtpds = [ foue) 502 +y orar
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Geometric Meaning of Line Integral:

If f(x,y) > 0, then the line integral

[ fxy)as

represents the area of one side of the “fence” or “curtain” in the above figure, whose
base is C and whose height above the point (x,y) is f(x,y).
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Example 1: Evaluate
/ (2 + x%y) ds,
C

where C is the upper half of the unit circle x> + y* = 1.
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Solution: the half circle can be parametrized by

X = Ccost,
. 0<t< .
Yy = sinf,

Then

s

/C(Z +x%y)ds = (2 + cos? tsin t) \/[(cos t)'12 + [(sin t)’]2dt
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(2 + cos® tsin t) \/[— sin t]2 + [cos t]2dt

7T

(2 + cos? tsin t)dt

I
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1 7T
= |2t — = cos® t}
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1 1 2
= Qr+2)—(—2) =21+~
@r+3) - (—5) =27+3
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In general, the curve C might be piecewise smooth, that is, C is a union of a finite
number of smooth curves Cy,...,C,, then

[ fx s = /Cl Floyds -+ [ fxy)is

Example 2: Evaluate [-2xds, where C consists of the are C; of the parabola y = x?

from (0,0) to (1,1) followed by the vertical line segment C, from (1,1) to (1,2).
Solution: [ 2xds = |, ¢, 2xds + fC2 2xds, where

(1) the first curve C; is given by

2
2xds = /2x\/ > dx
(@]

= / 2x\/ 1+ 4x2dx
0
' o5y5-1
o 6
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1
= (e

(2) the second curve C; is given by

x:1, y=y, 1§y§2/

2xds:/21\/ dx )dy
G

_ /2\/0—|—12dy:/ 2dy = 2.
1 1

Therefore,

+ 2.

-1
/ 2xds = 2xds + 2xds = 5v5
C C 6
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. Line integral with respect to x and y: In the sum

n

Y f(xi,yi)As;,

i=1
we can replace As; by either Ax; or Ay;, then

Definition 2: the line integral of f along C with respect to x and y is

Jof o = Jim 3 £ )

[ fGe )y = lim ICHALY

provided the limits exists.

Since dx = x/(t)dt and dy = y'(t)dt, then

Theorem 2:
b
/Cf(x,y)dX=/a F(x(t),y(t))x (t)dt.
[rtomdy= [ 5,v0)

It frequently happens that line integrals with respect to x and y occur together along
the same curve C. When this happens, it’s customary to abbreviate writing

/CP(x,y)dx + /C Q(x, y)dy = /CP(x,y)dx + Q(x,y)dy.

Remark: There are two orientations for a given curve. If we denote a curve by
C with certain orientation, we shall denote by —C the same curve but of reverse
orientation.

(1) The orientation does not affect line integral w.r.t. the arc length, that is,

[ fyis= [ fexyas

(2) Reverse orientation gives opposite values for line integral w.r.t. x and y, that is,

/_Cf(x,]/)dx: —/Cf(x,y)dx, /_Cf(x,y)dy: —/Cf(x,y)dy.
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Example 3: Evaluate
/C(l +y)dx + xdy,

where C is the arc of the upper half unit circle from (1,0) to (—1,0).

+yri=1
(y=0)

oY

Solution: the half circle from (1,0) to (—1,0) can be parametrized by

X = Cost,
. 0<t< .
Yy = sint,

Then
/C(1+y)dX+xdy = / (1+sint)(cost)'dt 4+ cos t(sint)'dt
= / (1+sint)(—sint)dt + cost(cost)dt
—smt—l— (cos? t — sin® t)]dt

— sin t + cos(2f)]dt

|
\ \

7T

1
= cost+ 5 sin(2t)

0
1 1
= [cosm+ 5 sin(27t)] — [cos 0 + 5 sin0] = —2.

Remark: The reverse curve —C is the arc of the upper half unit circle from (—1,0)
o (1,0), that is,

X = cost, .
) t varies from 7t to 0,
Yy = sint,

so [ ~(1+y)dx+ xdy is the integral from 77 to 0, which equals to 2 (after calculation).
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3. Line integral in Space: Consider a space curve C given by
() = (x(t), y(b), z(t)), a<t<b.

(1) Line integral of f(x,y,z) along C with respect to arc length is

b
[ Sy s = [ f,y0,20)\/2 (02 +y (102 +2(0)72 at
b
= [ ram)r el
In particular, the length of the curve C is given by L = [-1ds = | ab ¥/ (t)|dt.

(2) Line integral of f(x,y,z) along C with respect to x, y and z is

[ Ay i = [ fe,ye), 267 (at,
[ Ay = [, ue), 20y (D,
|fpadz = [ fwye,20)2 0,
Or combinatorially,
/C P(x,y,2)dx + Q(x,y,2)dy + R(x,y,z)dz

= /ab[P(X(f),y(f),Z(f))X’(f) +Q(x (), y(t),2(1)y'(t) + R(x(t),y(t),z(t))2'(£)]dt
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Example 4: Let C be the circular helix given by the equation

=

x =cost, y =sint, z =1t, ogtgz.

(1) Evaluate [y sinzds.
(2) Evaluate [.ysinzdx + xsinzdy + xy cos zdz.

Solution:
1)
/Cysinzds = /0Z sintsint\/[(cos t)]2 + [(sint)’]2 + [(t)"]? dt
— /04 sin? £\/sin2 t + cos? t + 1dt
= /Z sin? +/2dt
_ \/—/ 1—cos 2t)
V2
= &5 {t——sm (2t) }0
V2 _ V2(n-2)
- B[(5-pmd)o] 252
()

/C ysinzdx + x sinzdy + xy cos zdz

T

— /4 [sintsint(cost)’ + costsint(sint) + costsintcost(t)'] dt

N:l

—sin®t + 2sin t cos? t)dt

B

sin t[3 cos® t — 1]dt

S— 5— S

i V2
0 4

= [cost — cos® t] = [cosg — cos® (g)} — [cos 0 — cos® 0] =
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4. Line integral of vector fields: One can regard

/C P(x,y)dx + Q(x,y)dy 1)
as follows. The planar curve C is given by r(t) = (x(¢t),y(t)), or simply r = (x,y),

(£) = (
and thus dr = (dx, dy). Denote the vector field F(x,y) = (P(x,y), Q(x,y)), or simply
F = (P, Q). Therefore, we interpret (1) into

Line integral of the vector field F along C:
/CF dr = /CF(r(t)) F(H)dt = /CP(x,y)dx +Q(x, y)dy
Similarly, one regard
/CP(x, y,z)dx + Q(x,y,z)dy + R(x,y,z)dz ()
as Line integral of the vector field F along a space curve C:
/CF dr = /CF(r(t)) Y (t)dt = /CP(x,y,z)dx + Q(x,y,z)dy + R(x,y,z)dz,

where the curve C is given by r(t) = (x(t),y(t),z(t)) with dr = (dx,dy,dz), and the
vector field F = (P, Q, R).

As an application, the total work done by the force F = (P,Q,R) in moving the
particle along C given by r(t) = (x(t),y(t),z(t)) can be computed by

W:/F-dr:/de+Qdy+Rdz.
C C
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Example 5: Find the work done by the force field
F(x,y,z) = yzi + zxj + xyk
in moving a particle along the twisted cubic curve C given by

x=t y=t,z=1, 0<t<1.

Solution. Along the curve C,
F = 2851 + 32t + tPk = i + t4 + Pk = (£, 14, 1),

and
dr = (dx,dy,dz) = (x'(t),v/(t),2(t))dt = (1,2t,3¢%)dt,

then
1
W:/FW::/@%H%ﬂgwﬁw
C 0

1
::‘/ 6t°dt = t°|) = 1.
0
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