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A.3 Special Topics

A.3.1 The Euclidean algorithm

Let F be a field. In Theorem A.2.16 we gave a nonconstructive proof for the
existence of the greatest common divisor of two polynomials a(x) and b(z) of
F[z]. The Euclidean algorithm is an algorithm that constructs ged(a(x), b(x))
explicitly. The basic method is simple. If ¢(z) is any polynomial, then

ged(a(z), b(x)) = ged(a(z) — q(2)b(x), b(x)).

In particular, a(z) can be replaced in the calculation by its remainder r(z) upon
division by b(z). Assuming that a(x) has degree at least as big as that of b(z),
the remainder r(x) will have smaller degree than a(x); so the ged of the original
pair of polynomials will be equal to the gcd of a new pair with smaller total
degree. We can continue in this fashion decreasing the degree of the remainder
at each stage until the process stops with remainder 0, and at this point the gcd
becomes clear.

In fact the approach we take is a little different. From our proof of Theorem
A.2.16 we know that ged(a(x), b(z)) is the monic polynomial of minimal degree
within the set

G = {s(x)a(z) + t(x)b(z) | s(x),t(z) € Flz]}
Thus we examine all equations of the form
p(z) = s(z)a(z) + t(x)b(z),

looking for one in which nonzero p(z) has minimal degree. The unique monic
scalar multiple of this p(x) is then equal to ged(a(x),b(x)).
If we have two suitable equations:

m(z) = e(x)a(x)+ f(z)b(x); (A.1)
n(z) = g(z)a(z)+ h(z)b(z); (A.2)

then we can find a third with lefthand side of smaller degree. Assume that the
degree of m(x) is at least as big as that of n(x). By the Division Algorithm A.2.5
there are ¢(z) and r(x) with m(z) = ¢(x)n(z)+r(z)and deg(r(z)) < deg(n(z)).
Subtracting ¢(z) times equation (2) from equation (1) we have the desired

r(x) = m(z) — q(z)n(z) = (A.3)

(e(2) — a@)g(@) ) a(@) + (£(2) — a@)h(x) )b(a).
Next we may divide r(z) into n(x) and, using equations (2) and (3), further
reduce the degree of the lefthand side. Continuing as before we must ultimately

arrive at an equation with 0 on the left. The lefthand side of the previous
equation will then have the desired minimal degree. A benefit of this method of
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calculation is that the appropriate polynomials s(x) and ¢(z) are produced at
the same time as the ged.

To succeed with this approach we must have two equations to begin with.
These are provided by:

a(z) = 1-a(z)+0-b(x); (A.4)
b(xz) = 0-a(z)+1-0bx). (A.5)
(A.3.1) THEOREM. ( THE EUCLIDEAN ALGORITHM.)
Assume that deg(a(x)) > deg(b(x)) with a(x) # 0. At Step i we construct the

equation
E; : ri(x) = si(z)a(z) + ti(z)b(x).

Equation E; is constructed from E;_1 and E;_o, the appropriate initialization
being provided by (4) and (5):

ri(z) =a(x); s—i(x)=1; t_i(z)=0;
ro(z) =b(z); so(z) =0; to(x)=1.

Step i. Starting with r;_o(x) and r;—1(x) (# 0) use the Division
Algorithm A.2.5 to define ¢;(x) and r;i(z):

ri—o(x) = q;(z)ri—1(x) + () with deg(r;(z)) < deg(r;_1(x)).
Next define s;(x) and t;(x) by:

si(z) = si—2(x) — qi(@)si—1(2);
ti(x) = ti2(@) — qi(x)ti-1(z).

We then have the equation

E; : ri(2z) = s;(x)a(z) + t;(x)b(x).

Begin with ¢ = 0. If we have r;(x) # 0, then proceed to Step i41. Eventually
there will be an i with r;(x) = 0. At that point halt and declare ged(a(z), b(z))
to be the unique monic scalar multiple of the nonzero polynomial r;—1(x).

Proor. For each i, r;(z) = ri—a(x) — ¢;(x)r;—1(z); so E; holds. This also
shows that

ged(ri—1 (@), ri(w)) = ged(ri—2(x), mi-1(x))
= s = ged(r_1 (@), ro(x)) = ged(a(z), b(a)).

As long as i > 0 and r;(x) # 0, deg(ri+1(x)) < deg(r;(x)). Thus in at most
deg(b(x)) steps r;(x) = 0 is reached. Then ged(r;—1(z),0) = ged(a(z), b(x)) is
the unique monic multiple of r;_;(z), completing verification of the algorithm.

0O
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(A.3.2) PROBLEM.
(a) Prove that q;(z) of Theorem A.3.1 has positive degree, for all i > 2.
(b) Prove that deg(s:(x)) and deg(t:(x)) are increasing functions of i > 1.

We can think of the Euclidean algorithm as finding a new equation E; from
the previous two via
Ei = —¢i(2)Ei—1 + Ei_2.

This provides the entry to another presentation of the Euclidean algorithm that
for certain purposes is quite helpful.
Consider the matrix with entries from F[x]

_laz) 1 0
RO_{b(m) 0 1]'
We wish, by elementary row operations over F[z], to reduce this matrix to

echelon form
R { p(z) * *} ,
% %

where in fact p(x) = ged(a(x),b(x)). For each ¢ > 1, set

o[ (1305 ],

a product of the matrices for two elementary row operations. Then after defining

R — { rici(x)  si—i(z)  tioi(z) ]
' ri(x) osi(x) @) |
we find that R; = Q;R;_1, for all ¢ > 1. Therefore left multiplication by @Q);
can be thought of as accomplishing Step i of the Euclidean algorithm. Because
(1, —a(z), —b(x)) T is a null vector of Ry, it is also a null vector of each R;. That
is, for each i we have the equation

E; : ri(z) = si(x)a(z) + t;(x)b(x).

When first r;(x) = 0, then r;_1(z) is a scalar multiple of ged(a(x),b(z)); so the
desired matrix R can be realized as a scalar multiple of R;.

For each i > 1, set S; = H;’:l Qj, so that S; Ry = R;. Each @, has deter-
minant equal to —1 (see Problem A.1.15), so S; has determinant (—1)¢. If, for
each 4, we define R;(r,t) (respectively, R;(s,t)) to be the 2 x 2 submatrix of R;
composed of the - and ¢t-columns (resp., s- and ¢t-columns), then we have

s[4 0] = simnn = Ry = [ M) @]

Similarly

3 H ?]SiRo(s,t)Ri(s,t) [ S;(lgﬂ fz(lg) ]

Calculating determinants, we have a proof of
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e ) i—1(x) = (=1)%a(x),for i > 0.

(A.3.3) LEmMMA. (1) 7y (2)ti(z) — 7
= (=1)i,for i > 0. U

(2) sic1(2)ti(z) — si(z)ti-1 ()
(A.3.4) COROLLARY. gcd(s;(x),ti(x)) =1, for alli> —1.
PRrROOF. This follows from Lemma A.3.3(2) and Theorem A.2.16. |

(A.3.5) PROBLEM. Prove that deg(r;—1(z)) + deg(t:(z)) = deg(a(z)), for all i > 0.
(HINT: use Problem A.3.2(b) and Lemma A.3.3(1).)

(A.3.6) PROBLEM.
(a) Prove that ri—1(x)si(z) — ri(x)si—1(

z) = ( D)*b(x), for all i > 0.
(b) Prove that deg(r;—1(z)) + deg(s:(z)) =

eg(b(x)), for all i > 1.
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A Euclidean Algorithm example

We calculate ged(x?, 423 + 322 + 52) = x over Fr using the Euclidean algorithm.
At Step i we define g;(x), r;(x), s;(x), and ;(z) using

’I"i_g(CC) = qi(x)n_l(x) + T’i(x)
si(@) = si—2(x) — qi(x)si—1(2)
ti(@) = tia(e) - Gl@)tioi(2) -

Step @ ‘ qi(x) ‘ ri(x) ‘ si(x) ‘ ti(x)
-1 — xt 1 0
0 — 423 + 322 + 5z 0 1
1 27 + 2 52 + 4x 1 5z +5
2 5x + 5 6x 2x + 2 3z2 + 6z + 4
3 2x 4+ 3 0 322 + 4+ 2 x3
Step 1.
2r +2 =q ()
ro(x) = 42® +3z* +5z[ 27 =r_1(2)
x4 4623 4322
x5 422

3 +622 +3z
527 44z =ri(x)

r_i(z) = q(@)ro(z) +ri(x)
= (204 2)(4a® 4 322 + 52) + (527 + 4x)
q1(z) = 2x+2
ri(z) = ba?+4a
s1(@) = s1(@) - au@)sol)
s1(z) = 1—-(2x4+2)0=1
ti(z) = toi(z) —q(2)to(z)

ti(x) = 0—(2x4+2)1=52x+5
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Step 2.

ro(x)

423 + 322 + 5z

Step 3.

g(7)

ra(x)

s2(x)
s2(x)

tg(l‘)
tg(l‘)

T1 (I) =
522 +4x =
g3(z) =
rs(z) =

s3(x)

t3(x)
ts(v)
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= qr)r(z) +ra2(2)

= (5x +5)(52? + 4x) + 62
= dr+5

= Oz

= so(z) — g2()s1(z)
= 0-(Br+5)1=2x+2

= to(z) — q2(2)t1 ()
= 1-(52+5)(52 +5) = 32% + 6z + 4

gs(x)re(x) + ra(x)
(2x +3)(6x) + 0
20+ 3

0

s1(z) — g3(x)s2(z)
1— (22 +3)(22+2) = 32% + 4z + 2

t1(z) — gs(x)t2(x)
(52 + 5) — (22 + 3)(32% + 62 + 4)
(52 4 5) — (62> + 5z +5) = —62° = 23

As r3(x) = 0, ged(z*,42® + 322 + 5x) is the unique monic scalar multiple of
ro(x) = 6. Thus x = ged(x?, 4x3 + 3x2 + 5x), as claimed.

We should also have ro(x) = sa(z)z? + ta(x) (423 + 322 + 5z) and therefore
T = 6r9(z) = 652(x)at + 6to(x) (42> + 322 + 5x). We check:

672 ()

6so ()2t + 6ta(2) (42> + 322 + 5x)

6(2x + 2)2* + 6(32% + 62 + 4)(4da® + 322 + 5x)
(52 4 5)z* + (422 + 2 + 3) (42> + 322 + 52)
(52° 4+ 5a?) + (22° + 5z + 623) +

x !

+(da* + 323 + 52?) + (52® + 222 + x)
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A.3.2 Finite Fields

Consider a finite field F of characteristic p. (Remember from Lemma A.1.3 that
this says 1 lies in a subfield of F that is a copy of F,,.) Let a be any element of
F. Any subfield (indeed any subring) of F' that contains both the subfield F,
and o must contain the set E of all polynomials in o with coeflicients in F,:

E=1{ap+aia+axa®+ -+ apa® | a; € Fp, k> 0}.

Notice however that in this instance « is not an indeterminate; there are going
to be various different polynomials f(x) in Fp[z] that represent the same element
f(a) of F. Indeed as F is finite while [F,[x] is infinite, this must be the case.
As in the proof of Lemma A.1.3 this forces the set

I = { all polynomials f(x) € Fp[z] with f(a) =0}

to contain polynomials other than the constant polynomial 0. As in Theorem
A.2.18, the greatest common divisor of the set I, m(z) = ged(l), is called
the minimal polynomial of  over F,, and is usually denoted m,(x) (but also
sometimes mq,r,(2)). The set I then consists of all members of F[z] that are
multiples of m,(x). That is, the polynomial m,(z) is uniquely determined in
[F,[x] as a monic polynomial with « as a root that divides all polynomials with
«a as a root. We observe that a minimal polynomial must always be irreducible.
Indeed if m(z) = f(x)g(x), then 0 = m(a) = f(a)g(a) whence f(a) = 0 or
g(a) = 0. Therefore at least one of f(z) and g(x) is in I, but the greatest
common divisor m(z) of I has minimal degree among the nonzero elements of
I

Let us now examine the set F/. FE is closed under addition and multiplication
and contains 0 and 1. Thus F is at least a subring of F. Furthermore no two
nonzero members of F have product 0, as this is true in F' itself. Thus F is
moreover a sub-integral domain of F'. Now Problem A.1.2 shows that E is in
fact a subfield of F, indeed the smallest subfield of F' that contains a. (All
subfields contain 1 and so all of F,,.) What is the arithmetic of the subfield E?

Let us assume that the minimal polynomial m(z) has degree d (greater than
0). Then by the division algorithm every polynomial f(z) of F,[x] has a unique
remainder r(z) of degree less than d upon division by m(z), and f(«a) = r(«a)
as m(a) = 0. Thus in fact

E ={r(a)|r(z) € Fy[z] of degree < d}.

Furthermore two distinct polynomials 71 (z), r2(z) € Fp[x]4 can not have r1(a) =
ro(a), because their difference would then be a nonzero polynomial of degree
less than d having « as a root. Such a polynomial would belong to I, whereas
m(z) has minimal degree among all nonzero members of I. In particular E
has exactly p? elements. Note also that for polynomials a(x),b(z) € F,[z] we
have in F that a(a)b(a) = r(a), where r(x) is the remainder of a(x)b(x) upon
division by m(z). Thus the arithmetic of E is exactly that of F,[z] (mod m(x)).
Indeed we have:
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(A.3.7) LEMMA. Let F be a finite field of characteristic p, and let « be an
arbitrary element of F. Then the smallest subfield E of F' that contains a is a
copy of the field Fy[x] (mod mg(x)) where mq(x) is the minimal polynomial of
a over F,. O

We next examine a result of great theoretical and practical importance.

(A.3.8) THEOREM. Let F be a finite field with |F| = q. Then there is an
element o in F' with the property that

F—{0}={a,a?...,07% a1 =a°=1}.
PROOF. We first observe that for any nonzero « of F', the set
X ={a,a?....a',... |icZ"}

is finite and contained within F' — {0}. As before this implies that, for each
nonzero « of F', there is a positive integer n (depending upon «) with o™ = 1.
The smallest such positive n is called the order of . Among all the nonzero
elements of F' choose a one of maximal order n, say. Note that the statement
that o has order n is equivalent to the statement that the set X contains exactly
n elements of F. Additionally for each 3 = a' of X we have " = ()" =
(a™)? = 1" = 1. The crucial point in the proof is that X, for our choice of a; is
precisely the set of all roots in F' of the polynomial ™ — 1. In particular any
element of F' with order dividing n must belong to X. An element o € F' is
called a primitive n** root of unity if it has order n.

Assume now that it is possible to find a nonzero element v of F that does
not belong to X. By the remark at the end of the previous paragraph the order
m of g is not a divisor of n. Thus there is a prime s and a prime power s’ that
divides m but does not divide n. Let m = s'u and n = s/v, where i is larger
than j and neither u nor v are multiples of s. A somewhat lengthy calculation
suffices to check (do it!) that the element 6 = a* - 4* has order s’v. As this is
larger than n we have contradicted our original choice of «. Therefore no such
element v can be found; and X is all of F', proving the theorem. m|

Of course for an « as in Theorem A.3.8, F itself is the smallest subfield of
F containing . Thus from Lemma A.3.7 and Theorem A.3.8 we have:

(A.3.9) THEOREM. FEuery finite field F can be written as Fplx] (mod m(zx))
for some prime p and some irreducible polynomial m(z) in Fp[z]. O

Note that Theorem A.3.9 can be thought of as a converse to Theorem A.2.14
for finite fields.

An a as in Theorem A.3.8 is a primitive (|F| — 1) root of unity in F and
is called a primitive element of F. Its minimal polynomial is called a primitive
polynomial. Thus Theorem A.3.9 remains true with the word ‘primitive’ in place
of ‘irreducible’.

order

primitive n'” root of unity

primitive element

primitive polynomial
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One consequence of Theorem A.3.9 is that a finite field must have the number
of its elements equal to a power of a prime (although we already knew this from
Problem A.1.6). By Lemma A.1.3 there are fields of prime order for every prime,
but what about every prime power? For the time being we are content to state
without proof:

(A.3.10) THEOREM. For each prime p and each positive integer d, there exist
fields containing exactly p® elements. O

We note that by Theorem A.3.9 this is equivalent to proving that for each p and
d there is an irreducible polynomial m(z) in I, [z] of degree d.

How do we actually find and calculate in finite fields? Theorem A.3.9 gives
the answer. If we want a field F' with p? elements (usually written as F =
GF(p?) or F = F,a), then we first find an irreducible polynomial m(z) of
degree d in F,[z] and then realize F' as Fp[z] (mod m(z)).

We can check for irreducibility of a given polynomial in a way similar to the
Sieve of Eratosthenes — if a polynomial of degree d is reducible, then it must
be a multiple of an irreducible polynomial of degree at most d/2. For example
23 + 1 + 1 € Fa[z] is irreducible as it has no nonscalar factor of degree at most
3/2, that is, it has no linear factors (as it has no roots in Fy). Therefore even
though Theorem A.3.10 is quite difficult to prove, it may not too hard to find
an irreducible polynomial of a specific desired degree d in F,[z]. To do so, use
the sieve to find all reducible polynomials of degree d, then all the remaining
polynomials are irreducible. (There are only finitely many polynomials of a
fixed degree in F[z].)

(A.3.11) PROBLEM. (a) Find all irreducible polynomials of degree 4 or less in Fa[z].
(b) Find all monic irreducible polynomials of degree 3 or less in F3[x].
(¢) Find all monic irreducible polynomials of degree 2 or less in Fy[z].
(d) Find all monic irreducible polynomials of degree 2 or less in Fsx].

For notational elegance, we usually do not write F' as Fy[z] (mod m(z)),
but instead as the collection of polynomials of degree less than d in p, a root of
the degree d irreducible m(x). So, for example, rather than write the complex
numbers as R[z] (mod x2 + 1) we write them as the set of all a + bi, a,b € R,
where i is a root of the irreducible polynomial z2 + 1 of degree 2.

At the end of this section we give an example of a field with 32 elements,
F35, written as polynomials of degree less than 5 in a root « of the primitive
polynomial z° + 2% + 1 € Fy[z]. Notice that as « is primitive, we may also write
the nonzero elements of F35 as powers of a. This is helpful, because addition in
F35 is easily done in terms of the polynomials of degree less than 5 in «, while
multiplication is more easily done in terms of the powers of «.

(A.3.12) ProBLEM. (a) Prove that the polynomial x* + 2 + z® + & + 1 € Falx] s
irreducible but not primitive.

(b) Let B be a root of the primitive polynomial x* + 2® + 1 € Fa[x]. Write out
a table of the elements of a field with 16 elements, Fi6, both as powers of B and as
polynomials of degree less than 4 in (3.
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The following simple result about finite fields is of great importance.

(A.3.13) LEMMA. Let K be a field of characteristic p and J a subfield of K.
(1) If q is any power of p, then for any a,b € K we have (a + b)? = a? + b9.
(2) If |J| = q then a? = a, for all a € J, and J is the complete set of
solutions to the equation x99 = x in K.

PROOF. (1) As ()P = @, (c?)? = ¢#", ..., we need only prove (1) for
q = p. In that case it follows easily as each binomial coefficient (1; ) is 0 modulo
p, for 0 < i < p.

(2) By Theorem A.3.8 a? = a for all a € J. By Proposition A.2.10 2 — x
has at most ¢ roots in K, and these are exactly the members of J. O

Let D be a subfield of the finite field F', and assume that D = F,. As F' can
be viewed as a vector space over D, we must have F' = Fym, for some m. Define
the trace from F' to D of the element o € F' by

Trp(@)=a+al+a® +-- +a?" .
If D is the prime subfield IF,,, we often drop the subscript and write T for T'rp, .

(A.3.14) PROPOSITION. (1) The trace is a map from F onto D.
(2) The trace is a D-linear; that is, for all r1,ro € D and ay,as € F, we
have
Trp(riar + reas) = rTrp(ar) + roTrp(as) .

(3) For a fized 8 € F, if Trp(af) = 0 for all o in a D-basis of F, then
6=0.

PROOF. It is elementary to prove that the trace is a linear map into D as in
(2) using Lemma A.3.13. It is not so clear that the map is actually onto D. The
trace is given by a polynomial of degree ¢™ !, so by Proposition A.2.10 there
are at most ¢™ ! elements of F' with trace 0. Since the trace is linear, the subset
K of elements of F' with trace 0 is a D-subspace of F', and the value of the trace
map is constant on cosets a + K of K. Again by linearity, different cosets of K
give different values. As |F| = ¢™, there must be the largest possible number
q = |D| of values and cosets, and each coset must have the largest possible size,
g™~ 1. This gives (1).

By linearity, if Trp(af) = 0, for all a in a D-basis for F, then in fact
Trp(afB) =0, for all a« € F. But for 8 # 0, by (1) there are many choices of «
with Trp(af) # 0, proving (3). O

(A.3.15) PROBLEM. LetT: F — D be a D-linear map, that is,
T(riar + reoe) = mT (1) + reT(az);

and define the map B: F x F — D by B(a, 8) = T'(af).
(a) Prove that B is a symmetric D-bilinear map; that is,

B(a,8) = B(B,a) and

trace
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B(riai + reaz, 8) = riB(ai1, 8) + r2B(az, 8), for all ri,r2 € D.

(b) Prove that, conversely, every symmetric D-bilinear map B arises in this fashion
from a D-linear map T. (HINT: Prove that the map T given by T(a) = B(a, 1) is
D-linear.)

(¢) Prove, for a fized nonzero 3 € F, that B(«a, 8) = 0 for all « in a D-basis of F
if and only if T is the 0 map, that is, the map that takes each element of F' to 0.

Let aq,...,a,, be a basis for F' over D. The second basis 31,..., B, is trace
dual basis to the first if Trp(a;3;) (= B(ay, F;)) is 1 when ¢ = j and 0 when
1 # j. In the next result we see that a trace dual basis always exists.

(A.3.16) PROPOSITION.  Let D be a subfield of the finite field F, and let
Qai, ...,y be a basis for F' over D.

We let A be the m x m matriz whose {i, j}-entry is Trp(asc; ). For the
m x s matriz B let the {j, k}-entry be by € F. Finally let B = > 7., bjra;.

(1) The {i, k}-entry of the matriz product AB is Trp(c;fk).

(2) The matriz A is invertible.

(3) For B= A~1, the basis 31, ..., Bm is trace dual to ay, ..., Q.

PRrROOF. Part (1) follows by an elementary matrix calculation.

If A is not invertible, then we can find a nonzero column vector B (with
s = 1) such that AB = 0. This would correspond to a nonzero 8 € F with
Trp(a;8) = 0, for all i. By Proposition A.3.14(3) this can not happen. This
gives (2), and (3) is immediate from (1) and (2). O

(A.3.17) PROBLEM. Reprove Proposition A.3.16 starting with an arbitrary nonzero
D-linear map T.

(A.3.18) PROBLEM. Let the field Fg be written as polynomials of degree less than 3
over Fy in the primitive element «, a root of ° +x+ 1, so that &® = a+1. The trace
Tr =Trg, from Fg to Fa is then given by

Tr(B) =6+ 5" +45*

for all 3 € Fg. Set e1 = o, e2 = a®, e3 = ab, so that e1, ez, e3 form a basis for Fg
over Fso.
(a) Prove that the basis e1, ez, es is trace self-dual: Tr(e;e;) is 1 if i =35 and is 0
if i
(b) For each r € Fs, let 7 be defined by # = (a, b, c), where r = ae1 + bea + ces, for
a,b,c € Fa. Prove that, for all r;s € Fg,
Tr(rs) =7-3§ (dot product)

=af +bg+ch
if # = (a,b,c) and §=(f,g,h).
(c) Let x,y be vectors in Fg. Define the vectors X,y by

X = (&1,%2,...,%n) for x = (z1,22,...,Tn) ,

y: (@1,?]2,...,?]71) fO'I"y: (y1a927-~~7yn) "
Show that if x -y =0 in Fs, then X-y =0 in Fa.
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Table. F3, where « is a root of the polynomial z° + 22 + 1

Power | Polynomial of degree less | 5—tuple
than 5 in «
0 0| 00000
1 1| 00001
al ol 00010
a? a? 00100
o? a? 01000
at at 10000
o’ o? +1 | 00101
af a? +at 01010
o’ at +a? 10100
a8 a® +a? +1 | 01101
o ot +ad +al 11010
alo at +1 | 10001
all o? +a' +1| 00111
al? a® +a? 4ol 01110
al3 at 4o +a? 11100
aoltt at +ad 4?2 +1 11101
al® at +a® +a? +al +1] 11111
att at +a? +al +1| 11011
al? at +al 41| 10011
al® ot 41| 00011
at? o? +al 00110
a?0 a®  +a? 01100
a?! at  +a? 11000
a?? a +a? +1 | 10101
a? ad +a? 4ol 1| 01111
a? ot +ad 4a? +al 11110
a?® at +ad +1 | 11001
a6 at +a? +al 41| 10111
27 a? +a! 41| 01011
o8 at +a? 4ot 10110
a?? o +1 | 01001
a?0 at +al! 10010
a3l 1| 00001
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A.3.3 Minimal Polynomials

Let D be any field and F an extension field of D (that is, D is a subfield of F).
If « is any element of F', then as in Section A.3.2 we consider the collection of
polynomials that have « as a root:

I'={p(z) € Dla][p(a) =0} .

It is possible for I to contain only the zero polynomial, an example being given
by D =Q, FF =R, a = 7. We are interested here in the case where F' is finite,
and there the argument of Lemma A.1.3 and Section A.3.2 shows that I must
contain nonzero polynomials.

Assuming that I contains nonzero polynomials, we denote by m, p(z) the
minimal polynomial of a over D, that is, the greatest common divisor of I.
When D is the prime subfield (here, F,, for some prime p) we have abbreviated
this to ms(x). A minimal polynomial must always be irreducible.

For a finite collection S of nonzero polynomials, the least common multiple,
lem(S), was introduced in Problem A.2.19. When all the members of S are
monic irreducible, the lcm is easy to calculate — it is just the product of all
distinct members of S (see Problem A.2.25).

(A.3.19) LEMMA. Let o, 3,...,w be members of the extension field F of the
field D. Then the set

J ={p(z) € D[z] | p(e) =p(B) =--- =p(w) =0}
consists precisely of all multiples of
g(z) = lem(ma, p(x), mg,p(x),...,mw p(T)).

PrROOF. By the definition of a minimal polynomial, for each element -~
of o,0,...,w, the set J consists of multiples of m. p(z). Therefore by the
definition of least common multiples (see Problem A.2.19) all members of J are
multiples of g(z). On the other hand, any multiple of g(x) has each of a, 3, ..., w
as a root and so is in J. O

The remark before Lemma A.3.19 shows that, in the computation of g(x)
the only difficult part is the calculation of the minimal polynomials over D of
members of F. In Theorem A.3.20 and Problem A.3.21 we describe an easy
way to do this for finite D. At the end of the section an example of such a
calculation using Theorem A.3.20 is presented.

(A.3.20) THEOREM. Let F' be a finite field of characteristic p, and let « be a
member of F'. Then for

A={o” |i=0,1,2,... }

we have

me(x) = H(I—a) .

acA
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PROOF. Let m(z) = mq(x) = Y, m;z® with each m; in Fp. As m(a) = 0,
also (m(«@))? = 0. That is,

0 = (Z mia’)P = Z(miai)p by A.3.13(1)
= meoﬂ’ = Zmi(a”)i by A.3.13(2)

= m(a?).

Thus from m(«) = 0 we may conclude that m(a®) = 0 and then that m((a?)?) =
m(aP”’) = 0; indeed m(a) = 0, for all « € A. By Lemma A.2.8 z — a divides
m(x) for each a € A, and so by repeated application of Lemma A.2.9 we know
that [[,c4(z — @) is in any event a divisor of m(x) in Flz]. To complete a
proof that m(z) = [[,c4(z — a) it is enough to show that [[,. 4(z — a) in fact
has all its coefficients in IF,, for then m(z) and [],. 4 (z — @) will be two monic
polynomials of F,,[z] that divide each other and so must be equal.
Let A ={a1,az,...,a4}. Then in [],. 4(x — a) the coefficient of z* is

E Aiy Qg * = Qg s

{i1,92,--sia—k}

where the summation runs over all d — k subsets of {1,2,...,d}. By design, for
each a; in A, a? is also a member of A. Therefore for each term a;, a;, -+~ ai,
of the above summation, the power (a; aq, -~ ai,_, )P = a} a} ---af . is also
one of the terms of the summation. Hence using Lemma A.3.13(1) again we
have

E P_E PaP ...qP —E
( iy Qiy ald—k) - ailai2 aid,k - iy Ay Aig_y -

That is, the coefficient of z* in [[oca(z — a) is equal to its own pt" power.
By Lemma A.3.13(2) this coefficient is a member of the prime subfield F,, as
required. O

Essentially the same proof with ¢ in place of p gives the more general result
(which we leave as an exercise) with D =T, in place of [F,:

(A.3.21) PROBLEM. Let F be a finite field of characteristic p, D a subfield of F
containing exactly q elements, and o« be a member of F. Then for

A={a? |i=0,1,2,...}

we have

Ma,p(T) = H (z — a).
acA
REMARK. At first sight, the final equations in the statement of Theorem
A.3.20 and Problem A.3.21 seem to go against our claim that minimal polynomi-
als must be irreducible. Here m, p () is a minimal polynomial, but [],. 4 (z—a)
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appears to be a nontrivial factorization. The point is that m,, p(z) is an irre-
ducible polynomial in the polynomial ring D[z]; it has no factorizations into
polynomials of D[z] of smaller degree. The factorization [, 4(z — a) involves
factors © — a that are polynomials of F[x] but not of D[z] (as long as a ¢ D).
For example, as a polynomial of R[x], 22 + 1 is irreducible; but as a polynomial
of C[z] it factors as 22 + 1 = (z +4)(x — 4). Indeed m; g(z) = 22 + 1.

Below we give an example which details the calculation using Theorem
A.3.20 of the minimal polynomial of a® over Fa, mgs p,(z), where a is a root
of the primitive polynomial z° + 2% + 1 € Fa[z]. (See the table at the end of
Section A.3.2.)

(A.3.22) PROBLEM. Let 3 be a root of the polynomial z* +z® +1 € Fa[z]. Calculate
the manimal polynomial of 5°.

Calculation of a minimal polynomial

Let « be a primitive element in Fsy with minimal polynomial mg (z) = mq g, (z) =
2% + 22 + 1. We wish to calculate the minimal polynomial of o®.

Mas Ty (z)

= (@—a”) (@ —a%) (@ —a®)(@—a®)(z — a'®)

25 — (0 + a!® + a2 + o + ¥zt

+(a® + o + a*+a®+a% +al? +a®+a® + a4 a27)x3
—(a* + 0% + a® +a® + 032 + a®® + a3 + 03 + o + 0)a?
+(0® + a2 + a*? + a5 + o)z — o2
2+ 1zt 023 + 122 + 1z 41
= Pttt a1,

Where, for instance, the coefficient of z is given by:

a57+0452+a42+0453+a44
— 04264—0(214—0611 +a22+a13
@+ +a+1)+(a* +a®)+(a* +a+1)
+* + a4+ 1)+ (a* +a® + a?)
= 1.



