Math 451 Homework 6 DUE Monday 10/14/24

X I 0 5 7 37”
v ol 1 1 -1 -1

Table 2: The data for Problem 6.

Exercises: (Chapter 6 §4, §12, and Notes)

1. Find a natural cubic spline function whose knots are to = —1,f; = 0, and ¢t = 1 and that takes on
the values in Table 1.

2. By taking real and imaginary parts in a suitable complex exponential equation, prove that the following
two equations hold. Let k,n be positive integers.

1= 2mjk 1 if k divides n
— E cos| — | = .
n 4 n 0 otherwise

J=0

-1

1+ . (27rjk>
fE sin| — | =0.
n 4 n

Jj=0

3. Prove the following useful identities involving complex conjugation. Let z1, 29 € C.

(a) Show that z1 + 22 = Z1 + Z3.

(b)

(c)

(d) Show that |21 + 22|% = |21| + |22|* + 2Re (21%2).

Here, Re (a + bi) = a. That is, Re (a + bi) is the real part of the complex number a + bi.

Show that 2129 = Z1 Z3.

Show that |z1|> = z177.

4. Let z € C be nonzero. Show that B
a1z
oz |2

5. Prove that the normalized DFT matrix, F' € C"*", with entries given by

—27iwj

F,ij=e n Jyn foral0<jw<n-—1

is unitary.
6. Find the trigonometric polynomial
p(x) = P10 + Py + pre’® + pae

that interpolates the data in Table 2. Write p both in complex exponential form as above, and as a
sum of sines and cosines.



