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• Explicit representation of the complex scaled resolvent of the Helmholtz equation in an inhomogeneous medium.
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A B S T R A C T
In this paper, we develop an explicit representation of the complex scaled resolvent of the
Helmholtz equation in an inhomogeneous medium. We surround the computational domain with
a complex scaling layer of a constant thickness and a homogeneous (constant) property (also
known as a perfectly matched layer, or PML), and employ suitable cutoff functions to smoothly
glue the complex-scaled resolvent in the homogeneous medium with the unscaled resolvent in
the inhomogeneous medium, where the latter is given by the Green’s function expressed via the
Hadamard-Babich ansatz. The resulting resolvent possesses the following unique features: on the
one hand, it acts on the source term through integration and is thus free from numerical dispersion
error, allowing the number of grid points per dimension to scale linearly with frequency; on the
other hand, it provides an explicit representation of the Green’s function for the complex-scaled
Helmholtz equation in an inhomogeneous medium in the form of a geometric series, which
holds significant potential for applications in scattering problems. Two-dimensional numerical
examples demonstrate the convergence and performance of the proposed resolvent.

1. Introduction
The complex scaling method, also known as the perfectly matched layer (PML) method, plays an important role in

the theory of scattering resonances [26, 8] as well as in the numerical simulation of a wide range of unbounded wave
fields[4]. By surrounding the original computational domain with a region where a complex coordinate transformation
is applied, outgoing waves are absorbed without reflection and decay exponentially. Thus, on the outer boundary of
this layer, a homogeneous Dirichlet or Neumann condition can be naturally imposed. As a result, the complex scaling
method for the Helmholtz equation can be solved using finite-difference frequency-domain (FDFD) or finite element
methods. However, when applied to high-frequency wave fields, these direct methods may suffer from dispersion or
pollution errors [3, 2], which require extremely fine computational grids (or large numbers of degrees of freedom) to
resolve the oscillations, making them prohibitively expensive in practice.

Therefore, alternative methods have been sought to resolve these highly oscillatory wave phenomena. The solution
to the Helmholtz equation can be obtained by applying the resolvent operator to the source term, which is typically
realized through a volume integral involving the Green’s function. The Green’s function for the Helmholtz equation
in homogeneous media is well known. For the complex scaling method, the corresponding Green’s function has been
defined by analytic extension in [12] and successfully employed in boundary integral equations [18] for scattering
problems. In inhomogeneous media, the Green’s function generally lacks an analytical representation. To overcome
this difficulty, asymptotic representations inspired by geometrical optics—such as the WKBJ ansatz and the Hadamard-
Babich ansatz[1]—have been proposed and used in a range of high-frequency problems[19, 17, 15]. However, the
amplitude and phase functions in these asymptotic solutions must be obtained sequentially by solving the eikonal
and transport equations, and unlike in the homogeneous case, they cannot directly yield a solution to the complex
scaling method via analytic continuation. This motivates us to seek alternative representations of the resolvent in
inhomogeneous media, which have broad applications in scattering problems.

Inspired by [7], we construct the complex scaled resolvent 𝑅𝜎(𝜔) in inhomogeneous media by gluing together
the complex scaled resolvent 𝑅𝜎,0(𝜔) in homogeneous media and the resolvent 𝑅(𝜔) without complex scaling in
inhomogeneous media. Here, 𝜔 denotes the angular frequency and 𝜎 is an auxiliary function required for complex
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Complex Scaled Resolvent Formula

scaling. The resolvent 𝑅𝜎,0(𝜔) has been studied in [12] and applied to scattering problems [18], and its explicit
representation can be obtained by performing analytic continuation on the distance function and the free-space Green’s
function. Regarding the resolvent 𝑅𝜎(𝜔), or equivalently the Green’s function in an inhomogeneous medium, we adopt
the the Hadamard–Babich (HB) ansatz as the building block, since, unlike the usual geometric optics methods, it
provides an asymptotic representation that remains uniformly accurate near the point source. After precomputing some
HB ingredients and developing multivariate Chebyshev representations of these ingredients, the numerical HB ansatz
can provide the asymptotic Green’s function at each source-target pair at an 𝑂(1) computational cost per evaluation,
which forms the basis for the design of fast algorithms.

The resulting resolvent 𝑅𝜎(𝜔) can be represented as a geometric series whose expansion factor decays faster than
any polynomial in 1

𝜔 , leading to rapid convergence when 𝜔 is large. The application of 𝑅𝜎(𝜔) is implemented through a
successive application of several integral kernels associated with different Green’s functions. Although in this paper, we
simply construct these oscillatory kernels explicitly via Chebyshev interpolation and apply them using matrix–vector
multiplications to demonstrate the accuracy of the proposed method, we remark that we have already developed a
series of works that use the butterfly algorithm to accelerate constructing and applying such Green’s function kernels
[19, 22, 23, 17, 27, 28, 15]. The application of the resolvent equipped with these techniques to scattering problems
constitutes a part of our ongoing work.

2. Complex scaling
Let 𝜈, 𝜌∶ ℝ𝑚 → (0,∞) be analytic functions which are bounded above and below by positive constants, and which

are equal to 1 outside of a compact rectangle 𝐾 ⊂ ℝ𝑚. Let
𝑃 = −𝜌−1∇ ⋅ (𝜈∇), 𝑃 ∶  → ,

where  = 𝐿2(ℝ𝑚; 𝜌 𝑑𝑥) and  = {𝑢 ∈  ∶ 𝑃𝑢 ∈ }. Then we define the Helmholtz equation as
(𝑃 − 𝜔2)𝑢 = −𝜌−1∇ ⋅ (𝜈∇𝑢) − 𝜔2𝑢 = 𝑓, 𝒙 ∈ ℝ𝑚, (2.1)

where 𝜔 denotes the angular frequency, 𝑓 ∈ 𝐿2(ℝ𝑚) is the source term with compact support in 𝐾 , and 𝑢 obeys the
Sommerfeld radiation condition at infinity. Specifically, choosing 𝑓 = 𝛿(𝒙0) in (2.1), we obtain the Green’s function
𝐺
(

𝜔,𝒙0;𝒙
) excited at 𝒙0.

The resolvent (𝑃 − 𝜔2)−1 ∶  →  is defined for Im𝜔 > 0, because 𝑃 is a non-negative self-adjoint operator.
Then for 𝜔 > 0 the limit

𝑅(𝜔)𝑓 = lim
𝜀→0+

(𝑃 − (𝜔 + i𝜀)2)−1𝑓

exists and obeys the Sommerfeld radiation condition at infinity [8, Section 4.4]. We remark that the action of the
resolvent operator 𝑅(𝜔) can be implemented as a volume integral involving the Green’s function 𝐺

(

𝜔,𝒙0;𝒙
), namely

[

𝑅(𝜔)𝑓
]

(𝒙0) = ∫ℝ𝑚
𝐺
(

𝜔,𝒙0;𝒙
)

𝑓 (𝒙) d𝒙. (2.2)

For example, if 𝜈 and 𝜌 are identically 1 and 𝑚 = 3, then
[

𝑅(𝜔)𝑓
]

(𝒙0) =
1
4𝜋 ∫ℝ3

𝑒i𝜔|𝒙0−𝒙|
|𝒙0 − 𝒙|

𝑓 (𝒙) d𝒙.

To truncate equation (2.1) onto a bounded domain Ω that contains 𝐾 , we now define the complex scaling operator
[26], also known as a perfectly matched layer operator [4], as follows. Let 𝜎1,… , 𝜎𝑚 ∶ ℝ → [0,∞) be smooth functions,
such that the product 𝜎1(𝑥1)⋯ 𝜎𝑚(𝑥𝑚) equals 0 inside Ω, and such that each 𝜎𝑗 is a positive constant outside of a
compact set Ω𝑃 that contains Ω. We introduce a complex stretching of the coordinates with:

𝑥𝑗
(

𝑥𝑗
)

= 𝑥𝑗 + i∫

𝑥𝑗

0
𝜎𝑗(𝑡)𝑑𝑡, (2.3)
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and define
𝜕𝑥𝑗 ,𝜎𝑗 =

1
1 + i𝜎𝑗(𝑥𝑗)

𝜕𝑥𝑗 , ∇𝜎 = (𝜕𝑥1,𝜎1 ,… , 𝜕𝑥𝑚,𝜎𝑚 ),

and the complex scaled resolvents in inhomogeneous and homogeneous media are, respectively,
𝑅𝜎(𝜔) = (−𝜌−1∇𝜎 ⋅ (𝜈∇𝜎) − 𝜔2)−1, 𝑅𝜎,0(𝜔) = (−∇𝜎 ⋅ ∇𝜎 − 𝜔2)−1.

By standard results in complex scaling/PML [8, Section 4.5], these resolvents are defined for 𝜔 > 0, acting on
𝑓 ∈ 𝐿2(ℝ𝑚), without any need to take a limit, or to impose a support or decay condition on 𝑓 .

The complex scaled resolvent 𝑅𝜎,0(𝜔) in a homogeneous medium admits an explicit representation, which can be
obtained via analytic continuation of the Green’s function in the homogeneous medium, dubbed the PML-transformed
free-space Green’s function[12]:

𝐺(𝜔,𝒙0;𝒙) = 𝐺
(

𝜔, 𝒙̃0; 𝒙̃
)

=

{ i
4𝐻

(1)
0 (𝜔𝑟(𝒙̃0, 𝒙̃)), 𝑚 = 2,

exp(i𝜔𝑟(𝒙̃0,𝒙̃))
4𝜋𝑟(𝒙̃0,𝒙̃)

, 𝑚 = 3,
(2.4)

where 𝑟 is the complex distance function given by

𝑟(𝒙̃0, 𝒙̃) =

( 𝑚
∑

𝑗=1

(

𝑥0,𝑗 − 𝑥𝑗
)2
)1∕2

, (2.5)

and the half-power operator 𝑧1∕2 is chosen to be the branch of √𝑧 with nonnegative real part for 𝑧 ∈ ℂ∖(−∞, 0] such
that arg√𝑧 ∈

(

−𝜋
2 ,

𝜋
2

]

.

3. Main result
Suppose the resolvent operator 𝑅(𝜔) under consideration is polynomially bounded in the sense that there is 𝑁 such

that for any 𝜒 ∈ 𝐶∞
𝑐 (ℝ𝑚) we have

‖𝜒𝑅(𝜔)𝜒‖𝐿2(ℝ𝑚)→𝐻1(ℝ𝑚) = 𝑂(𝜔𝑁 ), (3.1)
as 𝜔 → ∞. For example, if the problem is nontrapping, then (3.1) holds with 𝑁 = 0 by [8, (6.2.22)]. As in [8, (6.2.21)],
we similarly have

‖𝑅𝜎,0(𝜔)‖𝐿2(ℝ𝑚)→𝐻1(ℝ𝑚) = 𝑂(1).

The following is an application of the main theorem of [7].
Theorem 1. For 𝜔 ≫ 1, there is a formula for the resolvent 𝑅𝜎(𝜔) in terms of the resolvent 𝑅𝜎,0(𝜔) and the cutoff
resolvent 𝜒𝑅(𝜔)𝜒 , for suitable 𝜒 ∈ 𝐶∞

𝑐 (ℝ𝑚). It is given in formula (3.3) below.

Proof 1. Let 𝜒𝐾 , 𝜒∞, 𝜒𝐾 , and 𝜒∞ be smooth cutoff functions, with the following properties:

a) 𝜒𝐾 + 𝜒∞ = 1,

b) 𝜒𝐾 = 1 near the support of 𝜒𝐾 , and 𝜒∞ = 1 near the support of 𝜒∞,

c) 𝜒∞ = 0 near 𝐾 , and 𝜒𝐾 = 0 near the set where any 𝜎(𝑥𝑗) (𝑗 = 1, 2,⋯ , 𝑚) is nonzero,

d) 𝜒𝐾 factors as a product of functions of one variable 𝜒𝐾 (𝑥) = 𝜒𝐾,1(𝑥1)⋯𝜒𝐾,𝑚(𝑥𝑚), and so does each of the
other three cutoffs.
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𝐾

supp ∇𝜒∞

supp ∇𝜒∞

supp ∇𝜒𝐾

supp ∇𝜒𝐾

complex scaling / PML region

Figure 1: The cutoffs used to construct the resolvent. In the white region, where all derivatives of all cutoffs are supported,
we have 𝜈(𝑥) = 𝜌(𝑥) = 1 and 𝜎𝑗(𝑥𝑗) = 0 for all 𝑗. The complex scaling / PML region contains 𝜕Ω and 𝜕Ω𝑃 .

Thus 𝜒𝐾 and 𝜒𝐾 are cutting off near 𝐾 , while 𝜒∞ and 𝜒∞ are cutting off near the set where we put complex
scaling/PML. See Figure 1.

Then define

𝐹 = 𝜒𝐾𝑅(𝜔)𝜒𝐾 + 𝜒∞𝑅𝜎,0(𝜔)𝜒∞.

We compute

(𝑃𝜎 − 𝜔2)𝐹 = 𝐼 + 𝐴𝐾 + 𝐴∞, where 𝐴𝐾 = [𝜒𝐾 ,Δ]𝑅(𝜔)𝜒𝐾 , 𝐴∞ = [𝜒∞,Δ]𝑅𝜎,0(𝜔)𝜒∞.

Here we have used the commutator relation defined by [𝜒𝐾 ,Δ] = 𝜒𝐾 Δ − Δ𝜒𝐾 . Note that 𝐴2
𝐾 = 𝐴2

∞ = 0. By [7,
(3.3)], for any 𝑁 we have

‖𝐴∞𝐴𝐾‖𝐿2(ℝ𝑚)→𝐻𝑁 (ℝ𝑚) = 𝑂(𝜔−𝑁 ). (3.2)
This, together with the identity

(𝑃𝜎 − 𝜔2)𝐹 (𝐼 − 𝐴𝐾 − 𝐴∞ + 𝐴𝐾𝐴∞) = 𝐼 − 𝐴∞𝐴𝐾 + 𝐴∞𝐴𝐾𝐴∞,

implies that

𝑅𝜎(𝜔) = 𝐹 (𝐼 − 𝐴𝐾 − 𝐴∞ + 𝐴𝐾𝐴∞)
∞
∑

𝑗=0
(𝐴∞𝐴𝐾 − 𝐴∞𝐴𝐾𝐴∞)𝑗 , (3.3)

with the geometric series converging for 𝜔 ≫ 1 thanks to (3.2).
We note that for 𝜔 ≫ 1, estimate (3.2) ensures that the norm of 𝐴∞𝐴𝐾 − 𝐴∞𝐴𝐾𝐴∞ is sufficiently small, so that

retaining only the leading term in the series is typically sufficient.
In fact, for the source term 𝑓 compactly supported in 𝐾 , we have

𝜒∞𝑓 = 0, 𝜒𝐾𝑓 = 𝑓. (3.4)
Thus

𝐴∞𝑓 = [𝜒∞,Δ]𝑅𝜎,0(𝜔)𝜒∞𝑓 = 0. (3.5)
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Applying the leading-term truncation of (3.3) to 𝑓 , we obtain
𝑅𝜎(𝜔)𝑓 ≈ 𝐹 (𝐼 − 𝐴𝐾 − 𝐴∞ + 𝐴𝐾𝐴∞)𝑓

= 𝐹 (𝐼 − 𝐴𝐾 )𝑓
= 𝜒𝐾𝑅(𝜔)𝜒𝐾𝑓 − 𝜒𝐾𝑅(𝜔)𝜒𝐾𝐴𝐾𝑓 − 𝜒∞𝑅𝜎,0(𝜔)𝜒∞𝐴𝐾𝑓
= 𝜒𝐾𝑅(𝜔)𝜒𝐾𝑓 − 𝜒∞𝑅𝜎,0(𝜔)𝜒∞𝐴𝐾𝑓
= 𝜒𝐾𝑅(𝜔)𝑓 − 𝜒∞𝑅𝜎,0(𝜔)𝜒∞𝐴𝐾𝑓.

(3.6)

Here we have used the fact that the support of
𝐴𝐾𝑓 = [𝜒𝐾 ,Δ]𝑅(𝜔)𝜒𝐾𝑓 (3.7)

is contained in the support of the gradient of 𝜒𝐾 , which is disjoint from the support of 𝜒𝐾 .

4. Hadamard-Babich ansatz and resolvent 𝑅𝜎

The resolvent 𝑅(𝜔) takes the following form:
[

𝑅(𝜔)𝑓
]

(𝒙0) = ∫ℝ𝑚
𝐺
(

𝜔,𝒙0;𝒙
)

𝑓 (𝒙) d𝒙, (4.1)

where 𝐺 represents the Green’s function in an inhomogeneous medium. To construct an asymptotic approximation
of the Green’s function, we assume that any two points within the computational domain that we are interested in are
connected by a unique geodesic; consequently, we can use the Hadamard-Babich method [1, 17] to obtain the following
Hankel-based ansatz so as to expand the solution 𝑢(𝒙) = 𝐺(𝜔,𝒙0;𝒙),

𝐺𝐵
(

𝜔,𝒙0;𝒙
)

=
∞
∑

𝑠=0
𝑣𝑠

(

𝒙0;𝒙
)

𝑓𝑠−(𝑚−2)∕2(𝜔, 𝜏), (4.2)

where

𝑓𝑞(𝜔, 𝜏) = i

√

𝜋
2

𝑒𝑖𝑞𝜋
(2𝜏
𝜔

)𝑞
H(1)
𝑞 (𝜔𝜏). (4.3)

Here H(1)
𝑞 is the 𝑞-th Hankel function of the first kind, the phase 𝜏 satisfies
4𝑣0𝜏2

(

𝜈|∇𝜏|2 − 𝜌
)

= 0, 𝜏(𝒙0;𝒙)|𝒙=𝒙0 = 0. (4.4)
This is equivalent to the eikonal equation,

|∇𝜏| = 𝑛, 𝜏(𝒙0;𝒙)|𝒙=𝒙0 = 0, (4.5)

when we define the slowness 𝑛 =
√

𝜌
𝜈 .

For 𝑠 ≥ 0, the coefficients 𝑣𝑠+1 satisfy the recurrent system
4𝜈𝜏∇𝜏 ⋅ ∇𝑣𝑠+1 + 𝑣𝑠+1[2(2𝑠 + 2 − 𝑚)𝜌 + 2∇ ⋅ (𝜈𝜏∇𝜏)] = ∇ ⋅

(

𝜈∇𝑣𝑠
) (4.6)

with 𝑣−1 ≡ 0 and

𝑣0
(

𝒙0;𝒙
)

|

|

|𝒙=𝒙0
=

𝑛𝑚0
2𝜋(𝑚−1)∕2

, 𝑛0 = 𝑛
(

𝒙0
)

. (4.7)

We call the above ansatz the Hadamard-Babich ansatz. The coefficients 𝑣𝑠, called HB coefficients, differ from the
amplitude functions in classical geometrical optics such as the WKBJ method. The Hadamard–Babich ansatz absorbs
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the point source singularity into the Hankel basis functions, resulting in HB coefficients that remain non-singular at
the source. Consequently, this ansatz provides a uniformly accurate asymptotic solution near the point source [25].

Similar to usual geometric optics series, the Hadamard–Babich ansatz fails to capture caustics, which frequently
arise in wave propagation through inhomogeneous media. This failure is primarily due to the requirement that 𝜏2
remains smooth, a condition that breaks down at caustics. Since this work focuses on the construction of the complex
scaled resolvent, we make the simplifying assumption that the functions 𝜏2 and 𝑣𝑠, 𝑠 = 0, 1, 2,… are analytic
throughout the computational domain and for any point source position, which is a reasonable assumption in the
caustics-free neighborhood of the point source when 𝜌 and 𝜈 are analytic[17]. This assumption guarantees that the
Hadamard-Babich ansatz remains valid in all cases considered. We refer the reader to [17, 27, 28] for a detailed account
of how the Hadamard-Babich ansatz can be combined with the fast Huygens sweeping method to naturally handle
caustics.

According to the essence of asymptotics[13], the difference between the true Green’s function 𝐺 and the HB ansatz
𝐺𝐵 can be written as

𝐺
(

𝜔,𝒙0;𝒙
)

− 𝐺𝐵
(

𝜔,𝒙0;𝒙
)

= 𝑂(1∕𝜔∞), (4.8)
where the “error” term on the right-hand side means that the difference can be made arbitrarily smooth for all 𝒙, as
long as 𝜏2 and 𝑣𝑠, 𝑠 = 0, 1, 2,⋯ are analytic. According to [15], when the source term 𝑓 is compactly supported, we
have

||𝑢𝑡𝑟𝑢𝑒 − 𝑢𝑁𝐻𝐵||𝐿∞(Ω) ≤ 𝑂
(

(1∕𝜔)𝑁+1−𝑚−3
2

)

, (4.9)
where 𝑢𝑡𝑟𝑢𝑒 represents the solution obtained by (2.2) with 𝐺 being the true Green’s function and 𝑢𝑁𝐻𝐵 represents the
solution obtained by using the 𝑁-term truncation of 𝐺𝐵 as the Green’s function. We remark that (4.9) provides the
asymptotic error estimate for resolvent 𝑅(𝜔) when employing the truncated HB ansatz as the approximate Green’s
function in an inhomogeneous medium.

5. Numerical implementation
Here we present the numerical implementation of the proposed resolvent 𝑅𝜎(𝜔). We begin by providing detailed

definitions of the complex scaling and cutoff functions required for the gluing. Next, we briefly discuss high-order
numerical schemes for the eikonal and transport equations, which yield the squared phase function 𝜏2 and the HB
coefficients 𝑣𝑠. To avoid solving the eikonal and transport equations at every source point, we introduce multivariate
Chebyshev interpolation to precompute and compress the required ingredients. Based on the HB ansatz, we discretize
the resolvents 𝑅𝜎,0(𝜔) and 𝑅(𝜔) and carefully address the diagonal singularity of the Green’s function (namely, the
kernel function of the resolvent operator).
5.1. Complex scaling and cutoff functions

We define the computational domain as Ω = [−𝑎1, 𝑎1] ×⋯ × [−𝑎𝑚, 𝑎𝑚], with 𝑎𝑖 > 0, 𝑖 = 1, 2,⋯ , 𝑚,. To construct
the complex scaling, we introduce the complex stretching of the coordinates defined as

𝑥𝑖
(

𝑥𝑖
)

= 𝑥𝑖 + i∫

𝑥𝑖

0
𝜎𝑖(𝑡)𝑑𝑡 (5.1)

for 𝑖 = 1, 2,⋯ , 𝑚. Here we take 𝜎𝑖

𝜎𝑖(𝑡) = 𝜎𝑖(−𝑡), 𝜎𝑖(𝑡) = 0 for |𝑡| ≤ 𝑎𝑖, 𝜎𝑖(𝑡) > 0 for |𝑡| > 𝑎𝑖, (5.2)
with 𝑎𝑖 > 0, 𝑖 = 1, 2,⋯ , 𝑚. Regions with non-zero 𝜎𝑖 (𝑖 = 1, 2,⋯ , 𝑚) are called the complex scaling/PML region. For
definiteness, throughout this paper, we use the positive function 𝜎𝑖 (𝑖 = 1, 2,⋯ , 𝑚) [6, 16, 18]

𝜎𝑖
(

𝑥𝑖
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

2𝑆𝑔𝑃𝑖
𝑔𝑃𝑖 +(1−𝑔𝑖)

𝑃 , 𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑎𝑖 + 𝑇𝑖,

𝑆, 𝑥𝑖 > 𝑎𝑖 + 𝑇𝑖,
0, −𝑎𝑖 < 𝑥𝑖 < 𝑎𝑖,
𝜎𝑖
(

−𝑥𝑖
)

, 𝑥 ≤ −𝑎𝑖,

(5.3)
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where 𝑇𝑖 > 0 denotes the thickness of the complex scaling region, 𝑃 is a positive integer, and

𝑔𝑖 =
(1
2
− 1

𝑃

)

𝑥̄3𝑖 +
𝑥̄𝑖
𝑃

+ 1
2
, 𝑥̄𝑖 =

𝑥𝑖 −
(

𝑎𝑖 + 𝑇𝑖
)

𝑇𝑖
. (5.4)

It can be seen that 𝜎𝑖 maps [𝑎𝑖, 𝑎𝑖 + 𝑇𝑖
] onto [0, 𝑆] and its derivatives vanish at 𝑥𝑖 = ±𝑎𝑖 up to order 𝑃 −1. We introduce

a smooth function 𝜙[𝑎,𝑏](𝑥) ∈ 𝐶∞(ℝ), defined as follows:

𝜙[𝑎,𝑏](𝑥) =

⎧

⎪

⎨

⎪

⎩

0, 𝑥 ≤ 𝑎
𝜂
(

𝑥−𝑎
𝑏−𝑎

)

, 𝑎 < 𝑥 < 𝑏
1, 𝑥 ≥ 𝑏

, where 𝜂(𝑡) = 𝑒−1∕𝑡

𝑒−1∕𝑡 + 𝑒−1∕(1−𝑡)
. (5.5)

Building on this, we define the cutoff functions 𝜒𝐾 , 𝜒∞, 𝜒𝐾 , and 𝜒∞. To be specific, we use 𝑚 = 2, Ω = [−1, 1]2,
𝑇1 = 𝑇2 = 0.2, and 𝐾 = [−0.4, 0.4]2 as a representative example. Thus, these functions are

𝜒𝐾 = 𝜙[−0.78,−0.62](𝑥) × (1 − 𝜙[0.62,0.78](𝑥)) × 𝜙[−0.78,−0.62](𝑦) × (1 − 𝜙[0.62,0.78](𝑦)), (5.6)

𝜒𝐾 = 𝜙[−0.98,−0.82](𝑥) × (1 − 𝜙[0.82,0.98](𝑥)) × 𝜙[−0.98,−0.82](𝑦) × (1 − 𝜙[0.82,0.98](𝑦)), (5.7)

𝜒∞ = 1 − 𝜙[−0.78,−0.62](𝑥) × (1 − 𝜙[0.62,0.78](𝑥)) × 𝜙[−0.78,−0.62](𝑦) × (1 − 𝜙[0.62,0.78](𝑦)), (5.8)

𝜒∞ = 1 − 𝜙[−0.58,−0.42](𝑥) × (1 − 𝜙[0.42,0.58](𝑥)) × 𝜙[−0.58,−0.42](𝑦) × (1 − 𝜙[0.42,0.58](𝑦)). (5.9)
In Figure 2, we illustrate the four cutoff functions that will be used in this article.
5.2. Precomputation of phase and HB coefficients

The Hadamard-Babich ansatz is characterized by the phase function 𝜏 satisfying the eikonal equation (4.5) and the
HB coefficients 𝑣𝑠, 𝑠 = 0, 1,⋯ satisfying the transport equations (4.6). The weakly coupled eikonal equation (4.5) and
transport equations (4.6) with point-source conditions have been solved to high-order accuracy by using Lax-Friedrichs
weighted essentially non-oscillatory (LxF-WENO) sweeping schemes as demonstrated in [25]. The high-order schemes
in [25] have adopted essential ideas from many sources, including [21, 14, 10, 24, 11, 31, 30, 29, 9, 20, 17] and have
been used in many applications. Consequently, we will adopt these schemes to our setting as well, and we omit details
here.

However, for a given point source 𝒙0, constructing the HB ansatz by sequentially solving the eikonal and transport
equations and then evaluating a volume integral to obtain the solution𝑅(𝜔)𝑓 at𝒙0 is clearly computationally expensive.
As a basis for efficient numerical implementation, the 𝑁-term truncation of the HB ansatz, 𝐺𝑁

𝐵 (𝜔,𝒙0;𝒙), for 𝑁 small,
should be evaluated with a computational cost of 𝑂(1) for any 𝒙0,𝒙 ∈ Ω.

Since we have assumed that 𝜏2 and 𝑣𝑠, 𝑠 = 0, 1,⋯ are analytic in Ω, we introduce the multivariate Chebyshev
interpolation to reduce the computational cost. We take the 2-D case as an example. Letting 𝑞(𝑥, 𝑦, 𝑥0, 𝑦0) be a function
that admits a low-rank representation where 𝒙 = [𝑥, 𝑦],𝒙0 = [𝑥0, 𝑦0] ∈ Ω, we consider the following analytical
low-rank representation using Chebyshev interpolation,

𝑞(𝑥, 𝑦, 𝑥0, 𝑦0) ≈
𝑛𝑖
∑

𝑖=1

𝑛𝑗
∑

𝑗=1

𝑛𝑘
∑

𝑘=1

𝑛𝑙
∑

𝑙=1
𝑄(𝑖, 𝑗, 𝑘, 𝑙)𝑇̄𝑖(𝑥)𝑇̄𝑗(𝑦)𝑇̄𝑘(𝑥0)𝑇̄𝑙(𝑦0), (5.10)

where 𝑛𝑖, 𝑛𝑗 , 𝑛𝑘, and 𝑛𝑙 are the orders of Chebyshev interpolation, 𝑄 is a 4-D tensor of size 𝑛𝑖 × 𝑛𝑗 × 𝑛𝑘 × 𝑛𝑙 that
contains the spectral coefficients to be determined, and 𝑇̄𝑖, 𝑇̄𝑗 , 𝑇̄𝑘, and 𝑇̄𝑙 represent the Chebyshev interpolants defined
via translating the standard Chebyshev polynomials 𝑇𝑝 defined on [−1, 1] to the corresponding domain,

𝑇𝑝(𝑠) = cos(𝑝 arccos(𝑠)), 𝑠 ∈ [−1, 1]. (5.11)
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Figure 2: The cutoff functions used in the gluing procedure.

We can obtain 𝑄 by applying fast cosine transforms with respect to 𝑥, 𝑦, 𝑥0, and 𝑦0 to the tensor 𝑞(𝑥𝑐𝑖 , 𝑦𝑐𝑗 , 𝑥𝑐0,𝑘, 𝑦𝑐0,𝑙),where 𝑥𝑐𝑖 , 𝑦𝑐𝑗 , 𝑥𝑐0,𝑘, and 𝑦𝑐0,𝑙 are 𝑛𝑖, 𝑛𝑗 , 𝑛𝑘, and 𝑛𝑙-order Chebyshev nodes in Ω×Ω, respectively, which are also obtained
by translating the 𝑛-order Chebyshev nodes {𝑠𝑝} in [−1, 1],

𝑠𝑝 = cos
(

2𝑝 − 1
2𝑛

)

, 𝑝 = 1, 2,⋯ , 𝑛. (5.12)

Taking 𝑞 = 𝜏2 and 𝑣𝑠, 𝑠 = 0, 1,⋯, we now only need to evaluate them at the Chebyshev nodes, rather than on a fine
grid satisfying the wave resolution requirement.

To calculate 𝑞(𝑥𝑐𝑖 , 𝑦𝑐𝑗 , 𝑥𝑐0,𝑘, 𝑦𝑐0,𝑙), we adopt a computational strategy as used in [15]: first choose a region Ω𝑐 which is
slightly larger than Ω, then compute numerically the ingredients in Ω𝑐 with sources located at [𝑥𝑐0,𝑘, 𝑦𝑐0,𝑙], respectively,
and finally use cubic spline interpolation of the just computed ingredients on uniform grids to obtain 𝑞(𝑥𝑐𝑖 , 𝑦𝑐𝑗 , 𝑥𝑐0,𝑘, 𝑦𝑐0,𝑙).Here Ω𝑐 is introduced to ensure the accuracy of the interpolations near the boundary of Ω. And the weakly coupled
eikonal and transport equations with point-source conditions can be solved to high-order accuracy by using Lax-
Friedrichs weighted essentially non-oscillatory (LxF-WENO) sweeping schemes as demonstrated in [25].

Once the Chebyshev interpolation is constructed, we evaluate equation (5.10) to obtain the required ingredients
and construct the resolvent by (5.14). We remark that the summation (5.10) can be accelerated by the Orszag partial
summation method [5].
5.3. Discretization of the resolvents

In this subsection, we consider the numerical discretization of the resolvents 𝑅(𝜔) and 𝑅𝜎,0(𝜔). We first discretize
the domain Ω into 𝑁𝑣 regular cells with cell size ℎ = 𝑂(1∕𝜔), with the cell centers denoted by {𝒙𝑖}

𝑁𝑣
𝑖=1.

Here we use the 𝑁-term truncation 𝐺𝑁
𝐵 as the asymptotic approximation. Then the resolvent 𝑅(𝜔) can be expressed

as
[𝑅(𝜔)𝑓 ](𝒙0) ≈ ∫Ω

𝐺𝑁
𝐵 (𝜔,𝒙0;𝒙)𝑓 (𝒙)d𝒙 (5.13)
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To numerically compute (5.13), we then have

[𝑅(𝜔)𝑓 ](𝒙𝑗) ≈
𝑁𝑣
∑

𝑖=1

1
ℎ𝑚

𝐾𝑗,𝑖𝑓 (𝒙𝑖), 𝑗 = 1, 2⋯ , 𝑁𝑣 (5.14)

where 𝐾𝑗,𝑖 = 𝐺𝑁
𝐵 (𝜔,𝒙𝑗 ;𝒙𝑖) for 𝑖 ≠ 𝑗 and the self-term 𝐾𝑖,𝑖 can be computed analytically by integrating the free space

Green’s function over the source cell, assuming constant wave speed within each cell; see the appendix of [15] for
details. Then the field values at cell centers, 𝑢(𝒙𝑗), can be computed by matrix-vector multiplication

𝑈 = 1
ℎ𝑚

𝐾𝐼𝑓 , (5.15)

where 𝐼𝑓 denotes a vector of length 𝑁𝑣 that collects 𝑓 (𝒙𝑖), 𝑖 = 1, 2,⋯ , 𝑁𝑣 and 𝑈 denotes a vector that collects
𝑢(𝒙𝑗), 𝑗 = 1, 2,⋯ , 𝑁𝑣.

The resolvent 𝑅𝜎,0 differs slightly in that the wave field is defined over Ω𝑃 , instead of Ω, correspondingly, the
associated kernel matrix is not square. We discretize Ω𝑃 into 𝑀𝑣 regular cells with the same cell size ℎ as used for Ω,
and denote their centers by {𝒚𝑗}

𝑀𝑣
𝑗=1. Then we have

[𝑅𝜎,0(𝜔)𝑓 ](𝒚𝑗) = ∫Ω
𝐺̃(𝜔, 𝒚𝑗 ;𝒙)𝑓 (𝒙)d𝒙 ≈

𝑁𝑣
∑

𝑖=1

1
ℎ𝑚

𝐾̃𝑗,𝑖𝑓 (𝒙𝑖), 𝑗 = 1, 2⋯ ,𝑀𝑣, (5.16)

where 𝐾̃𝑗,𝑖 = 𝐺̃(𝜔, 𝒚𝑗 ;𝒙𝑖) for 𝒚𝑗 ≠ 𝒙𝑖 and the self-term can likewise be computed analytically by integrating the
free-space Green’s function over the source cell. This is simpler because the medium is homogeneous in this case, and
all self-term entries take the same value.

The explicit constructions of these kernel matrices and the matrix–vector multiplications incur computational cost
of order 𝑂(𝜔2𝑚), which is generally prohibitive. However, for high-frequency Helmholtz equations, we have developed
efficient algorithms [19, 17, 15] based on hierarchical matrix representations and butterfly algorithms that reduce this
cost to quasi-linear complexity for 𝑚 = 2 and sub-quadratic for 𝑚 = 3. Since our main goal here is to illustrate the
feasibility of the new resolvent, at this stage we will not apply these advanced algorithms to compute the resolvent in
this article. Instead, we will use two-dimensional numerical examples to demonstrate the convergence and performance
of the proposed resolvent.

For the Laplace operator appearing in the commutator, we employ finite difference methods. We avoid FFT-based
spectral methods here because the involved functions are truncated to the supports of gradients of cutoff functions,
where spectral methods suffer from the Gibbs phenomena and the loss of accuracy.

6. Numerical examples
In this section, we first consider a homogeneous wave speed model, where the resolvents are known and can be

used to generate exact reference solutions. In the subsequent examples, the reference solutions will be generated using
the FDFD method. All numerical experiments were performed on a computer equipped with 512 GB of RAM and 56
CPU cores.

We will use the following source terms.
• 𝑓1 = 𝛿(𝑥, 𝑦), where the solution corresponding to the source term 𝑓1 is the Green’s function.
• 𝑓2 = 𝑡(

√

𝑥2 + 𝑦2, 0.1, 0.3), where 𝑡(𝑥,𝑤1, 𝑤2) is the cosine tapering function:

𝑡(𝑥,𝑤1, 𝑤2) =

⎧

⎪

⎨

⎪

⎩

1, 𝑥 < 𝑤1,

0.5
(

1 + cos
(

𝜋(𝑥 −𝑤1)∕(𝑤2 −𝑤1)
))

, 𝑤1 ≤ 𝑥 ≤ 𝑤2,
0, 𝑥 > 𝑤2.

(6.1)

• 𝑓3 = exp(−(𝑥2 + 𝑦2)∕(2𝜎2)) sin(0.9𝜔(𝑥 + 𝑦))𝑡(
√

𝑥2 + 𝑦2, 0.1, 0.3), where 𝜎 = 0.15, and 𝑡 is given by (6.1).
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• 𝑓4 = 𝜌−1∇ ⋅ (𝜈∇𝑢inc(𝒙)) + 𝜔2𝑢inc(𝒙), where 𝑢inc = 𝑒i𝜔𝒙⋅𝒅 is an incident plane wave, and 𝒅 denotes the unit
direction vector.

Here we mention in passing that the source term 𝑓4 arises in the plane wave scattering problem in an inhomogeneous
medium. The total wavefield 𝑢tot = 𝑢inc + 𝑢og , where 𝑢og is the scattered wavefield, is governed by

−𝜌−1∇ ⋅ (𝜈∇𝑢tot(𝒙)) − 𝜔2𝑢tot(𝒙) = 0. (6.2)
Clearly, 𝑢og satisfies

−𝜌−1∇ ⋅ (𝜈∇𝑢og(𝒙)) − 𝜔2𝑢og(𝒙) = 𝜌−1∇ ⋅ (𝜈∇𝑢inc(𝒙)) + 𝜔2𝑢inc(𝒙). (6.3)
Here, 𝑓4 can serve as a compactly supported source term that generates the outgoing wavefield 𝑢og as 𝜌 and 𝜈 are equal
to 1 outside 𝐾 .

In the numerical examples, we will use the cutoff functions defined in formulas (5.6)-(5.9). We will use the leading
term of the HB ansatz as the asymptotic Green’s function, and employ the leading-term truncation of formula (3.3) to
compute the resolvent 𝑅𝜎 :

𝑢 = 𝑅𝜎(𝜔)𝑓
≈ 𝐹

(

𝐼 − 𝐴𝐾 − 𝐴∞ + 𝐴𝐾𝐴∞
)

𝑓.
(6.4)

6.1. Constant model
We start with the constant model with

𝜌(𝑥, 𝑦) = 𝜈(𝑥, 𝑦) = 𝑛(𝑥, 𝑦) = 1, (𝑥, 𝑦) ∈ Ω = [−1.2, 1.2]2.

In this case, the exact (complex-scaled) resolvent is known to be 𝑅𝜎,0. The phase function has an analytical formula
𝜏(𝒙0;𝒙) = |𝒙0 − 𝒙|. The HB coefficients have analytical formulas 𝑣0(𝒙0;𝒙) = 1

2
√

𝜋
and 𝑣1(𝒙0;𝒙) = 0. Therefore, the

HB ansatz becomes the exact Green’s function 𝐺𝐵(𝜔,𝒙0;𝒙) =
i
4𝐻

1
0 (𝜔|𝒙0 − 𝒙|). We use high-order Lax-Friedrichs

WENO methods with mesh size ℎ0 = 0.01 to solve the eikonal and transport equations with point sources, construct
their low-rank representation with an order of 3 × 3 × 3 × 3 for Chebyshev interpolation, and compare the results with
these exact formulas.

For the constant model, we consider 𝜔 = 10𝜋. The fields computed by the proposed method and related results are
shown in Figure 3. Since the exact resolvent 𝑅𝜎,0 is known in the homogeneous medium, we compare the resolvent
computed by the proposed method with the exact one over the domain Ω𝑃 , which includes the complex scaling region.
Both the proposed resolvent and the exact one use a grid spacing of 0.02, which corresponds to 10 points per wavelength
(PPW). In the left column of Figure 3, we consider the source 𝑓 = 𝑓1, which leads to the resolvent 𝑅𝜎,0 itself. As
shown in the second row, the resulting error is small in magnitude and is concentrated within the support of ∇𝜒𝐾 ,
which is precisely the region where the two resolvents are glued together. This is expected, since in the second term
of (3.6), we apply 𝑅𝜎,0 to the equivalent source term 𝐴𝐾𝑓 , which is compactly supported within the support of ∇𝜒𝐾 .
In fact, finite-difference operations are restricted to this gluing region. In the third and fourth rows, we present the
fields along 𝑦 = 0 and 𝑦 = 0.6, respectively. The two fields agree well, including within the complex scaling region,
as expected given that the difference between them is already known to be small.

In the middle and right columns, we present the results corresponding to the source terms 𝑓 = 𝑓2 and 𝑓 = 𝑓3,
respectively. In both cases, the errors relative to the exact solutions are very small. In a homogeneous medium, the HB
ansatz does not introduce any asymptotic error, and the proposed method successfully achieves high accuracy for 𝑅𝜎,0as expected.

To illustrate the convergence of geometric series in (3.3), we denote
𝑆𝑗(𝑓 ) = (𝐴∞𝐴𝐾 − 𝐴∞𝐴𝐾𝐴∞)𝑗𝑓, 𝑗 = 0, 1,⋯ (6.5)

and present 𝑆𝑗(𝑓3), 𝑗 = 0, 1,⋯ , 5 in Figure 4. The first term 𝑆0(𝑓3) = 𝑓3 is the source term, while the subsequent
terms decay rapidly to zero due to the norm estimate of 𝐴∞𝐴𝐾 given in (3.2). Therefore, a truncation after the first
term is sufficient to approximate the resolvent via (3.6).
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Figure 3: Constant model. 𝜔 = 10𝜋. Left column: source 𝑓 = 𝑓1. Middle column: source 𝑓 = 𝑓2. Right column: source
𝑓 = 𝑓3. Row 1: the field ℜ𝔢(𝑢) computed by the proposed method. Row 2: difference ℜ𝔢(𝑢 − 𝑢ref), where the reference
solution 𝑢ref is obtained by the known resolvent 𝑅𝜎,0. Row 3: the fields ℜ𝔢(𝑢)(o) and ℜ𝔢(𝑢ref) (-) drawn along 𝑦 = 0. Row
4: the fields ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0.6.

6.2. Gaussian model
Here we consider the Gaussian model with

𝜌(𝑥, 𝑦) = 1
(

1 + 0.1 exp(−30(𝑥2 + 𝑦2))
)2

, 𝜈(𝑥, 𝑦) = 1, (𝑥, 𝑦) ∈ Ω = [−1.2, 1.2]2.

We use high-order Lax-Friedrichs WENO methods with mesh size ℎ0 = 0.01 to solve the eikonal and transport
equations with point sources, construct their low-rank representation with order 25 × 25 × 25 × 25 Chebyshev
interpolation, and compare the results with the reference solution obtained by the FDFD method.

We consider 𝜔 = 10𝜋. The fields computed by the proposed method and related comparison results with the
FDFD method are shown in Figure 5. In these comparisons, the proposed method still uses a grid spacing of 0.02
(corresponding to 10 points per wavelength, PPW = 10), while the FDFD method employs a finer grid spacing of 0.005
(PPW = 40) to reduce dispersion errors. The FDFD method provides reference solutions only within the computational
domain Ω, excluding the complex scaling region.
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Figure 4: Constant model. 𝜔 = 10𝜋. The first six terms of the geometric series {𝑆𝑗(𝑓 )} for 𝑓 = 𝑓3.

In the left column of Figure 5, the source 𝑓 = 𝑓1 corresponds to the resolvent 𝑅𝜎 itself. We omit the reference
solution at the point source location, where the solution is known to be singular. The proposed method yields the
solution in an integral-averaged (weak) sense at this point. By comparing the wave field in the first row with the
difference shown in the second row, we observe that the difference is small and uniform. The comparison in the third
row is performed along the line 𝑦 = 0, which passes through the point source at [0, 0]. Although the singular point
itself is omitted, we observe that the two solutions agree very well in its vicinity, since the HB ansatz provides an
asymptotic Green’s function with uniform accuracy near the source.

In the middle and right columns, we present the results corresponding to the source terms 𝑓 = 𝑓2 and 𝑓 = 𝑓3,
respectively. Unlike the case of a homogeneous medium, constructing 𝑅(𝜔) using the HB ansatz introduces asymptotic
errors. To analyze the difference shown in the second row in Figure 5, we present in Figure 6 the difference between
the fields computed by the proposed method and by the resolvent 𝑅(𝜔). Here, the reference solution in this case is
also based on the HB ansatz, thereby eliminating the influence of the asymptotic error introduced by the HB ansatz.
Consequently, the difference in Figure 6, arising from gluing together the two resolvents and the corresponding finite-
difference operations, exhibits a behavior similar to that in the homogeneous medium case: it has a small magnitude
and is concentrated within the support of ∇𝜒𝐾 . Compared with the asymptotic error of the HB ansatz, which dominates
the error shown in Figure 5, the error introduced by the gluing method proposed in this paper is negligible.

Due to the limitations of the reference solution, the comparison between the two fields is restricted to Ω. The results
obtained by the proposed method match the reference solution well within Ω, and decay to zero in the complex scaling
region Ω𝑃 ⧵ Ω. To investigate this rapid decay, Figure 7 plots the wave fields (in logarithmic scale) corresponding
to the three source terms along the lines 𝑦 = 1.0, 1.1, 1.15, and 1.2, respectively. A rapid decay to zero is observed
as 𝑦 approaches 1.2, consistent with the expected behavior of the complex scaling solution: it satisfies the original
Helmholtz equation in Ω and decays rapidly in the complex scaling region Ω𝑃 ⧵Ω.

To illustrate the convergence of geometric series in (3.3) within the inhomogeneous medium, we present 𝑆𝑗(𝑓3),
𝑗 = 0, 1,… , 5, in Figure 8. We observe a similar rapid decay, since the norm estimate of 𝐴∞𝐴𝐾 is derived based on
the supports of the cutoff functions[8, (3.3)], which is independent of the homogeneity of the medium. Therefore, in
an inhomogeneous medium, it is also sufficient to truncate after the first term and evaluate the resolvent using (3.6).
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Figure 5: Gaussian model. 𝜔 = 10𝜋. Left column: source 𝑓 = 𝑓1. Middle column: source 𝑓 = 𝑓2. Right column: source
𝑓 = 𝑓3. Row 1: the field ℜ𝔢(𝑢) computed by the proposed method. Row 2: difference ℜ𝔢(𝑢 − 𝑢ref), where the reference
solution 𝑢ref is obtained by the FDFD method. Row 3: the fields ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0. Row 4: the fields
ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0.6.

6.3. Sinusoidal model
We consider the following medium

𝜌(𝑥, 𝑦) = 1
(

1 + 0.3 exp(−30(𝑥2 + 𝑦2)) sin(0.5𝜋𝑥) cos(0.5𝜋𝑦 + 0.1)
)2

, 𝜈(𝑥, 𝑦) = 1, (𝑥, 𝑦) ∈ Ω = [−1.2, 1.2]2.

We use high-order Lax-Friedrichs WENO methods with mesh size ℎ0 = 0.01 to solve the eikonal and transport
equations with point sources, construct their low-rank representation with order 31 × 31 × 31 × 31 Chebyshev
interpolation, and compare the results with the reference solution obtained by the FDFD method.

We consider 𝜔 = 10𝜋 and 𝜔 = 20𝜋 to investigate the accuracy and computational time of the proposed method
at different frequencies, while keeping PPW = 10 fixed. For 𝜔 = 10𝜋, explicitly constructing the kernel matrices of
the resolvents 𝑅𝜎,0 and 𝑅(𝜔) takes 24.0 seconds, and the matrix-vector multiplication for each source term takes 0.8
seconds. For 𝜔 = 20𝜋, the kernel-matrix construction takes 141.6 seconds, and the matrix-vector multiplication takes
approximately 13 seconds per source term. The computational time for matrix-vector multiplications scales as expected
Datchev, Leung, Qian, and Wei: Preprint submitted to Elsevier Page 13 of 18
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Figure 6: Gaussian model. 𝜔 = 10𝜋. Difference between the proposed complex-scaling resolvent 𝑅𝜎 and the original
resolvent represented by the HB ansatz. Left: source 𝑓 = 𝑓1. Middle: source 𝑓 = 𝑓2. Right: source 𝑓 = 𝑓3.
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Figure 8: Gaussian model. 𝜔 = 10𝜋. The first six terms of the geometric series {𝑆𝑗(𝑓 )} for 𝑓 = 𝑓3.

with 𝜔4, while the time to construct kernel matrices increases more mildly due to the use of partial summation, which
saves computational cost relative to direct summation as matrix size grows. In contrast, the FDFD method, maintaining
PPW = 40, requires approximately 21.8 and 79.5 seconds to compute the wave field for each source term at 𝜔 = 10𝜋
and 𝜔 = 20𝜋, respectively.

Although the FDFD method appears to have shorter computational times, we emphasize two points: First, as the
frequency increases, the FDFD method requires a corresponding increase in degrees of freedom in terms of points
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Figure 9: Sinusoidal model. 𝜔 = 10𝜋. Left column: source 𝑓 = 𝑓1. Middle column: source 𝑓 = 𝑓2. Right column: source
𝑓 = 𝑓3. Row 1: the field ℜ𝔢(𝑢) computed by the proposed method. Row 2: difference ℜ𝔢(𝑢 − 𝑢ref), where the reference
solution 𝑢ref is obtained by the FDFD method. Row 3: the fields ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0. Row 4: the fields
ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0.6.

per wavelength (PPW), resulting in nonlinear grid refinement, and there is no rigorous lower bound established
for the scaling factor. This leads to a prohibitively high computational costs for high-frequency problems. Second,
the resolvent we propose is implemented via oscillatory integral kernels, which do not introduce dispersion errors
and thus require only linear grid refinement. Moreover, we have developed a series of hierarchical decomposition
techniques based on the butterfly algorithm that significantly reduce the computational cost of such oscillatory integrals
[19, 22, 23, 17, 27, 28, 15]. The integration of butterfly algorithms with the proposed resolvent computational
framework constitutes a part of our ongoing research.

For 𝜔 = 10𝜋 and 𝜔 = 20𝜋, the fields computed by the proposed method along with the comparison results with
the FDFD method are presented in Figures 9 and 10.

Finally, we consider a plane wave scattering problem with the source term 𝑓4, where 𝒅 = [−
√

2∕2,−
√

2∕2]. Even
though 𝑢tot is not outgoing, the scattered wave 𝑢og is and can therefore be effectively absorbed by the complex scaling
layer. We show the scattered fields 𝑢og at frequencies 10𝜋 and 20𝜋 computed by the proposed method in Figure 11,
where the PPW is set to 10 in both cases. The results are compared with the reference solutions generated by the
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Figure 10: Sinusoidal model. 𝜔 = 20𝜋. Left column: source 𝑓 = 𝑓1. Middle column: source 𝑓 = 𝑓2. Right column: source
𝑓 = 𝑓3. Row 1: the field ℜ𝔢(𝑢) computed by the proposed method. Row 2: difference ℜ𝔢(𝑢 − 𝑢ref), where the reference
solution 𝑢ref is obtained by the FDFD method. Row 3: the fields ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0. Row 4: the fields
ℜ𝔢(𝑢) and ℜ𝔢(𝑢ref) drawn along 𝑦 = 0.6.

FDFD method with PPW = 40. The complex scaling solutions agree well with the reference solutions within the
computational domain and decay rapidly inside the complex scaling region. This indicates that the proposed resolvent
can be effectively applied to scattering problems.

The numerical results confirm that the complex scaling solutions obtained by the proposed method exhibit the
following properties:

• They satisfy the original Helmholtz equation within the computational domain;
• They exhibit rapid decay in the complex scaling region.

7. Conclusion
In this paper, we propose an explicit representation of the complex scaled resolvent operator associated with the

Helmholtz equation in an inhomogeneous medium, which may have potential applications in scattering problems. By
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Figure 11: Sinusoidal medium. 𝑓 = 𝑓4 with 𝒅 = [−
√

2∕2,
√

2∕2]. Left column: 𝜔 = 10𝜋. Right column: 𝜔 = 20𝜋. Row
1: the scattered wavefield ℜ𝔢(𝑢og) computed by the proposed method. Row 2: difference ℜ𝔢(𝑢og − 𝑢og

ref). Row 3: the fields
ℜ𝔢(𝑢og) and ℜ𝔢(𝑢og

ref) drawn along 𝑦 = −0.9. Row 4: the fields ℜ𝔢(𝑢og) and ℜ𝔢(𝑢og
ref) drawn along 𝑦 = 0.

gluing together the non-complex-scaled resolvent in an inhomogeneous medium and the complex-scaled resolventin
a homogeneous medium, we obtain the desired resolvent expressed as a geometric series. The former admits an
asymptotic representation via the Hadamard–Babich ansatz, while the latter admits an explicit expression via analytic
continuation. Numerical experiments are presented to demonstrate that the proposed resolvent can yield highly accurate
solutions for the complex scaling method on relatively coarse grids, which satisfy the Helmholtz equation in the
computational domain and decay rapidly within the complex scaling region. The integration of butterfly algorithms
with the proposed complex-scaling resolvent computational framework forms a part of our ongoing work.
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