Math 461 Homework 9 DUE 11/12/2023

Exercises:
§19, 20

1. Let (an)nen, (bn)en € RY with a,, > 0 for all n € N. Define a map h: RN — RY by

h((xn)neN) = (anxn + bn)n€N~

(a) Show that h is a bijection.

(b) Show that if RY is given the product topology, then A is a homeomorphism.

(c) Prove whether or not h is a homeomorphism when RY is given the box topology.
2. For x = (z1,...,2,),y = (Y1,-..,Yyn) € R", define

n

di(x,y) =Y |z —yjl-

Jj=1

(a) Show that dy is a metric on R™.
(b) Show that the topology induced by d; equals the product topology on R™.
(c) For n =2 and 0 = (0,0) € R2, draw a picture of By, (0,1).

3. Let X be a metric space with metric d. For x € X and e > 0, show that {y € X | d(z,y) < €} is a
closed set.

4. Let X be a metric space with metric d. Show that d: X x X — R is continuous.

5. For x = (z1,...,2,),y = (Y1,-..,Yn) € R” and ¢ € R define
X+y:=(T1+y1,. ., Tn +Yn),
ex = (Cx1,...,CT,),
X y:=21y1+ -+ TnlYn,
|| == (&F + - - + 23) /2.

(a) For x,y,z € R" and a,b € R, prove the following formulas

I]|* = x - x
(ax) - (by) = (ab)(x-y)
X'y=y-x

(b) Show that |x-y| < ||x|||lyll. [Hint: for x,y # 0 let a = % and b = = and use the fact that

[ Iyl
lax + by||? > 0.]
(c) Show that [|x +y|| < x|/ + [ly]].
(d) Prove that the euclidean metric d(x,y) := ||x — y|| is indeed a metric.
6*. For x = (x1,...,2,) € R" and 1 < p < o0, define
[lp == ([a]” + - - + Ja )7,
and for p = oo define
I%|loo := max{|z1|,...,|za]}

In this exercise you will show dj(x,y) := ||[x — y||,, defines a metric for each 1 < p < co. Observe that

p = 1,2, 00 yield the metric from Exercise 2, the euclidean metric, and the square metric, respectively.
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For 1 < p < oo, show that if ¢ > 0 satisfies % + % =1 then 1 < ¢ < co. We call ¢ the conjugate
exponent to p.

For a,b >0 and 0 < A < 1, show that a*b*=* < Xa + (1 — \)b.
Prove Holder’s Inequality: for 1 < p < co with conjugate exponent ¢ and x,y € R™ show that

[Tiya| + -+ [yl < [xlpllyllq-
Prove Minkowski’s Inequality: for 1 < p < co and x,y € R™ show that

x4+ yllp < [Ix[lp + [yllp-
[Hint: use |2; +y;[7 < (J2;] + [y;[)|z; +y;P~ 1]
Show that d,, is a metric for 1 < p < oo.

Show that the topology induced by d, equals the product topology on R™ for 1 < p < 0o, where
R has the standard topology. [Hint: show that ||x|lec < ||x|l, < ||x]]1.]

* Challenge Problem!



