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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book series aims to
provide the engineering, mathematical, and scientific communities with significant
developments in harmonic analysis, ranging from abstract harmonic analysis to
basic applications. The title of the series reflects the importance of applications
and numerical implementation, but richness and relevance of applications and
implementation depend fundamentally on the structure and depth of theoretical
underpinnings. Thus, from our point of view, the interleaving of theory and
applications and their creative symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability that has flourished,
developed, and deepened over time within many disciplines and by means of
creative cross-fertilization with diverse areas. The intricate and fundamental rela-
tionship between harmonic analysis and fields such as signal processing, partial
differential equations (PDEs), and image processing is reflected in our state-of-the-
art ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, time-frequency analysis,
and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing,
geophysics, pattern recognition, biomedical engineering, and turbulence. These
areas implement the latest technology from sampling methods on surfaces to fast
algorithms and computer vision methods. The underlying mathematics of wavelet
theory depends not only on classical Fourier analysis, but also on ideas from abstract
harmonic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems, and of the
metaplectic group for a meaningful interaction of signal decomposition methods.
The unifying influence of wavelet theory in the aforementioned topics illustrates the
justification for providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This will be a key role
of ANHA. We intend to publish with the scope and interaction that such a host of
issues demands.
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Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in the following applicable topics in which harmonic analysis plays
a substantial role:

Antenna theory Prediction theory
Biomedical signal processing Radar applications
Digital signal processing Sampling theory

Fast algorithms Spectral estimation
Gabor theory and applications Speech processing
Image processing Time-frequency and

Numerical partial differential equations time-scaleanalysis

Wavelet theory

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries Fourier analysis has had a major impact on the
development of mathematics, on the understanding of many engineering and
scientific phenomena, and on the solution of some of the most important problems
in mathematics and the sciences. Historically, Fourier series were developed in
the analysis of some of the classical PDEs of mathematical physics; these series
were used to solve such equations. In order to understand Fourier series and the
kinds of solutions they could represent, some of the most basic notions of analysis
were defined, e.g., the concept of “function.” Since the coefficients of Fourier
series are integrals, it is no surprise that Riemann integrals were conceived to deal
with uniqueness properties of trigonometric series. Cantor’s set theory was also
developed because of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, for example, by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and the sciences. For example, Wiener’s Tauberian theorem in
Fourier analysis not only characterizes the behavior of the prime numbers, but also
provides the proper notion of spectrum for phenomena such as white light; this
latter process leads to the Fourier analysis associated with correlation functions in
filtering and prediction problems, and these problems, in turn, deal naturally with
Hardy spaces in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
trigonometric polynomials. Applications of Fourier analysis abound in signal
processing, whether with the fast Fourier transform (FFT), or filter design, or the



ANHA Series Preface vii

adaptive modeling inherent in time-frequency-scale methods such as wavelet theory.
The coherent states of mathematical physics are translated and modulated Fourier
transforms, and these are used, in conjunction with the uncertainty principle, for
dealing with signal reconstruction in communications theory. We are back to the
raison d’étre of the ANHA series!

University of Maryland John J. Benedetto
College Park, MD, USA Series Editor
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Fourier analysis has grown to become an essential mathematical tool with numerous
applications in applied mathematics, engineering, physics, and other sciences. Many
recent technological innovations from spectroscopy and computer tomography to
speech and music signal processing are based on Fourier analysis. Fast Fourier
algorithms are the heart of data processing methods, and their societal impact can
hardly be overestimated.

The field of Fourier analysis is continuously developing toward the needs in
applications, and many topics are part of ongoing intensive research. Due to the
importance of Fourier techniques, there are several books on the market focusing on
different aspects of Fourier theory, as e.g. [28, 58, 72, 113, 119, 125, 146, 205, 219,
221, 260, 268, 303, 341, 388, 392], or on corresponding algorithms of the discrete
Fourier transform, see e.g. [36, 46, 47, 63, 162, 257, 307, 362], not counting further
monographs on special applications and generalizations as wavelets [69, 77, 234].

So, why do we write another book? Examining the existing textbooks in Fourier
analysis, it appears as a shortcoming that the focus is either set only on the
mathematical theory or vice versa only on the corresponding discrete Fourier and
convolution algorithms, while the reader needs to consult additional references on
the numerical techniques in the one case or on the analytical background in the
other.

The urgent need for a unified presentation of Fourier theory and corresponding
algorithms particularly emerges from new developments in function approximation
using Fourier methods. It is important to understand how well a continuous signal
can be approximated by employing the discrete Fourier transform to sampled
spectral data. A deep understanding of function approximation by Fourier rep-
resentations is even more crucial for deriving more advanced transforms as the
nonequispaced fast Fourier transform, which is an approximative algorithm by
nature, or sparse fast Fourier transforms on special lattices in higher dimensions.

This book encompasses the required classical Fourier theory in the first part
in order to give deep insights into the construction and analysis of corresponding
fast Fourier algorithms in the second part, including recent developments on

ix
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nonequispaced and sparse fast Fourier transforms in higher dimensions. In the third
part of the book, we present a selection of mathematical applications including
recent research results on nonlinear function approximation by exponential sums.

Our book starts with two chapters on classical Fourier analysis and Chap. 3 on the
discrete Fourier transform in one dimension, followed by Chap. 4 on the multivariate
case. This theoretical part provides the background for all further chapters and
makes the book self-contained.

Chapters 5-8 are concerned with the construction and analysis of corresponding
fast algorithms in the one- and multidimensional case. While Chap.5 covers the
well-known fast Fourier transforms, Chaps.7 and 8 are concerned with the con-
struction of the nonequispaced fast Fourier transforms and the high-dimensional fast
Fourier transforms on special lattices. Chapter 6 is devoted to discrete trigonometric
transforms and Chebyshev expansions which are closely related to Fourier series.

The last part of the book contains two chapters on applications of numerical
Fourier methods for improved function approximation.

Starting with Sects.5.4 and 5.5, the book covers many recent well-recognized
developments in numerical Fourier analysis which cannot be found in other books
in this form, including research results of the authors obtained within the last 20
years.

This includes topics such as:

» The analysis of the numerical stability of the radix-2 FFT in Sect. 5.5

* Fast trigonometric transforms based on orthogonal matrix factorizations and fast
discrete polynomial transforms in Chap. 6

* Fast Fourier transforms and fast trigonometric transforms for nonequispaced data
in space and/or frequency in Sects. 7.1-7.4

» Fast summation at nonequispaced knots in Sect. 7.5

More recent research results can be found on:

» Sparse FFT for vectors with presumed sparsity in Sect. 5.4

* High-dimensional sparse fast FFT on rank-1 lattices in Chap. 8

* Applications of multi-exponential analysis and Prony method for recovery of
structured functions in Chap. 10

An introductory course on Fourier analysis at the advanced undergraduate level
can for example be built using Sects. 1.2-1.4, 2.1-2.2, 3.2-3.3, 4.1-4.3, and 5.1-
5.2. We assume that the reader is familiar with basic knowledge on calculus of
univariate and multivariate functions (including basic facts on Lebesgue integration
and functional analysis) and on numerical linear algebra. Focusing a lecture on
discrete fast algorithms and applications, one may consult Chaps.3, 5, 6, and 9.
Chapters 7, 8, and 10 are at an advanced level and require pre-knowledge from
Chaps. 1, 2, and 4.
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Parts of the book are based on a series of lectures and seminars given by
the authors to students of mathematics, physics, computer science, and electrical
engineering. Chapters 1, 2, 3, 5, and 9 are partially based on teaching material
written by G. Steidl and M. Tasche that was published in 1996 by the University
of Hagen under the title “Fast Fourier Transforms—Theory and Applications” (in
German). The authors wish to express their gratitude to the University of Hagen for
the friendly permission to use this material for this book.

Last but not least, the authors would like to thank Springer/Birkhéduser for
publishing this book.

Gottingen, Germany Gerlind Plonka
Chemnitz, Germany Daniel Potts
Kaiserslautern, Germany Gabriele Steidl
Rostock, Germany Manfred Tasche

October 2018
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Chapter 1 )
Fourier Series Check or

Chapter 1 covers the classical theory of Fourier series of 2w -periodic functions. In
the introductory section, we sketch Fourier’s theory on heat propagation. Section 1.2
introduces some basic notions such as Fourier coefficients and Fourier series of
a 2m-periodic function. The convolution of 2m-periodic functions is handled in
Sect. 1.3. Section 1.4 presents main results on the pointwise and uniform conver-
gence of Fourier series. For a 2w -periodic, piecewise continuously differentiable
function f, a complete proof of the important convergence theorem of Dirichlet—
Jordan is given. Further we describe the Gibbs phenomenon for partial sums of the
Fourier series of f near a jump discontinuity. Finally, in Sect. 1.5, we apply Fourier
series in digital signal processing and describe the linear filtering of discrete signals.

1.1 Fourier’s Solution of Laplace Equation

In 1804, the French mathematician and egyptologist Jean Baptiste Joseph Fourier
(1768-1830) began his studies on the heat propagation in solid bodies. In 1807, he
finished a first paper about heat propagation. He discovered the fundamental partial
differential equation of heat propagation and developed a new method to solve this
equation. The mathematical core of Fourier’s idea was that each periodic function
can be well approximated by a linear combination of sine and cosine terms. This
theory contradicted the previous views on functions and was met with resistance
by some members of the French Academy of Sciences, so that a publication was

© Springer Nature Switzerland AG 2018 1
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Fig. 1.1 The mathematician
and egyptologist Jean
Baptiste Joseph

Fourier (1768-1830)

initially prevented. Later, Fourier presented these results in the famous book “The
Analytical Theory of Heat” published firstly 1822 in French, cf. [119]. For an image
of Fourier, see Fig. 1.1 (Image source: https://commons.wikimedia.org/wiki/File:
Joseph_Fourier.jpg).

In the following, we describe Fourier’s idea by a simple example. We consider
the open unit disk £2 = {(x,y) € R? : x2 + y? < 1} with the boundary I" =
{(x,y) € R? : x2 4+ y%2 = 1}. Let v(x, y, 1) denote the temperature at the point
(x,y) € £2 and the time ¢+ > 0. For physical reasons, the temperature fulfills the
heat equation

9% n 9%v ov ( Ye@. 150
=C s X, ) >
ax2 T ay2 " o Y

with some constant ¢ > (. At steady state, the temperature is independent of the
time such that v(x, y, t) = v(x, y) satisfies the Laplace equation

9%v 92w
_I_

g2 gy =0 e

What is the temperature v(x, y) at any point (x, y) € £2, if the temperature at each
point of the boundary I" is known?
Using polar coordinates

x=rcosg, y=rsing, O<r<l1, 0<¢ <2nm,
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1.1 Fourier’s Solution of Laplace Equation 3

we obtain for the temperature u(r, ¢) := v(r cos¢, r sin ) by chain rule

v v *w 19w | 1 3w

= =0.
9x2 + 0yz  or? + r or + r2 9¢?
If we extend the variable ¢ periodically to the real line R, then u(r, ¢) is 27 -periodic
with respect to ¢ and fulfills

0u ou 0u
2
r 8r2+r8r__8 ,» O<r<l ¢eR (1.1

Since the temperature at the boundary I is given, we know the boundary condition

u(l,p) = f(p), ¢e€R, (1.2)

where f is a given continuously differentiable, 2w -periodic function. Applying
separation of variables, we seek nontrivial solutions of (1.1) of the form u(r, ¢) =
p(r) q(¢), where p is bounded on (0, 1) and g is 2w -periodic. From (1.1) it follows

(2 p" () +r p'(") q(@) = —p(r) q" (@)
and hence

r2p' ) +rp' ) ")

= ) 1.3
p(r) q(p) (1)

The variables r and ¢ can be independently chosen. If ¢ is fixed and r varies, then
the left-hand side of (1.3) is a constant. Analogously, if 7 is fixed and ¢ varies, then
the right-hand side of (1.3) is a constant. Let A be the common value of both sides.
Then we obtain two linear differential equations

r2p () +rp'(r)—apr) =0, (1.4)
q" (@) +1q(p) =0. (1.5)

Since nontrivial solutions of (1.5) must have the period 27, we obtain the solutions
“2“ for A = 0 and a, cos(nyp) + b, sin(ng) for A = n?, n € N, where ap, a,, and
b, with n € N are real constants. For A = 0, the linear differential equation (1.4)
has the linearly independent solutions 1 and In r, where only 1 is bounded on (0, 1).
For A = n?, Eq. (1.4) has the linearly independent solutions " and ", where only
r" is bounded on (0, 1). Thus we see that “2“ and r" (a, cos(ng) + b, sin(ng)),
n € N, are the special solutions of the Laplace equation (1.1). If #; and u; are
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solutions of the linear equation (1.1), then u; + u7 is a solution of (1.1) too. Using
the superposition principle, we obtain a formal solution of (1.1) of the form

e¢]

a .

u(r, @) = 20 + Zr” (an cos(ng) + by sin(ng)). (1.6)
n=1

By the boundary condition (1.2), the coefficients ag, a,, and b,, with n € N must be

chosen so that

u(l,p) = 6120 + Z (an cos(ny) + by, sin(nq))) = f(p), ek 1.7
n=1

Fourier conjectured that this could be done for an arbitrary 2 -periodic function f.
We will see that this is only the case, if f fulfills some additional conditions. As
shown in the next section, from (1.7) it follows that

2
a, = :[ f() cos(nyy)dyr, n e Ny, (1.8)
0
1 2
by = _ F@) sin(y)dy, neN. (1.9)
0

By assumption, f is bounded on R, i.e., | f(1/)| < M. Thus we obtain that

1 27
] < / FO)IdY <2M, neNo.
)

Analogously, it holds |b,| < 2M foralln € N.

Now we have to show that the constructed function (1.6) with the coeffi-
cients (1.8) and (1.9) is really a solution of (1.1) which fulfills the boundary
condition (1.2). Since the 2 -periodic function f is continuously differentiable, we
will see by Theorem 1.37 that

> (an] + 1bal) < 00.

n=1

Introducing u, (r, ¢) := r" (a,, cos(ng) + b, sin(mp)), we can estimate
lun(r, )| < lan| + bnl,  (r,9) €10, 11 x R.

From Weierstrass criterion for uniform convergence it follows that the series % +

Z;O:I u, converges uniformly on [0, 1] x R. Since each term u,, is continuous on
[0, 1] xR, the sum u of this uniformly convergent series is continuous on [0, 1] xR,

too. Note that the temperature in the origin of the closed unit disk is equal to the

mean value “20 =1 02 ™ f(¥) dyr of the temperature f at the boundary.

27
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Now we show that u fulfills the Laplace equation in [0, 1) x R.Let0 < rg < 1
be arbitrarily fixed. By

k

k k
d ok un(r, @) = r'" nk (a,, cos(ng + ;) + b, sin(ng + ;))

for arbitrary k € N, we obtain

9* k k
|8(pk un(r, )| <4r"n"M <4rgn" M
for 0 < r < rg. The series 4 M Z;O:I r(’)’ n* is convergent. By the Weierstrass

L. ak . . k
criterion, ¥ o K u, is uniformly convergent on [0, rg] x R. Consequently, T

n=1 d(pk y g q y d(pk
exists and

o0

ok ok
agpk u = nX_; 8(/)k Up.

ak .
Analogously, one can show that adrk u exists and

Since all u,, are solutions of the Laplace equation (1.1) in [0, 1) x R, it follows by
term by term differentiation that u is also a solution of (1.1) in [0, 1) x R.

Finally, we simplify the representation of the solution (1.6) with the coeffi-
cients (1.8) and (1.9). Since the series in (1.6) converges uniformly on [0, 1] x R,
we can change the order of summation and integration such that

1 [ 1 <
wrp)= | @) (5 Yo cos (st = ) dv
n=1

Taking the real part of the geometric series

> 1
1+) e = o
nz_:l 1 —rei?
it follows

1 —7r cosf

00
1 n 0) =
+ E r" cos(nf) 1472 —2r cosf

n=1
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and hence

1 1—r?

1 n =
0 '
) 2 :r cos(nf) 21472 —2r cos

n=1

Thus for 0 < r < 1 and ¢ € R, the solution of (1.6) can be represented as Poisson
integral

2 1 2

1 _
wrp)=, |1 "

1472 —=2r cos(p — ¥) dv.

1.2 Fourier Coefficients and Fourier Series

A complex-valued function f : R — C is 2rw-periodic or periodic with period 27,
if f(x +2m) = f(x) for all x € R. In the following, we identify any 2 -periodic
function f : R — C with the corresponding function f : T — C defined on the
torus T of length 2. The torus T can be considered as quotient space R/(2nZ)
or its representatives, e.g. the interval [0, 27r] with identified endpoints O and 27 .
For short, one can also geometrically think of the unit circle with circumference 2.
Typical examples of 2w -periodic functions are 1, cos(n-), sin(n-) for each angular
frequency n € N and the complex exponentials e'* for each k € Z.

By C(T) we denote the Banach space of all continuous functions f : T — C
with the norm

I fllcer = max|f(x)]|
xeT

and by C"(T), r € N the Banach space of r-times continuously differentiable
functions f : T — C with the norm

I fllcremy = I fllcery + 1P lleer -

Clearly, we have C"(T) c C*(T) forr > s.
Let L,(T), 1 < p < oo be the Banach space of measurable functions f : T —
C with finite norm

1 T » 1/p
1Fl,m =, [ 1f@Pax) " 1=p<oc,
-

[ flLoo(T) :=esssup{[f(x)|: x € T},

where we identify almost equal functions. If a 2 -periodic function f is integrable
on [—u, ], then we have

T T+a
f(x)dx =/ fx)dx

- —n+a
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for all a € R so that we can integrate over any interval of length 2.
Using Holder’s inequality it can be shown that the spaces L, (T) for1 < p < o0
are continuously embedded as

Li(T) D Lo(T) D ... D Loo(T).

In the following we are mainly interested in the Hilbert space L (T) consisting of
all absolutely square-integrable functions f : T — C with inner product and norm

™ 1 [r 5 \1/2
fonm=, [ f@s@dr. 1l =, [ F@)Pdy)

1
2w
If it is clear from the context which inner product or norm is addressed, we

abbreviate (f. ) = (f.g)z,m and [ f]| = IIflz,m. Forall f, g € Lo(T) it
holds the Cauchy—Schwarz inequality

S &) o < 1 f Ly lgllLycT) -

Theorem 1.1 The set of complex exponentials
{e% = cos(k) +1i sin(k-) : k € Z} (1.10)

forms an orthonormal basis of Lo(T).
Proof

1. By definition, an orthonormal basis is a complete orthonormal system. First we
show the orthonormality of the complex exponentials in (1.10). We have

o 1 T
(elk~’ e1]‘> — / e1(k7])x dx,
2 J_,
which implies for integers k = j

. . T
(e, elfy = ! / 1dx =1.

I

On the other hand, we obtain for distinct integers j, k
(k" ey = 1 (Tt _ =itk
’ 2ritk — j)
_ 2i sinm(k — j) _
T 27itk—j)

2. Now we prove the completeness of the set (1.10). We have to show that ( f, el ) =
0 for all k € Z implies f = 0.
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First we consider a continuous function f € C(T) having (f, e'*') = 0 for
all k € Z. Let us denote by

n

T, = { Y et e (C} (1.11)

k=—n

the space of all trigonometric polynomials up to degree n. By the approximation
theorem of Weierstrass, see Theorem 1.21, there exists for any function f €
C(T) a sequence (p,)nen, of trigonometric polynomials p, € .7, which
converges uniformly to f,i.e.,

If = Pallecr) = max |f(x) = pu(x)| > 0 forn — oco.

By assumption we have
n . n .
(fipn)=(f. D ae®)= > al(f.eh)=0.
k=—n k=—n

Hence we conclude

LFIP = (f £) = (fspn) = {fs f = pa) = O (1.12)

asn — 00, so that f = 0. _
3. Now let f € Lo(T) with (f, ) = 0forall k € Z be given. Then

h(x) = /x f@de, xe]0,2n),
0

is an absolutely continuous function satisfying 2’ (x) = f(x) almost everywhere.
We have further £(0) = h(2m) = 0. For k € Z\{0} we obtain

. 1 21 .
he) =, / h(x)e % dx
T Jo

1 .
=—__ h(x)e ™

2 1 21 . 1 .
. + / B (x) e " dx = (f,e*y =o0.
2mik 0

0 2mik ——— 2mik
=f(x

Hence the 2m-periodically continued continuous function 2 — (h, 1) fulfills (h -
(h, 1), eik‘> = 0 for all k € Z. Using the first part of this proof, we obtain
h = (h,1) = const. Since f(x) = h'(x) = 0 almost everywhere, this yields
the assertion.
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Once we have an orthonormal basis of a Hilbert space, we can represent its elements
with respect to this basis. Let us consider the finite sum
n 1 T
Sif = Y alNe ey, alf)=(f) =, | fae*dr,
-7

k=—n

called nth Fourier partial sum of f with the Fourier coefficients ci( f). By definition
Sp @ La(T) — Lo(T) is a linear operator which possesses the following important
approximation property.

Lemma 1.2 The Fourier partial sum operator S, : Lo(T) — Lo(T) is an
orthogonal projector onto Ty, i.e.

If = Spfll=min{llf —pll: peTn}
for arbitrary f € Ly(T). In particular, it holds
Lf =S fIP = 1£17 = ) eI (1.13)
k=—n

Proof

1. For each trigonometric polynomial

n
p= > aek (1.14)

k=—n

with arbitrary ¢ € C and all f € L>(T) we have
If—pI?> = IFI1> = (p, f)—(f, p) + IpI?

=1/1P+ D (= e —cxer() +lexl?)

k=—n
n n
=1£17 = D la(HP+ D e — ().

k=—n k=—n

Thus,
n
Lf=pIP = IF1P = D le (NP,
k=—n

where equality holds only in the case ¢y = cx(f), k = —n,...,n, ie., if and

onlyif p=S,f.
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2. For p € 9, of the form (1.14), the corresponding Fourier coefficients are
ck(p) = ¢ for k = —n,...,n and cx(p) = O for all |k|] > n. Thus
we have S,p = p and S,(S,f) = S, f for arbitrary f € L»(T). Hence
Sy : Lo(T) — Lo(T) is a projection onto .7;,. By

n

(Sufs &)=Y alf)cr(@) = (£, Sug)

k=—n

for all f, g € L»(T), the Fourier partial sum operator S, is self-adjoint,
ie., S, is an orthogonal projection. Moreover, S, has the operator norm
I1SnllLo(T)— Loy = 1.

As an immediate consequence of Lemma 1.2 we obtain the following:
Theorem 1.3 Every function f € Ly(T) has a unique representation of the form

T

F= ahel alh)=(fe)= fye *dx, (1.15)
keZ T
where the series (Sy ), convergesin L,(T) to f, i.e.
lim [|S, f = fl =0.
n—o0
Further the Parseval equality is fulfilled
ik\|2
AP =D () =D la(HIF < o0 (1.16)

keZ keZ
Proof By Lemma 1.2, we know that for each n € Ny
n
IS f 17 = D" le(HEP < 1£11* < oo
k=—n
For n — oo, we obtain Bessel’s inequality
(e.¢]
o laOP < IfIP.
k=—00

Consequently, for arbitrary ¢ > 0, there exists an index N (¢) € N such that

> lalHP <e.

[k|>N(¢)
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Form > n > N(e) we obtain

—n—1 m

1Sm f = Su 17 = ( Yo+ ) >|Ck(f)|2 < Y laHlP <e.

k=—m  k=n+1 [k|>N (&)

Hence (S, f);2, is a Cauchy sequence. In the Hilbert space L(T), each Cauchy
sequence is convergent. Assume that lim,_,» S, f = g with g € L,(T). Since

(g, ) = lim (S, f, %) = lim (f, S,e*) = (f, X
n—oo n—oo

for all k € Z, we conclude by Theorem 1.1 that f = g. Letting n — oo in (1.13)
we obtain the Parseval equality (1.16).

The representation (1.15) is the so-called Fourier series of f. Figure 1.2 shows
2m-periodic functions as superposition of two 2 -periodic functions.

Clearly, the partial sums of the Fourier series are the Fourier partial sums. The
constant term co(f) = 2; ffﬂ f(x) dx in the Fourier series of f is the mean value

of f.

Remark 1.4 For fixed L > 0, a function f : R — C is called L-periodic, if
f(x+ L) = f(x)forall x € R. By substitution we see that the Fourier series of an
L-periodic function f reads as follows:

. 1 (L2 .
f — ch(gL)(f) eZJ'[lk~/L , C[EL)(f) - / f(x) e—ZJlex/L dx. O
LJ-Lp
keZ /
(1.17)
In polar coordinates we can represent the Fourier coefficients in the form
ek (f) = lee(Ple'?, g = atan2 (Im c(f), Re cx(f)), (1.18)
1 1x
y y /\\
0.5
0.5
- -5 z m \Z
- " ™ -
05 2 2
—0.5
B \\/
~1.5 -1

Fig. 1.2 Two 2n-periodic functions sin x + é cos(2x) (left) and sinx — 110 sin(4x) as superposi-
tions of sine and cosine functions
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where

arctan ) x>0,
arctanjc’—i—n x<0,y>0,

arctan) —7  x <0, y <0,

atan2(y, x) :=
(. x) 5 x=0, y>0,
-3 x=0,y<0,
0 x=y=0.

Note that atan2 is a modified inverse tangent. Thus for (x,y) € R? \ {(0, 0)},
atan2(y, x) € (—m, m] is defined as the angle between the vectors (1, 0)—r and
(x,y)". The sequence (|Ck(f)|)keZ is called the spectrum or modulus of f and
((pk)kEZ the phase of f.

For fixed a € R, the 2r-periodic extension of a function f : [-7w +a, m+a) —
C to the whole line R is given by f(x +2mn) := f(x) forallx € [—7w +a, 7 +a)
and all n € Z. Often we havea =0 ora = 7.

Example 1.5 Consider the 2m-periodic extension of the real-valued function
fx) = e, x € (—m, ) with f(£mr) = coshm = %(e_” + e™). Then the
Fourier coefficients cx (f) are given by

1 T .
c(f) = o / e~ (1Hik)x 4.
-

k ..
= 1 (e—(1+ik>n _ e(1+ik)7r) _ (=D sinhn
2m (1 +ik) Gtinn -

Figure 1.3 shows both the 8th and 16th Fourier partial sums Sg f and Sj¢ f.

Fig. 1.3 The 2x-periodic function f given by f(x) := e ™, x € (—m, m), with f(£n) =
cosh(rr) and its Fourier partial sums Sg f (left) and Si6 f (right)
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For f € L,(T) it holds the Parseval equality (1.16). Thus the Fourier coefficients
ck(f) converge to zero as |k| — oo. Since

l g
@l < f Fldx = 1l em -
T J-x
the integrals
1 (7 .
cr(f) = f f)e ™dx, keZ
27 J_,

also exist for all functions f € L(T), i.e., the Fourier coefficients are well-defined
for any function of L{(T). The next lemma contains simple properties of Fourier
coefficients.

Lemma 1.6 The Fourier coefficients of f, g € L1(T) have the following properties
forallk € Z:

1. Linearity: Forall «, B € C,

crlaf +pg) = acr(f) + B e(g).

2. Translation—-Modulation: For all xo € [0, 2w) and kg € Z,

c(fC—x0) =eF0er(f),
k(€0 f) = cpppo (f) -

In particular |ck(f(- — x0))| = |ck(f)|, i.e., translation does not change the
spectrum of f.

3. Differentiation—Multiplication: For absolute continuous functions f € Li(T)
with f' € L1(T) we have

a(f)) =iker(f).

Proof The first property follows directly from the linearity of the integral. The
translation—-modulation property can be seen as

T

e (fC—x0) = o flx —xp) e * dx
_ 21 T f(y) efik(y+x0) dy — efikxo Ck(f)a
T J-x

and similarly for the modulation—translation property.
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For the differentiation property recall that an absolute continuous function has a
derivative almost everywhere. Then we obtain by integration by parts

! /n ik o) eFdy = ! Fe ™ dx = e (f).
2 b1

_j, P2

The complex Fourier series

f=Y a(fre

keZ

can be rewritten using Euler’s formula e** = cos(k-) + i sin(k-) as

1 o
f=,al)+ > (ar(f) costk:) + bi(f) sin(k-)) , (1.19)

k=1

where

ax(f) = ck(f) + c—x(f) =2 (f, cos(k-)), keNo,
bi(f) =i(ck(f) — c—x(f)) =2(f,sin(k-)), keN.

Consequently il, V2 cos(k-): k € N} U {«/2 sin(k-): k € N} form also an ortho-

normal basis of L, (T). If f : T — Ris areal-valued function, then cx (f) = c_x (f)
and (1.19) is the real Fourier series of f. Using polar coordinates (1.18), the Fourier
series of a real-valued function f € L, (T) can be written in the form

1 o0
f = af) +I;rk sin(k-+’; + @),

with sine oscillations of amplitudes ry = 2 |cx(f)|, angular frequencies k, and phase
shifts 7 + ¢x. For even/odd functions the Fourier series simplify to pure cosine/sine
series.

Lemma 1.7 If f € Ly(T) iseven, i.e.,, f(x) = f(—x) forallx € T, then cx(f) =
c—k(f) forallk € Z and f can be represented as a Fourier cosine series

o 1 oo
f=co(f)+2 I;Ck(f) cos(k-) = ’ ao(f) + /;ak(f) cos(k-) .

If f € Lo(T) isodd, i.e., f(x) = —f(—x) forallx € T, then cx(f) = —c—x(f)
forallk € Z and f can be represented as a Fourier sine series

F=20 a(f) sink) = Y b(f) sin(k-).

k=1 k=1
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The simple proof of Lemma 1.7 is left as an exercise.

Example 1.8 The 27 -periodic extension of the function f(x) = x>

is even and has the Fourier cosine series

, X €[—m, 7)

2

o k
T (-1
3 +4 ,;_1 2 cos(k-).

Example 1.9 The 2w -periodic extension of the function s(x) = ”2;" ,x € (0, 2m),
with s(0) = 0 is odd and has jump discontinuities at 2wk, k € Z, of unit height.
This so-called sawtooth function has the Fourier sine series

o]

Z ! sin(k-)
Tk '

k=1

Figure 1.4 illustrates the corresponding Fourier partial sum Sg f. Applying the
Parseval equality (1.16) we obtain

= 1 1
> = s> = .
— 22k 12
This implies
, =
k=1 k 6
Yy
5
- ™

Fig. 1.4 The Fourier partial sums Sg f of the even 27 -periodic function f given by f(x) := x2,
x € [—m, m) (left) and of the odd 27 -periodic function f given by f(x) = é — 5. x € (0, 2m),
with f(0) = f(2m) = 0 (right)
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The last equation can be also obtained from the Fourier series in Example 1.8 by
setting x := & and assuming that the series converges in this point.

Example 1.10 We consider the 2m-periodic extension of the rectangular pulse

function f : [—-m, m) — R given by

x € (—m, 0),
x € (0, m)

ro = {9

and f(—m) = f(0) = é The function f — é is odd and the Fourier series of f
reads

1 o]

2 .
2+2}(2n_1)n sin((2n —1)-).

1.3 Convolution of Periodic Functions

The convolution of two 2m-periodic functions f, g € L(T) is the function h =
f * g given by

1 T
h(x) = (f*)x) =, J() gl —y)dy.

-7

Using the substitution y = x — ¢, we see
1 b
(fre)) =, fx—1)g)dr =(gx* f)x)
T J-x

so that the convolution is commutative. It is easy to check that it is also associative
and distributive. Furthermore, the convolution is translation invariant

(fC—D*xg)x)=(f*gx—1).

If g is an even function, i.e., g(x) = g(—x) for all x € R, then

T

1
(f*g)x) = 2oy FO) gy —x)dy.

-7

Figure 1.5 shows the convolution of two 2x-periodic functions. The following
theorem shows that the convolution is well defined for certain functions.
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0.1

—

— —
—T ™ —T s —T s

Fig. 1.5 Two 2n-periodic functions f (red) and g (green). Right: The corresponding convolution
f = g (blue)

Theorem 1.11

1. Let f € Lp(T), 1 < p <ooandg € L1(T) be given. Then f x g exists almost
everywhere and [ * g € L, (T). Further we have the Young inequality

If =g, < I fll, gl m-

2. Let f € Lp(T) and g € Ly(T), where 1 < p,q < 00 and [17 + ; = 1. Then
(f * g)(x) exists for every x € T and f x g € C(T). It holds

If*gllecmy=IflL,mlgllL, -
3. Let f € L,(T) and g € Ly(T), where [1, +; =!'+1L1<pgr=oo

Then f x g exists almost everywhere and f % g € L,(T). Further we have the
generalized Young inequality

If*glle,cry < I flle,cmlgle, -

Proof

1. Let p € (1, 00) and ; + ; = 1. Then we obtain by Holder’s inequality

1 b8
I(f % )()] = 271[ FG)] JgCx = w] dy

-7 ~

=|g|/P|g|1/a

1 (7 p, 1 [T 1/
=(,, L|f(y>|"|g(x—y>|dy) (e L g = »ldx)

| 1 (7 1/p
= llym ( [ﬂlf(y)lplg(x—y)ldy) .
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Note that both sides of the inequality may be infinite. Using this estimate and
Fubini’s theorem, we get

1 2 T b4
1F * 81, my < NgN7 e () [ [ |FG)IP1gx — y)] dy dx

1 T T
=||g||’z{‘{m(2n)2/ If(y)l”/ lg(x — y)| dxdy

-7

= ”g”Ll(p'Ir/)q”f”Lp(T) lgll I(T)”f”{p(T)‘

The cases p = 1 and p = oo are straightforward and left as an exercise.
2. Let f € L,(T) and g € Ly(T) with [1, +; = land p > 1 be given. By Holder’s
inequality it follows

I(f * )| =< /If(x—y)l”dy /Ig(y)lqdy

< Ifllz,cm) gL, (T

and consequently

[(fx@x+1) = (f x| <IfC+1) = flle,mlgle, -

Now the second assertion follows, since the translation is continuous in the
Lp(T) norm (see [114, Proposition 8.5]), i.e. || f (- +2) = fllL, (1) = Oast — 0.
The case p = 1 is straightforward.

3. Finally, let f € L,(T) and g € Ly(T) with ) + | = | +1forl < p,q,r < o0
be given. The case r = 0o is described in Part 2 so that it remains to consider 1 <
r < 0o. Then p < r and g < r, since otherwise we would get the contradiction
q<1orp<1.Sets:=p(1—;)—1—fe[o1)andt € [1, o0).

Define ¢’ by ; + ql, = 1. Then we obtain by Ho6lder’s inequality

1 (" 1 [r
h(x) := ) / If(x —y)gyldy = / |£Ce= I g 1f (x = p)I° dy
b4 27 J_»

-7

| 1 L
- <2” /—ﬂ|f(x_y)|(l_S)q |g(y)|qdy> q<2n /_”|f(x—y)l“f dy) '
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Using that by definition sq’ = p and q/q’ = (sq)/p, this implies

/

1 [7 . 1 [7 /
mw =, e = nemma(y i)

1 (7 . 1 (" (sq)/
— o [ s =gy e a)

1 T _ !
= / f = DI eI dy 115 )
—TT

such that

1 (" q/(qt) 1 (7 1/t
1, = (o [ mor )™ = ([ woran) " = i
- -7
b8

1 17 ~ N
<111 (5, /_n (5, /_ﬂlf(x—y)|<1 gl dy)’ dx)

and further by (1 — s)gt = p and generalized Minkowski’s inequality

1 T, (" _ 1/t
”h”L m = < ”f”Lp(T) 2 / (27_[ / |f(x - y)|(1 s)qt |g(y)|6h dx) dy
-7

-7

1 " q 1 " (I*S)tﬂd 1/td
=10y, | 18005, _nlf(x—y)l x) " dy
AT e ! | Wy = 1719 o gl

= WL, WL g0 o gAYy =UJ1L, ) 181, (-

Taking the gth root finishes the proof. Alternatively, the third step can be proved
using the Riesz—Thorin theorem.

The convolution of an L1 (T) function and an L, (T) function with 1 < p < o0
is in general not defined pointwise as the following example shows.

Example 1.12 We consider the 2 -periodic extension of f : [—m, 7) — R given
by
|y =3/ € [-m, 1)\ {0},
foy=1{" Y \ (1.20)
0 y=0.

The extension denoted by f is even and belongs to Li(T). The convolution
(f * f)(x) is finite for all x € [—m, m) \ {0}. However, for x = 0, this does
not hold true, since

T

f(y)f(—y)dy=/ Iy|73/2dy = o0

-7
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The following lemma describes the convolution property of Fourier series.

Lemma 1.13 For f, g € L1(T) it holds

c(fxg) =c(f)ec(g), keZL.

Proof Using Fubini’s theorem, we obtain by the 27 -periodicity of g e~'¥" that

c(f *g) = / (| rorse=—ydy)eax

-7

1 T ) T )
= 20y [ fye™ ([ glx —y)e Y dX) dy

— om [T ([ soe M ar)ay = ate.

1
2m)?

The convolution of functions with certain functions, so-called kernels, is of
particular interest.

Example 1.14 The nth Dirichlet kernel for n € Ny is defined by
n .
Dp(x) := Z e xeR. (1.21)
k=—n
By Euler’s formula it follows
n
Dy(x)=1+2) cos(kx).
k=1

Obviously, D, € .9, is real-valued and even. For x € (0, ] and n € N, we can
express ( sin ’26) D, (x) as telescope sum

n
(sin ;) D,(x) = sin; + Z 2 cos(kx) sin;

k=1
n
2k +1 2k — 1 2 1
:sin;—l—;(sin( ;)x—sin( ) )x)zsin(n_; )x.

Thus, the nth Dirichlet kernel can be represented as a fraction

sin 2n+1)x

D,(x) = sin)zc ,  x €[—m, m)\{0}, (1.22)
2
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Fig. 1.6 The Dirichlet kernel Dg (left) and its Fourier coefficients ¢ (Dg) (right)

with D,(0) = 2n + 1. Figure 1.6 depicts the Dirichlet kernel Dg. The Fourier
coefficients of D,, are

1 k=—-n,...,n
D — 9 bl bl
<k (Dn) {O k| > n.
For f € Li(T) with Fourier coefficients cx(f), k € Z, we obtain by Lemma 1.13
that

n

fxDy= Y alf)ed =S.f, (1.23)

k=—n

which is just the nth Fourier partial sum of f. By the following calculations, the
Dirichlet kernel fulfills

T

1 4
I1Dpllzy(T) = 2ﬂ/ | Dp(x)| dx = 2 Inn. (1.24)

-7

Note that || Dy, ||z, (t) are called Lebesgue constants. Since sinx < x for x € [0, %)
we get by (1.22) that

1 /” [ sin((2n + 1)x/2)| dr > 2 /” | sin((2n + 1)x/2)| d
0

D =
1Dl = sin(x/2) R '
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Substituting y = 2! x results in
2 [Oty)7 |siny|
1Dn Iz (T) =
>

|smy| / |smy|
Z/k Hr Z k—1)m
ldxy 4
SR IFE / A

The Lebesgue constants fulfill

4
1Dl (m) = 2 Inn+0(1), n— o0.

Example 1.15 The nth Fejér kernel for n € Ny is defined by

1 n
= Y Dje 7. (1.25)
n+1 o,

By (1.22) and (1.25) we obtain F,(0) =n + 1 and for x € [—m, 7) \ {0}

1 & sin ((G + D)
Fu(x) = § . x .
n—i-lj:O sin 5

Multiplying the numerator and denominator of each right-hand fraction by 2 sin 3
and replacing the product of sines in the numerator by the differences cos(jx) —
cos (( Jj+ l)x), we find by cascade summation that F;, can be represented in the
form

1 1—cos((n+Dx 1 /sin DY 2
F,(x) = ( ) _ ( 2

1.26
2(n+1) (sin’é)z n+1 (1.26)

s X
Sll’l2

In contrast to the Dirichlet kernel the Fejér kernel is nonnegative. Figure 1.7 shows
the Fejér kernel Fg. The Fourier coefficients of F;, are

_ Ikl - _
1 ] k=-—n,...,n,

ck(Fy) = {
0 k| > n.
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- m -5 5

Fig. 1.7 The Fejér kernel Fg (left) and its Fourier coefficients ci (Fg) (right)

Using the convolution property, the convolution f * F;, for arbitrary f € L1(T) is
given by

onf = fxFa= Y (1—n|i|1)ck(f)eik‘. (1.27)

k=—n
Then o, f is called the nth Fejér sum or nth Cesaro sum of f. Further, we have
1 b
1Pl = 5 [ Fawr=1.

Figure 1.8 illustrates the convolutions f % D3 and f % F3; of the 2m-periodic
sawtooth function f.

Example 1.16 The nth de la Vallée Poussin kernel V», for n € N is defined by

2n—1 2n
Vo= Z Dj=2Fy-1—F1= kX:Z ck(Vay)
Jj=n =—zn

with the Fourier coefficients

2_|5| k=-2n,...,—(n+1),n+1,...,2n,
Ck(VQJI): 1 k:—n’_._’n’
0 k| > 2n.

By Theorem 1.11 the convolution of two L{(T) functions is again a function
in L{(T). The space L1(T) forms together with the addition and the convolution
a so-called Banach algebra. Unfortunately, there does not exist an identity element
with respect to %, i.e., there is no function g € L{(T) such that f x g = f for all
f € L1(T). As aremedy we can define approximate identities.
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Fig. 1.8 The convolution f * D35 of the 2 -periodic sawtooth function f and the Dirichlet kernel
D3, approximates f quite good except at the jump discontinuities (left). The convolution f % F3;
of f and the Fejér kernel F3; approximates f not as good as f * D3p, but it does not oscillate near
the jump discontinuities (right)

A sequence (K, ),eN of functions K, € L1(T) is called an approximate identity
or a summation kernel , if it satisfies the following properties:

A & (x)dx—lforallneN,
||1< I, T = 2n " |Kn(x)ldx < C < oo foralln €N,
3. hm,Hoo (f_n 4[5 )IKn(x)|dx = 0 foreach 0 < § < 7.

Theorem 1.17 For an approximate identity (Ky),eN it holds
lim |Ky * f — fllcr) =0
n— o0

forall f € C(T).

Proof Since a continuous function is uniformly continuous on a compact interval,
for all ¢ > 0 there exists a number § > 0 so that for all |u| <

IfC—uw)— fllem <e. (1.28)

Using the first property of an approximate identity, we obtain

1 T
uKn*f—fﬂam=sww2 fx—u) Kp(u)du — f(x)]
xeT T J_x

1 T
=sup [ [ (Fl=w = £w) K dul

IA

sup / [f(x —u) = fOOI K ()| du

2w xeT

=, SUP/ f / [f(xe—u) = fKn(u)| du.
T xeT -
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By (1.28) the right-hand side can be estimated as

) 1 -6 b4
[ atrans L sa ([ [T )ire-w - ool Kol du.
-5 v -7 8

2z xeT

By the properties 2 and 3 of the reproducing kernel K,,, we obtain for sufficiently
large n € N that

1
IKn * f— fllcny <eC + . I fllcer e.

Since ¢ > 0 can be chosen arbitrarily small, this yields the assertion.

Example 1.18 The sequence (Djy,),en of Dirichlet kernels defined in Example 1.14
is not an approximate identity, since || Dy () is not uniformly bounded for all
n € N by (1.24). Indeed we will see in the next section that S, f = D, * f does in
general not converge uniformly to f € C(T) forn — oo. A general remedy in such
cases consists in considering the Cesaro mean as shown in the next example.

Example 1.19 The sequence (Fy),en of Fejér kernels defined in Example 1.15
possesses by definition the first two properties of an approximate identity and also
fulfills the third one by (1.26) and

(/:+/;)Fn(x)dx=2/: F,(x) dx

2 /” sin((n + 1)x/2) 2d
n+1Js ( sin(x /2) ) .

2 / T2 2 m
< dx = ( — 1) .
n+1Js x2 n+1\6
The right-hand side tends to zero as n — o0 so that (F},),eN is an approximate
identity.

It is not hard to verify that the sequence (V2,),en of de la Vallée Poussin kernels
defined in Example 1.16 is also an approximate identity.

From Theorem 1.17 and Example 1.19 it follows immediately

Theorem 1.20 (Approximation Theorem of Fejér) If f € C(T), then the Fejér
sums oy, f converge uniformly to f asn — oo. Ifm < f(x) < M forall x € T
withm, M € R, thenm < (0, f)(x) < M foralln € N.

Proof Since (Fj,)nen is an approximate identity, the Fejér sums o, f converge
uniformly to f asn — oo. If a real-valued function f : T — R fulfills the estimate
m < f(x) < M for all x € T with certain constants m, M € R, then

g

1
N =, f Fo(y) fx — y)dy

—TT
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fulfills also m < (o, f)(x) < M for all x € T, since F,(y) > 0 and
ST ) dy = co(Fy) = 1.

Theorem 1.20 of Fejér has many important consequences such as

Theorem 1.21 (Approximation Theorem of Weierstrass) If f € C(T), then for
each ¢ > 0 there exists a trigonometric polynomial p = o, f € 9, of sufficiently
large degree n such that || f — pllc(ry < &. Further this trigonometric polynomial
p is a weighted Fourier partial sum given by (1.27).

Finally we present two important inequalities for any trigonometric polynomial
p € J, with fixed n € N. The inequality of S.M. Nikolsky compares different
norms of any trigonometric polynomial p € 7. The inequality of S.N. Bernstein
estimates the norm of the derivative p’ by the norm of a trigonometric polynomial

p € T,

Theorem 1.22 Assume that 1 < q < r < oo, where q is finite and s = [q/2].
Then for all p € ,, it holds the Nikolsky inequality

Ipllz < @us+ DYVl (1.29)
and the Bernstein inequality

1P L, m < nllple,cr - (1.30)

Proof

1. Setting m := ns, we have p* € 9, and hence p* x D,, = p* by (1.23). Using
the Cauchy—Schwarz inequality, we can estimate

1 i ‘
Ip(x)°] < o / PO [Dm(x — )] dt

> L [T
< 1PIE [ 1O Dt~ Dl ar
—TT

< 1PIEE 1P oy 1Dl Ly -
Since
P12 Ly = 1218 o> I DmllLym = 2m + Dl
we obtain

2
1PlE < @m+ DYV 1pIEE? 1p1E
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and hence the Nikolsky inequality (1.29) for r = o0, i.e.,

1Pl = IPllc < @m+ DY plL, ) - (1.31)

For finite r > g, we use the inequality

T

1 _ 1/r
Pl = (5 [ lpr 7 pwir ar)
-

- 1 [7 1/r -
<lpledy” (Zn f PO dr) " =1l P19
-7

Then from (1.31) it follows the Nikolsky inequality (1.29).
2. For simplicity, we show the Bernstein inequality (1.30) only for » = 2. An
arbitrary trigonometric polynomial p € .7, has the form

n
px)= > crek”

k=—n
with certain coefficients ¢y = cx(p) € C such that
n .
p(x)= Z ikcpe*r.
k=—n
Thus by the Parseval equality (1.16) we obtain
n n
1Pl = D laal®s 1P 1,m = Y K lel* <2 1pl7, e -
k=—n k=—n

For a proof in the general case 1 < r < oo we refer to [85, pp. 97-102]. The
Bernstein inequality is best possible, since we have equality in (1.30) for p(x) =

ei nx
1.4 Pointwise and Uniform Convergence of Fourier Series

In Sect. 1.3, it was shown that a Fourier series of an arbitrary function f € L(T)
converges in the norm of L,(T), i.e.,

lim IS, f — fllL,cm = lim || f % Dy — fllz,m) = 0.
n—oo n—oo
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In general, the pointwise or almost everywhere convergence of a sequence ( f;;)neN
of functions f,, € L»(T) does not result the convergence in L, (T).

Example 1.23 Let f, : T — R be the 27r-extension of

_]n xe(©, 1/n),
Fu(x) ‘_{0 x e {0)U[l/n, 27).
Obviously, we have lim,,, « f(x) = Oforallx € [0, 2r]. Butit holds forn — oo,
2 1 i/ 2 n
”fn”LZ(T)ZZE A n dx:zn—>oo.

As known (see, e.g., [229, pp. 52-53]), if a sequence ( f;;)nen, Where f, € L,(T)
with 1 < p < oo, converges to f € L,(T) in the norm of L, (T), then there exists
a subsequence (fnk)ng such that for almost all x € [0, 2],

Jim o, () = £ (0).

In 1966, L. Carleson proved the fundamental result that the Fourier series of an
arbitrary function f € L,(T), 1 < p < o0, converges almost everywhere. For a
proof, see, e.g., [ 146, pp. 232-233]. Kolmogoroff [203] showed that an analog result
for f € L1(T) is false.

A natural question is whether the Fourier series of every function f € C(T)
converges uniformly or at least pointwise to f. From Carleson’s result it follows
that the Fourier series of f € C(T) converges almost everywhere, i.e., in all points
of [0, 27r] except for a set of Lebesgue measure zero. In fact, many mathematicians
like Riemann, Weierstrass, and Dedekind conjectured over long time that the Fourier
series of a function f € C(T) converges pointwise to f. But one has neither
pointwise nor uniform convergence of the Fourier series of a function f € C(T) in
general. A concrete counterexample was constructed by Du Bois—Reymond in 1876
and was a quite remarkable surprise. It was shown that there exists a real-valued
function f € C(T) such that

lim sup|S, f(0)] = co.
n—o0

To see that pointwise convergence fails in general we need the following principle
of uniform boundedness of sequences of linear bounded operators, see, e.g., [374,
Korollar 2.4].

Theorem 1.24 (Theorem of Banach—Steinhaus) Let X be a Banach space with
a dense subset D C X and let Y be a normed space. Furtherlet T, : X — Y for
neN andT : X — Y be linear bounded operators. Then it holds

Tf= lim T,f (1.32)
n—>oo
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forall f € X if and only if

1. Tyl x—y < const < oo foralln € N, and
2. limy 0o Typ = Tp forall p € D.

Theorem 1.25 There exists a function f € C(T) whose Fourier series does not
converge pointwise.

Proof Applying Theorem 1.24 of Banach—Steinhaus, we choose X = C(T), ¥ =
C,and D = | ;2 . By the approximation Theorem 1.21 of Weierstrass, the set
D of all trigonometric polynomials is dense in C(T). Then we consider the linear
bounded functionals 7;, f := (S, f)(0) forn € Nand Tf := f(0) for f € C(T).
Note that instead of 0 we can choose any fixed xp € T.

We want to show that the norms |7, |/c(tT)—c are not uniformly bounded with
respect to n. More precisely, we will deduce ||T; ||c(my—c = [|DnllL,(T) Which are
not uniformly bounded by (1.24). Then by the Banach—Steinhaus Theorem 1.24
there exists a function f € C(T) whose Fourier series does not converge in the
point 0.

Let us determine the norm ||7; ||c(T)—>c. From

T

1
T f1=1Sn O] = [(Dux HON =1, / Dy (x) f(x)dx| < [ fllcemy I Pl cmy

—TT

for arbitrary f € C(T) it follows || T, [lc(Ty—>c < l|DnllL,(T)- To verify the opposite
direction consider for an arbitrary ¢ > 0 the function

Dy

fe = | Dyl + ¢

€ C(T),

which has C(T) norm smaller than 1. Then
T fo] = (Dy % £)(0) 1/n D)
= %k =
e S 2 J_q IDa(x) + ¢
1 /W|DAmP—sZ
> dx
2 Jx [Dn(x)|+e€

1 b/
([ 1000010 =) Il

—TT

v

implies |7, lc(my—c = lIDnllL,(T) — €. For ¢ — 0 we obtain the assertion.

Remark 1.26 Theorem 1.25 indicates that there exists a function f € C(T)
such that (Sn f )n No is not convergent in C(T). Analogously, one can show by
Theorem 1.24 of Banach—Steinhaus that there exists a function f € L{(T) such
that (S, f), e, 18 not convergentin L1(T) (cf. [221, p. 52]). Later we will see that
the Fourier series of any f € L1(T) convergesto f in the weak sense of distribution
theory (see Lemma 4.56 or [125, pp. 336-337]).
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1.4.1 Pointwise Convergence

In the following we will see that for frequently appearing classes of functions
stronger convergence results can be proved. A function f: T — C is called
piecewise continuously differentiable, if there exist finitely many points 0 < x¢ <
X1 < ... < xp—1 < 2m such that f is continuously differentiable on each
subinterval (xj,xj4+1), j = 0,...,n — 1 with x, = xo + 2m, and the left and
right limits f(x; £0), f'(x; £0) for j = 0,...,n exist and are finite. In the
case f(x; —0) # f(x; + 0), the piecewise continuously differentiable function
f: T — Chas ajump discontinuity at x ; with jump height | f (x; +0) — f(x; —0)|.
Simple examples of piecewise continuously differentiable functions f : T — C
are the sawtooth function and the rectangular pulse function (see Examples 1.9
and 1.10). This definition is illustrated in Fig. 1.9.

The next convergence statements will use the following result of Riemann—
Lebesgue.

Lemma 1.27 (Lemma of Riemann-Lebesgue) Ler f € Li((a, b)) with —co <
a < b < 0o be given. Then the following relations hold:

b .
lim / f(x)e™dx =0,
a

|[v]—>o00

b b
lim / f(x) sin(xv)dx =0, |llim / f(x) cos(xv)dx =0.

N\

-1

N

Fig. 1.9 A piecewise continuously differentiable function (left) and a function that is not
piecewise continuously differentiable (right)
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Especially, for f € L1(T) we have

1 T .
li = li “ikgy = 0.
|k|gnoo ck(f) 2 |k|£noo /,7, fxye o
Proof We prove only
b
lim / f(x) p(vx)dx =0 (1.33)
[v][—o0 J,

for p(t) = e~ The other cases p(t) = sint and p(t) = cost can be shown
analogously.

For the characteristic function x4, g) of a finite interval [, 8] € (a, b) it follows
for v # 0O that

2

b ) 1 . .

This becomes arbitrarily small as |v| — oo so that characteristic functions and also
all linear combinations of characteristic functions (i.e., step functions) fulfill the
assertion.

The set of all step functions is dense in L ((a, b)), ie., foranye > Oand f €

L, ((a, b)) there exists a step function ¢ such that

b
I/ _(p”Ll((a,h)) Z/ [f(x) —@(x)|dx < e.

By
b ) b ' b '
|/ f)e™dx| < If (f(x)—go(x))e_‘”dx|+|/ @(x)e W dx

b
<e+ |/ o(x) e 7 dx|
a

we obtain the assertion.

Next we formulate a localization principle, which states that the convergence
behavior of a Fourier series of a function f € L{(T) at a point xo depends merely
on the values of f in some arbitrarily small neighborhood—despite the fact that the
Fourier coefficients are determined by all function values on T.

Theorem 1.28 (Riemann’s Localization Principle) Ler f € L{(T) and xo € R
be given. Then we have

Tim (S, f)(x0) =
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for some c € R if and only if for some § € (0, )

S
lim [ (f(xo—1) + f(xo+1) —2c) Dy(t)dr = 0.

n—oo 0

Proof Since D,, € C(T) is even, we get

1 0 T
160 = (/ +/ ) f (0 — 1) Dy () dr
Y - 0
1 m
=, /(ﬂm—0+ﬂm+MDmML
7 Jo

Using r = f(;r D, () dt , we conclude further
1 T
(&fﬂm%—6=%TA (f(xo— 1)+ f(xo+1) —2¢) D, (1) dr.

By Example 1.14, we have D, (t) = sin ((n + ;)t)/sing for t € (0, m]. By
Lemma 1.27 of Riemann—Lebesgue we obtain

T —t )—2 1
fim [ /0 )+ﬂ?+) “sin((n+ )1)dr =0
n—>00 Js sin , 2
and hence

S
lim (S, /)(x0) — ¢ = lim " /(f(xo—t)+f(XO+t)—ZC)Dn(t)dt,
n—>oo n 0

—00 271

if one of the limits exists.

For a complete proof of the main result on the convergence of Fourier series, we
need some additional preliminaries. Here we follow mainly the ideas of [167, p. 137
and pp. 144-148].

Let a compact interval [a, b] C R with —oo < @ < b < oo be given. Then a
function ¢ : [a, b] — C is called a function of bounded variation, if

n
V(@) :=sup Y lp(xj) — p(xj1)| < o0, (1.34)
j=1
where the supremum is taken over all partitionsa = xo < x1 < ... < x, = b of

[a, b]. The nonnegative number Vab () is the total variation of ¢ on [a, b]. We set
V&4(¢) := 0. For instance, each monotone function ¢ : [a, b] — R is a function of
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bounded variation with Vab (p) = lo(b) — ¢(a)|. Because

lp()] < lp(@)] + lp(x) — (@)] < lp@)] + Vi (p) < lp@)| + V. (¢) < 00

for all x € [a, b], each function of bounded variation is bounded on [a, b].

Lemma 1.29 Let ¢ : [a, b] — Cand ¥ : [a, b] — C be functions of bounded
variation. Then for arbitrary o € C and ¢ € [a, b] it holds

V) =lal V().
V2 +v) < Vi@ + VW),
V2p) = Vi) + Vi), (1.35)
max{V(Reg), V2 (Img)} < V2 (p) < V(Rep) + V. (Imgp). (1.36)

The simple proof is omitted here. For details, see, e.g., [344, pp. 159-162].

Theorem 1.30 (Jordan’s Decomposition Theorem) Let ¢ : [a, b] — C be a
given function of bounded variation. Then there exist four nondecreasing functions
@j:la, bl >R, j=1,...,4, such that ¢ possesses the Jordan decomposition

0= (o1 —@2) +i(p3 — ¢4,

where Re ¢ = @1 — @2 and Im ¢ = @3 — @4 are functions of bounded variation. If ¢
is continuous, then ¢;, j = 1, ..., 4, are continuous too.

Proof From (1.36) it follows that Re ¢ and Im ¢ are functions of bounded variation.
We decompose Re ¢. Obviously,

p1(x) ==V, Reg), x¢€la,bl,
is nondecreasing by (1.35). Then
@2(x) == ¢1(x) —Rep(x), x€la, b],
is nondecreasing too, since fora < x < y < b it holds
[Reg(y) = Rep()| < Vi'(Reg) = p1(y) — ¢1(x)
and hence
2(y) — ¢2(x) = (@1(y) — 91(x)) — (Rep(y) —Regp(x)) = 0.
Thus we obtain Re ¢ = ¢1 — 2. Analogously, we can decompose Im ¢ = @3 — ¢4.

Using ¢ = Re ¢ + 1 Im ¢, we receive the above Jordan decomposition of ¢. If ¢ is
continuous at x € [a, b], then, by definition, each ¢; is continuous at x.
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A 2m-periodic function f : T — C with V02” (f) < oo is called a 27-
periodic function of bounded variation. By (1.35) a 2 -periodic function of bounded
variation has the property Vab (f) < oo for each compact interval [a, b] C R.

Example 1.31 Let f : T — C be a piecewise continuously differentiable function
with jump discontinuities at distinct points x; € [0, 27), j = 1,...,n. Assume
that it holds f(x) = é (f(x +0) + fx — O)) for all x € [0, 2m). Then f is a
2m-periodic function of bounded variation, since

2

V() = Y 1F @) +0) = fx; —0) +f 1f/(0)]de < o0.

j=1 0

The functions given in Examples 1.5, 1.8, 1.9, and 1.10 are 2w -periodic functions
of bounded variation.

Lemma 1.32 There exists a constant co > 0 such that for all «, 8 € [0, 7] and all
n € N it holds

B
|/ D,(t)dt| <co. (1.37)

Proof We introduce the function i € C[0, 7] by

1 2
h(t) = . t ) re (07 ﬂ],
Sln2 t

and 2(0) := 0. This continuous function # is increasing and we have 0 < h(t) <
h(m) < ; for all t € [0, m]. Using (1.22), for arbitrary «, B € [0, 7] we estimate

B B B o |
|/ D, (1) dt| |/ (1) sin (n + 1)tdt| -|-2|/ sin (n + 5)t dar|
o o 2 . t

T +2|/ﬂ sin(n+é)tdt|'
2 o t

IA

IA

By the sine integral

. Y sint
Si(x) := dr, xeR,
0 t

it holds for all y > 0 (see Lemma 1.41)

Y sinx .
|/ dx| < Si(r) < 2.
0 X
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From

B sin (n + Iy ("+é)/3 sin ("Jr;)"‘ sin
/ (+5) dt:/ xdx—/ 4
o 0 0

t X X

it follows that
|/ﬁ sin(n + %)t dt| “4
o t

i.e., (1.37) is fulfilled for the constant ¢y = 727 + 8.

Lemma 1.33 Assume that0 < a < b < 2n,8 > 0and b —a + 25 < 2w be
given. Let ¢ : [a—8—m, b+ 8+ 1] — R be nondecreasing, piecewise continuous
function which is continuous on [a — 8§, b + §].

Then for each ¢ > 0 there exists an index no(¢) such that for all n > no(¢) and
all x € [a, b]

|/o (px+1) +ox —1) —2¢(x)) Dy()dt| <&.

Proof

1. For (x,t) € [a — 8, b+ 8] x [0, m] we introduce the functions
gx,t) :=p(x+1) +olx—1) —2¢k),
hx,t):=px+1) —ekx)=>0,
ha(x, 1) == @x) —p(x —1) =0

such that g = hy — hy. For fixed x € [a, b], both functions 4 (x, ), j =1, 2,
are nondecreasing on [0, 7]. Since h; (-, ), j = 1, 2, are continuous on [a, b],
there exists a constant ¢; > 0 such that for all (x, ¢) € [a, b] x [0, 7]

lhj(e, )| <ci. (1.38)
Since ¢ is continuous on the compact interval [a — &, b + §], the function ¢ is
uniformly continuous on [a —38, b+6], i.e., for each ¢ > 0 there exists 8 € (0, §)
such that for all y, z € [a — 8, b+ 8] with |y — z|] < 8 we have
£
lo(y) — p(2)| < 4
co

By the proof of Lemma 1.32 we can choose cp = 7 + 8. Hence we obtain for all
(x,7) €[a, b} x [0, Bland j =1, 2

)
0<hjix,1) < dcy” (1.39)
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2. Now we split the integral

T

T B
/ g(x,t) Dy(t)det =/ g(x,t) Dy, (¢) dt+/ g(x,t) Dy(t)dt (1.40)
0 0 B

into a sum of two integrals, where the first integral can be written in the form

B B B
/ g(x,t) Dy (t)det =/ hi(x,t) Dy(t) dt—/ ho(x,t) Dy(t)dr. (1.41)
0 0 0

Observing that 4 (x, -), j = 1, 2, are nondecreasing for fixed x € [a, D], we
obtain by the second mean value theorem for integrals, see, e.g., [344, pp. 328-
329], that for certain o (x) € [0, B]

B oj(x) B
/ hj(x, 1) Dy(0) dr = hj(x, 0) f Dy(ydt +hj(x.p) | Du(t)dt
0 0

a;j(x)

B
=0+h;(x, B) D,(t)dt, j=1,2.

aj(x)

By (1.37) and (1.39) this integral can be estimated for all x € [a, b] by

|/ h(x t)D (t)dt|< ¢ Ci —8
0 J ’ n 4 0 0 4
SuCh thatby (14l)f0r allx € [a, b]
X . .
g ’ n — I l 2

3. Next we consider the second integral in (1.40) which can be written as

T

/n g(x, 1) Dn(t)dtz/nhl(x,t) D,,(t)dt—/ ho(x,t) Dy(t)dt.
! ! ! (1.43)

Since hj(x, ), j = 1, 2, are nondecreasing for fixed x € [a, b], the second mean
value theorem for integrals provides the existence of certain y;(x) € [B, ] such
that

g

T j(x)
/ hj(x,t) Dy(t)dt = hj(x, B) /y‘ Dn(t)dt+hj(x,ﬂ)/ D, (t)dr.
B B j (%)
’ (1.44)



1.4 Pointwise and Uniform Convergence of Fourier Series 37

From (1.22) it follows

i) vix) 1
/ D, (t)dt =/ ., sin (n+ )t dr.
B B s 2 2

Since (sin 3)71 is monotone on [B, y;(x)], again by the second mean value
theorem for integrals there exist n;(x) € [B, y;(x)] with

¥ (%) 1 nj(x) 1
/ D,(t)dt = / sin (n + )t dt
B sin g B 2

1 / " sin o+ 45
+ , sin(n + _)tdr. (1.45)
sin y"éx) n;j(x) 2

Now we estimate both integrals in (1.45) such that
1;j(x) 1 4
|/ sin(n + _)tdt| < ,
B 2 2n +1

Vi) 1 q 4
|/nj(x) sm(n—|—2)t t|§2n+1.

Applying the above inequalities, we see by (1.45) for all x € [a, b]and j = 1, 2
that

yi(x)
| / D,(t)dt| < . (1.46)
p 2n+1) sin
Analogously, one can show for all x € [a, b] and j = 1, 2 that
T
| Dy (1) dt| < g (1.47)
yj(x) (2n+ 1) sin 2

Using (1.38) and (1.44), the inequalities (1.46) and (1.47) yield for all x € [a, b]
and j =1, 2,
16 ¢y

T
|f b, 1) Dar) | <
p n+1) sin§

and hence by (1.43)

32¢y

m
|/ g(x,1) Dy (1) dt| < .
p 2n+1) sin
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Therefore for the chosen ¢ > 0 there exists an index ng(¢) € N such that for all
n > no(e) and all x € [a, b],

I/; g(x, 1) Dy(t) dt] < ; (1.48)

Together with (1.40), (1.42), and (1.48) it follows for all n > ng(e) and all x €
la, D],

|/n gx, 1) Dy(r)dt| < &.
0

This completes the proof.

Based on Riemann’s localization principle and these preliminaries, we can prove
the following important theorem concerning pointwise convergence of the Fourier
series of a piecewise continuously differentiable function f : T — C.

Theorem 1.34 (Convergence Theorem of Dirichlet-Jordan) Let f : T — C
be a piecewise continuously differentiable function. Then at every point xo € R, the
Fourier series of f converges as

1
Jim (S ) (o) =, (f (0 +0) + f(xo = 0).
In particular, if f is continuous at xq, then
Jim (S, ) (x0) = £ (x0)-

Further the Fourier series of f converges uniformly on any closed interval [a, b] C
0, 2m), if f is continuous on [a — &, b + 8] with certain § > 0. Especially, if
f € C(T) is piecewise continuously differentiable, then the Fourier series of f
converges uniformly to f on R.

Proof

1. By assumption there exists § € (0, i), such that f is continuously differentiable
in [xp — &, xo + §]\{xo}. Let

M = en}}rxﬂ]{lf/(t +0), [f'¢—=0)1}.

tel

By the mean value theorem we conclude

[fo+1) = flo+0) =tM, [flxo—1) = flro-0) =t M
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for all t € (0, 8]. This implies

f If(XO—t)+f(XO+t)—tf(XOJrO)—f(XO—O)IdtS2M5<OO.

0

By ! <sin/, forts € [0, 7] the function

h) = f(xo—f)+f(x0+f)—tf(XO+0)—f(XO—0) -t; e, 9
s ,

is absolutely integrable on [0, §]. By Lemma 1.27 of Riemann—Lebesgue we get

5
lim h(1) sin ((n + ;) 1)dt =0.

n—oo 0

Using Riemann’s localization principle, cf. Theorem 1.28, we obtain the asser-
tion with 2¢ = f(xo 4+ 0) + f(xo — 0).

2. By assumption and Example 1.31, the given function f is a 2 -periodic function
of bounded variation. Then it follows that foffg (f) < oo. By the Jordan
decomposition Theorem 1.30 the function f restrictedon [a —§ —m, b+ 5+ 7]
can be represented in the form

f=(@1 —@)+ilp; —¢4),

where ¢ : [a—6—m, b+d+m] — R, j=1,...,4, are nondecreasing and
piecewise continuous. Since f is continuous on [a, b],each ¢;, j =1,...,4,1is
continuous on [a, b] too. Applying Lemma 1.33, we obtain that for each ¢ > 0
there exists an index N (¢) € N such that forn > N(¢) and all x € [a, b],

1 T
S ) = D=, |/0 (fx+D+ fx—1) =2 f(x)) Du(t)dt| <.

This completes the proof.

Example 1.35 The functions f : T — C given in Examples 1.5, 1.8, 1.9, and 1.10
are piecewise continuously differentiable. If xo € R is a jump discontinuity of f,
then the value f(x¢) is equal to the mean é ( f(xo+0)+ f(xo— O)) of right and left
limits. By the convergence Theorem 1.34 of Dirichlet—Jordan, the Fourier series of
f convergesto f in each point of R. On each closed interval, which does not contain
any discontinuity of f, the Fourier series converges uniformly. Since the piecewise
continuously differentiable function of Example 1.8 is contained in C(T), its Fourier
series converges uniformly on R.

Remark 1.36 The convergence Theorem 1.34 of Dirichlet—Jordan is also valid for
each 2x-periodic function f : T — C of bounded variation (see, e.g., [344,
pp. 546-547]).
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1.4.2  Uniform Convergence

A useful criterion for uniform convergence of the Fourier series of a function f €
C(T) is the following:

Theorem 1.37 If f € C(T) fulfills the condition

D ler( )] < o0, (1.49)

kel

then the Fourier series of f converges uniformly to f. Each function f € C'(T)
has the property (1.49).

Proof By the assumption (1.49) and

lee(f) e | = lex (I,

the uniform convergence of the Fourier series follows from the Weierstrass criterion
of uniform convergence. If g € C(T) is the sum of the Fourier series of f, then we
obtain for all k € Z

cr(g) = (8. %) =Y cu(f) (€. eF) = e (/)

nez

such that g = f by Theorem 1.1.

Assume that f € C!(T). By the convergence Theorem 1.34 of Dirichlet-Jordan
we know already that the Fourier series of f converges uniformly to f. This could
be also seen as follows: By the differentiation property of the Fourier coefficients
in Lemma 1.6, we have cx(f) = (ik)~' cx(f’) for all k # 0 and ¢o(f') = 0. By
Parseval equality of f' € L,(T) it follows

LF1% = lex(fH)IF < oo

kel

Using Cauchy—Schwarz inequality, we get finally

1
D leHl = leoHI+ ) LRl

keZ k0
<l + (X 0) (DeriP) < oo
k0 k#£0

This completes the proof.
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Remark 1.38 If f € C'(T), then by the mean value theorem it follows that
|f(x+h) = f(x)] < 1A I}lgilf/(t)l

for all x, x + h € T, that means f is Lipschitz continuous on T. More generally, a
function f € C(T) is called Holder continuous of order « € (0, 1] on T, if

|f(x+h) = f)] <clhl®

for all x, x + h € T with certain constant ¢ > 0 which depends on f. One can show
that the Fourier series of a function f € C(T) which is Holder continuous of order
a € (0, 1] converges uniformly to f and it holds

1Sef — fllcery = O™ logn), n — oo

(see [392, Vol. I, p. 64]).

In practice, the following convergence result of Fourier series for a sufficiently
smooth, 2 -periodic function is very useful.

Theorem 1.39 (Bernstein) Let [ € C"(T) with fixed r € N be given. Then the
Fourier coefficients c (f) have the form

1
a(f)= . al(f), keZ\{0}. (1.50)
(ik)

Further the approximation errvor f — S, f can be estimated for alln € N\ {1} by

Inn
If = Sufllea <clfVlee (1.51)

where the constant ¢ > 0 is independent of f and n.
Proof

1. Repeated integration by parts provides (1.50). By Lemma 1.27 of Riemann—
Lebesgue we know

lim ¢ (f) =0

|k|— o0

such that

lim K ci(f) =0.
|k|— o0
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2. The nth partial sum of the Fourier series of f) € C(T) can be written in the
form

sin(n + %)y
2 sin

1 ris
(S0 )0 = | fo (FO0 49+ fO — )

Then we estimate

7 |sin(n + )yl

oY
231n2

2
|(Sf @] = "1 e /
T 0

(n+3)m | sinu|
du

<1l .

/” |'sin(n + 3)yl
y

0

dy = 1F e /0

" (27 " 1
< 1N (1 +/1 . du) =15 Nem (1 +1In(n + 2)71).
For a convenient constant ¢ > 0, we obtain for all n € N\ {1} that

1S fPlleery < cllf Plieer Inn. (1.52)

By Theorem 1.37 the Fourier series of f converges uniformly to f such that
by (1.50)

o]

f=Saf =Y (a(hHe* +ew(NHe ™)
k=n-+1

o]

1 : .
=y i (c(f e + (=1 e (fe™) . (1.53)

k=n+1

3. For even smoothness » = 2s, s € N, we obtain by (1.53) that

1 : .
=8, f = (-1 Z o (Ck(f(r)) ik +C7k(f(r)) e—lk.)
k=n+1
R
=D Y o (Skf® = S fD).
k=n+1

Obviously, for N > n it holds the identity

N N—-1

Y abi—bi-)=anby —ani1ba+ Y (@ —a)be  (154)
k=n+1 k=n+1
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for arbitrary complex numbers a; and b;. We apply (1.54) to ax = k=" and
by = Skf(’). Then for N — oo we receive

o]

1 1
8. f=(=1)t! S £ (=18 _ S f
foSuf =DM SO+ D k:;l(k, w4 1yr) S
(1.55)
since by (1.52)
1 ") ")) . BN
N ISn " Nleery < cllf " llecr) N —0 asN — 0.
Thus we can estimate the approximation error (1.55) by
Inn — 1 1
— <cllf® ( - 1 k).
1f = Sufllea < el flee <n+1>’+k_,§1("’ &+

Using the identity (1.54) for ax = Ink and by = —(k + 1)™", we see that

1 1 i+ | o 1 1
2. G = e ) ™= Gy +kZ @y ML)

k=n+1 =n+1

since (N + 1)_1‘ InN — 0as N - oo. From In(1 + ]1) < i it follows that
(o) o0 (o)

1 1 1 1
2y O < 2 iy S 2 e

k=n+1 k=n+1 k=n-+1

1 dr — 1
< L xrtl X = rn’

Hence for convenient constant ¢; > 0 we have

1
If =SSl < el fPlleay , (1L+nn).

This inequality implies (1.51) for even r.
. The case of odd smoothness r = 2s + 1, s € Ny, can be handled similarly as the
case of even r. By (1.53) we obtain

o0

. 1 . .
F=Suf =0 30 (ew(f e —a(f ) e")
k=n+1
e’} 1 . .
=D Y0, G =8 ) (1.56)

k=n-+1
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with the nth partial sum of the conjugate Fourier series of )
n . .
Sif@ =i (e (fe =i (fD)el).
j=1

From

.. .. 1 T
e (f e —ej(fel) = = f SO ) sinj(y — x)dy

—TT
1 T
=— FOx +y) sin(jy) dy
T J-x
1

T

- /0 (fO+y) = O — ) sin(y)dy

and

" cos Y —cos(n + 1
Y sin(iy) = ? .(y 2)Y yeR\27Z,
o 2 sin 5

it follows that

T v |
(n§nf("))(x) [ 1 / (f(r)(x + y) _ f(r)(x _ y)) CoS 5 C(.)S(;l + 2)y dy
I 2 sin 2

and hence

T |cos j —cos(n + ;)yl d
2 sin

4 T |sin”y sin
= 1l /
T 0

A

- 2
G0 = 2 17l /0

(n+1)y|
2

. dy
2 sin }

o (n+Dy
4 T |sin |
L e / 2 d
T 0 2 sin

A

Similarly as in step 2, we obtain for any n € N\ {1}

1S: f ey < ellflleer Inn

with some constant ¢ > 0.
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Now we apply the identity (1.54) to ax = k=" and by = S; f). For N — oo it
follows from (1.56) that

o0

1 ~ 1 -
— 8 f=(=1)y"! S £ —1* E _ S, £
S nf (=D (n+ 1y w7+ (=1) (kr (k—i—l)r) 174
k=n+1
Thus we obtain the estimate
Inn =1 1
_s < - 1 k).
If = Suflleen _C||f||C(1r)((n+1)r +k=§n+:1(k’ Gy

We proceed as in step 3 and show the estimate (1.51) for odd r.

Roughly speaking we can say by Theorem 1.39 of Bernstein:

The smoother a function f : T — C is, the faster its Fourier coefficients ¢ (f) tend to zero
as |k| — oo and the faster its Fourier series converges uniformly to f.

Remark 1.40 Let f € C"~1(T) with fixed » € N be given. Assume that £
exists in [0, 27r) without finitely many points x; € [0, 27). Suppose that both one-
sided derivatives f)(x j £ 0) exist and are finite for each x; and that f ") (x i) =

V(D +0)+ P (x;—0)). If £ is of bounded variation VZT (£ 7)), c.f. (1.34),
then for all k € Z \ {0} we have

Vo™ (£)
27 |k|’+1 :

lek (O] =

This upper bound can be derived by integrating ci (f) by parts r-times, followed by
partial integration of a Stieltjes integral,

27 . 27 27
/0 O e de= /O FO@ g = 1O gy~ /0 g df " x)

with g(x) = 1 e7*¥, see, e.g., [46, pp. 186-188], [380, Theorem 4.3].

1.4.3 Gibbs Phenomenon

Let f : T — C be a piecewise continuously differentiable function with a jump
discontinuity at xo € R. Then Theorem 1.34 of Dirichlet-Jordan implies

fxo—=0)+ f(xo+0)

Tim (S,.f)(x0) = ;
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Clearly, the Fourier series of f cannot converge uniformly in any small neighbor-
hood of xp, because the uniform limit of the continuous functions S, f would be
continuous. The Gibbs phenomenon describes the bad convergence behavior of the
Fourier partial sums S, f in a small neighborhood of x¢. If n — o0, then S, f
overshoots and undershoots f near the jump discontinuity at x¢, see the right in
Fig. 1.4.

First we analyze the convergence of the Fourier partial sums S, s of the sawtooth
function s from Example 1.9 which is piecewise linear with s(0) = 0 and therefore
piecewise continuously differentiable. The nth Fourier partial sum S, s reads as

n

1
(Su$)(x) =Y - Sinkx).

k=1

By the Theorem 1.34 of Dirichlet—Jordan, (S,s)(x) converges to s(x) as n — oo at
each point x € R \ 2 Z such that

e¢]

sy =" nlk sin(kx) .

k=1

Now we compute S,s in a neighborhood of the jump discontinuity at xo = 0. By
Example 1.14 we have

R 1
5 + ) cos(kt) = o, Da()), 1€R,

k=1
and hence by integration
1 [ 1 [*/2sin(@2n+ 1)t
g + (Sps)(x) = f D,(t)dt = / (( ) ) dr
2 2w 0 T Jo t
1 x/2
+ / h(t) sin ((2n + 1)t) dr, (1.57)
T Jo

where the function

PRI . | _
hoy L()smt) =1t e[—m 7I\{O},

t=0

is continuously differentiable in [—m, 7]. Integration by parts yields

x/2
711 / h(t) sin(2n + 1) 1) dr = on™Y, n—oo.
0
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Using the sine integral

. Y sint
Sl(y) = dt ) y S Ra
0 t
we obtain

(Sys)(x) = :[ Si((n + ;)x) — ); + ﬁ(n_l), n— 0o. (1.58)

2

Lemma 1.41 The sine integral has the property

 sint 7
lim Si(y) :/ dr= _.
y—>00 0 t 2
Further Si(r) is the maximum value of the sine integral.
Proof Introducing
(k+1)m sint
ak:=/ dr, keNp,
k

- t

we see that sgna; = (=D, lax| > laxs1] and limg_ oo lax| = O. By the Leibniz
criterion for alternating series we obtain that

o]

o
sint

dr = ar < 00,
[ ae=y

k=0

i.e., limy_ o Si(y) exists. From Eq. (1.57) with x = 7 it follows that

x [2sin(Q@n+ 1)
L

/2
5= dt—i—/ h(t) sin (2n + 1) 1) dr.
0

By Lemma 1.27 of Riemann—Lebesgue we conclude for k — oo that

/2 sin(2n + 1) ¢ (k+ 7 o
— lim (¢ ) 4 = lim S x|
2 k—o0 Jo t k—o0 Jo X

Consequently,

n—1
Y= Z Si(nn)=k§ak, neN.
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The function Si defined on [0, 00) is continuous, bounded, and nonnegative. Further
Si increases monotonously on [2km, (2k + 1)7r] and decreases monotonously on
[k + 1)m, 2k 4 2)] for all k € Ny. Thus we have

max {Si(y) : y € [0, o0)} = Si(;wr) &~ 1.8519.

Forx = 2,2111 , we obtain by (1.58) and Lemma 1.41 that

21

1 1
2n+1)=nSi(ﬂ)— +0mn"Y, n— oo,

(Sns)( o+ 1

where }T Si(7r) is the maximum value of ; Si((n + é)x) for all x > 0.
Ignoring the term — 2n1+1 + 0(n~ ") for large n, we conclude that

. .. 1. 1
Jim (S.5)(, N )= Sitm = s(O—l—O)—i—(n Si(m) =) (s(0+0) =5(0-0)),
where }T Si(w) — ; ~ (0.08949. Since the sawtooth function s : T — C is odd, we

obtain that

2

=~ ' sigr) =s0-0—( ' si Y (5004:0) =500
o) = S0 = 50-0)=(_Sim)—,) (s0+0)~5(0-0).

lim (S,s)(—
n—oo
Thus for large n, we observe an overshooting and undershooting of S, s at both sides
of the jump discontinuity of approximately 9% of the jump height. This behavior
does not change with growing »n and is typical for the convergence of S,s near a
jump discontinuity. Figure 1.10 illustrates this behavior.

3

Fig. 1.10 Gibbs phenomenon for the Fourier partial sums Sgs (blue, left) and Sigs (blue, right),
where s is the 27 -periodic sawtooth function (red)
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A general description of the Gibbs phenomenon is given by the following:

Theorem 1.42 (Gibbs Phenomenon) Ler f : T — C be a piecewise contin-
uously differentiable function with a jump discontinuity at xog € R. Assume that
f(xo) = 3 (f(xo — 0) + f(xo + 0)). Then it holds

2 1 1

Jim (5,100 + )7 )= Fleo+0) (| Sito ) (£ +0) = £~ 0))
1 1

Jim (8, /)0 =, 7 )= S0 =0) = (_Sitr) =) (o +0) = f(x0 = 0)).

Proof Lets : T — C denote the sawtooth function of Example 1.9. We consider
the function

g:=f—(fxo+0)— fxo—0))s(- — xp).

Then g : T — C is also piecewise continuously differentiable and continuous
in an interval [xo — 8, xo + &] with § > 0. Further we have g(xo) = f(x0) =
) (f(x0—0)+ f(x0+0)). By Theorem 1.34 of Dirichlet-Jordan, the Fourier series
of g converges uniformly to g in [xg — &, xo + 8]. By

n

1
(Su )(x) = ($pg)(x) + (f (x0 +0) — f(x0 — 0)) Z Tk sin (k (x — x0))

k=1

it follows for x = xo & 2211 and n — oo that

m (S, f)(xo + ) = g(xo) + _ Si(m) (f(xo+0) — f(xo —0))

b4 1
2n +1 b4
1
b4

. 2 .
nll)lgo(snf)(xo Ton 4 1) =g(x0) — _ Si(m) (f(x0+0) — f(xo—0)).

2n

This completes the proof.

For large n, the Fourier partial sum S, f of a piecewise continuously differen-
tiable function f : T — C exhibits the overshoot and undershoot at each point of
jump discontinuity. If f is continuous at xg, then S, f converges uniformly to f as
n — oo in a certain neighborhood of xo and the Gibbs phenomenon is absent.

Remark 1.43 Assume that f : T — C is a piecewise continuously differentiable
function. By the Gibbs phenomenon, the truncation of Fourier series to S, f causes
ripples in a neighborhood of each point of jump discontinuity. These ripples can
be removed by the use of properly weighted Fourier coefficients such as by Fejér
summation or Lanczos smoothing.
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By the Fejér summation , we take the arithmetic mean o, f of all Fourier partial
sums S¢ f, k=0,...,n,ie.,

1 n
onf= . 2SS €T
k=0
Then oy, f is the nth Fejér sum of f. With the Fejér kernel

1 n
F":n—i—l;Dkeyn

of Example 1.15and by Sy f = f = Dy, k =0, ..., n, we obtain the representation
o, f = f *x F,. Since

then it follows that

n
€]

n k
a,,f=ni1 Yo epei =) (1—nil)ce<f)ei“.

k=0 j=—k t=—n
Note that the positive weights

e
n+1’

—Nn,...,n

decay linearly fromwy = 1 to w, = w_, = (n + 1)~ " as || increases from O to 7.
In contrast to the Fejér summation, the Lanczos smoothing uses the means of the
function S, f over the intervals [x — 7, x — 7] for each x € T, i.e., we form

x+m/n

A= / (S0 ) dut

—m/n

By

Sof = Y alf)er,

k=—n
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we obtain the weighted Fourier partial sum

n n xX+m/n "
(M@ = > alf) e du
2z k=—n x—m/n
n
k .
= Z (sinc n)ck(f) ek
k=—n n
where the nonnegative weights wy := sinc k: ,k=—n,..., n,decay from wg = 1
to wp, = w—, = 0 as |£| increases from 0 to n. If we arrange that w; := 0 for all

k € Z with |k| > n, then we obtain a so-called window sequence which will be
considered in the next section.

1.5 Discrete Signals and Linear Filters

In this section we apply Fourier series in the digital signal processing. The set of
all bounded complex sequences x = (xk) is denoted by £, (Z). It turns out that
€0 (Z) is a Banach space under the norm

keZ

lxlloo := sup {|xk| - k € Z}.

For 1 < p < oo, we denote by £,(Z) the set of all complex sequences x = (xk)
such that

kel

I/p
Il = (3 bl”) " < o0

keZ

Then £,(Z) is a Banach space. For p = 2, we obtain the Hilbert space £,(Z) with
the inner product and the norm

o= Ywv b= (X iw?)

kel kel

for x = (xz),_, and y = (yx), ., € £2(Z). Note that

2 2
el =) bl

keZ

is the so-called energy of x. The Cauchy—Schwarz inequality reads for all x, y €
£>(Z) as follows:

[Ce, < lixllz lyll2.
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A discrete signal is defined as a bounded complex sequence x = (x), _;, € £oo(Z).
If f : R — Cisabounded function, then we obtain a discrete signal x = (xk) ez €
Lo (Z) by equidistant sampling x; := f(k #p) for all k € Z and fixed #p > 0.

A discrete signal x = (xk)keZ is called N-periodic with N € N, if x; = xp4n

forall k € Z. Obviously, one can identify an N-periodic discrete signal x = (xk) ke

and the vector (xk)f:];ol € CN. The Fourier analysis in CV will be handled in
Chap. 3.

Example 1.44 Special discrete signals are the pulse sequence § = ((Sk) ez With
kel with uy := 1 for k > 0 and
uy := 0 for k < 0, and the exponential sequence (ei“’ok) ez with certain wg € R. If
wo N € 2 Z with N € N, the exponential sequence is N-periodic.

the Kronecker symbol &, the jump sequence (u)

A digital filter H is an operator from dom H C {+,(Z) into £~ (Z) that converts
input signals of dom H into output signals in £~,(Z) by applying a specific rule. In
the following linear filters are of special interest. A linear filter is a linear operator
H : dom H — {4 (Z) such that for all x, y € dom H and each« € C

Hx+y)=Hx+Hy, H(ax)=oaHx.
A digital filter H : dom H — {5, (Z) is called shift-invariant or time-invariant, if

z = Hx = (2),, With arbitrary input signal x = (x;),_, € dom H implies that
foreach ¢ € Z

ke

(Zkfz)keZ =H (xkfz)keZ :

In other words, a shift-invariant digital filter transforms each shifted input signal to
a shifted output signal.

A digital filter H : dom H — £ (Z) is called bounded on £,(Z) with 1 < p <
00, if Hx € £,(Z) for any input signal x € £, (Z).

Example 1.45 A simple digital filter is the forward shift Vx = (xk_l) reyz, for any

x = (xk),oz € Loo(Z). Then we obtain that V"x = (xt_n), ., forn € Z.In

particular for n = —1, we have the backward shift V~'x = (xi41), ., These filters
are linear, shift-invariant, and bounded on £,(Z), 1 < p < oo.
Another digital filter is the moving average Ax := (zk) ez Which is defined by

1 Ma
= —0 kGZ,
* M1+M2+1g§Mlxk ¢

where M| and M are fixed nonnegative integers. This filter is linear, shift-invariant,
and bounded on £,(Z), 1 < p < o0 too.
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The modulation filter Mx := (zx),_ is defined by
2 = e kot ke 7

for any x = (xk) ez € Loo(Z) and fixed wp, @o € R. Obviously, this filter is linear
and bounded on £,(Z), 1 < p < o0. In the case wy € 27 Z, the modulation filter is
shift-invariant, since then z; = €'%0 x;.

Finally, the accumulator Sx := (zk)kEZ is defined on ¢ (Z) by

k
Zk = Z xe, kelZl.

{=—00

This filter is linear and shift-invariant, but not bounded.

A linear, shift-invariant filter or linear time-invariant filter is abbreviated as LTI
filter. If a digital filter H has the output signal & := H § of the pulse sequence § =
(Sk) ez, (see Example 1.44) as input signal, then / is called impulse response. The

components & of the impulse response h = (hk) are called filter coefficients.

keZ
Theorem 1.46 Let H be an LTI filter with the impulse response h = (hk)
01 (Z).

Then for each input signal x = ()ck)kEZ € Lp(Z) with 1 < p < 00 the output
signal z = Hx = (zk),_, can be represented as discrete convolution z = / xx with

k = Zhjxk_j.

JEL

kez ©

keZ

Proof For the impulse response & € £1(Z) and arbitrary input signal x € £,(Z), the
discrete convolution / * x is contained in £ ,(Z), since by Holder inequality we have

s xlp < Al lixllp -

Each input signal x = (xk) ez, € p(Z) can be represented in the form
X = Zx i 1% S,
JEZ

because the shifted pulse sequences Vis, j € Z, erm a bas_is of £, (Z).{ Obviously,
the shift-invariant filter H has the property HV/§ = V/ H§ = V/ h for each
j €Z.
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Since the LTI filter H is linear and shift-invariant, we obtain following represen-
tation of the output signal

t=Hx=H(Y xVis)=Y x;HV/s

JEL JEL

=> xjVIHs =) x;Vih

JjEZ JjEZ

that means

=) xjhij = hyXin. kel.

JjEZ nez

In particular, the operator H : £,(Z) — £,(Z) is bounded with the operator norm
Al

Remark 1.47 In £1(Z) the discrete convolution is a commutative, associative, and
distributive multiplication which has the pulse sequence § as unit. Further we have
llx s yllt < llxllt iyl forall x, y € £1(Z).

Using Fourier series, we discuss some properties of LTI filters. Applying the
exponential sequence x = (ei‘”k) wez for o € R as input signal of the LTT filter
H with the impulse response & € £1(Z), by Theorem 1.46 we obtain the output
signal z = (zk)keZ = h * x with

Zk — Zh/ eiw(k—j) — eiwk Zh/ e—iwj — eiwk H(Cl))
= Jez

with the so-called transfer function of the LTI filter H defined by

Hw) := Z hje ol (1.59)
JEZ
By Theorem 1.37 the Fourier series in (1.59) is uniformly convergent and has the

variable —w instead of w. Thus the exponential sequence x = (ei“’k) rey foro € R
has the property

Hx=H(w)x,
ie., H(w) € C is an eigenvalue of the LTI filter H with the corresponding

eigensequence x.

Example 1.48 Leta € C with |a| < 1 be given. We consider the LTI filter H with

the impulse response h = (hk)keZ’ where by, = a* fork > Oand hy = O fork < 0
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such that 4 € €1(Z). Then the transfer function of H reads as follows:

1 1—acosw+iasinw
l1—ae i@ 1+44a2—2acosw

Hw) =) (ae") =
k=0

With the corresponding magnitude response
|H ()| = (144 —2a cosw) '/

and phase response

a sinw
arg H(w) = arctan
l1—acosw

we obtain the following representation of the transfer function
H(w) = |H()|e' e #@)

An LTI filter H with finitely many nonzero filter coefficients is called FIR filter,
where FIR means finite impulse response. Then the transfer function of an FIR filter
H has the form

m
H(C()) — ei(x)N() th e—ia)k
k=0

with certain m € N and Ny € Z, where hg h,, # 0. The filter coefficients Ay of
an FIR filter can be chosen in a way such that the transfer function H (@) possesses
special properties with respect to the magnitude response |H (w)| and the phase
response arg H (w).

Example 1.49 We consider the so-called comb filter H with the filter coefficients
ho = hy;, = 1 for certain m € N and hy = 0 for k € Z \ {0, m}. Then the transfer
function of H is given by H(w) = 1 + ¢! so that the corresponding magnitude
response is equal to

|H(@)] = ((1+ cos(me)” + (sin(ma)))2)l/2
=2 (1 + cos(ma)))l/2 =2]cos m2w| .

For the phase response we find

tan (arg H(a))) = sin(m) = —tanarg H(w)

" 14 cos(mw)
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so that
arg H(w) = arctan ( —tanarg H (a)))
and hence
mw — 2wk
arg H(w) = — )
for G-D7 ) < CHEDT and k € Z. Thus the phase response arg H(w) is

piecewise linearly with respect to w.

An FIR filter H possesses a linear phase, if its phase response is a linear function
arg H(w) = y + c w with parameters y € [0, 27) and c € R.

An ideal low-pass filter Hy p with the cutoff frequency wo € (0, ) is defined
by its transfer function

l'o| <wo,
H =
Lr(@) {0w0<|a)|§7r.
The interval (—wq, wg) is called transmission band and the set [—m, —wo)U(wg, 7]
is the so-called stop band of the ideal low-pass filter Hy, p. The corresponding filter
coefficients iy of the ideal low-pass filter Hy p coincide with the Fourier coefficients
of Hy p(w) and read as follows:

1 4 3 k 1 wo 3 k
hy = Hyp(w) e do = / e'““dw
2 — 27 —w
= @0 sinc (wo k)
b4
with
sinx
sincx =] * ¥ 70,
1 x=0.
Thus we obtain the Fourier expansion
Hep@) =Y sine (o k) e, (1.60)
g

kel

i.e., the ideal low-pass filter Hy p is not an FIR filter and hy = O(k|~Y) for |k| —
0.
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An ideal high-pass filter Hy p with the cutoff frequency wo € (0, 7) is defined
by its transfer function

Olw| <7 —wo,

H =
Hp(@) {1n—w0<|w|§7r.

We see immediately that Hy p(w) = Hp p(w + ) and hence by (1.60)

Hip(@) = 3 (—=DF “ sinc (g k) e %,
keZ T

i.e., the ideal high-pass filter is not an FIR filter too.

In the following we consider the construction of low-pass FIR filters. A simple
construction of a low-pass FIR filter can be realized by the nth Fourier partial sum
of (1.60)

n
Hepa(@) = Y “ sinc (wok)e (1.61)
T
k=—n

with certain n € N. Then Hy, p ,(w) oscillates inside the transmission band or rather
the stop band. Further, Hy p () has the Gibbs phenomenon at @ = Fwy. In order
to reduce these oscillations of Hyp ,(w), we apply so-called window sequences.
The simplest example is the rectangular window sequence

R . |1 k=-n,....n,
f"’"'_{o k| > n

such that the related spectral function is the nth Dirichlet function

n
Fl@) =) 1-¢7" =Dy
k=—n

and hence
Hppn(w) = HLp(@) * F (@) = HLp(@) * Dy (@) .
The Hann window sequence is defined by

FHn Y +cos™) k=—n,...,n,
kn o k| > n
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and has the related spectral function

n

1 ko
Flw =Y 2(1—|—CosT; ) e ike
k=—n
1 & 1 & 1 &
_ Z ek | Z eik@ta/n) 4 Z o—ik@=m/n)
2 4 4
k=—n k=—n k=—n

_ ! 2FR@) + FRro+ ")+ FRo-")).
4 n n

Thus F/" (w) is the weighted mean of FX () and the corresponding shifts FX (o=
T

).
! The Hamming window sequence generalizes the Hann window sequence and is
defined by

fHm 0.54+0.46 cos "F k= —n,....n,
kn 0 k| > n

The filter coefficients kan’” are chosen in a way such that the first overshoot of the

spectral function FX () is annihilated as well as possible. Let the spectral function
FH™(w) be of the form

o T o T
Ef™(w) = (1 —a) R (w) + ) FR(w+ JRR FR(w - )

with certain « € (0, 1). We calculate the first side lobe of FnR (w) = Dy, (w) by
considering the zeros of D), (w). By considering

2n+w ,

, sin >
D"(w):< sin ¢ =0,
2

we obtain the approximate value w = 2211 as first side lobe. From

Hm( S5

R, Om a _p Sm Tooa _p 5w b4
n )= (I—a) F( )+, Fi( + )+ ( )=0
2n+1

F _
2n+1" 2 " 2n4+1 n” 2 " 2n4+1 n

it follows that o = 7§ ~ 0.46.
A further generalization of the Hann window sequence is the Blackman window

sequence which is defined by

s [04240.5 cos ™K +0.08 cos K k= —n,....n,
kn=10 k| > n.
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The corresponding spectral function reads as follows:

n
Flw) =" fBle*.

k=—n

59



Chapter 2 )
Fourier Transforms Check for

Fourier transforms of integrable functions defined on the whole real line R are
studied in Chap. 2. First, in Sect. 2.1, the Fourier transform is defined on the Banach
space L1(R). The main properties of the Fourier transform are handled, such as
the Fourier inversion formula and the convolution property. Then, in Sect. 2.2, the
Fourier transform is introduced as a bijective mapping of the Hilbert space L, (R)
onto itself by the theorem of Plancherel. The Hermite functions, which form an
orthogonal basis of L, (R), are eigenfunctions of the Fourier transform. In Sect. 2.3,
we present the Poisson summation formula and Shannon’s sampling theorem.
Finally, two generalizations of the Fourier transform are sketched in Sect.2.5,
namely the windowed Fourier transform and the fractional Fourier transform.

2.1 Fourier Transforms on Lq(R)

Let Co(R) denote the Banach space of continuous functions f : R — C vanishing
as |x| — oo with norm

I fllco) = max|f(x)]
xeR

and let C.(R) be the set of continuous, compactly supported functions. By C" (R),
r € N, we denote the set of r-times continuously differentiable functions on R.
Accordingly Cj(R) and C[(IR) are defined.

For1 < p < 00, let L, (R) denote the Banach space of all measurable functions
f : R — C with finite norm

(felfCOIP dx)"? l<p<oo,

I fllL,® = :
esssup{| f(x)|: x e R} p=o00,
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where we identify almost equal functions. In particular, we are interested in the
Hilbert space L, (R) with inner product and norm

(f, &) 1o)== /R ) g dx, 1 f @ = ( /R |0 dx)'2,

If it is clear from the context which inner product or norm is addressed, we
abbreviate (£, g) == (f. &)Ly and | £ll:= [| £l w)-

Note that in contrast to the periodic setting there is no continuous embedding
of the spaces L, (R). We have neither L1 (R) C L»(R) nor Li(R) D L»(R). For
example, f(x) := )1{ X[1,00)(X), where x[1,00) denotes the characteristic function
of the interval [1, 00), is in L2(R), but not in L{(R). On the other hand, f(x) :=
Jlx X0.17(x) is in L1 (R), but not in Ly (R).

Remark 2.1 Note that each function f € Cp(R) is uniformly continuous on R by
the following reason: For arbitrary & > 0 there exists L = L(g) > 0 such that
|[f(x)] < e/3forall |x| > L.If x, y € [-L, L], then there exists 8 > 0 such
that |f(x) — f(y)| < &/3 whenever |[x — y| < 8. If x, y € R\[—- ] then
1f ) = fO < 1f I+ ()] <2€/3.1fx € [-L, L] and y € R\[-L, L], say
v > Lwith [x —y| <8, then | f(x) — f(3)] < If(x)—f(L)I+|f(L)—f(y)| <s.
In summary we have then | f (x) — f(y)| < & whenever |[x — y| <.

The (continuous) Fourier transform f = Z f of a function f € Li(R) is
defined by

fw) = (ZF f)(w) :=fRf(x)e*ixwdx, weR. 2.1

Since | f(x) e_ix“)l = |f(x)| and f € L1(R), the integral (2.1) is well defined. In
practice, the variable x denotes mostly the time or the space and the variable w is
the frequency. Therefore the domain of the Fourier transform is called time domain
or space domain. The range of the Fourier transform is called frequency domain.
Roughly spoken, the Fourier transform (2.1) measures how much oscillations

around the frequency w are contained in f € Li(R). The function f | f | el arg fig
also called spectrum of f with modulus | f | and phase arg f

Remark 2.2 In the literature, the Fourier transform is not consistently defined. For
instance, other frequently applied definitions are

\/12n /Rf(x)e*i“’xdx, /Rf(x)efz’“"’xdx.
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Example 2.3 Let L > 0. The rectangle function

1 xe(-L, L),
fx) = ; xe{-L, L},
0 otherwise,
has the Fourier transform
f(w) _ /L e_iwx dx = —e—lw.L _|_elLa) _ 2iL.sin(a)L)
-k 1w iLw
2L sin(L
= (L) = 2L sinc(Lw)
Lw

with the cardinal sine function or sinc function

sin x R
sinc(x) = * x e RALO)
1 x=0.

Figure 2.1 shows the cardinal sine function. .
_ While supp f = [—L, L] is bounded, this is not the case for f. Even worse,
f & L1(R), since forn € N\ {1}

km ”1

nmw n km n 1 2
[sinc(x)|dx = / [sinc(x)|dx > / [sin x| dx =
/0 ]; (k=) ]; km ( b Z k

k=) Py

and the last sum becomes infinitely large as n — oo. Thus the Fourier transform
does not map L1 (R) into itself.

Fig. 2.1 The sinc function
on [—20, 20] 1

-20 20
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Example 2.4 For given L > 0, the hat function

0 otherwise ,

has the Fourier transform

L

oy =2 [ dr= * in(wx) d
flw) = /0(—L)cos(a)x) x_Lw/O sin(wx) dx

. Lw»
= Lo? (1 — cos(La))) =1L (smc ) )

for w € R\ {0}. In the case w = 0, we obtain
A L X
0 L

The following theorem collects basic properties of the Fourier transform which can
easily be proved.

Theorem 2.5 (Properties of the Fourier Transform) Ler f, g € L1(R). Then
the Fourier transform possesses the following properties:

1. Linearity: Forall a, B € C,
(af +Bg) =af+B8.
2. Translation and modulation: For each xg, wy € R,
(f = x0) (@) = e f(w),
(™ f) (@) = flewo + ).

3. Differentiation and multiplication: For an absolutely continuous function f €
Li(R) with f" € Li(R),

() (@) =iw f(@).
If h(x) :=x f(x), x € R, is absolutely integrable, then
h) =i (/) ©).

4. Scaling: Forc € R\ {0},

(e @ = | F ().
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Applying these properties we can calculate the Fourier transforms of some
special functions.

Example 2.6 We consider the normalized Gaussian function
—x?/(20%)
e , xeR, 2.2)

with standard deviation o > 0. Note that fR f(x)dx =1, since for a > 0 we obtain
using polar coordinates r and ¢ that

(/ e_ax2 dx)2 = (/ e—axz dx) (/ e—ayz dy) = / / e—a(xz-i-)’z) dx dy
R R R RJR
21 oo
=/ (/ re‘“’zdr)d(pzn.
0 0 a

Now we compute the Fourier transform

A 1 -
fl)= Somo? / e /(0% gmiox gy (2.3)
no? Jr

This integral can be calculated by Cauchy’s integral theorem of complex function
theory. Here we use another technique. Obviously, the Gaussian function (2.2)
satisfies the differential equation

F@+ 7, fm=o0.

Applying Fourier transform to this differential equation, we obtain by the differen-
tiation—multiplication property of Theorem 2.5

.2 i 4

o f@)+ ()@ =0.
This linear differential equation has the general solution
flo)y=cere 2,
with an arbitrary constant C. From (2.3) it follows that

foy=c =/ fde=1

R

and hence

flw) =eo""/2 (2.4)
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is a non-normalized Gaussian function with standard deviation 1/o. The smaller the
standard deviation is in the space domain, the larger it is in the frequency domain.
In particular for o = 1, the Gaussian function (2.2) coincides with its Fourier
transform f up to the factor 1/4/27. Note that the Gaussian function is the only
function with this behavior.

Example 2.7 Leta > 0and b € R\ {0} be given. We consider the Gaussian chirp
f(x) i= e~tamit)x? 2.5)
The Fourier transform of (2.5) reads as follows:

—(a +ib)w?

f(a)) C exp 42+ b2)

which can be calculated by a similar differential equation as in Example 2.6. The
constant C reads as follows:

C=f0)= / e’ cos(bx?) dx +1i / e—ax’ sin(bx?) dx
R R

such that

\/«/a2+b2+a \/\/a2+b2a bh>0,

2452 2452
\/a2+h2+a \/a2+b2—a b 0
a2+b? a2+b? =y

In Example 2.3 we have seen that the Fourier transform of a function f € L;(R)
is not necessarily in Lj(R). By the following theorem, the Fourier transform of
f € L1(R) is a continuous function, which vanishes at +o0c.

Theorem 2.8 The Fourier transform % defined by (2.1) is a linear, continuous
operator from L1(R) into Co(R) with operator norm ||.Z ||, ®)—co®) = L.

More precisely .% maps onto a dense subspace of Co(R).

Proof The linearity of .# follows from those of the integral operator. Let f €
L1(R). For any w, h € R we can estimate

|f@+h) — fl|=| /R f)ye % (e — 1y dx| < /R |f o)l le™ ™ — 1] dx.

Since | £ (x)| le7#* — 1| <2|f(x)| € L1(R) and

n1/2

| —ihx 1| — ((COS(/’LX) J— 1)2 + (Sln(hx)) ) - (2 - 2COS(hx))1/2 —> 0
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as h — 0, we obtain by the dominated convergence theorem of Lebesgue
lim | f(w + 1) — f(w)| < lim / |f o] le™ " — 1] dx
h—0 h—0 Jr
=/ |Gl (lim e — 1])dx = 0.
R h—0

Hence f is continuous. Further, we know by Lemma 1.27 of Riemann-Lebesgue
that lim f(w) =0.Thus f = .7 f € Co(R).

|w|]— 00

For f € L1(R) we have

|f(@)] S/RIf(x)Idx= £, ®)
so that

1.7 fllco®) = 1 fllco®) < I flliw)

and consequently ||.Z|lL, ®)—»co® < 1. In particular we obtain for g(x) =
1 o—x%/2 ?/2

V2 R

have [|g]lco®) = 1 and |- F ||, ®)—co®) = 1.

that ||gll,,®) = 1 and g(w) = e~ , see Example 2.6. Hence we

Using Theorem 2.8, we obtain the following result:

Lemma 2.9 Let f, g € L1(R). Then we have f g, § f € L1(R) and
[ Fwseae= [ fo o 2.6

Proof By Theorem 2.8 we know that f. g€ Co(R) are bounded so that fe. fée
L1(R). Taking into account that f(x) g(y)e™*Y € L, (R?), equality (2.6) follows
by Fubini’s theorem

/f(x)g(x)dx=//f(a))g(x)efix‘”da)dx
R R JR

_ / F(@) / g(0) e dx deo = f (@) 3(@) do.
R R R

Next we examine under which assumptions on f € L1 (R) the Fourier inversion
formula

. 1 A
f) =)= ) / f(@)e' " do 2.7
7 Jr
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holds true. Note that (2.7) is almost the same formula as (2.1), except for the plus
sign in the exponential and the factor 22 .

Theorem 2.10 (Fourier Inversion Formula for L;(R) Functions) Ler f €
Li(R) with f € L1 (R) be given.

Then the Fourier inversion formula (2.7) holds true for almost every x € R. For
f e Li(R) N Co(R) with f € L1(R), the Fourier inversion formula holds for all
x eR

In the following we give a proof for a function f € L1 (R)NCp(R) with f e L1(R).
For the general setting, we refer, e.g., to [63, pp. 38—44].

Proof

1. For any n € N we use the function g,(x) := 2171 e~/ which has by
straightforward computation the Fourier transform

n

gn(w) = x(1+ n2w?)

Both functions g, and g, are in L (R). By'(2.6) and Theorem 2.5 we deduce the
relation for the functions f(x) and g, (x) e'*”

Afm&uWWM=Aﬂm@w—wm,
where y € R is arbitrary fixed. We examine this equation as n — oo. We have
limy— 0 gn (x) = ,. . For the left-hand side, since | f (x) g, (x) € ¥ < ,! | £ (x)]

and f € Li1(R), we can pass to the limit under the integral by the dominated
convergence theorem of Lebesgue

. A - U .
lim | f(x)gn(x)e'™dx = f)e™dx = (f)(y).
n—oo Jp 21 Jr
2. It remains to show that the limit on the right-hand side is equal to
tim [ (@) 0= do = 70).
n—o0 R

By assumption, f € L1(R) N Co(R). Then f € Cp(R) and hence f is uniformly
continuous on R by Remark 2.1, i.e., for every ¢ > 0, there exists § = §(¢) > 0
such that | f(x) — f(y)| < gif |x — y| <.

Note that g, € L (R) fulfills the relation

L
2
/ gn(w)dw = lim / gn(w)dw = lim arctan (nL) =1
R L—oo J_p, T L—oo
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Then we get
/Rf(w)én(w— ydo— f(y) = /R (f@+y) = () én(w) do
B
= [ o0 = s i@t [ (04— 10) duw)do.

3. Forall n € N, we obtain
b b
|/5 (flo+y) = () én(w) do| < fa |[flo+y) = fFO)|én(w) do

s
58/ gn(w)dw <¢.
-5
Next we see

2
| ‘ ) &n(w) do| < If(y)l(l—n arctan(né)) . (2.8)

w|>8

Since the even function g, is decreasing on [0, c0), we receive

| | f@+ ) &n(®)do| < 8. 1 fllL,®) - (2.9)

w|>8

As n — oo the right-hand sides in (2.8) and (2.9) go to zero. This completes the
proof.

As a corollary we obtain that the Fourier transform is one-to-one.
Corollary 2.11 If f € L1 (R) fulfills f =0, then f = 0 almost everywhere on R.

We have seen that a 27 -periodic function can be reconstructed from its Fourier
coefficients by the Fourier series in the L>(T) sense and that pointwise/uniform
convergence of the Fourier series requires additional assumptions on the function.

Now we consider a corresponding problem in L (R) and ask for the convergence
of Cauchy principal value (of an improper integral)

vty
lim / fw)e'® dw.
L—oo 21w J_ L
Note that for a Lebesgue integrable function on R, the Cauchy principal value
coincides with the integral over R.
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Similar to Riemann’s localization principle in Theorem 1.28 in the 27 -periodic
setting, we have the following result:

Theorem 2.12 (Riemann’s Localization Principle) Ler f € L1(R) and xo € R.
Further let (t) = f(xo+1) + f(xo —t) —2f(x0), t € R. Assume that for some
§>0

§
/ l(p(mdt < 00.
0 t

Then it holds
| R
f(xp) = lim / fw)e'®dw.
L—oo 27T _L

Proof 1Tt follows

1 L . 1 L ' '
I (x0) := o / f(w) el WX0 qg» — 9 / /Rf(u) e 10U {4y ol @%0 g

1 (L ,
=, / / @) el @G0 qy de .
T J-L JR

Since | f (u) elo@o—u)| — |f(w)| and f € Li(R), we can change the order of
integration in Iy (xo) by Fubini’s theorem which results in

L . _
I (x0) = 2; /]Rf(u) /Leiw(x"*”) dodu = 7lt /Rf(u) s (io()i)u u)) du

_ :T /0 (f(xo+1) + f(xo—1) SInL D) 4,

Since we have by Lemma 1.41 that

 sin(L ¢ * sint
/ sin(L 1) 4, _ / Mg =" (2.10)
0 0

t

we conclude
o0
Ip(x0) — f(x0) = ! / () sin(L ) dt
T Jo t

b o0 _
_ 1/ O GnLnd + lf FEoFD+F0 =0 G014y ar
T Jo t T Js t

2 % sin(Lt)
- _ f(x0) f dr.
T S t
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Since ¢(¢)/t € L1([0, 8]) by assumption, the first integral converges to zero as
L — oo by Lemma 1.27 of Riemann—Lebesgue. The same holds true for the second
integral. Concerning the third integral we use

00 o 8 o o0 o
T :/ sin(L t) dt:/ sin(L t) dt—i—/ sin(L t) dr
0

2 t 0 t 5 t

LS ; o0 o
t Lt
= / s dr + / sin(L 1) de.
0 t s t

Since the first summand converges to 7 as L — oo, the integral faoo Si“(tl") dr

converges to zero as L — oo. This finishes the proof.

A function f : R — C is called piecewise continuously differentiable on R,
if there exists a finite partition of R determined by —o0 < x9 < x1 < ... <
xp < oo of R such that f is continuously differentiable on each interval (—oo, xg),
(x0, x1), ..., (xn—1, xn), (x,, 00) and the one-sided limits limx%xjio f(x) and
limx%xjio f'(x),j =0,...,n exist. Similarly as in the proof of Theorem 1.34 of
Dirichlet-Jordan, the previous theorem can be used to prove that for a piecewise
continuously differentiable function f € L1 (R) it holds

L
;(f(x +0) + f(x — O)) = LleOO 2; [L f(a)) eiwx dow

forall x e R.
The Fourier transform is again closely related to the convolution of functions. If

f:R —> Candg : R — C are given functions, then their convolution f * g is
defined by

(f x9x) :=/Rf(y)g(x—y)dy, xeR, (2.11)

provided that this integral (2.11) exists. Note that the convolution is a commutative,
associative, and distributive operation. Various conditions can be imposed on f and
g to ensure that (2.11) exists. For instance, if f and g are both in L{(R), then
(f * g)(x) exists for almost every x € R and further f * g € L1(R). In the same
way as for 2m-periodic functions we can prove the following result:

Theorem 2.13
1. Let f € Ly(R)ywithl < p < occand g € Li(R) be given. Then f x g exists

almost everywhere and f * g € L, (R). Further we have the Young inequality

If*glle,® < I flL,m I8l ®) -
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2. Let f € Ly(R) and g € Ly(R), where 1 < p < oo and [1) +; = 1. Then
f xg € Co(R) fulfills

ILf *gllcory= I fllL,m®) lIgllL,®)-

3. Let f € Ly(R)and g € Ly(R), where 1 < p, g, r < 0o and ! +; = } + 1.
Then f x g € L-(R) and we have the generalized Young inequality

If*glle,® < I flL,® I8, m®) -

Differentiation and convolution are related by the following

Lemma 2.14 Let f € Li(R) and g € C"(R), where g® fork = 0,...,r are
bounded on R. Then f x g € C"(R) and

(fxg)® =rFxg® k=1 ... r.

Proof Since g® € L (R), the first assertion follows by the first part of
Theorem 2.13. The function x — f(y)g(x — y) is r-times differentiable, and for
k=0,...,r we have

lFe® =] = 1fol su£|g“‘><r>|.
re

Since f € L1(R), we can differentiate under the integral sign, see [125, Proposi-
tion 14.2.2], which results in

(f P ) = /R F0) P — yyde = (f % 8®) ).

The following theorem presents the most important property of the Fourier
transform.

Theorem 2.15 (Convolution Property of Fourier Transform) Ler f, g €
L1(R). Then we have

(f*9)'=rg.

Proof For f, g € L1(R) we have f x g € L1(R) by Theorem 2.13. Using Fubini’s
theorem, we obtain for all w € R

(f*g)"(a)) = /(f*g)(X)e*iwxdx :/ (/ f(y)g(x_y)dy)efiwx dx
R R R
= / F (/ gx —y)e P dy) eIV dy
R R

= fR Fo( fR gnye ¥ dr)e i dy = f(w) §(w).
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Applying these properties of the Fourier transform, we can calculate the Fourier
transforms of some special functions.

Example 2.16 Let N1 : R — R denote the cardinal B-spline of order one defined
by

1 xe (1),
Ni(x):=11/2 xe€{0, 1},
0 otherwise .

For m € N, the convolution

1
Npt1(x) := (N * N1)(x) = / Npu(x —1)dt,
0

is the cardinal B-spline of order m + 1. Especially, for m = 1 we obtain the linear
cardinal B-spline

X x €0, 1),
NMN(x):=32—-x x¢€][l,2)),
0 otherwise .

Note that the support of N,, is the interval [0, m]. By

1— —iw

1 .
Nl(w)=fe*”wdx= L weR\(0},
0 1w

and ]\71 (0) = 1, we obtain
Ni(w) = e /% sinc (;) , weR.
By the convolution property of Theorem 2.15, we obtain
N1(@) = N(@) 01 (@) = (B @)™
Hence the Fourier transform of the cardinal B-spline N,, reads as follows:
Np(w) = e 1me/? (sinc (;))m
For the centered cardinal B-spline of order m € N defined by

m
My, (x) := Np(x + 2)7
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we obtain by the translation property of Theorem 2.5 that

A

My, (w) = (sinc ;))m

The Banach space Li(R) with the addition and convolution of functions is a
Banach algebra. As for periodic functions there is no identity element with respect
to the convolution. A remedy is again to work with an approximate identity. We start
with the following observation:

Lemma 2.17
1. If f e Ly(R)ywithl < p < o0, then

lim [1£ (- = ) = fllz,@ = 0.
y—0

2. If f € Co(R), then
lim || f ¢ —y) = fllcow) =0.
y—0

Proof

1. Let f € L,(R) be given. Then for arbitrary &€ > 0 there exists a step function

s() =Y ajxr, (x)

j=1

with constants a; € C and pairwise disjoint intervals /; C R such that
If —slL,® < &/3. Corresponding to &, we choose § > 0 so that [s(- —
y) = slle,®) < ¢&/3 forall |y| <. Thus we obtain

1fC=» = flle,® = NFC=y) =sC =D, @+ ls¢ =y) =slle,® + s = fllL,®

<s+s+s
=e.
-3 3 3

2. Now let f € Cp(R) be given. Then by Remark 2.1, f is uniformly continuous
on R. Thus for each ¢ > 0 there exists § > 0 such that | f(x —y) — f(x)] < ¢
forall [y| < dandall x € R,ie., | f(- —¥) — fllco®r) < &.

Theorem 2.18 Ler ¢ € L1(R) with f]R ¢(x)dx = 1 be given and let

1
Qo (x) 1= (p(x), o >0,
o' o
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be a so-called approximate identity. Then the following relations hold true:

1. For f € L,(R) with 1 < p < oo, we have
lim || f*¢s — fllL,®) =0.
o—0

2. For f € Co(R) we have
lim || f * o5 — fllcow) = 0.
o—0

Proof

1. Let f € L,(R), 1 < p < 00, be given. Since f]R ¢s(y)dy = 1forallo > 0, we
obtain

(f *9s)(x) — f(x) = /R (fx =)= f(x) s (y)dy
and hence

I(f * 0)(0) — f)] < /R G = 9) = £ o ()] dy
= /R (If(x =) = FOEeDIP) lgo ()11 dy,

where ! + 1 = 1. Using Holder’s inequality, the above integral can be
estimated by

1/ 1/
([1re=»=-serwmia) " ([ emiw)”.
R R

Thus we obtain

/R|(f*<pa)(x)—f(x)|”dx

/
([ [rre=n=rerigmmire) ([ o).
R JR R

For arbitrary ¢ > 0 we choose § > 0 by Lemma 2.17 so that || f(- — y) —
SllL,®) < € for|y| < é. Changing the order of integration, we see that the last
integral term is bounded by

o 1745, f 190 ()] / £ (=) = F()IP dx dy)
R R

§
< lgo /%, ([a +/y>5 Yoo WILFC =) = FI2 5 dy.
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Then we receive

8

8
/a e DLFC =) = fIIL, @ dy <& /8 lps(MIdy < ellolL,®) -

Since | f(- = y) = fllL,® = I1FC=Dle,® + 11 fllL,® =21 flL,m®, we
conclude that

f e OIS C =0 = FI @y by <27 U7, f 100 (y)| dy
y|>

R

=27 ||f||§p(R)f o) dx
|x|>8/0
Observing

lim lp(x)|dx =0

00 J|x|>8/0
by ¢ € L1(R), we obtain
limsupaaO”f * Qo — f”ip(]R) <e¢ ||¢||ZI(R) .

2. Now we consider f € Cp(R). For arbitrary ¢ > 0 we choose § > 0 by
Lemma 2.17 so that || f (- — ¥) — fllcy®) < € for |y| < 8. As in the first step, we
preserve

|(f % 9a)(x) — f(x)| < fR |f&x=y) = F)| |es ()| dy

8
([ +f Yeoniza=n-raiy.
—8 |y[>8

Now we estimate both integrals

8 8
/6 lps DIf(x =) = fx)|dy < ¢ fglfpa(y)ldy =ellelL® -

/ll 8I%(y)llf(x—y)—f(X)ldy§2||f|ICO(R)/ los (¥)dy
y|>

lyl>8

— 20 f e / 0 (o)l dx

ly|>8/0

and obtain

limsup, ol f * 9o — fllco® <€ llollL,®) -
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Example 2.19 Let f € L1(R) be given. We choose

1 2
p(x) = e ¥/2, xeR.
27

Then by Example 2.6, the approximate identity ¢, coincides with the normalized
Gaussian function (2.2) with standard deviation o > 0. Then for each continuity
point xg € R of f, it holds

(}i_%(f * @) (x0) = f(x0) .

This can be seen as follows: For any ¢ > 0, there exists § > 0 such that | f (xo —
y) — f(x0)| < eforall |y| < 4. Since f]R ¢s(y)dy = 1 by Example 2.6, we get

(f * @o)(x0) — f(x0) = /R (f(xo = y) = f(x0)) 9o (¥) dy

and consequently
8
Frgo = sl = ([ + [ Yooy~ feoldy
=5 Jlyl>$

S
58/5<pa(y)dy+/ll 8If(xo—y)lwa(y)dy+|f(xo)l/ ¥s(y)dy
_ =

y|[>é

1 —x2/2
e+ fllL,® ¢o(8) + | f (x0)| e dx.
b4

V2 Ix|>8/0

Thus we obtain

lim sup, _ ol (f * ¢5)(x0) — f(x0)| < €.

An important consequence of Theorem 2.18 is the following result:

Theorem 2.20 The set C2°(R) of all compactly supported, infinitely differentiable
functions is dense in L ,(R) for 1 < p < oo and in Co(R).

Proof Let

_Jeexp(= o) xe=1 D),
(p(x)'_!o xeR\ (—1, 1),

where the constant ¢ > 0 is determined by the condition fR ¢(x)dx = 1. Then ¢
is infinitely differentiable and has compact support [—1, 1], i.e., ¢ € C°(R). We
choose ¢, with o > 0 as approximate identity.
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Let f € L,(R). For arbitrary ¢ > 0, there exists N € N such that

e
If = fnlle,m® < 5
where fy is the restricted function

f(x) xe[-N, NJ,

fN(x):{o x eR\[-N, NJ.

By the first part of Theorem 2.18 we know that

&
I /v *¢s — fNIL,®) < 5

for sufficiently small o > 0. Thus fy * ¢, is a good approximation of f, because

Ifn * @0 = fllL,®) < IIfN *¢s — INllL,@® + I /N — fllL,® <¢€.

By Lemma 2.14, the function fy * ¢, is infinitely differentiable. Further this
convolution product has compact support supp fnv * ¢ S [-N — o, N 4+ o].
Consequently, C2°(R) is a dense subset of L, (R).

Using the second part of Theorem 2.18, one can analogously prove the assertion
for f € Co(R).

2.2 Fourier Transforms on L;(R)

Up to now we have considered the Fourier transforms of L (R) functions. Next we
want to establish a Fourier transform on the Hilbert space L, (RR), where the Fourier
integral

/ Fx)e ¥ dx
R

may not exist, i.e., it does not take a finite value for some w € R. Therefore we
define the Fourier transform of an L, (R) function in a different way based on the
following result:

Lemma 2.21 Let f, g € L1(R), such that f, g € Li(R). Then the following
Parseval equality is valid

27 (fy @) a®) = (fr &) ia®) - (2.12)
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Note that f, f € L1(R) implies that ( f )"= f almost everywhere by Theorem 2.10
and (f)” € Co(R) by Theorem 2.8. Thus we have f € Ly(R), since

/R|f(x>|2dx =/R|(f>V(x>| |F GOl dx < 1A Nlco®) 1l @) < 00

Proof Using Fubini’s theorem and Fourier inversion formula (2.7), we obtain

/f(w)g(w)da):/ f(w)/g(x)e—”“’dx dw
R R R
=/g(x)/ f(a))eixwda) dx=27'r/g(x) fx)dx.
R R R

Applying Theorem 2.20, for any function f € L»(R) there exists a sequence
(fj)jen of functions f; € CZ°(R) such that

Lim | f — fillL,®) =0.
j—>00

Thus (f}) jen is a Cauchy sequence in Ly (R), i.e., for every & > 0 there exists an
index N(¢) € Nso that forall j, k > N(¢)

I fx — fillLaw) < €.

Clearly, fj, f/ € L1(R). By Parseval equality (2.21) we obtain for all j, k > N(¢)
JILa(R) \/2 JILa(R) €

so that ( fj) jeN is also a Cauchy sequence in L(R). Since Lz(R) is complete,
this Cauchy sequence converges to some function in Ly (IR). We define the Fourier
transform f = F f € Lo(R) of f € Lo(R) as

f=Zf=1lim f.
j—o0o
In this way the domain of the Fourier transform is extended to L, (R). Note that the

set L1(R) N L2(R) is dense in L (R), since C2°(R) is contained in L (R) N Ly (R)
and C2°(R) is dense in Ly (R) by Theorem 2.20.
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By the continuity of the inner product we obtain also the Parseval equality in
L, (R). We summarize:

Theorem 2.22 (Plancherel) The Fourier transform truncated on L1(R) N L (R)
can be uniquely extended to a bounded linear operator of L(R) onto itself which
satisfies the Parseval equalities

27 (f, &)@ = (f> 8w > V27 I fllL® = I fl,®) (2.13)

forall f, g € La(R).

Note that Theorem 2.5 is also true for L (R) functions. Moreover, we have the
following Fourier inversion formula.

Theorem 2'2:?’ (Fourier Inversion Formula for L;(R) Functions) Ler f €
Lo(R) with f € L1(R) be given. Then the Fourier inversion formula

fx) = ! /f(w)ei‘”xda) (2.14)
2 R

holds true for almost every x € R. If f is in addition continuous, then the Fourier
inversion formula (2.14) holds pointwise for all x € R.

Remark 2.24 Often the integral notation

flw) = f F) e d
R

is also used for the Fourier transform of L, (R) functions, although the integral may
not converge pointwise. But it may be interpreted by a limiting process. For ¢ > 0
and f € Ly(R), the function g, : R — C is defined by

g (@) = / e~ Flx)e i*@dx.
R

Then g, converges in the L>(R) norm and pointwise almost everywhere to f for
e — 0.

Finally we introduce an orthogonal basis of L;(R), whose elements are eigen-
functions of the Fourier transform. For n € Ny, the nth Hermite polynomial H,, is
defined by

dn
Hy(x) = (=1)"e* ) e xeR.
X

In particular we have

Ho(x)=1, Hi(x)=2x, Ho(x)=4x>—2, H3(x)=8x>—12x.
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The Hermite polynomials fulfill the three-term relation
Hy1(x) = 2x Hy(x) — 2n Hy—1(x) (2.15)
and the recursion
H,(x) =2n Hy_1(x). (2.16)
For n € Ny, the nth Hermite function h,, is given by

2, d¥ 2
/2 e, xeR.

hn(x) := Hy(x)e /2 = (=1)"&*
dxn

In particular, we have hp(x) = e=**/2 which has the Fourier transform flo(a)) =

«/;71 e’/ by Example 2.6. The Hermite functions fulfill the differential equation

h(x) — (x2=2n—1)h,(x) =0 (2.17)
and can be computed recursively by
g1 (x) = X by (x) = Iy, (x)
Theorem 2.25 The Hermite functions hy, n € Ny, with

(hns hn) L,y = /7 2"n!

form a complete orthogonal system in Ly (R). The Fourier transforms of the Hermite
functions are given by

(@) = V21 (=) hy(w) . (2.18)
In other words, the functions h, are the eigenfunctions of the Fourier transform
F : Ly(R) — La(R) with eigenvalues /27 (—i)" for all n € N.

By Theorem 2.25 we see that the Hermite polynomials are orthogonal polynomials
in the weighted Hilbert space Ly ,(R) with w(x) = e_xz, x € R, ie., they are
orthogonal with respect to the weighted Lebesgue measure e~ dx.

Proof

1. We show that (h,,, h,)r,®) = 0 for m # n. By the differential equation (2.17)
we obtain

(hl — x2h) by = —Q2m + 1) iy by
(h! = x2hp) by = —Q2n + 1) by by .
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Subtraction yields
Wy by — )y by = (Ryyhy — hyhn)' = 2(n — m) hyy hy
which results after integration in
200 =) U ) sy = 2 =) [ 0 )

= (y (¥) h (x) = By (x) (1)) |* = 0.

2. Next we prove for n € Ny that

(hn, hn)Lz(R) = \/7'[ 2"n!. (2.19)

For n = 0 the relation holds true by Example 2.6. We show the recursion

(hng1, hn ) L) = 2 4+ 1) (hy, b)) yR) (2.20)

which implies (2.19). Using (2.16), integration by parts, and step 1 of this proof,
we obtain

(g1, 1) L) = /Re_“ (Hy31(x))? dx = /R (26 e™7) (Ha(x) o (0) dr
- / e (H)(x) Huat (v) + Ho () Hj ., (0) dr
=2(m+1) / —x* Hn(x) dx =2+ 1) (hn, hn)L,®) -

. To verify the completeness of the orthogonal system {4, : n € Np}, we prove
that f € Lo(R) with (f, h,);,r) = 0 for all n € Ny implies f = 0 almost
everywhere. To this end, we consider the complex function g: C — C defined by

g(z) == / ho(x)f(x)e_i”dx, zeC.
R

This is the holomorphic continuation of the Fourier transform of /¢ f onto whole
C. For every m € Ny it holds

g™ (2) = (=)™ /xm ho(x) f(x)e ™2dx, zeC.
R

Since g(’”)(O) is a certain linear combination of (f, h,)r,®r),n =0, ..., m, we
conclude that g™ (0) = 0 for all m € Ny. Thus we get g = 0 and (ho f)” = 0.
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By Corollary 2.11 we have hg f = 0 almost everywhere and consequently f = 0
almost everywhere.
4. By Example 2.6 we know that

ho(w) = / emiro—/2 gy — V2 e*wz/z, weR.
R

We compute the Fourier transform of 4,, and obtain after n times integration by parts

dn

e e_xz) dx

ﬁn(w) — / hn(x) e—iwx dx = (_1)}’!/ e—iwx+x2/2(
R R
_ e—x2 ( d" e—iwx+x2/2) dx = e(,)2/2 e—xz ( d" e(x—iw)Z/z) dx
R dxn R dxn ’
By symmetry reasons we have
da" oL w)?/2 _ i da" e(x—iw)2/2
dxn do" ’
so that
dn

o e(x—iw)Z/z) dx
'

ho(@) = i" /2 / e (
R
—i" ea)2/2 d" (e—a)z/Z/e—ixw—xz/de)
" R

dw

= V2r it e?/? d e = 2n (—=)" hp (@) .
dw”
2.3 Poisson Summation Formula and Shannon’s Sampling
Theorem

Poisson summation formula establishes an interesting relation between Fourier
series and Fourier transforms. For n € N and f € L1(R) we consider the functions

on(x) = Y | f(x +2km)],

k=—n
which fulfill
T T N n T
/ (pn(x)dxz/ Z | f(x 4 2km)| dx = Z / | f(x + 2km)| dx
T T k=—n k=—n ¢ 7T

2km+m 2nw+m

= Z / If(X)IdX=/ [fE)ldx < 1 fllL,®) < 00.
k=—n 2km—m —2nw—m



84 2 Fourier Transforms

Since (¢n)neN is @ monotone increasing sequence of nonnegative functions, we
obtain by the monotone convergence theorem of B. Levi that the function ¢(x) :=
lim;,—, 5o ¢, (x) for almost all x € R is measurable and fulfills

b b
| owar=tim [ g0 =171 < oo,
- n—o0 -
We introduce the 27 -periodic function

)= flx+2kn). (2.21)

kel

The 2m-periodic function f € L1(T) is called 2n-periodization of f € Li(R).
Since

1FEl =D flr+2km)| <Y 1 (x + 2km)| = g(x)

keZ keZ

we obtain

/ | f(x)] dx 5/ lo()|dx = || fllL,®) < 00

-7
so that f € Li(T). After these preparations we can formulate the Poisson
summation formula.

Theorem 2.26 (Poisson Summation Formula) Assume that f € L1(R) N Co(R)
fulfills the conditions

1. Y ez max |f(x 4 2km)| < oo,
x€[—m, ]

2. Y ezl f)] < 00
Then for all x € R, the following relation is fulfilled:

2t f(x) =21 Y flx+2km) =) flkye'*. (2.22)

keZ keZ

Both series in (2.22) converge absolutely and uniformly on R.
For x = 0 this implies the Poisson summation formula

2 Y fQkm) =) fk). (2.23)

kel kel

Proof By the first assumption, we have absolute and uniform convergence of the
series (2.21) by the known criterion of Weierstrass. Since f € Co(R), we see that
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f € C(T). Because the uniformly convergent series (2.21) can be integrated term
by term, we obtain for the Fourier coefficients of f

27 ex(f) = / Zf(x 4+ 20wy e R dy = Z " Fx 4 20m) ek dy

A LeZ

=/ f(x)e *dx = fk).
R

Thus,

1 ~ .
fey =3 ahHe™ = > fe™

keZ keZ

where by the second assumption and Theorem 1.37 the Fourier series of f converges
uniformly to fonR. By the second assumption the Fourier series of f is absolutely
convergent.

Remark 2.27 The general Poisson summation formula (2.22) is fulfilled, if f €
L1 (R) N Co(R) fulfills the conditions

Ifl<CA+ x5, [f@l<Cd+w) 78

for some C > 0 and ¢ > 0. For further details, see [341, pp. 250-253] or [146,
pp. 171-173]. The Poisson summation formula was generalized for slowly growing
functions in [254].

We illustrate the performance of Poisson summation formula (2.23) by an
example.

Example 2.28 For fixed & > 0, we consider the function f(x) := e **l, x € R.
Simple calculation shows that its Fourier transform reads

f‘( ) /oo ( (a—iw)x + (01+iw)x) d 20
w) = c c X = .
0 a? + w?

Note that by Fourier inversion formula (2.14), the function g(x) := (x2 + 052)*1 has
the Fourier transform g(w) = 7 e—lol,
The function f is contained in L{(R) N Co(R) and fulfills both conditions of

Theorem 2.26. Since

B 1+6727T0[
> ran =142 (e = T

kel
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we obtain by the Poisson summation formula (2.23) that

Z 1 _ T 1 + 6727“1
2 2 _ a27a
= +k al—e

The following sampling theorem was discovered independently by the mathe-
matician Whittaker [375] as well as the electrical engineers Kotelnikov [208] and
Shannon [328], see also [124, 360]. Shannon first recognized the significance of the
sampling theorem in digital signal processing. The sampling theorem answers the
question how to sample a function f by its values f(nT), n € Z, for an appropriate
T > 0 while keeping the whole information contained in f. The distance T between
two successive sample points is called sampling period. In other words, we want to
find a convenient sampling period T such that f can be recovered from its samples
f(nT), n € Z. The sampling rate is defined as the reciprocal value } of the
sampling period 7. Indeed this question can be only answered for a certain class
of functions.

A function f € Ly(R) is called bandlimited on [—L, L] with some L > 0, if
suppf C[-L, L],ie.,if f(u)) = 0 for all |w| > L. The positive number L is the
bandwidth of f. A typical bandlimited function on [—-L, L] is

L
h(x) = sinc(Lx), xeR.
T

Note that i € LQ(I@) \ L1(R). By Example 2.3 and Theorem 2.22 of Plancherel, the
Fourier transform # is equal to

we(—L, L),
we{-L, L}, (2.24)
weR\[-L, L].

h(w) =

S~ =

Theorem 2.29 (Sampling Theorem of Shannon—Whittaker-Kotelnikov) Let
f e Li(R) N Co(R) be bandlimited on [—L, L]. Let M > L > 0.

Then f is completely determined by its values f (lj‘f[’), k € Z, and further f can
be represented in the form

fx) = Z f(]:;) sinc(Mx — k), (2.25)
keZ

where the series (2.25) converges absolutely and uniformly on R.
Proof
1. From f € L1(R) N Co(R) it follows that f € Ly(R), since

£, @ =fR|f(x>| £ dx < [ f leo@ I1f @ < oo
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Let x € R be an arbitrary point. Since f € L(R) is bandlimited on [—-L, L]
and M > L, by Theorem 2.10 we obtain

|
fx) = / fw)e'® dw. (2.26)
2 -M
Let ¢, ¢ € Ly(T) be the 2 -periodic extensions of

~ M .
p@ =F(""). V@ =M we o ).
7T
By (2.26) these functions possess the Fourier coefficients

ki

. 1M .
(@) =o€ )m =, /_M f@re o Maw = © (=),

M
ik 1 M . km .
c(¥) = (¥, e )y = oM / e Ot dw = sinc (Mx + k).
—-M

From (2.26) it follows that

M T .M : M
f(x) = 27_[2 [ﬂ f( T[a))GUCMw/n do = e <§01 w)Lz(T)

and hence by the Parseval equality (1.16)

M
fo =" a@aw) = f(- ") sine (Max + k)

keZ keZ

= Zf smc (Mx — k).

keZ

2. As shown in the first step, it holds for arbitrary n € N
fx)— 2": f(kﬂ) sinc (Mx — km) = ! /M (F () - Zn: cilp) el kTe/M) ¢ixe gy
M 2 J_ym

k=—n - k=—n

M [T .
- 272 / ((p(a)) - (Sn(p)(ll))) eixMo/T 4.,

Using the Cauchy—Schwarz inequality in L, (T), we obtain for all x € R

n k M - .
|fx) - Z £( A;T)sinc (Mx — km)| = o |/ﬂ (0(@) — (Sap) (@) &M/ dy|

k=—n

IA

M
- llo = SuellL,(T)
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and thus by Theorem 1.3

n
km, . M
1f =22 f(,,)sineM —kmlicymy < lo=SugllLsm = 0 asn — oo

k=—n

Consequently, the series (2.25) converges uniformly on R. Note that each
summand of the series (2.25) has the following interpolation property:

km _ km
f(k”)sinc(Mx—kn)z{f(M) oM
M 0 x € 5 (Z\{k}).

3. The absolute convergence of the series (2.25) is an immediate consequence of
the Cauchy—Schwarz inequality in £7(Z) as well as the Parseval equalities of ¢
and y:

Y G sine -~k = 73 Jal law)
k=—00 k=—00
M, & > M
< (2 la@P) (3 lan) = lelm < oo

k=—00 k=—00

By the sampling Theorem 2.29, a bandlimited function f with supp f -
[—L, L] can be reconstructed from its equispaced samples f (1;;), k € Z, with
M > L > 0. Hence the sampling period 7 = 7 is the largest and the sampling rate

i is the smallest possible one. Then 7 is called Nyquist rate, see [258].

Remark 2.30 The sinc function decreases to zero only slightly as |x| — oo so that
we have to incorporate many summands in a truncated series (2.25) to get a good
approximation of f. One can obtain a better approximation of f by the so-called

oversampling, i.e., by the choice of a higher sampling rate L(lnﬂ) with some A > 0

and corresponding sample values f ( L (IETH))’ k e Z.

The choice of a lower sampling rate L(ln_)‘) with some A € (0, 1) is called

undersampling, which results in a reconstruction of a function f° where higher
frequency parts of f appear in lower frequency parts of f°. This effect is called
aliasing in signal processing or Moiré effect in imaging.

2.4 Heisenberg’s Uncertainty Principle

In this section, we consider a nonzero function f € L;(R) with squared L;(R)
norm

LA = 11y =/R|f(X)I2dx >0,
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which is called the energy of f in some applications. A signal f is often measured
in time. We keep the spatial variable x instead of ¢ also when speaking about a time-
dependent signal. In the following, we investigate the time—frequency locality of f
and f .

It is impossible to construct a nonzero compactly supported function f € Ly (R)
whose Fourier transform f has a compact support too. More generally, we show the
following result:

Lemma 2.31 If the Fourier transform f of a nonzero function f € Ly(R) has
compact support, then f cannot be zero on a whole interval. If a nonzero function
f € L2(R) has compact support, then f cannot be zero on a whole interval.

Proof We consider f € Ly(R) with supp f C [—L, L] with some L > 0. By the
Fourier inversion formula (2.14) we have almost everywhere

1 L. .
f&x) = ) f fw)e'™ do,
T J-L

where the function on the right-hand side is infinitely differentiable. Since we
identify almost everywhere equal functions in Ly(R), we can assume that f €
C*(R).

Assume that f(x) = O forall x € [a, b] witha < b. For xog = ”erb we obtain by
repeated differentiation with respect to x that

1 L :
£ (xo) = / f@) (o) e®do=0, neNp.
2 —L
Expressing the exponential el ©*—¥0) as power series, we see that for all x € R,
| Y L ,
f(x) — / f(Cl)) ela)(x—xo) ela))(() dC()
2 —L

e _ n L .
1 Z (x — x0) / f (o) (ia))n el 9% 4o = 0.
n! —L

- 2
n=0

This contradicts the assumption that f # 0. Analogously, we can show the second
assertion.

Lemma 2.31 describes a special aspect of a general principle that says that both f
and f cannot be highly localized, i.e., if | f|* vanishes or is very small outside some
small interval, then | f | spreads out, and conversely. We measure the dispersion of
f about the time xo € R by

Ay f = ! /(x—xo)2|f(x)|2dx>0.
0 1F1I1? Jr
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Note that if x f(x), x € R, is not in Lp(R), then Ay, f = oo for any xo € R.
The dispersion Ay, f measures how much | f (x)|? spreads out in a neighborhood
of xo. If | f(x)|? is very small outside a small neighborhood of x¢, then the factor
(x — x0)? makes the numerator of Ay, f small in comparison with the denominator
| £1I%. Otherwise, if | f(x)|? is large far away from xg, then the factor (x — x0)>
makes the numerator of Ay, f large in comparison with the denominator || 2.

Analogously, we measure the dispersion of f about the frequency wy € R by

A

. 2
Anfi= e /( — o) |f (@ do > 0.

By the Parseval equality ||fA||2 =27 || f]|> > 0 we obtain

N

Ay f = / (@ — w0)? | (@) do.

2r ||f||2

Ifw f(®), w € R, isnotin Ly(R), then A, f = oo for any wy € R.

Example 2.32 As in Example 2.6 we consider the normalized Gaussian function
1 ) 2
FG) = e/

with standard deviation o > 0. Then f has L (R) norm one, but the energy

1 2, 2 1
2 _ —x-/o —
= e dx = .
171 2mo? /1; * 20 /T

Further f has the Fourier transform
flw)=e=7 /2

with the energy

171 = [ e o= T

o

For small deviation o we observe that f is highly localized near zero, but its Fourier
transform f has the large deviation ; and is not concentrated near zero. Now we
measure the dispersion of f around the time xop € R by

1 2,2
Ay f = /(x—xo)ze_x 17" dx
T 21 1 £1P

1
 2ma? || fIP

2
/xzefxz/azdx +x% = “ +x3.
R 2
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For the dispersion of f about the frequency wp € R, we obtain

Awg

L1
f= / (@ — )2 e dw
IF1%2 Jr
1

1
= /wzefazwzda)—i—w(%: +a)(%.
1712 Jr 202

Thus for each o > 0 we get the inequality

A o2 1 1
Ao /) B )= () +3) (5, +5) =,
with equality for xg = wp = 0.

Heisenberg’s uncertainty principle says that for any xo, wop € R, both functions
f and f cannot be simultaneously localized around time xo € R and frequency
w) € R.

Theorem 2.33 (Heisenberg’s Uncertainty Principle) For any nonzero function
f € La(R), the inequality

A 1
(Axo /) (Awy f) = 4 (2.27)
is fulfilled for each x¢, wy € R. The equality in (2.27) holds if and only if
f(x) =C eiw()x e ¢ (x—x0)2/2 , xeR , (228)

with some a > 0 and complex constant C # 0.
Proof

1. Without loss of generality, we can assume that both functions x f(x), x € R,
and w f (w), w € R are contained in Ly(R) too, since otherwise we have
(Axo 1) (Awof) = oo and the inequality (2.27) is true.

2. In the special case xg = wy = 0, we obtain by the definitions that

1

(Bof) (Mof) =, LI ( /R lx £ ()7 dx) ( /R o f()? do) .

For simplicity we additionally assume the differentiability of f. From w f (w) €
L>(R) it follows py Theorems 2.5 and 2.22 that f' € L,(R). Thus we get by
(Z (@) = iw f (w) and the Parseval equality (2.13) that

~ 1
(Bof) (Do) =, i ( fR lx f () [? dx) ( fR I(Z ) ()]* do)

1 /
=/ (/Rle(x)l2dx) (/le (0)*dx). (2.29)
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By integration by parts we obtain

/R (v f0) S de =x 1P| - /R (/P +x £(x) f/(x)) dx
;,(_) -

and hence
I fII> = —2Re /Rx ) f(x)dx.

By the Cauchy—Schwarz inequality in L, (R) it follows that
1£11* =4 (Re /R x f(x) f/(x) dx)?
<4 / x ) £ dx?
R

= 4(/szlf(x)|2dx) (/le/(x)lzdx). (2.30)

Then by (2.29) and (2.30) we obtain the inequality (2.27) for xg = wp = 0.
3. Going through the previous step of the proof we see that we have equality
in (2.27) if and only if

/ xf(x) ff(x)dx eR (2.31)
R
and equality holds true in the Cauchy—Schwarz estimate
/ 2 _ 2 2 N2
| [ x f@) foodx]”= (| x*1f )P dx) (| 1f' @I dx).
R R R
The latter is the case if and only if x f(x) and f’(x) are linearly dependent, i.e.,

) +axf(x)=0, aeC.

Plugging this into (2.31), we see that the integral can become only real if a € R.

The above ordinary differential equation has the solution f(x) = Ce™ x?/2
which belongs to L, (R) only for a > 0.
4. In the general case with any xg, wp € R, we introduce the function

g(x) ;== e f(x +x9), xeR. (2.32)
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Obviously, g € L»(R) is nonzero. By Theorem 2.5, this function g has the
Fourier transform

g(w) = el@T0% f(o L wy), weR,

such that
Apg = /sz |f (x4 x0) P dx = Ay, f
Agg = /RaP |f(@+w0)do = Aw, f -
Thus we obtain by step 2 that

A R 1

(Axo f) (Awy f) = (Aog) (A08) = 4

5. From the equality (Apg) (Aog) = }1 it follows by step 3 that g(x) = C e—ax%/2

with C € C and a > 0. By the substitution (2.32) we see that the equality
in (2.27) means that f has the form (2.28).

Remark 2.34 In the above proof, the additional assumption that f is differentiable
is motivated by the following example. The hat function f(x) = maxyer{l —|x|, 0}
possesses the Fourier transform f (w) = ( sinc ‘5)2 (cf. Example 2.4). Hence x f(x)
and w f (w) are in Lo (R), but f is not differentiable. In Sect.4.3.1 we will see that
we have to deal indeed with functions which are differentiable in the distributional

sense. The distributional derivative of the hat function f is equal to x[—1, 01 — X0, 1]
(cf. Remark 4.43).

The average time of a nonzero function f € Ly (R) is defined by

= /xlf(x)lzdx
TSI e '

This value exists and is a real number, if fR lx| | f(x)|*dx < oo. For a nonzero
function f € L>(R) with x* € R, the quantity A« f is the so-called temporal
variance of f. Analogously, the average frequency of the Fourier transform f €
L>(R) is defined by

% 1 / ; 2
o=, ol|f(w)| dw.
1A1? Jr

For a Fourier transform f with w* € R, the quantity A, f is the so-called frequency
variance of f.
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Example 2.35 The normalized Gaussian function in Example 2.32 has the average

. . 2
time zero and the temporal variance Ay f = ”2 , where o > 0 denotes the standard

deviation of the normalized Gaussian function (2.2). Its Fourier transform has the

average frequency zero and the frequency variance Ag f = 2é2‘

Lemma 2.36 For each nonzero function f € Ly (R) with finite average time x*, it
holds the estimate

Agf = A f + (" —20)° = Ay f
forany xo € R.
Similarly, for each nonzero function f € La(R) with finite average frequency w*
of f it holds the estimate

Awof = Aw*f+ (0" — CUO)2 > Aw*f

forany wp € R.

Proof From
(x —x0) = (x —x)2+ 2 (x — M) (" — x0) + (x* — x0)*

it follows immediately that

/R(x —x0)? | f P dx = /R(x @R dx 404 (= x0) [ 12
and hence
Axof = Apef + (" —x0)> = Apef .

Analogously, one can show the second inequality.

Applying Theorem 2.33 in the special case xo = x* and wgp = w*, we obtain the
following result:

Corollary 2.37 For any nonzero function f € Ly(R) with finite average time x*
and finite average frequency w*, the inequality

A 1
(Ax<f) (A f) = 4
is fulfilled. The equality in above inequality holds if and only if
f(x) — Ceiw*x e—a(x—x*)z/Z’ X ER,

with some a > 0 and complex constant C # 0.
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2.5 Fourier-Related Transforms in Time-Frequency Analysis

In time—frequency analysis time-dependent functions with changing frequency
characteristics appearing e.g., in music, speech, or radar signal, are studied in time
and frequency simultaneously. By the uncertainty principle, the Fourier transform
does not yield a good description of the local spatial behavior of the frequency
content. A standard tool in time—frequency analysis is the windowed Fourier
transform which is discussed in the first subsection. In order to obtain information
about local properties of f € Ly(R), we restrict f to small intervals and examine
the resulting Fourier transforms. Another popular tool in time—frequency analysis
is the fractional Fourier transform which is handled in the second subsection. Note
that wavelet theory also belongs to time—frequency analysis, but is out of the scope
of this book.

2.5.1 Windowed Fourier Transform

The Fourier transform f contains frequency information of the whole function
f € La(R). Now we are interested in simultaneous information about time and
frequency of a given function f € L;(R). In time—frequency analysis we ask for
frequency information of f near certain time. Analogously, we are interested in the
time information of the Fourier transform f near certain frequency. Therefore we
localize the function f and its Fourier transform f by using windows.

A real, even nonzero function ¢ € L(R), where ¥ and 1/} are localized near
zero, is called a window function or simply window. Thus 1/Af is a window too.

Example 2.38 Let L > 0 be fixed. Frequently applied window functions are the
rectangular window

Y(x) = x—L, 1),

the triangular window

|x]
Yx)=(1- I ) Xi—1, 11(x)
the Gaussian window with deviation o > 0
1 2 2
() = e /G

V2ra?

the Hanning window

_1 ! TX
Yx) = 2( +oos ) xi-L. L1(x) ,
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Fig. 2.2 Hanning window ¥(x)
(red) and Hamming window
(blue) for L =2

0.5

and the Hamming window
X
Yx) = (0.54 + 0.46 cos L ) X[—L,L1(x),

where x[—r, 1] denotes the characteristic function of the interval [—L, L].
Figures 2.2 shows the Hanning window and the Hamming window for L = 2.

Using the shifted window (- — b), we consider the product f ¥ (- — b) which is
localized in some neighborhood of » € R. Then we form the Fourier transform of
the localized function f (- — b). The mapping .y : L2(R) — L, (R?) defined by

(Fy b, w) = /Rf(X) Yx —b)e N dx = (f, Yho)Ly®) (2.33)

with the time—frequency atom
o) =¥k —b) e, xeR,

is called windowed Fourier transform or short-time Fourier transform (STFT), see
[152, pp. 37-58]. Note that the time—frequency atom ¥, ,, is concentrated in time
b and in frequency w. A special case of the windowed Fourier transform is the
Gabor transform [124] which uses a Gaussian window. The squared magnitude
[(Fy )b, w) |2 of the windowed Fourier transform is called spectrogram of f with
respect to .

The windowed Fourier transform %y f can be interpreted as a joint time—
frequency information of f. Thus (% f)(b, w) can be considered as a measure
for the amplitude of a frequency band near w at time b.

Example 2.39 We choose the Gaussian window i with deviation o = 1, i.e.,

1
U(x) = e¥2 xeR,

V2

and consider the Ly(R) function f(x) := ¥ (x) el 0¥ with fixed frequency wp € R.
We show that the frequency wo can be detected by windowed Fourier transform
Fy f which reads as follows:

(Fy b, w) = 21 e—b2/2 / e—x2 b xH (@—0)x g,
T R
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From Example 2.6 we know that
/ e—xz ei OX qy — «/JT e—w2/4
R
and hence we obtain by substitution that

(Fy )b, w) = 1 o—b?/4 o(@0—)2/4 5ib(@0—w)/2

2/
Thus the spectrogram is given by
(Fy b w)f = | e oo,
47
For each time b € R, the spectrogram has its maximum at the frequency @ = wg. In

practice, one can detect wg only, if |b| is not too large.

The following identity combines f and f in a joint time—frequency
representation.

Lemma 2.40 Let Y be a window. Then for all time—frequency locations (b, w) €
R? we have

21 (Fy f) (b, ) = e 10 (%f)(w, —b).

Proof Since ¥ is real and even by definition, its Fourier transform g@ is real and
even too. Thus v is a window too. By Theorem 2.5 and Parseval equality (2.13) we
obtain

N N

T (- —b) e ) L® = (f, ¥ (- e 09, ®)

and hence
2 / FO Y —b)e ' dx = / F) i — w) et ™= du
R R
e—ibw / f(u) sz(u _ Cl)) eihu dl/l .
R

Remark 2.41 Let v be a window function, where the functions x ¥ (x) and @ 1/}(a))
are in L2(RR) too. For all time—frequency locations (b, w) € RR?, the time—frequency
atoms ¥ o, = ¥ (-—b) ¢! and their Fourier transforms lI/b 0= 1/;( —w)e b0
have constant energies ¥ o |2 = |¥]1 and |¥. 0|12 = ¥ = 27 |||/ Then
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the atom ¥}, ., has the average time x* = b and lf/h,w has the average frequency
w* = w, since

! 1
= Ypo ()| dx = / b 24y = b,
= e frmeorar= o e veor e

N T | -
o=, Ul o) “du = uU+w) || du =w.
Wiz e 112 Je

Further, the temporal variance of the time—frequency atom ¥}, ,, is invariant for all
time—frequency locations (b, w) € R?, because

AWy = | /(x—b)zwb OPdr= /lelﬁ(x)lzdx=A01/f-
Ty Ik “ Iyl Jr

Analogously, the frequency variance of lf/h,w is constant for all time—frequency
locations (b, w) € R?, because

A 1 o 1 o o
Aolpo = f(u—w)%%, WPdu= /u2|w<u>|2du=A0¢.
T2 Je N 112 Jr

For arbitrary f € L»(R), we obtain by Parseval equality (2.13)

270 (Fy) (b, ®) = 270 (f, b a@® = (fr Pb.o)Lr®) -

Hence the value (%y)(b, w) contains information on f in the time—frequency
window or Heisenberg box

[ — VAo, b+ Aoy ] x [w— \/Aoa,&, o+ \/Amﬁ] :

since the deviation is the square root of the variance. Note that the area of the
Heisenberg box cannot become arbitrary small, i.e., it holds by Heisenberg’s
uncertainty principle (see Corollary 2.37) that

2Va0y) (2 \/Am}) > 2.

The size of the Heisenberg box is independent of the time—frequency location
(b, w) € R2. This means that a windowed Fourier transform has the same resolution
across the whole time—frequency plane R?.

Theorem 2.42 Let  be a window function. Then for f, g € L2(R) the following
relation holds true:

(Fy fo Ty =27 WL, @ (f &) L) -
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In particular, for ||/ || L,r) = 1 the energies of Fy and f are equal up to the factor
2r,

10 £, @y = 27 1117, ) -

Proof
1. First, let ¥ € L1(R) N Loo(R). Then we have

(Fu [ Fu8) @2 =/R/R(%//)f(b,w) (Fy8)(b, ) dwdb.

We consider the inner integral

fR (Fy )b, ) (Fyg) (b, ) doo = /R FH = 5)(@) (g7 — b)) (@) do.
By

1f) Y = b)Pdx < [WI7 @) 1/ 117,@) < o0
R

we see that fy € L2(R) such that we can apply the Parseval equality (2.13)

/R (Fy )b, ) (Fyg) (b, @) doo = 2 /R £ 800 W (x — b dx.

Using this in the above inner product results in

(Fyf. Fy8 w2 =fR /Rf(X)g(X) ¥ (x —b)I* dx db.

Since f, g € L2(R), we see as in the above argumentation that the absolute
integral exists. Hence we can change the order of integration by Fubini’s theorem
which results in

(Fyf. Fy,we) =27 /Rf(X)g(X) /Rlllf(x—b)l2 db dx

=27 Yl (f &)@ -

2. Let f, g € Lo(R) be fixed. By ¢ > (Fy f, Fy g) 1, r2) @ continuous functional
isdefinedon L1 (R)NLx (R). Now L1 (R)NL (R) is a dense subspace of L, (R).
Then this functional can be uniquely extended on L, (R), where (f, g)1,(r) is
kept.
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Remark 2.43 By Theorem 2.42 we know that

flf(x)lzdx= ! //|(%f)(b,w)|2dbdw.
R 27 Jr JR

Hence the spectrogram |(Fy, f) (b, ®) |? can be interpreted as an energy density, i.e.,
the time—frequency rectangle [b, b+ Ab] X [w, w + Aw] corresponds to the energy

1
- [(Fy (b, )|> Ab Aw .

By Theorem 2.42 the windowed Fourier transform represents a univariate signal f €
L>(R) by a bivariate function Fy, f € L>(R?). Conversely, from given windowed
Fourier transform .%y, f one can recover the function f:

Corollary 2.44 Let r be a window function with ||[¥ |, r) = 1. Then for all f €
L>(R) it holds the representation formula

1 .
fx)= ) / /(wa)(b, w) Y(x —b)e'® dbdw,
T JR JR

where the integral is meant in the weak sense.

Proof Let

Fx) :=/ f(%f)(b,w)w(x—b)einbdw, xeR.
R /R

By Theorem 2.42 we obtain

(f, Mr,w = /R /R(e%pf)(l%w) (W (- —b)e', h)p,® dbdo
=(Fy [, Fyh) w2 =27 (f, B L)

forall h € Ly(R) so that f = 27 f in Lo(R).

A typical application of this time—frequency analysis consists in the following
three steps:

1. For a given (noisy) signal f € L,(R) compute the windowed Fourier transform
Fy f with respect to a suitable window .

2. Then (Fy f)(b, ») is transformed into a new function g(b, w) by the so-called
signal compression. Usually, (%y f)(b, ) is truncated to a region of interest,
where |(Fy ) (b, w)| is larger than a given threshold.
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3. By the compressed function g compute an approximate signal f (of the given
signal f) by a modified reconstruction formula of Corollary 2.44

for=" //g(b,w)go(x—memdbdw,
2r Jr Jr

where ¢ is a convenient window. Note that distinct windows ¢ and ¢ may be
used in steps 1 and 3.

For an application of the windowed Fourier transform in music analysis, we refer
to [111].

2.5.2 Fractional Fourier Transforms

The fractional Fourier transform (FRFT) is another Fourier-related transform in
time—frequency analysis. Some of its roots can be found in quantum mechanics
and in optics, where the FRFT can be physically realized. For more details, see
[52, 53, 260] and in particular for numerical algorithms to compute the FRFT
[54]. The definition of FRFT is based on the spectral decomposition of the Fourier
transform on L, (R). To this end, we consider the normalized Fourier transform

1 1 .
ar — —1xud
Jon (Z ) (u) Jon /R fx)e ¥ dx

which is a unitary operator on Ly(R) by Theorem 2.22 of Plancherel. By Theo-
rem 2.25, the normalized Hermite functions

on(x) 1= Q@ )27 VA, () e, ne N,

1

are eigenfunctions of Jan Z related to the eigenvalues (—i)" = e~ nm/2 je.

1 .
Fo,=e 29  neNy. (2.34)

V2

Since {¢, : n € Ny} is an orthonormal basis of L,(R), every function f € L,(R)
can be represented in the form

e¢]

f = Z<'f’ ¢H>L2(R) @n -

n=0
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Then, by Theorems 2.22 and 2.34, it follows the spectral decomposition

\/;75 (Z f)u) =n§0e—i””/2<ﬁ Pn)Lr(R) Pn(U) = /R K2 (x,u) f(x)dx

with the kernel of the normalized Fourier transform

oo
. 1 .
KapGru)=) e P = | e .
—0 V2n

1

We use the spectral decomposition of Jon Z to define the fractional Fourier

transform %, of order o € R as the series

(Fa )W) =Y e (f, @n) Ly®) Pu 1) (2.35)

n=0

for arbitrary f € L(R). Obviously, .%, is a continuous linear operator of L;(R)
into itself with the property

Fapn=¢""¢,, neNy. (2.36)

Since the operator .% is 2m-periodic with respect to «, i.e., Fyiox f = Fuo f for
all f € Ly(R), we can restrict ourselves to the case « € [—m, w). Using (2.35)

we see that Zof = f, Frpnf = len Ff,and T pnf = én Z~1f for all

f € Lry(R). Applying H,(—x) = (—1)" H,(x), we obtain

o0

(Fn @) = Y 1" o o) @ On = D (S (=) @u) Loy @0 0) = f ().

n=0 n=0

Roughly speaking, the fractional Fourier transform can be interpreted by a rotation
through an angle o € [—m, ) in the time—frequency plane. Let u and v be the new
rectangular coordinates in the time—frequency plane, i.e.,

u\ [ cosa sina X
v) \ —sina cosa o)’
Using (2.35) and setting

U=xcosa+wsina, (2.37)



2.5 Fourier-Related Transforms in Time—Frequency Analysis 103

we obtain the following connections:

o u=xcosa+wsna (Zuf)(u)

- u=-—x (F_x )(=x) = f(x)

-7 u=-ow (F-ap o) =, (T ) (-w)
0 =x (Fo ) = f ()

3 = (FxpH@) =, (FH)

T ou=-—x (Fx )(=0) = (F—z [)(=0) = f(x)

As seen in the table, the FRFT is essentially a rotation in the time—frequency
plane. By (2.37) the u-axis rotates around the origin such that, e.g., for increasing
a € [0, 7], the FRFT (%, f)(u) describes the change of f(x) towards the
normalized Fourier transform (271)71/ 2 f (w).

For 0 < || < w, Mehler’s formula [223, p. 61] implies for x, u € R that

Ko(x,u) i=y_ e " 0, (x) gu 1)
n=0

I —1icota i, 5 ixu
= exp (x“4+u”) cota — . ,
2 2 sina

where the argument of /1 — i cota lies in [—7 . 5 1. For computational purposes,
it is more practical to use the integral representation of the FRFT

(e%xf)(u)=/Rf(X) Ko (x, u)dx

| —i cot . .
= \/ | ot / f(x) exp ! (x2 + uz) cota — 1.xu dx .
2 R 2 sin o

Remark 2.45 The FRFT %, f exists if the Fourier transform % f exists, in
particular for f € Lo(R) or f € Lij(R). Similarly to the Fourier transform

of tempered distributions introduced in Sect. 4.3, the FRFT can be extended to
tempered distributions.

In the most interesting case o € (—m, m) \ {~7, 0, 5}, the FRFT .7, f can be
formed in three steps:

1. multiplication of the given function f(x) with the linear chirp exp(é x? cota),

2. Fourier transform of the product for the scaled argument ', and
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3. multiplication of the intermediate result with the linear chirp

\/l—icota i,
exp u- cota | .
2 2

Similarly as the complex exponentials are the basic functions for the Fourier
transform, linear chirps are basic functions for the FRFT %, f for « € (—m, 7) \

{_ 7-2[ ) Os 75 }'
From the definition of FRFT we obtain the following properties of the FRFT.

Lemma 2.46 Forall o, B € R, the FRFT has the following properties:

1. Py is the identity operator and 3‘}/2 coincides with the normalized Fourier
transform |} Z.

V2
2. Foy Fp = Fatp.
3. F_y is the inverse of Fy.

4. Forall f, g € L>(R) it holds the Parseval equality

(f. &) L.®) = fRf(x)g(x)dx =(Fuf, Fa8)lr(R) -

Proof The first property follows immediately from the definition of the FRFT .%,
for@ = 0 and @ = 7. The second property can be seen as follows. For arbitrary
f € La(R) we have

o0
Fof =Y e "™ (£ 0n)Lo®) 0n -
n=0

Since %, is a continuous linear operator with the property (2.36), we conclude

00
nga(yﬂf) = Ze—ln(a+ﬂ) (fa (pn>L2(R) ©On = 350{+ﬂf .
n=0

The third property is a simple consequence of the first and second property.
Finally, the Parseval equality holds for all f, g € L2(R), since

o [ee)
(Fafs Faf)Ly®) = Z Z SO On) Ly @) (85 PmdLa(®) Snm

o
Z (fs On)La®) (&5 @n) L) = ([, &) La®) -

This completes the proof.
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The following theorem collects further basic properties of the FRFT which can
easily be proved.

Theorem 2.47 Let o € (—m, ) \ {=7, 0, 7} be given. Then the FRFT of order
o has the following properties:

1. Linearity: Forallc,d € Cand f, g € Lo(R),
Fulcf+dg)=cFof+dFy.

2. Translation and modulation: For all b € R and f € Lo(R),

(faf(- - b))(u) = exp (; b? sina cosa —iub sina) (Fof)u —b cosa),
(ﬁae_ib'f)(u) = exp ( — ; b? sina cosa — iub cosa) (Fof)u+bsina).
3. Differentiation and multiplication: For f € Ly(R) with f' € L(R),
(Fof)(u) = cosa d(i: (Za )W) +iu sina (Fo f)u).
If f and g(x) :==x f(x), x € R, are contained in Lr(R), then
(Zag) @) = u cos@ (Fy [)u) i sinet 1 (Fo @)

4. Scaling: For b € R\ {0}, (ﬂ\af(b -))(u) reads as follows:

o . 2 .
1\/1 1cota exp(;uzcota(l—(cosﬁ) ))(ﬁﬁf)(u smﬁ)

b|\ 1—icot (cos )2 b sina
|

with B 1= alr(:tan(b2 tan o).

Example 2.48 The function f(x) = (4x2 — 10)e™"/2 = (Ha(x) — 8)e™*"/2 is
contained in L, (R), where Ho(x) = 4x2 — 2 is the second Hermite polynomial.
Since the FRFT .%, is a linear operator, we obtain the FRFT

(Fa /)W) = €2 Hy(u) — 8)e™/% = (de™ 2 u? — 2720 _g)e /2,

Using the scaling property of the FRFT in Theorem 2.47, the function g(x) =
e’b2 x2/2’ x € R, with b € R\ {0} possesses the FRFT

2

1 |1—icota i, (cos B)? u? (sin B)?
b \/1 —icotp eXp(z” cotar (1 - (cosa)Z)) exp(= ) 4o (sina)Z)

with 8 := arctan(b? tan ).
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The linear canonical transform (see [162]) is a generalization of the FRFT. As
shown, the FRFT of order « is related to the rotation matrix

cosa Ssino
R, = . .
—sina cosa

A= (a b)
cd
is a real matrix with determinant 1 and b > 0, then the linear canonical transform
ZLA : Ly(R) — Ly(R) is defined by

If

(Laf)w) = /R kaGe,x) f)dx,  f € La(R),

with the kernel

ax? du* ux n)>
i

+ — —

fa(u, x) = Cop t o = b "4

\/217113 xp (

For A = Ry, the linear canonical transform _Z} is equal to the Fourier transform
Z multiplied by (27)~'/2e71"/4 For A = R, with sina > 0, the linear canonical
transform % coincides with a scaled FRFT .%,.



Chapter 3 )
Discrete Fourier Transforms Check for

This chapter deals with the discrete Fourier transform (DFT). In Sect.3.1, we
show that numerical realizations of Fourier methods, such as the computation
of Fourier coefficients, Fourier transforms, or trigonometric interpolation, lead to
the DFT. We also present barycentric formulas for interpolating trigonometric
polynomials. In Sect.3.2, we study the basic properties of the Fourier matrix
and of the DFT. In particular, we consider the eigenvalues of the Fourier matrix
with their multiplicities. Further, we present the intimate relations between cyclic
convolutions and the DFT. In Sect.3.3, we show that cyclic convolutions and
circulant matrices are closely related and that circulant matrices can be diagonalized
by the Fourier matrix. Section 3.4 presents the properties of Kronecker products
and stride permutations, which we will need later in Chap.5 for the factorization
of a Fourier matrix. We show that block circulant matrices can be diagonalized by
Kronecker products of Fourier matrices. Finally, Sect. 3.5 addresses real versions of
the DFT, such as the discrete cosine transform (DCT) and the discrete sine transform
(DST). These linear transforms are generated by orthogonal matrices.

3.1 Motivations for Discrete Fourier Transforms

Discrete Fourier methods can be traced back to the eighteenth and nineteenth
century, where they have been used already for determining the orbits of celes-
tial bodies. The corresponding data contain periodic patterns that can be well
interpolated by trigonometric polynomials. In order to calculate the coefficients
of trigonometric polynomials we need to employ the so-called discrete Fourier
transform (DFT). Clairaut, Lagrange, and later Gauss already considered the DFT
to solve the problem of fitting astronomical data. In 1754, Clairaut published a first
formula for a discrete Fourier transform. For historical remarks, see [46, pp. 2-6].
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108 3 Discrete Fourier Transforms

We start with introducing the discrete Fourler transform. For a given vector a =
(a ])N_Ol € CV we call the vector & = (G)p 0 € CN the discrete Fourier transform
of a w1th length N, if

ZanNIJk/N Za wN, k=0,...,N—1, (3.1

where

. 2 2
e 2N — cos i —1 sin i . (3.2)
N N

wy =
ObV10usly, wy € C is a primitive Nth root of unity, because wN 1 and wN #1
fork=1,..., N — 1. Since

wk)N = (672nik/N)N — ek

all numbers w’l‘\,, k=0,..., N — 1are Nth roots of unity and form the vertices of
aregular N-gon inscribed in the complex unit circle.

In this section we will show that the discrete Fourier transform naturally comes
into play for the numerical solution of the following fundamental problems:

» computation of Fourier coefficients of a function f € C(T),

* computation of the values of a trigonometric polynomial on a uniform grid of the
interval [0, 27),

* calculation of the Fourier transform of a function f € L1 (R)NC(R) on a uniform
grid of an interval [—nmw, nm) with certainn € N,

* interpolation by trigonometric polynomials on a uniform grid of the interval
[0, 27).

3.1.1 Approximation of Fourier Coefficients and Aliasing
Formula

First we describe a numerical approach to compute the Fourier coefficients cx(f),
k €Z,of a glven functlon fecC (’[F) where f is given by its values sampled on
the uniform grid { :j=0,. — 1}. Assume that N € N is even. Using the
trapezoidal rule for numerical integration, we can compute cx(f) foreach k € Z
approximately. By f(0) = f(2m) we find that

2

1 —ikt
c(f) = fye M de
27 0

N-1 .
Z [ 27TJ e—2iik/N | f(Zﬂ(J + 1)) -2 (j+l)k/N]
N

2

J=0
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1 N2 o 1 L o
_ —27i jk/N —27i jk/N
2Nj2_:f(N)e JerjX_;f(N)e
N-—1
1 21 -
= v DA ke,
Jj=0
Thus we obtain
N—-1 .
A 1 27 ik
fo= o Sl (33)
Jj=0

as approximate values of ¢ (f). If f is real-valued, then we observe the symmetry

relation

fi=f.. kelZ.

Obviously, the values fk are N-periodic, i.e., fk+N = fk for all k € Z, since
w% = 1. However, by Lemma 1.27 of Riemann—Lebesgue we know that cx (f) — 0

as |k| — oo. Therefore, fk is only an acceptable approximation of ci(f) for small

k], i.e.,

fexalf), k=—_,..., . —1.
Example 3.1 Let f be the 2w -periodic extension of the pulse function
X € (_72[ ) 75) )

1
fe) =11 xe{-7, 7},
0 xel[-m =)HUF, n).

Note that f is even. Then its Fourier coefficients read for k € Z \ {0} as follows:

wk

1 (" ik 1 (72 1
ah=, [ reoetta=_ /0 costkr)ds = | sin”

—TT

and co(f) = ! For fixed N € 4N, we obtain the related approximate values

1 MY g

~ k

fe= Z f( N ) wy
j=—N/2

1 wk NED T onk
=N<cos +14+2 Z;cos ]\;) kelZ.
/:
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Hence we have fk = fork e NZ. Using the Dirichlet kernel Dy /41 with (1.22),
it follows that for k € Z \ (N Z)

1 ( wk 4D (an)> 1 . 7wk tnk
cos _ sin co
N ) N/4—1 N

fie= N2 N

This example illustrates the different asymptotic behavior of the Fourier coefficients
ck(f) and its approximate values f; for |k| — oo.

To see this effect more clearly, we will derive a so-called aliasing formula for
Fourier coefficients. To this end we use the following notations. As usual, §;, j € Z,
denotes the Kronecker symbol with

1 j=0,
8]'22
0 j#0.

For j € Z, we denote the nonnegative residue modulo N € N by j mod N, where
jmod N €{0,..., N—1}and N is adivisor of j — (j mod N). Note that we have
forall j, ke Z

(jk) mod N = ((j mod N)k) mod N . (3.4)
Lemma 3.2 Let N € N be given. For each j € 7Z, the primitive Nth root of unity
wpy has the property

N-1
> Wl = N6jmoan. (3.5)
k=0

where

1 jmodN =0,

8j mod N = ]
0 jmodN #0

denotes the N -periodic Kronecker symbol.

Proof In the case j mod N = 0 we have j = ¢ N with certain £ € Z and hence
w), = (wi)¢ = 1. This yields (3.5) for j mod N = 0.
In the case j mod N # 0 we have j = ¢ N + m with certain £ € Z and m €

{1,..., N — 1} such that w}, = (wh)* w% = wf # 1. For arbitrary x # 1, it holds
N—1 N
—1
yoat="
pard x—1

For x = w{;, we obtain (3.5) for j mod N # 0.
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Lemma 3.2 can be used to prove the following aliasing formula, which describes
the relation between the Fourier coefficients cx (f) and their approximate values fi.

Theorem 3.3 (Aliasing Formula for Fourier Coefficients) Ler f € C(T) be
given. Assume that the Fourier coefficients of f satisfy the condition’y ;. |ck(f)| <
00. Then the aliasing formula

=) aun(f), ke, (3.6)
LeZ

holds.

Proof Using Theorem 1.37, the Fourier series of f convergesuniformly to f. Hence
foreachx € T,

f) =) c(f)et.

LeZ

For x = zgf,jzo,...,zv— 1, we obtain that

2
P = e eI = Y ey wy®

LET LeZ

Hence due to (3.3) and the convergence of the Fourier series

N-1 v
[ :]1] Z(Zci(f)w;lﬂ)wﬁzzcz(f Z je=k)

j=0 tez ez j=0

which yields by (3.5) the aliasing formula (3.6).

By Theorem 3.3 we have no aliasing effect, if f is a trigonometric polynomial of
degree < ]g, i.e., for

N/2—1

f= Y apemt

k=—N/2+1
we have fr = ck(f),k=—N/2+1,...,N/2—1.

Corollary 3.4 Under the assumptions of Theorem 3.3, the error estimate

=Dl < Y lerren ()l (3.7)

L7\ {0}



112 3 Discrete Fourier Transforms

holds for k = —g’, ey IZ — 1. Especially for f € C"(T), r € N, with the property
c

OIS LAY U (3.8)

where ¢ > 0 is a constant, we have the error estimate

A 1 k- I k-
fi—ani= oo (G+ )7 +G-07) (3.9)

N
Jor k| < 7.

Proof The estimate (3.7) immediately follows from the aliasing formula (3.6) by
triangle inequality. With the assumption (3.8), formula (3.7) implies that

i = (DI = Y (leksen (D] + lec-en ()]
(=1

c - k\—r—1 ki —r-1
5Nr+1;((£+N) +(e+ )7

For |s| < ; and ¢ € N, it can be simply checked that

0+1/2

(€~|—s)471 < / (x + ) dx,
—1/2

since the function g(x) = (x + s5)~" —1 is convex and monotonically decreasing.
Hence

§§@+—kf”4 R R TR G
- N <1/2x K )c_r2 K ,

since for s = :t]]f, with |k| < 2’ we have |s| < ; This completes the proof of (3.9).

3.1.2 Computation of Fourier Series and Fourier Transforms

First we study the computation of a trigonometric polynomial p € Z,,n € N,on a
uniform grid of [0, 2m). Chqosing N € Nwith N > 2n + 1, we want to calculate
the value of p = ) cje'/" at all grid points zlf,k fork=0,..., N — 1, where

n
j=n
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the coefficients c; € C are given. Using (3.2) we have

n n
p(zgk) — Z cj ezmjk/N Z cj u)N = ZC*j wi]k"i_zcj w[(Vij)k
Jj=0 j=1

j=—n j=—n
n

=Zc_,wN + Z en—j wit . (3.10)
j=0 j=N-n

Introducing the entries

C,j jZO,...,I’l,
di =10 j=n+1,....,.N—n+1,
Cij '=N—n,...,N—1,

we obtain
Zdw, k=0,...,N—1, (3.11)

which can be interpreted as a discrete Fourier transform of length N.
Now, in order to evaluate a Fourier series on a uniform grid of an interval of
length 27, we use their partial sum p = S, f as an approximation. For smooth
functions, the Fourier series converges rapidly, see Theorem 1.39, such that we can
approximate the Fourier series very accurately by proper choosing the polynomial
degree n.

Next we sketch the computation of the Fourier transform f of a given function
f e LiR) N CR). Since f(x) — 0 for |[x| — oo, we obtain for sufficiently large
n € N that

. nm .
f(a)):/f(x)eﬂxwdx%/ fx)e " ?dx, weR.
R —nm
Using the uniform grid {27” 1 j= —"év, R 2 — 1} of the interval [—nm, n)
for even n € N, we approximate the integral by the rectangle rule,

. nN/2—1

f(x) efixa) dx ~ 27 Z f 27[] 7271’1]60/1\/
o N N
j=—nN/2
Forw = ﬁ with k = —”év s ”év — 1 we find the following approximate value of
Ak
f(n)’
N/2-1
Ak 27 " 271] /k
A 3.12
G~y 2 G.12)

j=—nN/2
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This is indeed a discrete Fourier transform of length n/N, when we shift the
summation index similarly as in (3.10). Here, as before when evaluating the Fourier
coefficients, the approximation is only acceptable for the |k| < "év , since the
approximate values of f ( ﬁ ) are nN-periodic, while the Fourier transform decays

with 1imje) 0 | f (@)] = 0.

Remark 3.5 In Sects.9.1 and 9.2 we will present more accurate methods for
the computation of Fourier transforms and Fourier coefficients. The sampling of
trigonometric polynomials on a nonuniform grid will be considered in Chap. 7.

3.1.3 Trigonometric Polynomial Interpolation

Finally we consider the interpolation by a trigonometric polynomial on a uniform
grid of [0, 2). First we discuss the trigonometric interpolation with an odd number

of equidistant nodes xy := 22;3:‘1 el0, 27),k=0,...,2n.
Lemma 3.6 Let n € N be given and N = 2n + 1. For arbitrary py € C, k =
0,..., N — 1, there exists a unique trigonometric polynomial of degree n,
n .
p=Y el e (3.13)
l=—n

satisfying the interpolation conditions

2wk

2n+1)=pk, k=0,...,2n. (3.14)

p(x) = p(

The coefficients c; € C of (3.13) are given by

2n
1 tk
Cz=2n+1kg_opkwN, b=—-n,...,n. (3.15)

Using the Dirichlet kernel D,, the interpolating trigonometric polynomial (3.13)
can be written in the form

2n
1
= D, (- — . 3.16
p 2”+11;pk n (- — Xk) (3.16)

Proof

1. From the interpolation conditions (3.14) it follows by (3.2) that solving the
trigonometric interpolation problem is equivalent to solving the system of linear
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equations

n

ey =Y cwy =p. k=0,....2n. (3.17)

Assume that ¢; € C solve (3.17). Then by Lemma 3.2 we obtain

2n 2n n

ik —kt ik
3 ekt = 3232 it
k=0 k=0 {=—n

n

= Cg<Zw] ‘)k)=(2n+1)c,.

Hence any solution of (3.17) has to be of the form (3.15).
On the other hand, for ¢, given by (3.15) we find by Lemma 3.2 that for
k=0,...,2n

n n

P == Y eyt Z(Zp, ) w

l=—n
2n+1 Zp] ( Z w(/ k)Z) =
{=—n

Thus the linear system (3.17) is uniquely solvable.
2. From (3.13) and (3.15) it follows by c_y = cy—¢, £ = 1, ..., n, that

n
px)=co+ Y (cee'™ + ey e )
=1

1
Zl’k <1+Z 1Z(x xk)+ —il(x— xk))>
2n+1 P

and we conclude (3.16) by the definition (1.21) of the Dirichlet kernel D,,.

Formula (3.16) particularly implies that the trigonometric Lagrange polynomials

Ly € I, with respect to the uniform grid {x; = 2%;1‘1 1 k=0,...,2n} are given by
1
by = D,(-—xx), k=0,...,2n.

2n +1
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By Lemma 3.6 the trigonometric Lagrange polynomials ¢x, k =0, ..., N — 1, form
a basis of .7, and satisfy the interpolation conditions

br(xj)=08j—k, J, k=0,...,2n.

Further, the trigonometric Lagrange polynomials generate a partition of unity,
since (3.16) yields for p = 1 that

2n
Dy (- — L. 3.18
2n+IZPk (—x) = Z;)k (3.18)
Now we consider the trigonometric interpolation for an even number of equidis-
tant nodes x; := "% € [0, 27),k =0,...,2n — L.
Lemma 3.7 Let n € N be given and N = 2n. For arbitrary p; € C, k =
0,...,2n — 1, there exists a unique trigonometric polynomial of the special form
n-l . 1 . .
=y c}kele'—i—zc;‘ (" +e ") e T, (3.19)
l=1-n

satisfying the interpolation conditions
=p;, k=0,...,2n—1. (3.20)

The coefficients c; € C of (3.19) are given by

Z prwk, e=1-n,...,n. (3.21)
k=0

N*

The interpolating trigonometric polynomial (3.19) can be written in the form

2n—1

r=, ,;) PED;C—xp), (3.22)

where D}; := Dy, — cos(n -) denotes the modified nth Dirichlet kernel.

A proof of Lemma 3.7 is omitted here, since this result can be similarly shown
as Lemma 3.6.

Remark 3.8 By sin(nxk) =sin(rk) =0fork =0,...,2n — 1, each trigonometric
polynomial p* + ¢ sin(n -) with arbitrary ¢ € C is a solutlon of the trigonometric
interpolation problem (3.20). Therefore the restriction to trigonometric polynomials
of the special form (3.19) is essential for the unique solvability of the trigonometric
interpolation problem (3.20).
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Formula (3.22) implies that the trigonometric Lagrange polynomials £ € T,

with respect to the uniform grid {x; = 7;" :k=0,...,2n — 1} are given by
* . 1 * *
Ek.zann(‘_.xk), k=0,...,2n_1.

By Lemma 3.7 the 2n trigonometric Lagrange polynomials £; are linearly indepen-
dent, but they do not form a basis of 7},, since dim .7, = 2n + 1.

Finally, we study efficient and numerically stable representations of the inter-
polating trigonometric polynomials (3.16) and (3.22). For that purpose we employ
the barycentric formulas for interpolating trigonometric polynomials introduced by
Henrici [166]. For a survey on barycentric interpolation formulas, we refer to [31]
and [356, pp. 33-41].

Theorem 3.9 (Barycentric Formulas for Trigonometric Interpolation) Letn €
N be given. For odd integer N = 2n + 1 and x; = 22"1](1, k =0,...,2n, the
interpolating trigonometric polynomial in (3.16) satisfies the barycentric formula

2n

Z(—l)k Dk cosec r Tk
w=1" x e R\ UE, (tu) +277)
p = X X — Xk
Z(—l) cosec
k=0
Dj xe{xj}+2xZ, j=0,...,2n
For even integer N = 2n and x;{k = 7;/‘, k = 0,...,2n — 1, the interpolating

trigonometric polynomial (3.22) satisfies the barycentric formula

2n—1 X — x*
> (=DF pi cot 5 k
P = 1 o xeR\Uzn 1({x,’c‘}+2nZ),
> (=¥ cot 5 k
k=0
p;‘ xe{x;‘}—l—ZnZ,j:O,...,Zn—l.

Proof

1. Let N = 21 + 1 be odd. We consider x € R\ ", ({xx} + 27Z). From (3.16)
and (1.22) it follows for all x;, k = 0, ..., 2n, that

2n 2n+1)(x—xi)

sin 5 sm n+ X 1
_ = 1
PO =, 2P - oni 1 Z( L
k=0 2 2
: 1
sm(n+ ) X X — Xk
= i Z( ¥ pe cosec™ 7 (3.23)
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Especially for p = 1 we obtain

sin(n~|—é)x 2n Dk X — Xk (3.24
= il ];( ) cosec 5 24)

Dividing (3.23) by (3.24) and canceling the common factor, we find the first
barycentric formula.

2. For even N = 2n, we consider x € R\ U,%’;Ol ({x{} + 27Z). By (1.22) the
modified nth Dirichlet kernel can be written in the form

sin (n + é)x

DF(x) = Dy(x) — cos(nx) = — cos(nx) = sin(nx) cot; .

sin
Then from (3.22) it follows that
. Sin(nx) e b oe X=X
=" > (=¥ pf cot , (3.25)
k=0
Especially for p* = 1 we receive
sin(ax) 2= x —x
1= 2(n ) g(—nk cot” ke (3.26)

Dividing (3.25) by (3.26) and canceling the common factor, we get the second
barycentric formula.

For an efficient numerical realization of these barycentric formulas, one can
apply the fast summation technique presented in Sect. 7.5.

The results of the four problems presented in (3.3), (3.11), (3.12), and (3.15)
have almost the same structure and motivate the detailed study of the DFT in the
next section. For fast algorithms for the DFT, we refer to Chap. 5.

3.2 Fourier Matrices and Discrete Fourier Transforms

In this section we present the main properties of Fourier matrices and discrete
Fourier transforms.

3.2.1 Fourier Matrices

For fixed N € N, we consider the vectors a = (a j)?:ol and b = (b f)?/=_01 with
components a;, b; € C. As usual, the inner product and the Euclidean norm in the
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vector space CV are defined by

N—1 N—1
(a.b):=a b= a;b;. lalz:= | lajl>.
j=0 j=0
Lemma3.10 Let N € N be given and w, = e >"/N. Then the set of the
exponential vectors e := (w{vk)j.\];ol, k =0,...,N — 1, forms an orthogonal

basis of CN, where |ex|l2 = +/N for eachk = 0,...,N — 1. Anya € CN can
be represented in the form

1
a= > . e e (3.27)

k=0

N—-1

T k=0, N-

. . ok
The set of complex conjugate exponential vectors e = (w N )

1, forms also an orthogonal basis of CVN .

Proof For k, € € {0,..., N — 1}, the inner product (ex, e;) can be calculated by
Lemma 3.2 such that

N-1
k—t)
(e, e¢) = E wj(v = N S(t—) mod N -
j=0

Thus {ex : k = 0,..., N — 1} is an orthogonal basis of CN, because the N
exponential vectors e; are linearly independent and dim CV = N. Consequently,
each vector a € CV can be expressed in the form (3.27). Analogously, the vectors
e, k=0,..., N — 1, form an orthogonal basis of CN,

The N-by-N Fourier matrix is defined by

1 1

N—1

- ._( jk)N—l _ I wy ... wy
N = wN j,k=0_

lwxfl... wy

Due to the properties of the primitive Nth root of unity wy, the Fourier matrix Fy
consists of only N distinct entries. Obviously, Fy is symmetric, Fy = F;, but Fy
is not Hermitian for N > 2. The columns of Fy are the vectors e of the orthogonal
basis of CV such that by Lemma 3.10

FyFy=NIy, (3.28)
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where Iy denotes the N-by-N identity matrix. Hence the scaled Fourier matrix

1 . .
IN Fy is unitary.

The linear map from CV onto CV, which is represented as the matrix vector
product

a=Fya=((a ek))litol, aeCV,

is called discrete Fourier transform of length N and abbreviated by DFT(N). The
transformed vector a = (ay) ,1{\7;01 is called the discrete Fourier transform (DFT) of

a=(a j)?/:_()l and we have
N—1
ac=(a )= ajwy, k=0... N-1. (3.29)
j=0

In practice, one says that the DFT(N) maps from time domain CV onto frequency
domain CV .

The main importance of the DFT arises from the fact that there exist fast and
numerically stable algorithms for its computation, see Chap. 5.

Example 3.11 For N € {2, 3, 4} we obtain the Fourier matrices

1 1 1 ! 1 ! 1
o Fi=|1ww R I
2= ) 3= | 3w3 ) 4=11.1 1.1
w3 1oi—1 —i
with w3 = —é - ‘f i. Figure 3.1 displays both real and imaginary part of the

Fourier matrix Fj¢ and a plot of the second row of both below. In the grayscale
images, white corresponds to the value 1 and black corresponds to —1.

Remark 3.12 Let N € N with N > 1 be given. Obviously we can compute the
values

N—1
=Y ajwy (3.30)
j=0

forall k € Z. From

Jk+N) _ gk ok
U)N —wN-l—wN, keZ,
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15 15

Fig. 3.1 Grayscale images of real and imaginary part of the Fourier matrix F;¢ (top left and right)
and the values of the corresponding second rows (bottom)

we observe that the resulting sequence (dg)rez is N-periodic. The same is true for
the inverse DFT(N). For a given vector (dy) 11€v=—01 the sequence (a;) jez with

1 Nl

o A —jk .

4= N ZakwN . JEZ,
k=0

is an N-periodic sequence, since

w;,(HN)k = w;,jk 1= w;,jk, jeZ.
Thus, the DFT(XN) can be extended, mapping an N-periodic sequence (a;) ez to

an N-periodic sequence (&k)1]<v=_01~ A consequence of this property is the fact that the
DFT(N) of even length N of a complex N-periodic sequence (a;) jez can be formed
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by any N-dimensional subvector of (a;) jcz. For instance, if we choose (a ]) = Nl /20

then we obtain the same transformed sequence, since

N/2—1 N/2 N/2—1
N—j)k k

> wult =Ll S

J=—N/2 Jj=0

N—
Z wN, eZ.

Example 3.13 For given N € 2N, we consider the vector a = (a j)7;01 with

0 jefo by,
aj=11 j:l...N—l
J ’ > 2
-1 j=5+1...N-1.

We determine the DFT(N) of a, i.e., a = (&k),ivz_ol. Obviously, we have dag = 0. For
ke{l,..., N — 1} we obtain

N/2-1 N/2-1
~ ik jk
Y e ¥ uf=-c0) X of
j=1 J=N/2+1 Jj=l1
and hence a; = 0 for even k. Using
N2l NP2

Z x! = , x#I1,
. 1—x
j=1

k kN/2 k k —k
=2 N TN Ly wav oy
1—wlfv 1—waV wzj\lj wIZCN
Thus we receive
P 0 k=0, 2, ,N—-2,
“Tl-2icot™F k=1,3,...,N—1

Example 3.14 For given N € N\ {1}, we consider the vector a = (a j)?’;()l with
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Note that the related N-periodic sequence (a;)jcz With a;j = ajmedn, j € Z,
is a sawtooth sequence. Now we calculate the DFT(N) of a, i.e., a = (&k),]yz_ol
Obviously, we have

N—-1

J=
]=1

N(N—l) N
2N 27

Using the sum formula

N (NS DN x— N
Z]xfz— + x#1,
=1

1—x (1—-x)2"°
we obtain for x = wk, withk € {1,..., N — 1} that
= oh —v-1 w1 N
J = = —
SN —wy A—w)? 1w
and hence
i 1 T+l 0wk
JwN— — = — = _ cot

N = 1—wk 2(1—wky 2 N

Remark 3.15 1In the literature, the Fourier matrix is not consistently defined. In par-
N—1

j. k=0’
jN (wka );Vk_:lo, ]1, (w{vk)?/k_:lo, and (w} ) - Consequently, there exist different
forms of the DFT(N). For the sake of clarlty, we emphasize that the DFT(NV)
is differently defined in the respective package documentations. For instance,

Mathematica uses the DFT(N) of the form

ticular, the normalization constants differ and one finds, for example, ( N] k)

N
~ 1 —(=Dk=1)
ar = Eww , k=1,...,N.
VN =N

In Matlab, the DFT(N) is defined by

N-1

A ik
ak+1=Za/~+1w{V, k=0,...,N—1.
j=0
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In Maple, the definition of DFT(N) reads as follows:
N

. 1 (=D (k=1
ay = a;w , k=1,...,N.
\/N ]2:; J N

3.2.2 Properties of Fourier Matrices

Now we describe the main properties of Fourier matrices.
Theorem 3.16 The Fourier matrix ¥ is invertible and its inverse reads as follows:

1 1 —jk)Nfl

—1
Fy = Ev= (wn"") ko - (3.31)

The corresponding DFT is a bijective map on CN. The inverse DFT of length N is
given by the matrix—vector product

a:F;,ls?l:;]((ﬁ,ek))fj:_ol, aech
such that
1. 1S,
aij(a,ek)szX_(:)akwN , j=0,...,N—1. (3.32)

Proof Relation (3.31) follows immediately from (3.28). Consequently, the DFT(N)
is bijective on CV.

Lemma 3.17 The Fourier matrix Fy satisfies
F; =NJy, F}=N’Iy, (3.33)
with the flip matrix

N-1
Js

Iy = (0G+ mod N) s (g =

Further we have

1 1
—1
Fy'= JyFy = N Iy (3.34)
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Proof Let FN = (c/ g)N . Using Lemma 3.2, we find

N—-1
(J+Ok
cjg—ZwNwN_ZwAf :Na(j+£)modN-
k=0

and hence F%V = N J). From (JQV)2 = Iy it follows that
Fy =FyFy = (W) (N Ty) = N> () = N1y
By NFyJy = NJyFy =F3 and F}, = N* Iy we finally obtain

1

Fy' 1F3—
NTN

1
= N2 FNJE\,:NJ};FN-
This completes the proof.

Using (3.34), the inverse DFT(N) can be computed by the same algorithm as the
DFT(N) employing a reordering and a scaling.

Remark 3.18 The application of the flip matrix J) to a vector a = (ak),]{\]:_o1
provides the vector

N—-1 T
Jya=(acj) mod N)j=0 = (ag, an—1, ..., ay) ,

i.e., the components of a are “flipped”.
Now we want to study the spectral properties of the Fourier matrix in a more

detailed manner. For that purpose, let the counter-identity matrix J be defined by

1

N-1
Iy = (8(]+k+1) mod N)]k -0 =

1

having nonzero entries 1 only on the main counter-diagonal. Then Jya provides the
reversed vector

N—-1 T
Iva = (acj—1) mod N)jzo = (an-1, an-2, ---, a1, ao)

First we obtain the following result about the eigenvalues of F .

Lemma 3.19 For N € N\ {1}, the Fourier matrix ¥y possesses at most the four
distinct eigenvalues \/N, —\/N, —i \/N, ori \/N.

Proof Let & € C be an eigenvalue of F with the corresponding eigenvector a €
CV,ie,Fya = ia, a # 0. Hence by (3.33) we obtain N>a = Fya = 1*a such
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that A* — N2 = 0. Hence possible eigenvalues of Fy are \/N, —\/N, —i \/N, or
iv/N.
Now, we want to determine the exact multiplicities of the distinct eigenvalues of

the Fourier matrix Fy. We start by considering the characteristic polynomial of the
matrix F12V

Lemma 3.20 For N € Nwith N > 4 we have

(A= NYND/Z (5 4 NYWV=2/2 N even,

2N _
det My —Fy) = { (A — NYWNVED/2Z (5 4 NYNV=D/2 N odd.

Proof

1. For n € N we consider the matrix T, (1) := A1, — N J,. For even n, the matrix
is of the form

A —N

T, () = VN

—-N A
We show for even n by induction that
det T,(A) = (A — N)"? (, + N)"/?. (3.35)

Indeed, for n = 2 we have

A —N
deth(A)zdet<_N N ):(A—N)(A+N).

Assume now that (3.35) is true for an even n € N. Expanding det T, > (%) with
respect to the 0-th column, we obtain

T, -
detTn+2()»)=)‘det< ()A)”det(n(x) )

= (A2 — N?) det T, (1)
= (- N)("+2)/2 (n + N)(n+2)/2 .
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2. By (3.33) we obtain
A—N
det ALy — F3) = det Wy — N J'y) = det )
et (AIy — Fy) = det (Aly IV e( TN—lO\))

For odd N, we find
det My — N Jy) = (A — N)det Ty_1(A) = (A — N)NHD2(5 4 NyN=D/2,

For even N we expand T _1 () with respect to the N - D _th column that contains

only one nonzero value A — N in the center. We obtain
det My — N Jy) = (A — N)>det Ty_2(h) = (h — N)N 220 4 N)NV=2/2,

This completes the proof.

Since det (AMy — F%V) is the characteristic polynomial of F2,, we can conclude
already the multiplicities of the eigenvalues of F%, We denote the multiplicities of
the eigenvalues \/N, —\/N, —i \/N, and i v/N of Fy by m1, my, m3, and m4. Thus
the eigenvalue N of F%\, possesses the multiplicity m1 4 my and the eigenvalue — N
has the multiplicity m3 + m4. Lemma 3.20 implies

_JN+2)/2 N even,

1+ = { (N+1)/2 N odd, (3.36)
_J(N—=2)/2 N even,

ms s = { (N=1)/2 N odd. (3-37)

In order to deduce mi, my, m3, and my4, we also consider the trace and the

. . N—1
determinant of Fy. We recall that the frace of a square matrix Ay = (a il k)j ko €

CN*N is equal to the sum of its eigenvalues and that the determinant det Ay is the
product of its eigenvalues, i.e.,

N-1 N-1 N-1
tI‘ANZZaj’jZZ)»j, det Ay = l_[)»j. (3.38)
Jj=0 j=0 j=0

For the Fourier matrix F we obtain
tr Fy = v/N (my —ma) +iv/N (mg — m3) . (3.39)

Now we calculate the trace of Fy,

N-1
Zomii?
tr Fy = Ze 2mijo /N
—
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The above sum is called quadratic Gauss sum. The following computation of the
quadratic Gauss sum is based on the ideas of Dirichlet and is a nice application of
1-periodic Fourier series.

Lemma 3.21 For N € N\ {1}, we have

rFy =N +i")1—1). (3.40)
Proof
1. We consider the 1-periodic function 4, which is given on [0, 1) by

N-1
hx) =Y e DN o, 1).
j=0

Then we obtain

1 1
5 (h(0+0)+h(0—0)) = (h(O +0) + h(1 —0))

N-1
Z —2711/ IN 4 —2n1(/+1)2/N)

j=0

~.

N—1 |
+Ze2”‘f/N —trFN.
j=1

The function 4 is piecewise continuously differentiable and can be represented
by its 1-periodic Fourier series

h(x) = e () 2Tk

keZ

By Theorem 1.34 of Dirichlet-Jordan, this Fourier series converges at the point
x=0to

PIEROE h(0+0) +h(0-0) =trFy.
keZ

2. Now we calculate the Fourier coefficients

N—1 1 N
C}El)(h) _ Z / e 2mi (u+j)%/N e 2miku g, f efZNiyz/N o —2miky dy
— Jo 0

N
:emeZ/zf ef2n1(y+kN/2)2/N dy.
0
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Thus we obtain forevenk =2r,r € Z,
1 N i 2
( )(/’l) / e—2]‘[1 (y+rN)=/N dy ,
0

and foroddk =2r +1,r € Z,

(1) N - 2 3N/2 . N
&0 () = TN/ / o2 A NEN/DYN gy N / e 2m 4NN gy
N/2
Consequently,
1 1
rFy =Y )0+ 5 ()

rez rez

=) [y oty [Tetiatg

=(1+i )\/ / e 1V dy
2N o0 o
:(1+iN)\/ ([ cosvzdv—i/ sinvzdv)
T 0 0

3. The two integrals
o0 o
2 )
/ cosv-dv, / sin v~ dv
0 0

can be computed by Cauchy’s integral theorem. One obtains

o0 o0 1
/ cosvzdvz/ sinv?dv = \/n‘
0 0 2V 2

Hence it follows that

trFN—(1~|—1N)\/ (1—1)\/ =N +iVa —i).

This completes the proof.

Theorem 3.22 For N € N with N > 4, the Fourier matrix ¥y has four distinct
eigenvalues VN, —/N, —i+/N, and i~/N with corresponding multiplicities m,
my, m3, and my given in the table:
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N m my ms3 my det Fy

4n n+l n n n—1 i(=DrttNN/2
dn+1 n+1 n n n (=) NN/2
4n+2 n+l1 n+1 n n (=Dt NN/2
4n+3 n+1 n+l1 n+1 n i(=1)" NN/2

Proof Each integer N > 4 can be represented in the form N = 4n + k withn ¢ N
and k € {0, 1, 2, 3}. From (3.39) and (3.40),

trFN:\/N(l‘FiN)(l—i):\/ZN (1_i+iN_iN+1)
= VN (my — mp) +iv/N (mg — m3)

it follows that

N =4n,

N=4n+1,
N =4n+2,
N=4n+3,

mp—mp =

(3.41)

S O ==

-1 N =4n,

0 N=4d4n+1,
0 N=4n+2,
-1 N=4n+3.

mq —m3 =

(3.42)

Using the linear equations (3.36) and (3.41) we compute m| and m;. Analogously
we determine m3 and my4 by solving the linear equations (3.37) and (3.42). Finally,
we conclude

det Fyy = (—1)"m2tms jmatma NN/2

as the product of all N eigenvalues of Fy.

Remark 3.23 For the computation of the eigenvectors of the Fourier matrix Fy, we
refer to [239, 247].

3.2.3 DFT and Cyclic Convolutions

The cyclic convolution of the vectors a = (ak),iv;()l, b = (bk)ljy;()l e CV is defined
as the vector ¢ = (c,,)r]l\/:_o1 :=axb e CV with the components

N-1 n N-1
= Zakb(n—k)modN = Zakbnfk‘i‘ Z akbyin—k, n=0,...,N—1.
k=0 k=0 k=n+1



3.2 Fourier Matrices and Discrete Fourier Transforms 131

The cyclic convolution in CN is a commutative, associative, and distributive

N1 — (1,0,...,0)T which is the so-

operation with the unity by = (8 j mod N)j:O

called pulse vector.
The forward-shift matrix V y is defined by

N—1
Vy = (8(i—k—1) mod N)j’kzo =
The application of V to a vector a = (ak)]?/:_ol provides the forward-shifted vector

N-1 T
Vya = (ag-1) mod N)j=0 = (an-1, ap, ai, ..., aN-2) .

Hence we obtain

1
1
2. N-1
Vi = (0G-k-2 moa ) ;4o = | |
1
and
V?\,a = (a(j—z) mod N)j;() = (ay-2, an—1, ao, .- ., ClN73)T~
Further we have V% = Iy and
1
T -1 N-1
1
which is called backward-shift matrix, since
-1, _ -1 _ T
Vy'a=(ag+1) mod N)j=0 = (a1, a2, ..., an—1, ap) .

is the backward-shifted vector of a.
The matrix Iy — Vy is the cyclic difference matrix, since

N—1 T
(An—Vn)a= (aj—ag-1) mod N)jzo = (ap—an-1, a1—ap, ...,dN—1—aN-2) .
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We observe that

— N-1
Iy + VN + Vi + o+ VT = (1)), 5

We want to characterize all linear maps Hy from CV to CV which are shift-
invariant, i.e., satisfy

Hy (Vya)=Vy (Hya)

foralla € CV. Thus we have Hy VA, = V& Hy, k =0, ..., N — L. Shift-invariant
maps play an important role for signal filtering. We show that a shift-invariant map
Hy can be represented by the cyclic convolution.

Lemma 3.24 Each shift-invariant, linear map Hy from CN to CV can be repre-
sented in the form

Hya=axh, aeCV,
where h := Hy by is the impulse response vector of the pulse vector by.

Proof Letby := (8(]-,/() mod N)j.v;ol, k=0,..., N—1,be the standard basis vectors

of CN. Thenby = VX bo,k = 0,..., N—1. An arbitrary vectora = (ak),iv;(f eCN
can be represented in the standard basis as

N-1 N-1
k
a= > aby=) aVihbo.
k=0 k=0

Applying the linear, shift-invariant map Hy to this vector a, we get

N—1 N—1 N—1
Hya= Y aHy(V§bo) =Y a Vi (Hybo) =) a Vi h
k=0 k=0 k=0

= (h|Vyh|...|VN"'h)a
( N

that means
h() hN,1 ...h2 h1 ap
hy ho ...h3 hy ai
HNa = . . .. .
hn—1hy—2 ... h1 ho an-1
N-—1 N1
= ( Z ak hn—k) mod N)n;() =axh.
k=0

This completes the proof.
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Now we present the basic properties of DFT(/N) and start with an example.

Example 3.25 Letby = (8(j_k) mod N)?’:‘Ol, k=0,..., N—1, be the standard basis

vectors of CV and let e = (wjj;,k)jyz_ol, k=0,..., N—1,be the exponential vectors
in Lemma 3.10 that form the columns of F . Then we obtain fork =0,..., N — 1

that
Fybi=er, Fyex=Fybi=NJIybi=Nbt)moan-

In particular, we observe that the sparse vectors by are transformed into non-sparse
vectors e, since all components of e; are non-zero. Further we obtain that for all
k=0,...,.N—1

Fn Vb =Fnbt1) mod N = €+1) mod N = My Fy by,
where My := diag e; is the so-called modulation matrix which generates a

modulation or frequency shift by the property My ex = €(1) mod ~. Consequently,
we have

FyVy =MyFy (3.43)

and more generally Fy V’I‘\, = M’I‘\, Fy,k = 1,..., N — 1. Transposing the last
equation for k = N — 1, we obtain

ViEy =V 'Fy =FyMy, VyFy=FyM,'. (3.44)

Theorem 3.26 (Properties of DFT(N)) The DFT(N) possesses the following
properties:

1. Linearity: Forall a, b € CY and a € C we have
(@+b)=a+b, (xa)=caa.

2. Inversion: For all a € CN we have

1A 1 . 1, .
a=F, a=NFNa=NJNFNa.

3. Flipping property: For all a € CN we have
Aya =Jya, @ =Jya.
4. Shifting in time and frequency domain: For all a € CN we have

(Vya)'=Mya, (My'a)'=Vya.
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5. Cyclic convolution in time and frequency domain: For all a, b € CN we have
(axb)"=aob, N(ob) =axbh,

where aob = (a bk),i\’;(f denotes the componentwise product of the vectors
a= (a)p_, andb = (b1,
6. Parseval equality: For all a, b € CV we have

Lo Lo 2
N (a, b) = (a, b), v 1allz = llall3 -
7. Difference property in time and frequency domain: For all a € CN we have

(Iy —Vy)a)'= Iy —Mpy)a, (Ay —MyhHa)'= Ay — Vy)a.

8. Permutation property: Let p € Z and N be relatively prime. Assume that q € Z
satisfies the condition (p g) mod N = 1 and that the DFT(N) of (aj);v:ol eCVN

is equal to (&k)llc\/:—ol_ Then the DFT(N) of the permuted vector (a(pj) mod N)j.V;OI
is equal to the permuted vector (&(qk) mod N)IICV;OI.

Proof

1. The linearity follows from the definition of the DFT(N).
2. The second property is obtained from (3.31) and (3.34).
3. By (3.31) and (3.34) we have Fy J)y = J), Fxy = Fy and hence

Jya) ' =FyJya=JyFya=Jya,
(@'=Fya=Fya=J,Fya=Jya.
4. From (3.43) and (3.44) it follows that

(Vva)'=FyVya=MyFya=Mya,
My'a)=FyMy'a=VyFya=Vya.

5. Let ¢ = a % b be the cyclic convolution of a and b with the components

N—-1

Cj:za"b(jfn)modN, j=0,...,N—1.
n=0
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We calculate the components of ¢ = (ék)ljjz)l and obtain fork =0, ...

N—1 N-—1 '
G = Z ( a"b(j—n) mod N) wka
j=0 n=0
N-1 N-1 '
= Z An wnNk ( Z b(j—n) mod N wl(\gj_n) mod N)k)
n=0 j=0
N-1 . R
= ( anw?\;’{)bk=flkbk
n=0

= 5 (Y a b(n—t) mod N)wy'",
ie,c= ]1, F;ll(ﬁ % b) and hence N & = 4 x b.
6. For arbitrary a, b € CV we conclude
(3, a)=a' FyFyb=Na b=N(a, b).

7. The difference properties follow directly from the shift properties.

135

. Since p € Z and N are relatively prime, the greatest common divisor of p and N

is one. Then there exist g, M € Z with pg + M N = 1 (see [6, p. 21]). By the
Euler—Fermat theorem (see [6, p. 114]) the (unique modulo N) solution of the
linear congruence pg = 1 (mod N) is given by ¢ = p?™~! (mod N), where

¢(N) denotes the Euler totient function.
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Now we compute the DFT(N) of the permuted vector (a( pj) mod N)j.v;ol. Then
the kth component of the transformed vector reads

N-1 "
Z a(pj) mod N w{v . (3.45)
j=0

The value (3.45) does not change, if the sum is reordered and the summation
index j = 0,..., N — 1l is replaced by (¢ ¢) mod N with¢ =0,..., N — 1.
Indeed, by pg = 1 (mod N) and (3.4) we have

= (pgt)mod N = [((g¢) mod N) p] mod N

and furthermore

wE\(IqZ) mod N1k _ w;]vek _ wﬁ/[(qk) mod N]

Thus we obtain

N—1 N—1

jk gtk
Z A(pj)mod N Wy = Z A(pgqe) mod N Wy
j=0 £=0

N—1
£l(gk) mod N] _ «
= E agw,y = Ad(gk) mod N -
=0

For example, in the special case p = g = —1, the flipped vector
N-1

(a(, ) mod N)?/:_Ol is transformed to the flipped vector (&(—k) mod N) k=0 *

Now we analyze the symmetry properties of DFT(N). A vector a = (a;) 9:01 eCN
is called even, if a = J}, a,ie.aj =aw—j)mod §y forall j =0,..., N —1,and it
is called odd, if a = —J}, a,ie.aj =—anN—jymod ny forall j =0,..., N — 1. For
N = 6 the vector (ag, a1, a», az, az, al)T iseven and (0, ay, az, 0, —ay, —al)T
is odd.

Corollary 3.27 Forae RN anda =Fya = (&j);\lz—ol we have

A

a=Jya,

ie,dj=anN—-jymod N» J =0,..., N — L. In other words, Re a is even and Im a
is odd.

Proof By a=a e R" and Fy = J), Fy it follows that

J}VﬁzJQ\,FNazFNazFNazﬁ.
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For a = Re a +1 Im a we obtain
a=Rea—ilma=Jya=Jy [Rea)+ilJy Ima)

and hence Re a = J), (Re a) and Im a = —J, (Im a).

Corollary 3.28 Ifa € CV is even/odd, then 4 = Fya is even/odd.
Ifa e RV is even, then 2 = Re a4 € RY is even.
Ifa e RN isodd, thena=1iIm a iRV is odd.

Proof From a = £J, a it follows that
ﬁ:FNaz :i:FNJ§Va= :tJ?VFNaz :i:J?Vﬁ

For even a € R we obtain by Corollary 3.27 thata = J,a = a,i.e.,a € RV is
even. Analogously we can show the assertion for odd a € RV,

3.3 Circulant Matrices

An N-by-N matrix

ap anN-—1 ...az aj
a, ay ...aszax
. N—-1
Circ a i= (Cl(j,k) mod N)j,k:() = . . - (3.46)

anN—-1 aN—-2 ... djp ap

is called circulant matrix generated by a = (ak),]{\]:_o1 € CN. The first column of
circ a is equal to a. A circulant matrix is a special Toeplitz matrix in which the
diagonals wrap around. Remember that a Toeplitz matrix is a structured matrix

) N—-1 . N—-1 IN—1 . .
(@j—k) j g for given (ax),_,_ € C such that the entries along each diagonal
are constant.

Example 3.29 1f by = (8j_k)jy;)1, k = 0,...,N — 1, denote the standard basis
vectors of CV, then the forward-shift matrix Vy is a circulant matrix, since Vy =

circ by. More generally, we obtain that
VK =circby, k=0,...,N—1.

with V?V = circ bg = Iy and V%_l = V;,l = circ by—_1. The cyclic difference
matrix is also a circulant matrix, since Iy — V = circ (bg — by).
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Remark 3.30 In the literature, a circulant matrix is not consistently defined. For
instance in [78, p. 66] and [169, p. 33], a circulant matrix of a € CV is defined by

(a(k, ) mod N)jvk_:lo = (circ a) " such that the first row is equaltoa .

Circulant matrices and cyclic convolutions of vectors in C" are closely related.
From Lemma 3.24 it follows that for arbitrary vectors a, b € CV

(cicca)b=a=xb.

Using the cyclic convolution property of DFT(NV) (see property 5 of Theorem 3.26),
we obtain that a circulant matrix can be diagonalized by Fourier matrices.

Theorem 3.31 For each a € CV, the circulant matrix circ a can be diagonalized
by the Fourier matrix F . We have

circ a = Fy' (diag (Fya)) Fy . (3.47)

Proof For any b € CV we form the cyclic convolution of a and b. Then by the
cyclic convolution property of Theorem 3.26 we obtain that

Fyc= (Fya)o (Fyb) = (diag(Fya))Fyb.
and hence
¢ =F,' (diag(Fya))Fyb.
On the other hand, we have ¢ = (circ a) b such that for all b € CV
(circ a)b = Fy' (diag (Fya)) Fy b.

This completes the proof of (3.47).

Remark 3.32 Using the decomposition (3.47), the matrix—vector product (circ a) b
can be realized by employing three DFT(N) and one componentwise vector
multiplication. We compute

(circ a)b = F! (diag (Fya)) Fy b =F' (diag )b =F,' (dob).

As we will see in Chap.5, one DFT(N) of radix-2 length can be realized by
O (N log N) arithmetical operations such that (circ a)b = a x b can be computed
by O'(N log N) arithmetical operations too.

Corollary 3.33 For arbitrary a € CV, the eigenvalues of circ a coincide with the
componentsaj, j =0,...,N — 1, of (&j)i.v:_ol = Fy a. A right eigenvector related
to the eigenvalue dj, j =0, ..., N —1, is the complex conjugate exponential vector
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e = (w;]k),,iv;(} and a left eigenvector of 4; is e}—, ie.,

(circa)e; =aje;j, e;r (circ a) = a; e;r. (3.48)

Proof Using (3.47), we obtain that
(circ a) Fy' =Fy! diag @)}, Fy circ a = (diag (a,))-)) Fx

with
1
FN = . , FN = N (e0|e1 | |eN_1). (3.49)

Hence we conclude (3.48) holds. Note that the eigenvalues a j of circ a need not be
distinct.

By the definition of the forward-shift matrix V y, each circulant matrix (3.46) can
be written in the form

N—1
circa= Y aV}, (3.50)
k=0

where V(I)\, = V% = Iy. Therefore, Vy is called basic circulant matrix.

The representation (3.50) reveals that N-by-N circulant matrices form a com-
mutative algebra. Linear combinations and products of circulant matrices are also
circulant matrices, and products of any two circulant matrices commute. The inverse
of a nonsingular circulant matrix is again a circulant matrix. The following result is
very useful for the computation with circulant matrices:

Theorem 3.34 (Properties of Circulant Matrices) For arbitrary a, b € CN and
a € Cwe have

1. (circ a)" = circ (J)y a),

(circ a) 4 (circ b) =circ(a+b), « (circ a) =circ(xa),
(circ a) (circ b) = (circ b) (circ a) = circ (ax b),

circ a is a normal matrix with the spectral decomposition (3.47),
det (circ a) = [V a; with (&j)ivz)l =Fya.

SN N

The Moore—Penrose pseudo-inverse of circ a has the form
(circ a)™ = F,! (diag (&j)?’;ol) Fy,

where &} :=a;" ifa; #0anda} :=0ifa; =0.
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7. circ a is invertible if and only if a; # O forall j = 0,..., N — 1. Under this
condition, (circ a)~! is the circulant matrix

(circ a)~' = Fy! (diag (&;1)7;01) Fy

Proof

1. Using V), = V! and V¥ = Iy, we obtain for a = (ax)y, € CV by (3.50)
that

N—1 LN Lo N—1
. T k T —k N—k
(circ a)' = E a (Vy) = a (Vy) = E ar V¥ = E ak Vy
k=0 k=0 k=0 k=0

=aply +aN,1VN+...+a1V%71 =circ(Jya).

2. The two relations follow from the definition (3.46).
3. Leta = (ak)k 0 , b= (bg)Z -0 € CN be given. Using V¥ = I, we conclude
that by (3.50)

N-1 N—
(circ a) (circ b) = Z ar V&) Z beVY) = Z cn Vi
=0 —

with the entries

N-1
anzajb(nfj)modNa n=0,...,N—1.
j=0
By (cn)flv:]} = a * b we obtain (circ a) (circ b) = circ (a * b). Since the

cyclic convolution is commutative, the product of circulant matrices is also
commutative.

4. By property 1, the conjugate transpose of circ a is again a circulant matrix. Since
circulant matrices commute by property 3, circ a is a normal matrix. By (3.47)
we obtain the spectral decomposition of the normal matrix

circ a = ! Fy (diag (Fya))

3.51
VN ©51)

1
Fy,
VN
because 1N Fy is unitary.
5. The determinant det (circ a) of the matrix product (3.50) can be computed by

det (circ a) = (det Fy)~ l_[ aj) det Fy = l_[ aj.
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6. The Moore—Penrose pseudo-inverse AE of an N-by-N matrix Ay is uniquely
determined by the properties

AvAL Ay =Ay, AL AyAL =AY,

where Ay A; and A; Ay are Hermitian. From the spectral decomposi-
tion (3.51) of circ a it follows that

1
(circ a)t = Fy (diag(&,-)j.";ol + Fy =Fy (dlag(a ) J)Fy.

VN ) VN

The matrix circ a is invertible if and only if det (circ a) # 0, i.e., if a; # O for
all j =0,..., N — 1. In this case,

F,' (diag @y )N o) Fy
is the inverse of circ a.

Circulant matrices can be characterized by the following property.

Lemma 3.35 An N-by-N matrix Ay is a circulant matrix if and only if Ay and the
basic circulant matrix Vy commute, i.e.,

VAN =ANVy. (3.52)

Proof Each circulant matrix circ a with a € CV can be represented in the
form (3.50). Hence circ a commutes with V.

LetAy = (a i k)] o De an arbitrary N-by-N matrix with the property (3.52) such
that Vy Ay VN = Ay. From

_ N-1
Vv AN VN1 = (@(j=1) mod N, (k1) mod N)Lk:o

it follows forall j, k =0,...,N — 1

A(j—1) mod N, (k—1) mod N = dj k -

Setting a; := ajofor j =0,..., N — 1, we conclude that a; x = a(j—k) mod v for
j,k=0,...,N—1,ie., Ay = circ (aj)j.vz—ol

Remark 3.36 For arbitrarily giventy € C,k =1— N, ..., N — 1, we consider the
N-by-N Toeplitz matrix

to t—1 ...0—NIH-N

T N—1 131 to ...03_N h—N
N = (15— k)/k =0 = : C

IN“1IN—2 ... 11 0]
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In general, Ty is not a circulant matrix. But Ty can be extended to a 2N-by-2N
circulant matrix C,y. We define

Con — Ty En
= gy Ty

with

0 tN—1... b 1

iy 0 ... 13 b
EN:=

t1 to ...t1_n O
Then, Coy = circ ¢ with the vector
c:=(to, t1, ..., tn—1, 0, ti—n, ..., L1)T e OV,

Thus for an arbitrary vector a € CV, the matrix—vector product Ty a can be
computed using the circulant matrix vector product

a Tya
C = )
o <0> (EN a)
where 0 € CV denotes the zero vector. Applying a fast Fourier transform of

Chap. 5, this matrix—vector product can therefore be realized with only &'(N log N)
arithmetical operations.

3.4 Kronecker Products and Stride Permutations

In this section we consider special block matrices that are obtained by employing the
Kronecker product of two matrices. These special matrices often occur by reshaping
linear equations with matrix-valued unknowns to matrix—vector representations. We
will also show that block circulant matrices can again be simply diagonalized using

Kronecker products of Fourier matrices.
For arbitrary matrices Ay y = (aj,k)?/’Ik;l(’)N*1 € CM*N and Bp,p € CP*2, the
Kronecker product of Ay y and Bp ¢ is defined as the block matrix

M—-1,N—1
Au.n ®@Bpg = (axBr.o);,—g

aooBp o ... aon—1Bp o
_ : : c CMPXNQ

am-1,0Bpo ... am—1,n—1Bp.g
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In particular, fora = (a j)y: Bl € CM and b € C? we obtain the Kronecker product

apb
M-1_
j=0 =
apy—1b

a®b=(a;b) eCMP,

The Kronecker product of the identity matrix I, and the square matrix B p is equal
to the block diagonal matrix

Bp
M—1
Ly ®Bp = (8 BP)j,k:o = € CMPxMP

Bp

Example 3.37 For the Fourier matrix F, we obtain that

0 0
0 0
, FHhbel=
11 21
1 -1

S = O =

1 1 0 1 0
1-1 1 0 1
0 0 0-1 0
0 0 1 0-1
By definition, the Kronecker product Ay, v ® Bp ¢ has the entry a; i by, » in the
(j P+ m)throw and (k Q +n)thcolumnfor j =0,..., M—1,k=0,...,N—1,
m=0,...,P—1,andn =0, ..., O — 1. Further it follows from the definition that

the Kronecker product is associative, i.e., for arbitrary matrices Ay v € CMxN s
Bp o € CP*Q and Crs € CR*S we have

(Au.Nn ®Bp,o) ® Crs =Au.N ® (Bp,o ® Cr.s) . (3.53)

In many applications, we especially consider Kronecker products of square
matrices and of vectors. For square matrices Aj; and Bp we simply observe by
blockwise multiplication that

Ay ®@Bp = (AM®IP) (IM ®Bp) = (IM®BP) (AM®IP). (3.54)

As we can see in Example 3.37, the Kronecker product is not commutative. In
order to understand the relation between the Kronecker products Ay ® Bp and
Bp ® Ay, we introduce special permutation matrices. An N-by-N permutation
matrix is obtained by permuting the columns of the N-by-N identity matrix Iy. For
instance, the counter-identity matrix Jy, the flip matrix J),, and the forward-shift
matrix Vy are permutation matrices. For N € Nwith N = L M, where L, M > 2
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are integers, the L-stride permutation matrix Py (L) € CN*VN is defined by the
property

Py(L)a = ((apeso)M )]

-
= (ag,---»apm—nlat, .- apa—vy+1l -~ lap—1, .- ap—1)+L-1)

N-1
€ CVN . Note that

for arbitrary a = (a /)j:O

N—1
Py (L) = (8¢j L—#) mod (Nfl))j’kzo .

For even N € N, the 2-stride permutation matrix or even-odd permutation matrix
Px(2) is of special interest in the fast computation of DFT(N) (see Chap. 5). Then
we have

Nj2—1y1 T
Py(2)a= ((02k+e)k:/0 )o—o = (a0, a2, ....an2lar,a3,...,an—1)

Example 3.38 For N =6, L =2,and M = 3 we get that

100000 100000
001000 000100
000010 - 010000
Ps(2) = . P2 =Ps(3) =
@=1010000 6(2) 3 =1000010
000100 001000
000001 000001

Then we have Pg(2) Ps(3) = I and
Ps(2)a = (ao, a2, a4, a1, a3, as)' , Pe(3)a= (ap, a3, ai, a4, az, as)’

5

fora = (a;);_

The following property of stride-permutation matrices can be simply shown
using Kronecker products.

Lemma 3.39 IfN € N can be factorized in the form N = K L M with K, L, M €
N, then

Py(LM) =Pn(L)Py(M) =Py(M)Pyn(L). (3.55)
In particular, for N = L M we have

Py(L) ' =Pn(L)T =Py (M). (3.56)
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Proof For arbitrary vectors a € CX, b € CL, and ¢ € C¥, we obtain from the
definitions, on the one hand, that

Py(LM)(a®b®c)=Py(LM)(a® (b®c)) =bRc®a.
On the other hand,

Py(L)Py(M) (@a®@b®c) =Py(L) [Py(M) ((a®b) @c)]
=Py(L) (c®(@®b)) =Py(L) ((c®a)®b)
=b®c®a.
The two equations are true for all vectors a ® b ® ¢ € CV, which span
CN. Consequently, Py (L M) = Py(L)Py(M). Analogously, one can show that
Py(L M) =Pn(M)Py(L).

If N =LM,thenPy(L M) =Pyn(N) =1y and hence Py (M) Py(L) = Iy.
Since Py (M) and Py (L) are orthogonal matrices, we conclude (3.56).

Corollary 3.40 Let p € N be a prime. For N = p" withn € N, the set {Py(p*) :
k=0,...,n— 1} is a cyclic group generated by the p-stride permutation matrix
Py (p) withPy(p)* =Py (pF) fork =0,...,n — 1.

This corollary follows immediately from Lemma 3.39.
We are interested in the properties of Kronecker products. For simplicity, we
restrict ourselves to square matrices.

Lemma 3.41 For arbitrary matrices Ap € CL*F and By, € CM*M qand for all
vectors a € CE andb € CM we have

(AL®By)(@a®b)=(Ara)®@ Byb).

Proof Assume that Ap = (a/sk)/L',;io anda = (ak)]f;ol. From
AL OB = (Bl aob = (b))

it follows by blockwise computation that
L-1
(AL@By) @®b) = (Y ajka) Bub) = (ALa) @ Bub),
k=0

since Z/f:_ol ajk ag is the jth component of Ay a.

We denote with vec X the vectorization of amatrix X = (Xg| ... |Xp—1) € CLxM
into the vector (x(—)r, e, fol)T = (xk);{”:?)l e CLM,
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Theorem 3.42 Let A;, C; € CEXL and By, Dy € CY*M be arbitrary square
matrices. Then the Kronecker product possesses the following properties:

QN AN W~

(AL ®@By) (CL®Dy)=(ALCL) @ By Dy),
(AL®By)" =A] ®Bj,,

Pv(M) (AL @ By)Py(L) =By Q A with N = L M,
det (A @ By) = (det Ap)M (det By)L,

AL ® BMY1 = Azl ® B;,Il, if A and By are invertible.
Let X € CEXM  then

vec(Ar XBy) = (B, ® Ar) vec X.

Proof

1.

4.

. . _ ) L—1 . L—1 LxL
For .arbltrary matrices A; = (a/,k)j’k:() and C; = (Cksf)k,zzo e C we
obtain that

—o» CL®Dy:= (Ck,é DM)/?,ZLO‘

A @ By = (aj,k BM)jL.il

By blockwise multiplication of the two matrices we conclude that
L1
L—1
(AL®By) (CL®Dy) = ( Z ajickeBp DM) .
k=0 Jrb=

0= ALCL)®ByDy),

since Z/f;ol ajcke is the (j, £)th entry of the matrix product Ay Cr. The
first property of the Kronecker product is of high importance for efficient
multiplication of block matrices, since the multiplication of two matrices of large
size L M-by-L M can be transferred to the multiplication of matrices of lower
sizes L-by-L and M-by-M and the realization of one Kronecker product, being
computed by elementwise multiplication.

. The second property follows immediately from the definition of the Kronecker

product.

. For arbitrary vectorsa € CL and b € CY we find

Py(M) (AL @ By) (Py(L) (b®a)) = Py(M) (AL @ By) (a®b)
=Pyx(M) ((ALa) ® By b))
=Buyb)@ALa)=By®(AL) (b®a).
Since arbitrary vectors of the form b®a span the vector space C- ¥, the so-called

commutation property is shown.
The Kronecker product Ay ® By can be factorized in the form

AL®By =AL1y) I, ®By).
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For the block diagonal matrix Iy ® Bj; we obtain that
det (I @ By) = (det By~ .
By the commutation property it follows that with N = L M
Py(M) (AL @Iy)Py(L) =Py(M) (AL @ Ty) Py(M) ' =Ty @ AL
and hence
det (AL ® Iny) = det (Iyy ® A) = (det Ap)Y .

Thus we have

det(AL ® By) = (det(AL ® Iyy)) (det (I, @ By)) = (det A)™ (det By~ .
5. By property 4, the Kronecker product A7 ® By is invertible if and only if Ap

and B, are invertible. By property 1, the inverse of A7 ® By, reads Azl ® B_l,
if Ay and B, are invertible.

6. Let the columns of X be given by X = (Xgo| ... |Xy—1), and let By, =
(bj,k)%;:lo = (bo| ... |bp—1). On the one hand, we find
vece (AL XBM) = vec (AL Xbo | P |AL XbM_l) .
On the other hand,
0
. Arbio ... Arbim-1
B' ®Ar)vec X = . :
XpM—1
Arby-10--- ALby—1,m—1
booALxo+ ... +Dboy—1ALXp—1 Ar Xbo
bl_()AL X0+ ... +b1_M_1AL XM—1 A; Xb;
by—10ALX0+ ... +by—1,m-1 AL Xy AL Xby-

Thus the assertion follows.

Now we use Kronecker products of Fourier matrices in order to diagonalize
generalized circulant matrices. Assume that vectors ¢, € CM k=0,...,L—1,
are given and let A (k) := circ ¢, be the corresponding M-by-M circulant matrices.
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Then the L-by-L block matrix

AO) AL-1 ...AQ)
L—1 A(D) A) ...AQQ

_ LMXLM
jk=0 = eC

AL m = (A((j — k) mod L))
AL -1 AL -2 ... A0

is called L-by-L block circulant matrix with M-by-M circulant blocks. We observe
that L-by-L block circulant matrices with M-by-M circulant blocks commute, since
circulant matrices commute by Theorem 3.34. Note that Ay is already determined
by the vectors ¢k, k =0, ..., L — 1, or equivalently by

Cu.L = (C()| - |CL,1) e CMxL

Example 3.43 Let Ar be an L-by-L circulant matrix and let By; be an M-by-M
circulant matrix. Obviously, the Kronecker product A; ® By is an L-by-L block
circulant matrix with M-by-M circulant blocks B ;. In particular, I; ® By is a block
diagonal matrix with circulant blocks. The so-called Kronecker sum of Ay and By,
defined by

(AL ®Iy) + (I ® By) e CEMxLM (3.57)

is also a block matrix with circulant blocks.

Lemma 3.44 Each L-by-L block circulant matrix Ap yy € CEM*LM \ith M-by-
M circulant blocks A(k) = circ ¢ withe, € CM, k = 0,...,L — 1 can be
diagonalized by the Kronecker product ¥ ® ¥y of the Fourier matrices Fy and
Fyy in the following form

71 . A
ALy = (FL®Fy) (diag(vec Cp,)) (FL ® Fur),
where éM,L = Fuy Cuyr. Fr. Moreover we have
(FL ® FM) vec CM,L = vec éM,L .

Proof First we compute the product (FL ® IM) - (le ® IM) by blockwise
multiplication

1 i _ _ _
L (wik IM),L',kio (A((k —€) mod L))lf,zio (wr ™ IM)znio :



3.4 Kronecker Products and Stride Permutations 149

The result is a block matrix (B( Js n)) Wlth the blocks

L-1L-1

1 jk—£fn
B(j.m =, >3 wl " Ak — ) mod L) e CM*M
k=0 ¢£=0

In the case j = n we obtain after substitution m = (k — £) mod L that

L—-1
B(j. j) =Y wy" A(m). (3.58)
m=0

In the case j # n we see by Lemma 3.2 that B(j, n) is equal to the M-by-M zero
matrix. Hence (Fz ® Iy ) A (F Zl ® I) is a block diagonal matrix with the
diagonal blocks in (3.58). By Theorem 3.42, the block circulant matrix Az s with
circulant blocks can be represented in the form

Arm = (F'®1y) [d1ag (B(, J)) ] (FL ®1u).

Since A(m) = circ ¢, are circulant matrices by assumption, we obtain by
Theorem 3.31 that

A(m) = F,; (diag (Fy c)) F
and hence by (3.58)
L-1
B(j. j) = F;,,l ( Z wy" diag (Fy ¢)) F
m=0

Thus by Theorem 3.42 we conclude

Apm = (F'®1y) (I, ®F;)') [ diag Zw Faren) 2y ] (1L ® Fiy) (FL @ Ly)

Jj=

L-1
= (F,' ® ') [diag (Y w)" Fasen) ;0] (FL ® Fy)
m=0

= (FL®Fy)  [diag Zw FMcm ](FL®FM)
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Finally, we show that

1 A
Zw FMCm O—VeC CM,L~

M-1,L-1

We recall that Cp 1 = (¢, k)/k 0 has the columns ¢, = (c;, m)/ 0 ,m =
M—1,L—1
0,...,L—1,and CM,L =FyCyrFL = (c’g,k)/Z =0 has the entries
M—1 L—1
Cok = Z Zc]mwaL .
j=0 m=0
From F; @ Fyy = (w FM)km —o and vec Cyp = (cm)i;%) it follows by
blockwise multiplication
L—1 L—1 M—1 o\ L]
(Fr @Fy) vec Cyp 1 = Z wh By Cm ( Cjm wM w'Z’" )e—o )k—O
m=0 m=0 j=0 -

~ M—1\L—1 ~
= (@ea)y=o )izo = vee Cu L.

This completes the proof.

Corollary 3.45 Leta € CL andb € CM be arbitrary given vectors and let Aj =
circ a and By; = circ b be the corresponding circulant matrices. Then both the
Kronecker product Ap ® By and the Kronecker sum (3.57) of Ap and By can be
diagonalized by the Kronecker product F; @ Fyy.

If & € C be an eigenvalue of Ay with corresponding eigenvector x € CL and if
w € C be an eigenvalue of By with corresponding eigenvectory € CM, then h +
is an eigenvalue of the Kronecker sum (3.57) of AL and By with an eigenvector
x®yeCLM,

Proof From Lemma 3.44 and Example 3.43 it follows immediately that the
Kronecker product A7, ® By and the Kronecker sum (3.57) can be diagonalized
by Fr @ Fy.

If A be an eigenvalue of Ay and if u be an eigenvalue of By, then we see by
Lemma 3.41 that

[(AL®Iy) + T @By | (xQy) = (ALX) ®y) + (x® By y))
=+ EY).
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3.5 Discrete Trigonometric Transforms

In this section we consider some real versions of the DFT. Discrete trigonometric
transforms are widely used in applied mathematics, digital signal processing,
and image compression. Examples of such real transforms are a discrete cosine
transform (DCT), discrete sine transform (DST), and discrete Hartley transform
(DHT). We will introduce these transforms and show that they are generated by
orthogonal matrices.

Lemma 3.46 Let N > 2 be a given integer. Then the set of cosine vectors of type |

2 ik
¢ ¢=\/N8N(k)(sN<j> cos ") . k=0,...,N,

N )j:()’

forms an orthonormal basis ofRN'H, where ey (0) = en(N) = ‘éz and en(j) =
lforj=1,...,N — 1. The (N + 1)-by-(N + 1) cosine matrix of type I is defined
by

N

2 . j kr
C}V_H = \/N (en(j) en (k) cos JN )j,k=0’ (3.59)

i.e., it has the cosine vectlors of type 1 as columns. Then Cﬁv 41 s symmetric and
; [ -1 _ 1
orthogonal, i.e., (CN+1) = CN+1'

Proof By Example 1.14 we know that for x € R\ 27w Z

N-1 sin @N-Dx

- cos(jx) = 2 1
; = 2sin 7} 2"
j=1
In particular, it follows for x = 217\7]" ,
N-1 .
2k
cos I\JJ”=_1, ke Z\NZ, (3.60)
j=1
_ (k+D)
and for x = " T
N-1 ]
2k +1
j=1
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For k, £ € {0, ..., N}, the inner product (c}(, c;) can be calculated as follows:
2 N ik %4
(e ch) = en(en(®) ;sN(j)z cos ! " cos
]:
N—-1 .
1 k—1¢
= en®en@ (14 (D4 Zl cos £ 7T
]:
N—
k+¢
Z k+ )]”) (3.62)

In the case k # £ with even k 4+ £, the integer k — £ is also even. Hence by (3.60)
and (3.62) we obtain (c}, ¢}) = 0. In the case k # € with odd k + ¢, the integer
k — £ is odd such that (c}(, c;) =0by (3.61)and (3.62). Fork=¢ € {l,...,N—1}
it follows from (3.60) and (3.62) that

L N ok
e,y = (2+(N—1)+Zcos ):1.

j=1

Fork = ¢ € {0, N}, we get

1
I I
, = 24+ (N -1 N-—-1)) =
() 2N( +( )+ ( ))
Thus the set {c}C : k =0,...,N} is an orthonormal basis of RN*! because the

N + 1 cosine vectors of type I are linearly independent and dim R¥+! = N 4 1.

The linear map from R¥*! onto R¥+! which is represented by the matrix—
vector product C},a = ((a, ck)) for arbitrary a € RV *!, is called discrete
cosine transform of type 1 and length N + 1 and will be abbrev1ated by DCT-I (N +
1). As we will show in Sect. 6.2 (see e.g. Algorithm 6.22), this transform plays an
important role for evaluating expansions of Chebyshev polynomials.

Lemma 3.47 Let N > 2 be a given integer. Then the set of cosine vectors of type
1T

2 . Qk+1)jm nN=1
II._ _
Ck__\/N(SN(J)COS N )/.:0, k=0,...,N—1,
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forms an orthonormal basis of RY. The N-by-N cosine matrix of type II is defined

by the column vectors cg,

2, Qk+DjmoN-
Ch :z\/N(SN(J)COS v e (3.63)

. . .. . -1 T
The matrix C}\I] is orthogonal, but it is not symmetric. We have (C}\I]) = (C}\I]) .

Proof Fork, £ € {0,..., N — 1}, we calculate the inner product
y M Qk+Djr e+ Djn
_ 2
(ck, ce) =N Z;)SN(]) cos N coS N
J

N—1 N—1
1 k—0)jm k+¢+1jnm
= N (1 + jg_l cos N + /Z_:I cos N ) . (3.64)

In the case k # ¢ this inner product vanishes by (3.60), (3.61), and (3.64). For k = ¢
we obtain by (3.61) and (3.64) that

1 = (2/€+1)J7T
(el clly = N(l—l—(N—l) Z ) 1.

The linear map from RY onto RY, represented by C%a = ((a c}(l))]]j:_ol
arbitrary a € RV, is called discrete cosine transform of type Il and length N and will
be abbreviated by DCT-II (N). The DCT-II plays a special role for decorrelation of
digital signals and images.

The N-by-N cosine matrix of type Il is defined by

for

2 Q) + Dk y_1
m .
Cy = \/N (en(k) cos N )j,k=0'

Obviously, C = (C) " = (C!%)™". The columns

(3.65)

2 (2j + Dk n-1
11
(v ._\/NSN(k)(cos N )j:O’ k=0,....,.N—1,

of C}\III form an orthonormal basis of R and are called cosine vectors of type III.
The matrix C}{,I also generates a linear orthogonal map from R onto R¥, which
is called discrete cosine transform of type 11l and length N, abbreviated by DCT-
III (N). In particular, the DCT-III (N) is the inverse DCT-II (V).
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Lemma 3.48 Let N > 2 be a given integer. Then the set of cosine vectors of type
v

2 2j+1D2k+1 _
Iv'—\/N(COS(]+)( +)7T)N1 k=0,....N—1,

G = AN j=0

forms an orthonormal basis of RY. The N-by-N cosine matrix of type IV, defined

v
by the columns ¢,

cv . /2 (cos 34+ DR+ Dy (3.66)

4N Jj.k=0"
. . . -1
is symmetric and orthogonal, i.e., (C?,/) = CE\\/.
Proof From
N-—1 N—-1

2sinx Z cos(2j + l)x = Z (sin(2j +2)x — sin(2jx)) = sin(2Nx)
j=0 j=0

it follows forx € R\ 7nZ

N—-1

Z cos(2j + x =

j=0

sin(2Nx)
2 sinx

and hence

N-—1 .
2/ + Dk

Zcos(”;v)”=o, keZ\NZ, (3.67)
j=0

= @i+ D@+ Dr

ZCOS

0. keZ. 3.68
IN € (3.68)

Jj=0
Fork, £ € {0, ..., N — 1}, we calculate the inner product

N—-1 . .
) Z 2 3 o QDGR DT 2]+ DOLE D

v
(e ¢ . AN 4N
J=0
1 (N‘l Qj+ Dk -0 =N @j+Dk+L+ D
= Z cos + Z cos
2N

" ) . (3.69)

j=0 j=0
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In the case k # £ this inner product vanishes by (3.67)—(3.69). For k = ¢ we obtain
by (3.69) and (3.68) that

@, V) = <N+Z (2]+1)(2k+1)n) N

The linear map from RY onto RV, given by Cl a = ((a, c?’))N;Ol for arbitrary
a € RV, is called discrete cosine transform of type IV and length N and will be
abbreviated by DCT-IV (N). We will study the interplay between DCT-II (N) and
DCT-IV (N) in Sect. 6.3.

Analogously to DCTs of types I-IV one can introduce discrete sine transforms.

Lemma 3.49 Let N > 2 be a given integer. Then the set of sine vectors of type |

2 Dk +1
I._\/N(Si (+Dk+ )7T)N > k=0, . N_2

Sp = N =0

forms an orthonormal basis of RN=!. The (N — 1)-by-(N — 1) sine matrix of type
I, defined by

2, (+Dk+ D v
N (sin )

I
Sn-1 = N k0 (3.70)
is symmetric and orthogonal, i.e., (Sﬁv_l)f1 = Sﬁ\/—l'
Proof Fork, £ € {0,..., N — 1}, we calculate the inner product
2 N2 Gkt . GHDE+ D
(s, sh) = Z sin 7 N sin 7/ N
j=0
N-1 N—1
1 k—42)j k+2+2)j
= ( cos( T _ Z cos e+ )]n). (3.71)
N ot N ot N

In the case k # ¢ we observe that k — ¢ and k4 £ 42 are either both even or both odd.
Hence (s}(, sk) vanishes by (3.60), (3.61), and (3.71). For k = £ we obtain by (3.71)
and (3.61) that

1 N @k+2))
shoshy = (V=D =Y cos T =

j=1
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N-2
k=0
arbitrary a € RN~ is called discrete sine transform of type 1 and length N — 1 and
will be abbreviated by DST-I (N — 1).

Let N > 2 be a given integer. The N-by-N sine matrices of type II-IV are
defined by

The linear map from RY~! onto R¥~! generated by S}\,fla = ((a, s}()) for

2 . . (G+DEk+ D v
Sh .= / N (en(j + 1) sin N )j’ - (3.72)
St .= ()", (3.73)
2 Qj+DQk+ Dr n_
IV .
Sy .=\/ (sm AN )j,k:O‘ (3.74)

The discrete sine transform of type II-1V and length N is the linear mapping from
RY onto RY, which is generated by the matrix—vector product with the N-by-N sine
matrix of type II-IV. For these discrete sine transforms, we use the abbreviations
DST-II (N), DST-III (N), or DST-IV (N).

In the following lemma we recall the intertwining relations of above cosine and
sine matrices.

Lemma 3.50 For each integer N > 2, the cosine and sine matrices satisfy the
following intertwining relations:
Chi1Ini1 =Dy Cyyy . Sy Jv-1=Dy_1Sy_;.
CyJIv=DyCy, SyJyv=DySy.
InCY =CY' Dy, JySY =SiDy,
(DY CYInDy =InDy Cy . (=DYTISY Iy Dy = Iy Dy SY
and further
InCY =SiDy, JvCV =DySV, CVIv=DySY, (3.75)

where Jy denotes the counter-identity matrix and where Dy := diag ((—1)16),,1{\]:_01
is the diagonal sign matrix.
The proof is straightforward and is omitted here.

Lemma 3.51 For each integer N > 2, the N-by-N sine matrices of type II-1V are
orthogonal. The columns ofS%, SR,I, or SIA\,]form an orthonormal basis of RV .

Proof As shown by Lemmas 3.47 and 3.48, the cosine matrices of types IL, III, and
IV are orthogonal. Obviously, the matrices Jy and Dy are orthogonal. By (3.75), the
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sine matrices of types II-IV can be represented as products of orthogonal matrices
T
Sy =JvCyDy. Sy =(Sy) =DyCyIy. Sy =DyCyIy.

Hence the sine matrices Sﬁ\ll, S}{,I, and SIA\,/ are orthogonal, i.e., the corresponding
columns of these sine matrices form orthonormal bases of RY.

Remark 3.52 First cosine and sine matrices appeared in connection with trigono-
metric approximation (see [163] and [315]). In signal processing, cosine matrices
of type II and III were introduced in [2]. The above classification of cosine and sine
matrices was given in [367] (cf. [306, pp. 12-21]).

Other proofs for the orthogonality of the cosine matrices CEV e C?,, C?JI, and CIA\,/
can be found in [306, pp. 12—-16] and [376, pp. 85-90]. Strang [343] pointed out that
the cosine vectors of each type are eigenvectors of a symmetric second difference
matrix and therefore orthogonal.

We will study discrete trigonometric transforms and its applications in more detail in
Chap. 6. In Sect. 6.3, we will derive fast algorithms for these discrete trigonometric
transforms with computational costs &' (N log N), if the transform length N is a
power of two.

Remark 3.53 The N-by-N Hartley matrix

1 ik N—1
Hy:= _ (cas / )i e
N N /jk=0
with cas x := cosx + sinx for x € R, where “cas” is an abbreviation of the

expression “cosine and sine”. The historical roots of this matrix go back to the
introduction of continuous Hartley transform by R. Hartley in 1942. The need to
sample signals and approximate the continuous Hartley transform by a matrix—
vector product led to the Hartley matrix introduced by Bracewell [44]. The Hartley
matrix is symmetric and orthogonal, since the Hartley vectors

1 ikt N
PN k=0,...,N—1

hy = N(cas N )i=0

form an orthonormal basis of RV . The linear map from R" onto R" generated by
the matrix vector product Hy a = ((a, hk))iv;()l for arbitrary a € R is called
discrete Hartley transform of length N and will be abbreviated by DHT(N). Note
that the basic properties of DHT are discussed in [7] that also presents fast and
numerically stable algorithms for DHT of radix-2 length N.



Chapter 4 )
Multidimensional Fourier Methods Chack for

In this chapter, we consider d-dimensional Fourier methods for fixed d € N.
We start with Fourier series of d-variate, 2w -periodic functions f : ™ — C
in Sect. 4.1, where we follow the lines of Chap. 1. In particular, we present
basic properties of the Fourier coefficients and learn about their decay for smooth
functions.

Then, in Sect. 4.2, we deal with Fourier transforms of functions defined on RY.
Here, we follow another path than in the case d = 1 considered in Chap. 2. We
show that the Fourier transform is a linear, bijective operator on the Schwartz space
Z(R?) of rapidly decaying functions. Using the density of .7 (R?) in L{(R?) and
L>(R?), the Fourier transform on these spaces is discussed. The Poisson summation
formula and the Fourier transforms of radial functions are also addressed.

In Sect. 4.3, we introduce tempered distributions as linear, continuous functionals
on the Schwartz space .7 (R?). We consider Fourier transforms of tempered
distributions and Fourier series of periodic tempered distributions. Further, we
introduce the Hilbert transform and its multidimensional generalization, the Riesz
transform.

As in the case d = 1, any numerical application of d-dimensional Fourier series
or Fourier transforms leads to d-dimensional discrete Fourier transforms handled
in Sect. 4.4. We present the basic properties of the two-dimensional and higher-
dimensional DFT, including the convolution property and the aliasing formula.

4.1 Multidimensional Fourier Series

We consider d-variate, 21 -periodic functions f : R? — C, i.e., functions fulfilling
f(x) = f(x+27Kk) forall x = (x,)j?:1 € R?and allk = (kj)j?zl e Z4. Note
that the function f is 2 -periodic in each variable x;, j = 1,...,d, and that f is
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uniquely determined by its restriction to the hypercube [0, 277)¢. Hence, f can be
considered as a function defined on the d-dimensional torus T¢ = R¢ /(2 Z%). For
fixedn = (n j)?=1 € 74, the d-variate complex exponential:

d
el X _ nelanj’ XERd,
j=1

is 2 -periodic, where n - X := nj x1 + ...+ ng xg4 is the inner product of n € z4
and x € R?. Further, we use the Euclidean norm ||x||> := (x - x)'/2 of x € R?. For
a multi-index o = (oz;{)z:1 € Ng with |¢| = o1 + ...+ oy, we use the notation:

d
o . 273
.
k=1

Let C(T%) be the Banach space of continuous functions f : T¢ — C equipped with
the norm:

||f||c('J1'd) = max | f(x)].
xeTd

By C"(T?), r € N, we denote the Banach space of r-times continuously differen-
tiable functions with the norm:

- o
I llereray = |Z max | D" f(x)]
where
ay ag
D* f(x) := ax axc f(x)
denotes the partial derivative with the multi-index & = (« j)‘;z1 € Ng and |a| <.

Forl < p <oo,letL, ('[Fd) denote the Banach space of all measurable functions
f : T¢ — C with finite norm:

1/p
((2;)11 f[O, 2y [F O dx> 1<p<oo,

”f”Lp(Td) =
esssup {|f(x)| : x € [0, Zn]d} p =00,
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where almost everywhere equal functions are identified. The spaces L (T?) with
1 < p < oo are continuously embedded as:

Li(T) 5 Ly(T9) D Leo(TY).

By the periodicity of f € Li(T%), we have

/ f(x)dx:/ fx)dx.
[0, 2714 [—m, )4

For p = 2, we obtain the Hilbert space L(T¢) with the inner product and norm:

1

(fs 8, (ey i= Q)

/[0 T8O e = U P

for arbitrary f, g € Ly(T¢). Forall f, g € Ly(T¢), it holds the Cauchy—Schwarz
inequality:

(S &) Lycray|l < W ey ray 181l Ly ey -

The set of all complex exponentials {eik'X ke Zd} forms an orthonormal basis of
L>(T%). A linear combination of complex exponentials:

P =) ae!*

kezd4

with only finitely many coefficients ax € C \ {0} is called d-variate, 2r-periodic
trigonometric polynomial. The degree of p is the largest number |k||; = |k1]| +
...+ |kq| such that ax # 0 with k = (k j)j.l:1 € 74, The set of all trigonometric
polynomials is dense in L,,(’IFd) for 1 < p < oo (see [146, p. 168]).

For f € L1(T?) and arbitrary k € Z¢, the kth Fourier coefficient of f is defined
as:

ikx 1 —ik-x
e(f) == (f(x), ek VLy(Tdy = (Zn)d/ fx) e kxdy,

[0, 2714

As in the univariate case, the kth modulus and phase of f are defined by |ck(f)|
and arg ck ( f), respectively. Obviously, we have

1
QN = o [ PN = 1.

The Fourier coefficients possess similar properties as in the univariate setting (cf.
Lemmas 1.6 and 1.13).
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Lemma 4.1 The Fourier coefficients of any functions f, g € L{(T%) have the
following properties for all k = (kj)j?:1 VAR

1. Uniqueness: If ck(f) = ck(g) for allk € Z, then f = g almost everywhere.
2. Linearity: Forall o, 8 € C:

ckla f+ B8 =ack(f)+ Bck(g).
3. Translation and modulation: For all xg € [0, 271)‘1 and kg € 74

ck(f(x—x0)) = e Ko (f),
k(e £(%)) = crpieo (f) -

4. Differentiation: For f € L1(T¢) with partial derivative ! € Ly(T):
J
af .
Ck(axj) = ikjcx(f).

5. Convolution: For f, g € L1(T¢), the d-variate convolution:
1 d
(f *8)(x) := d fygx—ydy, xeR%,
2m)4 Jio, 2714

is contained in L (']Td) and we have

ek (f xg) = ck(f) ck(g) -
The proof of Lemma 4.1 can be given similarly as in the univariate case and is
left to the reader.

Remark 4.2 The differentiation property 4 of Lemma 4.1 can be generalized.
Assume that f € Lj(R?) possesses partial derivatives D* f € L (T?) for all multi-
indices & € Ng with |e| < r, where r € N is fixed. Repeated application of the
differentiation property 4 of Lemma 4.1 provides

k(D f) = (K)* ek (f) 4.1

for all k € Z9, where (ik)® denotes the product (ikp)*!...(1kg)* with the
convention 0° = 1.

Remark 4.3 If the 2m-periodic function:

d
fo=[]ren
j=1
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is the product of univariate functions f; € Li(T), j = 1,...,d, then we have for
allk = (kj)I_, € 2

d
a(f) =[] ex (£
j=1

Example 4.4 Letn € Ny be given. The nth Dirichlet kernel D,, : T — C:

is a trigonometric polynomial of degree d n. It is the product of univariate nth
Dirichlet kernels:

d
Dy(x) =[] Dutxp).
Jj=1
For arbitrary n € Ny, the nth Fourier partial sum of f € L1(T?) is defined by:
n n .
SN = Y o Y (e 4.2)
ki=—n kq=—n

Using the nth Dirichlet kernel D,, the nth Fourier partial sum S, f can be

represented as convolution S, f = f * D,,.
For f € L{(T%), the d-dimensional Fourier series:

> e (4.3)

keZd

is called convergent to f in Lo(T?), if the sequence of Fourier partial sums (4.2)
converges to f, that is:

Tim £ = S0 f llycre) = 0.

Then, it holds the following result on convergence in Lz(Td) (cf. Lemma 1.3 for
d=1):
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Theorem 4.5 Every function f € Ly(T¢) can be expanded into the Fourier
series (4.3) which converges to f in L2(T¢). Further, the Parseval equality:

1
10 ymsy = aya /[O’W FoPdx = le(HP 4.4)

keZd

is fulfilled.

Now, we investigate the relation between the smoothness of the function f :
T¢ — C and the decay of its Fourier coefficients ck(f) as ||k|2 — oo. We show
that the smoother a function f : T¢ — C is, the faster its Fourier coefficients ci ( f)
tend to zero as ||Kk||» — oo (cf. Lemma 1.27 and Theorem 1.39 ford = 1).

Lemma 4.6

1. For f € L{(T%), we have

lim cx(f) =0. 4.5)

[kl2—o0

2. Letr € N be given. If f and its partial derivatives D* f are contained in Ly (T¢)
for all multi-indices a € Ng with || < r, then:

lim (1+ |k|5) ek(f) =0. (4.6)

[kll2—o00

Proof

1.If f € L>(T9), then (4.5) is a consequence of the Parseval equality (4.4). For
all ¢ > 0, any function f € L;(T%) can be approximated by a trigonometric
polynomial p of degree n such that || f — pll; re) < €. Then, the Fourier
coefficients of r := f — p € L1(T%) fulfill |ex(r)| < I7llp, ey < € for all
k € Z¢. Further, we have cx(p) = 0 for all k € Z¢ with ||k||; > n, since
the trigonometric polynomial p has the degree n. By the linearity of the Fourier
coefficients and by ||k > ||k||2, we obtain for all k € Z¢ with ||k||, > n that

lek (I = lek(p) + ck(r)] = lex ()| < €.

2. We consider a fixed multi-index k € Z9 \ {0} with |k¢| = max;—i,..qlkj| > 0.
From (4.1), it follows that

B’f).

-
dx,

(ike)" ex(f) = ex(
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Using |kl||2 < v/d |k¢|, we obtain the estimate:

ai’
IKll3 lek()] < d" e, Hi<ar max [ei(D% /)

Xy
Then from (4.5), it follows the assertion (4.6).

Now, we consider the uniform convergence of d-dimensional Fourier series.

Theorem 4.7 If f € C(T¢) has the property:

> lek(f)l < o0, (4.7)

kezd

then the d-dimensional Fourier series (4.3) converges uniformly to f on T¢, that is:
Jim Lf = Sy flleere) = 0.

Proof By (4.7), the Weierstrass criterion ensures that the Fourier series (4.3)
converges uniformly to a continuous function:

g) = Y al(f)erx.

keZd

Since f and g have the same Fourier coefficients, the uniqueness property in
Lemma 4.1 gives f = g on T<.

Now, we want to show that a sufficiently smooth function f : T¢ — C fulfills
condition (4.7). We need the following result:

Lemma 4.8 If2r > d, then:

> Ikl < oo (4.8)

keZ4\ {0}
Proof Forall k = (kj)j?:l € 7%\ {0}, we have |k|> > 1. Using the inequality of
arithmetic and geometric means, it follows
d d U
@+ DK =d+ k=Y +& =d([Ja+x)"
j=1 j=1
and hence

d
Ly d+ 1y )
k> = (70 ) TTa+eh=.
j=1
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Consequently, we obtain

3 ||k||;2’s( ) SN+ S Ak

keZ4\{0} ki€Z ka€Z

(d+1) (314 K277y (d+1) 2Zk—2r/d

keZ

Theorem 4.9 If f € C” (T with 2r > d, then the condition (4.7) is fulfilled and
the d-dimensional Fourier series (4.3) converges uniformly to f on T¢.

Proof By assumption, each partial derivative D* f with |a| < r is continuous
on T?. Hence, we have D*f € Lo(T%) such that by (4.1) and the Parseval
equality (4.4):

D0 k(NP K < o0

lee|=r keZd

where k** denotes the product 1620‘1 . kfla‘l with 0° := 1. Then, there exists a
positive constant ¢, depending only on the dimension d and on r, such that:

DK = cKk3

lee|=r

By the Cauchy—Schwarz inequality in £>(Z?) and by Lemma 4.8, we obtain

Yo oladls Y a1 )22 Ky

keZ4\{0} keZd\{0} loe|=r
1/2 —om1/2 _
<( Z Z Ick(f)|2k2"‘)/ ( Z ”k”22r)/ 12 < 0o
le|=r kezd keZd\{0}

For further discussion on the theory of multidimensional Fourier series, see [341,
pp- 245-250], [146, pp. 161-248], and [329, pp. 1-137].

4.2 Multidimensional Fourier Transforms

Let Co(R?) be the Banach space of all functions f : R¢ — C, which are continuous
on R¥ and vanish as ||x||» — oo, with norm:

I/l cyray = max | f(x)].
xeR4
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Let C.(R?) be the subspace of all continuous functions with compact supports. By
C"(R?), r € N U {oo}, we denote the set of r-times continuously differentiable
functions and by C/. (R9) the set of r-times continuously differentiable functions
with compact supports.

Forl < p <oo,letL, (Rd) be the Banach space of all measurable functions
f :R? — C with finite norm:

(Jral FROIP dX)l/P 1<p<oo,

(WAl =
! Lo (B9 {esssup{|f(x)|: xeRY p=oo,

where almost everywhere equal functions are identified. In particular, we are
interested in the Hilbert space L (R?) with inner product and norm:

1/2

(f: 8L ray = /Rd Fx) gx) dx, N fllp,mey = (/Rd | f ()| dx)

4.2.1 Fourier Transforms on . (R%)

By ¥ (Rd), we denote the set of all functions ¢ € C oo(]Rd) with the property
x* DPy(x) € Co(R?) for all multi-indices &, B € N¢. We define the convergence
in . (Rd) as follows: A sequence (¢r)ken of functions ¢ € &7 (R%) converges
to ¢ € Z(R?), if for all multi-indices &, B € Ng, the sequences (x"‘ D# (pk) keN
converge uniformly to x* DB ¢ on RY. We will write g 7 ¢ as k — oo. Then,

the linear space .7 (R?) with this convergence is called Schwartz space or space of
rapidly decreasing functions. The name is in honor of the French mathematician
L. Schwartz (1915-2002).

Any function ¢ € .7 (R?) is rapidly decreasing in the sense that for all multi-
indices &, B € Ng:

lim x* DPy(x) =0.

[Ix[l2—o00

Introducing

lellm = max 1+ Ix12)™ DP o)l comay. m € No, (4.9)

we see that [|¢llo < llelli < llgll2 < ... are finite for all ¢ € . (RY). We can

describe the convergence in the Schwartz space by the help of (4.9).
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Lemma 4.10 For ¢;, ¢ € .Z(R%), we have gy ? ¢ as k — oo if and only if for
allm € Ny:

lim [lox —¢llm =0. (4.10)
k— 00

Proof

1. Let (4.10) be fulfilled for all m € Ny. Then for all @ = (« ,-);?:1 e N4\ {0} with
|| < m, we get by the relation between geometric and quadratic means that

a1x2+ ~|—(xdx2 /2 |ec|/2
Ix"‘ls( "l ") <(F 4 +ad) T = A"
so that

x* D (o — 9)(®)| < (1 + IIx]12)" | D (g1 — ) (X)].

Hence, for all B € N¢ with |8| < m, it holds

Ix* DP (g1 — ) ®) | cymay < sup (1 + [Ix[12)™ 1DP (g — )| < llgok — @llm -

xeRd4

2. Assume that ¢y 7 pask — oo, ie., forall o, B € Ng we have

lim [x*D? (¢ — @) (®) | cymay = 0.
k—o00

We consider multi-indices «, 8 € Ng with |¢| < m and |B| < m form € N.
Since norms in R" are equivalent, we obtain

d
L+ X2 < Ci1+ X = G (1462 Y 1)
j=1

<C > Ix.

loe|<m

This implies

I+ IIxll2)™ DP (o = )@l cymey < € D Ix* DP (o = ) @)l cyqmey

loe|<m
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and hence

lox — @llm < € max > [Ix* DP(pr — 9) )l ¢y re)

<m
P jar=m

such that limg_ o l@x — @|lm = O.

Remark 4.11 Using Lemma 4.10, it is not hard to check that the convergence in the
Schwartz space .7 (R?) is induced by the metric:

o]

b e =Vl J
POV=D o gm0V ESRD.

m=0

that is, the convergence ¢y ? ¢ as k — oo is equivalent to:
lim p(gk, @) =0.
k— 00

Moreover, the metric space is complete by the following reason: Let (¢x)xen be a
Cauchy sequence with respect to p. Then, for every «, f € Ng, (x“ DA (pk) ken 18

a Cauchy sequence in Banach space Co(R?) and converges uniformly to a function
VY.g- Then, by definition of . (R?), it follows Ve p(X) = x¥ DB Yp,0(x) with
Yo.0 € Z(R%) and hence g1 ? Yo.0 as k — oo.

Note that the metric p is not generated by a norm, since p(c ¢, 0) # |c| p(¢, 0)
forall ¢ € C\ {0} with |c| # 1 and nonvanishing ¢ € .7 (R%).

Clearly, it holds /(RY) C Co(RY) C Loo(RY) and .#(RY) C L,(RY), 1 <
p < 00, by the following argument: For each ¢ € .7 (R¢), we have by (4.9):

lo)] < ll@las1 (1 + Ix[l2)~4~"

for all x € R?. Then, using polar coordinates with r = ||x||2, we obtain

/ lp)I? dx < Il , / (1 + Ixll2) =@+ dx
R4 R4

00 rd—l 00 1
<C dr <C d
=< /0 (1 4 r)pd+D r= /0 (14 r)2 r < oo

with some constant C > 0. Hence, the Schwartz space . (Rd) is contained in
Li(RY) N Ly(RY).

Obviously, C° R c Y(Rd). Since C2° (Rd) is dense in L,,(]Rd), p €[l,00),
see, e.g., [357, Satz 3.6], we also have that f(]Rd) is dense in L,,(]Rd), p € [l,00).
Summarizing, it holds

CPRY ¢ Z (R c CPRY) c C®RY). 4.11)
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Example 4.12 A typical function in C2° (RY) ¢ .7(RY) is the test function:

1
exp (= _g2) Xl <1,

Ixl2 > 1.

P(x) == 4.12)

The compact support of ¢ is the unit ball {x € R? : |x|2 < 1}.

Any Gaussian function e~ IXI2 with ¢ > 0 is contained in .#(R?), but it is not
in C°(RY).
For any n € N, the function:

F® =1+ x5 € CPRY

does not belong to Z(RY), since ||x||%" f(x) does not tend to zero as ||x|[ — oo.

Example 4.13 In the univariate case, each product of a polynomial and the Gaussian
function e*"/2 is a rapidly decreasing function. By Theorem 2.25, the Hermite
functions h,(x) = H,(x) e_)‘z/z, n € Ny, are contained in . (R) and form an
orthogonal basis of Ly(R). Here, H, denotes the nth Hermite polynomial. Thus,
< (R) is dense in L;(R). For each multi-index n = (n /)7":1 € Ng, the function

2 . . . .
xMelxl/2) x — (xj)j‘l=1 € RY, is a rapidly decreasing function. The set of all
functions:

d
i (x) = e~ IXI3/2 []HyGp)es®Y). meN,
j=1

is an orthogonal basis of L>(R?). Further, . (RY) is dense in L, (R?).

For f € L{(R?), we define its Fourier transform at @ € R? by:
Zf(w) = f() = / f(x)e 1 *@dx. (4.13)
R4
Since

@] < / I dx = £l oy -
Rd

the Fourier transform (4.13) exists for all w € R? and is bounded on R¢.

Example 4.14 Let L > 0 be given. The characteristic function f(x) of the hyper-
cube [-L, L]¢ C R is the product ]_[‘;=1 X(—L, L1(x;) of univariate characteristic
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functions. By Example 2.3, the related Fourier transform reads as follows:

d
f@) = @L)! []sinc(Lw)).

j=1

Example 4.15 The Gaussian function f(x) := e~ loX13/2 with fixed o > 0 is the

2,2
product of the univariate functions f(x;) = e % *i/? such that by Example 2.6:

f@) = (zn)d/ze*"“’"ﬁ/(%z) ,
o2
By the following theorem, the Fourier transform maps the Schwartz space

Z(RY) into itself.

Theorem 4.16 For every ¢ € .7 (R?), it holds F¢ € .#(R?), i.e, F : S (RY) —
L (RY). Furthermore, D*(F¢) € /(R%) and F(D%¢) € ./ (RY) for all @ € N¢,
and we have

D*(F¢) = ()" Z(x* ), (4.14)
0% (Fp) = () Z(D* ¢), (4.15)

where the partial derivative D* in (4.14) acts on w and in (4.15) on x.
Proof

1. We consider & = e;. Using Fubini’s theorem, we obtain

by (F)(@) = lim (Zp) (@ + he)) — (Fo)(w))

1 . .
= lim / 0(%) (eﬂ"'“"*’"’l) —e*”"“’) dx (4.16)
h—0 Jrd h
. 1 . ~
= lim e_lx""/ @(x) (e_zx‘("””') — e_”“"”) dx dx
h—0 JRd-1 R h
where X := (x2,...,x4). Now, g(w) := e_”‘"’ is Lipschitz continuous with
Lipschitz constant sup,, |g'(w)| = sup,, | — ix e7'*®| = |x| so that
1 ‘efixl(cuﬂrh) —emmen| <y,

h

Since ¢ € § (Rd), we conclude that |¢(x) x| is an integrable upper bound of
the sequence in the integrand of (4.16). By Lebesque’s dominated convergence



172 4 Multidimensional Fourier Methods

theorem, one can change the order of differentiation and integration which
results in:

d 9 .
(Z9) (@) = / p(x), e ?dx
80)1 R4 8a)1

= —i/ P(X) x1 e X dx = —i (F(x19)(®).
R4

For arbitrary o € Ng, the assertion follows by induction.
2. We start by considering & = e1. From the theorem of Fubini, it follows

w1 (F9) (@) = / w) e g(x) dx
Rd

=/ e—”"‘f’/ iw) e 1 o(x) dxp dxa . .. dxg .
Rd-1 R

For the inner integral, integration by parts yields

. —iwx —ixjw 9

iwe "M epx)dx; = [ e M e(x)dxy .

R R 9x1
Thus, we obtain
) d
w1 (Fp)(@) = —197(a 9) ).
X1

For an arbitrary multi-index & € N¢, the formula (4.15) follows by induction.
3. From (4.14) and (4.15), it follows for all multi-indices &, 8 € Ng and each
¢ € L RY):

o* [DP(Zp)] = (—)fl 0*Z (xP ) = (—)) Bl Z[D*(xPp)].  (4.17)
Since

0 [DP(Z9)]@)] = | Z1D* ()l ()]| < /R D ()| dx < oo,

we conclude that @ [Dﬂ (Z ¢)](w) is uniformly bounded on R, so that .# Qe
Z(RY).

Remark 4.17 The Leibniz product rule for the partial differentiation of the product
of two functions reads as follows:

DoY) =Y (;) (D) (D Py) (4.18)
B<a
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with ¢ = (ocj)‘;:1 € Ng, where the sum runs over all § = (,Bj)‘;:1 € Ng with
Bj <ajforj=1,...,d, and where

(oc) ._ ar! Loag!
B) " Bil...Bal(er — B! ... (a— B!

Based on Theorem 4.16, we can show that the Fourier transform is indeed a
bijection on .7 (R%).

Theorem 4.18 The Fourier transform F : (RY) — ZRY) is a linear,
bijective mapping. Further, the Fourier transform is continuous with respect to the
convergence in ./ (R?), ie., for g, ¢ € SR, i ? ¢ as k — oo implies

ﬂ\wk?ﬂ\(pask%oo.

For all ¢ € #(R?), the inverse Fourier transform .Z ! : Z(R?) — . (R?) is
given by:

1 .
(Z o) (x) = Py /Rd o(@) e X dw. (4.19)

The inverse Fourier transform is also a linear, bijective mapping on . (R?) which is
continuous with respect to the convergence in . (R?). Further, for all ¢ € . (R?)
and all x € RY, it holds the Fourier inversion formula:

1 ar iX-@
p(x) = (2m)d /Rd (Z9)(w)e'*?dw .

Proof

1. By Theorem 4.16, the Fourier transform .% maps the Schwartz space .7 (R?) into
itself. The linearity of the Fourier transform .# follows from those of the integral
operator (4.13). For arbitrary ¢ € .7 (R%), for all ¢, B € Ng with |a| < m and
|B| < m, and for all @ € RY, we obtain by (4.17) and Leibniz product rule:

lwf D*(F o) ()| = |7 (DP (x* p(x)))(@)| < /R , |DB (x* ¢ (x))| dx

(1+ [[x[l2)" 4+

DY d
o (4 2 1PTeeldx

lyl<m

< [La+m" Y prewiasc

lyl<m

c dx
= i (14 [xl2)d+! lellm+atr-
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By

I-Fellm = max 11+ l@ll2)™ DY Fo(@)llcyra)

we see that
1-Z@lm < C' I @lmtas1 (4.20)

for all ¢ € .#(R%) and each m € Ny.
Assume that @i 7 @ as k — oo for ¢, ¢ € Z(R?). Applying the

inequality (4.20) to ¢x — ¢, we obtain for all m € Ny

1. F ok — F@llm < C' gk — @llmtd+1 -

From Lemma 4.10, it follows that .% ¢y, T/) Fpask — oo.

2. The mapping

a o 1 iX-@ d
(Fo)x) = @) /Rdf/’(w)e do, ¢eS([RY,

is linear and continuous from .’ (R?) into itself by the first step of this proof,
since (Z ) (x) = (2717),1 (Z9)(—x).

Now, we show that .% is the inverse mapping of .#. For arbitrary ¢, €
54 (Rd), it holds by Fubini’s theorem:

/ (FQ)@) ¥ () do = / ( / p(y) e 'V dy) ¥ (@) '™ do
R4 Rd Rd
= / e)( / (@) e * V% dw)dy
R4 R4
=/ oY) (FY)(y — x) dy=/ ez +x) (ZY)(z)dz.
R4 R4

For the Gaussian function ¥ (x) := e 1exXI3/2 with ¢ > 0, we have by
Example 4.15 that (F )(w) = (ijzr )d/2 e~ 1913/2¢%) and consequently

/ (3‘7/?) (w) 67”80)”%/2eiw‘x do = (22[ )‘1/2 / (P(Z + X) e,”zu%/(282) dz
R &€ R4

2
= @m)?? /R pey+x)e V22 dy.
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Since |(F¢)(w) e_”“"”%/2| < |Fp(w)| forall® € RY and F¢ € LR C
L1(R?), we obtain by Lebesgue’s dominated convergence theorem:

(j(ygo))(x) hm/ (Fo)(w)e™ lewll3/2 el ®X 4

1
(2m)d
= (2m)~/* lim f o(x + ey) e~ WI3/2 gy
e—0 Jpd
— _ 2
= 2m) " ?p(x) " W22 dy = p(x) ,

since by Example 2.6:

/e—uyné/zdy:(/ey 24y)! = @n)".
R4 R

From .7 (Z¢) = (p, it follows 1mmed1ately that #(F¢) = ¢ forall ¢ €
Z(R%). Hence, .% = .Z~! and .Z is bijective.

The convolution f % g of two d-variate functions f, g € Li(R?) is defined by:

(f %)) == / £ gx—y)dy.
Rd

Theorem 2.13 carries over to our multivariate setting. Moreover, by the following
lemma the product and the convolution of two rapidly decreasing functions are again
rapidly decreasing.

Lemma 4.19 For arbitrary ¢, € ./ (R?), the product ¢ Y and the convolution
@ * ¥ are in S (RY) and it holds F (¢ % V) = § V.

Proof By the Leibniz product rule (4.18), we obtain that x¥ D% ((p(x) I/I(X)) €
Co(R?) foralla, y € N, ie., p ¢y € S (RY).

By Theorem 4.18, we know that ¢, ¥ € .#(R%) and hence ¢ ¥ € . (R?) by
the first step. Using Theorem 4.18, we obtain that .% (¢ 12/) € .7 (R%). On the other
hand, we conclude by Fubini’s theorem:

F(o*P)w) = f ( / o(¥) ¥ (x — y) dy) e 7X@ dx
R4 R4
= / oy eV / Y(x—ye Ve dx)dy
R4 R4
= (/Rdw@ e 1Y dy) ¥ (@) = $() ¥ (@) .

Therefore, ¢ x ¥ = .Z 1@ V) € S (RY).
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The basic properties of the d-variate Fourier transform on .%(R¢) can be proved
similarly as in Theorems 2.5 and 2.15. The following properties 1, 3, and 4 hold
also true for functions in L1 (R?), whereas property 2 holds only under additional
smoothness assumptions.

Theorem 4.20 (Properties of the Fourier Transform on . (R%)) The Fourier
transform of a function ¢ € . (R?) has the following properties:

1. Translation and modulation: For fixed Xg, @wo € R4:

(p(x —x0)) (@) = e ™ G(w),

(7o) (@) = ¢(@ + wo)
2. Differentiation and multiplication: For o € Ng :

(D% (x)) (@) =i 0 (@),
(x*¢(x)) (@) =i (D*¢) () .

3. Scaling: For c € R\ {0}:

(plex) (@) =

L
Cldq)(c ).

4. Convolution: For ¢, ¥ € .7(R%):

(@ %) (@) = (@) ¥ ().

4.2.2 Fourier Transforms on L1(R?) and L,(RY)

Similar to the univariate case, see Theorem 2.8, we obtain the following theorem for
the Fourier transform on L; (RY).

Theorem 4.21 The Fourier transform % defined by (4.13) is a linear continuous
operator from L1 (R?) into Co(R¥) with the operator norm ||37||L1 Rd)—Co®D) = 1.

Proof By (4.11), there exists for any [ € Li(RY) a sequence (@i)reN With ¢ €
Z(R?) such that limg_ 0 || f — @kllL,rey = 0. Then, the Co(R?) norm of .Z f —
Z @ can be estimated by:

17 f = Zolcomay = sup |7 (f — o) @) < If — @il wa) -

weR4
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that is, limg 00 F i = .Z f in the norm of Co(R?). By .7 (RY) C Co(R?) and the
completeness of Co(R%), we conclude that .Z f € Co(R?). The operator norm of
Z : L1(RY) — Co(R?) can be deduced as in the univariate case, where we have
just to use the d-variate Gaussian function.

Theorem 4.2% (Fourier Inversion Formula for Ll(Rd ) Functions) Let f €
L1(RY) and f € L{(R?). Then, the Fourier inversion formula:

1

f(x) = 2m)

/ f(@) > dw “.21)
Rd

holds true for almost all x € RY.

The proof follows similar lines as those of Theorem 2.10 in the univariate case.
Another proof of Theorem 4.22 is sketched in Remark 4.48.

The following lemma is related to the more general Lemma 2.21 proved in the
univariate case.

Lemma 4.23 For arbitrary ¢, ¥ € .7 (R?), the following Parseval equality is valid:
Q) (0. V) @ty = (T 0. TV @) -

In particular, we have (2)%/? lellr,®rey = ||ﬂ7(p||L2(Rd).
Proof By Theorem 4.18, we have ¢ = .Z ~1(F¢) for ¢ € (R?). Then, Fubini’s
theorem yields

en (o, Wiy = 0" [ 00 w00 ix

= [ v [ Fowewn= [ Fow [ vwenoixde
R4 R4 R4 R4
_ fR Fo@) FY@) do = Fe, F)w

We will use the following extension theorem of bounded linear operator, see,
e.g., [10, Theorem 2.4.1], to extend the Fourier transform from .& (Rd) to Lo (RY).

Theorem 4.24 (Extension of a Bounded Linear Operator) Let H be a Hilbert
space and let D C H be a linear subset which is dense in H. Further, let F : D —
H be a linear bounded operator. Then, F admits a unique extension fo a bounded
linear operator F : H — H and it holds

IFllp>g = IIFllH—H -

Foreach f € Hwith f = limg_, oo fk, Where fi € D, it holds Ff = limg— oo Ff.
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Theorem 4.25 (Plancherel)  The Fourier transform F : ./ (R%) — .7 (R%) can
be uniquely extended to a linear continuous bijective transform F : L,(RY) —
Ly (RY), which fulfills the Parseval equality:

Q) (f. &) iy = (F f. T8 L, ma) (4.22)

forall f, g € Ly(RY). In particular, it holds )/ || f | 1, vy = I.Z £l L, wa)-

The above extension is also called Fourier transform on Lz(Rd) or sometimes
Fourier—Plancherel transform.

Proof Applying Theorem 4.24, we consider D = . (R9) as linear, dense subspace
of the Hilbert space H = L»(R?). By Lemma 4.23, we know that .% as well as
Z~! are bounded linear operators from D to H with the operator norms (27)?/2
and (27r)~%/2. Therefore, both operators admit unique extensions .# : Lry(RY)y —
Ly(RY) and .Z ! : Lr(RY) — Ly(R?) and (4.22) is fulfilled.

4.2.3 Poisson Summation Formula

Now, we generalize the one-dimensional Poisson summation formula (see Theo-
rem 2.26). For f € L (R9), we introduce its 2m-periodization by:

f(x) = Z f(x+27k), xeR?. (4.23)
keZ4
First, we prove the existence of the 2 -periodization f € L1(T%) of f € L1(RY).

Lemma 4.26 For given f € L1(RY), the series in (4.23) converges absolutely for
almost all x € R and f is contained in L1(T?).

Proof At first, we show that the 2 -periodization ¢ of | f| belongs to L1(T9), that
is:

o) = ) Ifx+27K).

keZd
For each n € N, we form the nonnegative function:

n—1 n—1

n(x) = Y .Y |f(x+27K)|.

ki=—n kg=—n
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Then, we obtain

‘/[0 5 ]d‘/’n(X)dX— Z Z / |f(X+27Tk)|dX

ki=—n kg=—n

n—1 n—1

= P d — d
Z Z /2nk+[o,2n]d|f(x)| X / [f ()| dx

ki=—n kg=—n [—2m7n, 27n]d

and hence

n—odo

lim o (x) dx = / @l dx = £,y < 00 (4.24)
[0, 2714 R4

Since (¢n)nenN 1S @ monotone increasing sequence of nonnegative integrable func-
tions with the property (4.24), we receive by the monotone convergence theorem of
B. Levi that lim,,_, o0 ¢, (X) = ¢(x) for almost all x € R? and ¢ € L{(T¢), where it
holds

f p(x)dx = lim_ en(X)dx = [ fll, e -
[0, 27 }4 [0, 21

In other words, the series in (4.23) converges absolutely for almost all x € R?. From

f@I=]D] fx+2rk)| < Y | f(x+27k)| = o(x),

keZd keZd

it follows that f € L (T%) with

||f||Ll(Td)=f |f(x)|dxsf ) dx = || fll 1wy -
[0, 2] d

[0, 27]

The d-dimensional Poisson summation formula describes an interesting connec-
tion between the values f (m), n € Z¢, of the Fourier transform f of a given function
f € L1(R%) N Cy(R?) and the Fourier series of the 27- periodization f

Theorem 4.27 Let f € Co(R?) be a given function which fulfills the decay

conditions:

Fols L ”m, |f(@)] < (4.25)

1+ o ||"+5

forallx, w € R4 with some constants ¢ > 0 and ¢ > 0.
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Then for all x € RY, it holds the Poisson summation formula:

e fx)y =@n? Y fx+2rk) =) fmem, (4.26)

keZd neZd

where both series in (4.26) converge absolutely and uniformly on RY. In particular,
SJorx = 0 it holds

e Y ferk =) fm).

kezA4 neZzZd4

Proof From the decay conditions (4.25), it follows that f, f € L{(R?) such that
fe Ll(']Td) by Lemma 4.26. Then, we obtain

F 1 F —inx
(P = /[O’zﬂ]df(X)e ax

1 .
- (x + 27 k) e 2R gx
Q2m)d /[o, 21 ( Z ! )

keZd
1

—inx 1 R
— oyt [ SO .

From the second decay condition and Lemma 4.8, it follows that ), | f m)| <
0o. Thus, by Theorem 4.7, the 2 -periodization f € C(T?) possesses the uniformly
convergent Fourier series:

£ 1 £ inx
Fo = 5 > fmyerr,

neZ4

Further, we have f € C(T?) such that (4.26) is valid for all x € R?.

Remark 4.28 The decay conditions (4.25) on f and f are needed only for the
absolute and uniform convergence of both series and the pointwise validity of (4.26).
Obviously, any f e .#(RY) fulfills the decay conditions (4.25). Note that the
Poisson summation formula (4.26) holds pointwise or almost everywhere under
much weaker conditions on f and f , see [151].

4.2.4 Fourier Transforms of Radial Functions

A function f : RY — Cis called a radial function, if f(x) = f(y) forallx,y € R?
with ||x|l2 = |lyll2. Thus, a radial function f can be written in the form f(x) =
F(||x||2) with certain univariate function F : [0, c0) — C. A radial function f is



4.2 Multidimensional Fourier Transforms 181

characterized by the property f(Ax) = f(x) for all orthogonal matrices A € R¥*¢,
The Gaussian function in Example 4.15 is a typical example of a radial function.
Extended material on radial functions can be found in [373].

Lemma 4.29 Let A € R?*? pe invertible and let f € Li(R?). Then, we have

oo
(f(Ax) (w)_|detA| fA Tw).

In particular, for an orthogonal matrix A € R4*? we have the relation:
(fA%)) (@) = f(Aw).

Proof Substituting y := A x, it follows
(fA%) (@) = f f(Ax) e ¥ dx
R4

fape i@ Tovgy = 1 faTy)

1
"~ |detA| Jpa " |detA]

If A is orthogonal, then A~T = A and |[detA| = 1.

Corollary 4.30 Let f € Li(RY) be a radial function of the form f(x) = F(r)
with r := ||X||2. Then, its Fourier transform f is also a radial function. In the case
d =2, we have

f(w) =2r /0 F(r) Jo(r |l@l|l2) rdr, (4.27)

where Jo denotes the Bessel function of order zero:

s (EDF 2%
o) '_kzz;) (k1) (2) '

Proof The first assertion is an immediate consequence of Lemma 4.29. Let d = 2.
Using polar coordinates (r, ¢) and (p, ¥) with r = ||x]|2, p = |w]|]2 and ¢, ¥ €
[0, 27) such that:
_ s NT _ : T
Xx=(rcosg, rsing) , = (pcosy, psiny)

we obtain

f@) = / Fx) e dx
RZ

0o 2w
= / / F(r)e 10 cose=¥) 1 qo dr .
0 0
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The inner integral with respect to ¢ is independent of ¥, since the integrand is 27 -
periodic. For ¥ = —7 , we conclude by Bessel’s integral formula:

2 . 2 .
/ e~ i7P cos(p+m/2) d(p — / el 7P sing d(p =27 J()(I’,O) )
0 0

This yields the integral representation (4.27), which is called Hankel transform of
order zero of F.

Remark 4.31 The Hankel transform of order zero € L2((0, oo)) —
L>((0, 00)) is defined by:

(A F)(p) 2=/0 F(r) Jo(r p)rdr.

Remark 4.32 In the case d = 3, we can use spherical coordinates for the
computation of the Fourier transform of a radial function f € L1(R3), where
f(x) = F(|Ix|]2). This results in

4
lwll2

f(w) = /OO F(r)r sin(r |@ll2)dr, e R3\{0}. (4.28)
0

For an arbitrary dimension d € N \ {1}, we obtain
R (0.¢]
f@ =@ ol 2 [T FO P e lel) 0 e RO 10),
0

where

Y (—DF X\ 2kt
o (0) '_kzzokll“(k—i-v—i-l) (2)

denotes the Bessel function of order v > 0, see [341, p. 155].

Example 4.33 Let f : R? — R be the characteristic function of the unit disk, i.e.,
f(x) ;=1 for |x|][2 < 1 and f(x) := O for ||x||2 > 1. By (4.27), it follows for
w € R?\ {0} that

A 1 2
f (@) =2ﬂ/0 Jo(r |@ll2) rdr = 7'[2 Ji(le@ll2)

el

and £(0) = 7.
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Let f : R3 — R be the characteristic function of the unit ball. Then from (4.28),
it follows for @ € R3 \ {0} that

4
3
lwlly

f@) =

(sinll@ll2 — ll@ll2 cos [@]2) ,

and in particular f(0) = 4?7’7 .

4.3 Fourier Transform of Tempered Distributions

Now, we show that the Fourier transform can be generalized to the so-called
tempered distributions which are linear continuous functionals on the Schwartz
space .7 (R?), see [325]. The simplest tempered distribution, which cannot be
described just by integrating the product of some function with functions from
S (R?), is the Dirac distribution 8 defined by (8, ¢) := ¢(0) for all ¢ € .7 (RY).

4.3.1 Tempered Distributions

A tempered distribution T is a continuous linear functional on .%(R?). In other
words, a tempered distribution 7' : .”(R¢) — C fulfills the following conditions:

(i) Linearity: For all o1, ap € C and all ¢y, ¢ € .7 (RY):
(T,a1 91 + a2 ¢2) = )T, 1) + (T, @2) .

(ii) Continuity: If ¢; 7 pasj— ocowithe;, ¢ e S (R?), then:

Lm (T, ¢;) =(T, ¢).

J—>00

The set of tempered distributions is denoted by .#’(R¢). Defining for Ty, T» €
' (RY) and all ¢ € . (R?) the operation:

(01 Ty + a2 To, ) == a1 (T1, @) + a2 (T2, @),
the set .’ (R?) becomes a linear space. We say that a sequence (7} )en of tempered

distributions Ty € ./ (R?) converges in /' (R%) to T € ' (R%), if for all ¢ €
Z(RY):
lim (T, ¢) = (T, ¢).
k— 00

We will use the notation T 7 T as k — oo.
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Lemma 4.34 (Schwartz) A linear functional T : .#(R?Y) — C is a tempered
distribution if and only if there exist constants m € No and C > 0 such that for all
¢ € S(RY):

KT, o) = Cllglm - (4.29)

Proof

1. Assume that (4.29) holds true. Let ¢; —> ¢ as j — 0o, i.e., by Lemma 4.10,
lim; 00 l¢j — @llm =0forallm No. From (4.29), it follows

KT, 9j =) < Clo; —¢ln

for some m € Ng and C > 0. Thus, lim;_, (T, ¢; — ¢) = 0 and hence
2. Conversely, let T e .#/(RY). Then, @) ? ¢ as j — oo implies

lim;oo(T, @) = (T, ¢).
Assume that for all m € N and C > 0 there exists ¢, c € .7 (R?) such that:

KT, om.c)l > Cllgm.clim-

Choose C = m and set ¢, := @.m. Then, it follows |{T', ¢u)| > m||@n |, and
hence

Pm ©Om
1 =T, N>m llm -
(T, om) (T, om) "
‘We introduce the function:
Pm d
= e S (RY)

which has the properties (T, ¥,,) = 1 and ||Yyllm < . Thus, ¥y, —> 0

as m — o00. On the other hand, we have by assumption T € .’ (Rd) that
limy, 00 (T, ¥») = 0. This contradicts (T, ¥,) = 1.

A measurable function f : R — C is called slowly increasing, if there exist
C > 0and N e Ny such that it holds almost everywhere:
|f @] =< C A+ [x)" . (4.30)

These functions grow at most polynomial as ||x||o — oo. In particular, polynomials
and complex exponential functions e'®* are slowly increasing functions. But, the

reciprocal Gaussian function f (x) := elXl2 is not a slowly increasing function.
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For each slowly increasing function f, we can form the linear functional T :
R4 — C:

Ty, @) = /Rl f®e®dx, ¢e.SRY. (4.31)
By Lemma 4.34, we obtain Ty € ' (R?), because for every ¢ € .7 (R?):

Ty, 9l < /R s |:f: ”( )),'MH (1 + IxI) V4 o] dx

dx
=¢ /Rz A+ [x[2)d+1 2P (1 + x4 px)])
‘ xeR¢

c dx
=C Ly (1 + Ixlp)d+! ol N+a+1-

A function in L ,,(]Rd ) must not be slowly increasing; however, these functions
give also rise to tempered distributions as the following example shows.

Example 4.35 Every function f € L,(RY), 1 < p < oo, is in /'(R?) by
Lemma 4.34. For p = 1, we have

Ty, @) < fRd [f®lle)dx < [ fllL, g llello < oo

Forl < p < oo, letg beglvenby » + = 1, where ¢ = 1 if p = oo. Then, we
obtain form € Ng withm g > d 4 1 by Holder s inequality:

Ty 0)] < /R I+ Ix) (k1) I (o) d
<1l / £OOI(L + Ix]l2) ™™ dx
Rd
<l 11, e /R ) a7

If a distribution T € .#/(R?) arises from a function in the sense that (T, ¢) =
fRd f(X)p(x) dx is well defined for all ¢ € .7 (R?), then we speak about a regular
tempered distribution. The following example describes a distribution which is not
regular.

Example 4.36 The Dirac distribution § is defined by:

(8, @) :=¢(0)
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forall ¢ € .7 (R%). Clearly, the Dirac distribution § is a continuous linear functional
with [(8, @)| < ll¢llo for all ¢ € .Z(R?) so that § € .#/(R?). By the following
argument, the Dirac distribution is not regular: Assume in contrary that there exists
a function f such that:

o(0) = / £ 9(x) dx
]Rd

forall p € . (Rd). By (4.30), this function f is integrable over the unit ball. Let
¢ be the compactly supported test function (4.12) and ¢, (x) := ¢(nXx) forn € N.
Then, we obtain the contradiction:

e = len(0)] = |/Rd F0e@d < [l

B1/n(0)

feflf |[fxX)|]dx >0 as n — oo,
B1/n(0)

where By/,(0) = {x e R? : ||x]|> < 1/n}.

Remark 4.37 In quantum mechanics, the distribution § was introduced by the
physicist Paul Dirac. It is used to model the density of an idealized point mass
as a “generalized function” which is equal to zero everywhere except for zero and
whose integral over R is equal to one. Since there does not exist a function with
these properties, the Dirac distribution was defined by Schwartz [325, p. 19] as a
continuous linear functional that maps every test function ¢ € . (R) to its value
¢(0). In signal processing, the Dirac distribution is also known as the unit impulse
signal. The Kronecker symbol which is usually defined on Z is a discrete analogon
of the Dirac distribution.

Important operations on tempered distributions are translations, dilations, and
multiplications with smooth, sufficiently fast decaying functions and derivations. In
the following, we consider these operations.

The translation by xo € R of a tempered distribution 7 € .%’/(R9) is the
tempered distribution 7 (- — X¢) defined for all ¢ € .% (R%) by:

(T(- =x0), ) == (T, (- +X0)) .

The scaling with ¢ € R\ {0} of T € ./ (R?) is the tempered distribution 7 (c -)
given for all ¢ € .7 (R?) by:

(T )= AT, 9" ).

le|
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In particular for ¢ = —1, we obtain the reflection of T € .’ (Rd), namely:

(T(=2),9):=(T,9)

forall ¢ € .7(R?), where ¢(x) := ¢(—x) denotes the reflection of ¢ € . (R?).
Assume that € C*®(R?) fulfills

DY (x)] < Ca (1+ [Ix]l2)" (4.32)

forall @ € Ng and positive constants Cy and Ny, i.e., D*{ has at most polynomial
growth at infinity forall ¢ € Ng. Then, the product of  with a tempered distribution
T e . (R?) is the tempered distribution ¥ T defined as:

(WT,0)=(T.¥vg), peIRY.

Note that the product of an arbitrary C> (R?) function with a tempered distribution
is not defined.

Example 4.38 For a regular tempered distribution Ty € &/ (RY) and ¢ # 0, we
obtain

Ty =x0) =Tre—xp, Trle)=Trey, ¥Tr=Tys.
For the Dirac distribution §, we have
(8(- —x0), @) = (3, p(- +x0)) = ¢(x0) ,

(8(c), @) = @ o )=

e ¢ |

(W 6,0) =8, v o) =v(0)¢0)

1
0 ’
Cldt/)()

forall g € 7 (R?), where ¥ € C*®(R?) fulfills (4.32) for all & € NJ.

Example 4.39 The distribution Ty arising from the function f(x) := In(|x|) for
x # 0and f(x) = 0 for x = 0 is in &'(R) by the following reason: For all
¢ € L(R), we have

0

In(x]), 9(x)) = /

—00

In(—x) ¢(x) dx + /OO In(x) ¢(x) dx
0

= /OO In(x) ¢(—x) dx + /00 In(x) ¢(x) dx.
0 0
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Since In(x) < x for x > 1, we obtain

00 1 00
/ In(x) p(x)dx = / In(x) p(x) dx + / In(x) p(x) dx
0 0 1

oo

1
< |I¢|ICO(R)/0 ln(x)dx—l—/l x@(x)dx

1 o)
= lpllcye lim / Inx) dx + / ro(x) dx
—UJe 1

and similarly for ¢(—x). Since ¢ € #(R), the second integral exists. For the first
integral, we get by integration by parts:

1 1
/ In(x)dx = xln(x)lé — / ! xdx = —¢ln(e) — (1 —¢)
& g X

and by I’Hospital’s rule:

1

lim [ In(x)dx = lim (—¢ln(e) — (1 —¢)) = —1.
e—0 J¢ e—0

Therefore, (In(|x]), ¢(x)) is well defined for all ¢ € Y (R) and a tempered
distribution of function type. Similarly as above, we can conclude that In(|x|) is
absolutely integrable on any compact set.

Another important operation on tempered distributions is the differentiation. For
o € Ng , the derivative D* T of a distribution T € ./ (R?) is defined for all ¢ €
S (R?) by:

(D*T, ¢) := (—DI(T, D%). (4.33)

Assume that f € C”(R?) with r € N possesses slowly increasing partial derivatives
D® f for all || < r. Thus, Tpay € ./’ (R?). Then, we see by integration by parts
that Tpe f = D*Ty forall a € Ng with || < r, i.e., the distributional derivatives
and the classical derivatives coincide.

Lemma 4.40 Let T, Ty € .7'(RY) with k € N be given. For A1, »» € R and a,
B eN, the following relations hold true:

1. D*T € .7 (RY),

2D T1+2D)=rMD*Ti +2 DT,

3. D* (DB T)=DB(D*T)=D*B T, and

4. Tk7 Task—)OOimpliesD"‘Tk?D“Taskeoo.
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Proof The properties 1-3 follow directly from the definition of the derivative of
tempered distributions. Property 4 can be derived by:

lim (D* Tk, @) = lim (=D)* (T, D* ¢) = (=1)!* (T, D* ¢) = (D* T, ¢)
k—o00 k—o00
for all ¢ € ./ (RY).

Example 4.41 For the slowly increasing univariate function:

0 x<0,

x x>0,

fx) = {
we obtain
DTy, ¢) = —(f, ¢) = —/Rf(X)w’(X)dx

:—/ x(p/(x)dx=—x¢(x)|80+/ (p(x)dx=/ @(x)dx
0 0 0

so that

0 x<0,

DTyx) = H(x) :{1 x>0.

The function H is called Heaviside function. Further, we get
2 > 00
(D°Ty, @) = —(DTy, ¢') = —/ ¢'(x)dx = —p(x)|g” = 9(0) = (8, )
0

so that D? Ty = DTy = 4. Thus, the distributional derivative of the Heaviside
function is equal to the Dirac distribution.

Example 4.42 We are interested in the distributional derivative of regular tempered
distribution T of Example 4.39. For all ¢ € .(R), we get by integration by parts:

(DIn(x]), ¢(x)) = —(In(|x]), ¢'(x))

= _/0 In(x)(¢'(x) + ¢'(—x)) dx
1
= —In(x)(p(x) — o(—x))I§° +/0 P (p(x) — @(—x)) dx

. [
= Slg}})ln(S)(w(S) —p(—8)) + Slg%/ N (p(x) — p(—x)) dx
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Taylor expansion yields
pe) =90 +e¢'(), & €(0,¢)
so that by the mean value theorem:
p(e) —p(—e) = e(¢'(Ge) + ¢'(6-0)) =2e¢'(§), |&| <e.

Thus:
) o ) oo £ 1
(DIn(|x]), ¢(x)) =£h_r)%/£ (@) —9(=x)) dx =£h_1}})(/8 +/_oo) ZOLY
1
ZPV/ @(x) dx,
R X

where pv denotes the Cauchy principle value integral. We see that the tempered
distribution pv(}c) defined for all ¢ € . (R) by:

1 1
(pv( ), () == pv p(x) dx (4.34)
X R X

fulfills D In(|x]) = pv(}c). Note that the integral [, )1( @(x) dx does not exist for all
¢ € L (R).

Remark 4.43 Let f € Cl(R\{xl, ..., Xp}) be given,where x;y e R,k =1,...,n,
are distinct jump discontinuities of f. Then, the distributional derivative of T reads
as follows:

DTf=f+> (flu+0)— flxx—0) 8¢ —xp).

k=1

For example, the distributional derivative of the characteristic function f = x[q4, 5]
where [a, b] C R is a compact interval, is equal to:

DTy =8(—a)—5( —b).

If f = N is the cardinal B-spline of order 2 (cf. Example 2.16), then the first and
second distributional derivatives of Ty are

DTy = xi0,11 — X[1,2] » D? Tr=06—-26(—-1+68(--2).
For arbitrary ¢ € . (RY) and T € &' (R?), the convolution T is defined as:
(U *T,0):=(T, ¥ xg), ¢eSRY, (4.35)

where 1} denotes the reflection of .
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Example 4.44 Let f be a slowly increasing function. For the regular tempered
distribution Ty € ./ R4y and ¢ € .7(R?), we have by Fubini’s theorem for all
¢ € S(RY):

(W Tp, @) =Ty, ¥ x9) = /R F®) (W *)(y) dy
= [ 1o ([ vx-yemaay= [ e nmemax.
R4 R4 R4

that is, ¥ % Ty = Ty is a regular tempered distribution generated by the C*° R7)
function:

/Rd vx—y) fdy=(Ty, y(x— ).
For the Dirac distribution § and ¢ € . (R%), we get for all ¢ € ./ (R)
W8, 0) = 6.0 = 0 = [ 9000 dx

that is, ¥ * 6 = .

The convolution ¥ * T of ¥ € .7 (R?) and T € .7’(R¥) possesses the following
properties:

Theorem 4.45 Forall y € (R and T € %' (RY), the convolution  * T is a
regular tempered distribution generated by the slowly increasing C*(R?) function
(T, y(x— ), x € RY. Foralla € Ng, it holds

DY« T) = (DY) * T = % (D*T). (4.36)

Proof

1. For arbitrary ¢ € (R, T e .#/(R%), and @ € NZ, we obtain by (4.33)
and (4.35):

(DY *T), @) = (=D (y « T, D%@) = (—=DI*I(T, ¥ x D),

where v/ (x) = ¥ (—x) and

(W * D%¢)(x) = /R J(¥) Do(x— y)dy.
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Now, we have
G+ D)0 = [ 70) Dp(x = y)dy = D* (7 )0
=D°‘f &(x—y>¢<y>dy=/ D* Y(x —y) p(y)dy = (D* § % 9)(x),
R4 R4

since the interchange of differentiation and integration in above integrals is
justified, because v and ¢ belong to .7 (R?). From

D = (-1 Doy
it follows that

(D*(Y % T), ) = (=D (Y x T, D) = (D* T, ¥ % @) = (¢ * D* T, ¢)
= (=T, D %) = (T, D%y % @) = (D*Y) * T, ¢).

Thus, we have shown (4.36).

2. Now, we prove that the convolution ¥*T is a regular tempered distribution gener-
ated by the complex-valued function (7', ¥ (x— -)) forx € R?. In Example 4.44,
we have seen that this is true for each regular tempered distribution.

Let , ¢ € S(RY) and T € .7/ (RY) be given. By Lemma 4.19, we know
that ¥ % ¢ € .7 (R?). We represent (¥ * @)(y) for arbitrary y € RY as a limit of
Riemann sums:

~ 1
Grxo) = [ vx-pewa= tim 3 wx-yven .

keZd

where xg = ']?, k € Z4, is the midpoint of a hypercube with side length ;

Indeed, since ¥ % ¢ € .#(R?), it is not hard to check that the above Riemann
sums converge in . (R?). Since 7' is a continuous linear functional, we get

- 1
(T, 9 %) = lim (T, > @0 — ) ¥ (x) )

j—o00
keZd

1
= Jim 3 o) ja {1 ¥ =) :/RJT’ Y(x =) p(x)dx,

keZd

that is, the convolution ¥ x T is a regular tempered distribution generated by the
function (T, v (x — -)) which belongs to C* (Rd) by (4.36).
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3. Finally, we show that the C*®(R?) function (T, ¥ (x — -)) is slowly increasing.
Here, we use the simple estimate:

T+ [x =yll2 = T+ lIxll2 + [lyll2 = (T + lIxl2) (0 + llyll2)

forallx, y € R4,
For arbitrary fixed xo € R and every m € Ny, we obtain for ¢ € .7 (R%):

1 (x0 = Dl = max 11+ 120" DPYr 50 = Xl ey

|Bl<m

= max max (I + [|x]2)" [DB ¥ (xg — )| = max max (1 + |xg — yll2)" |DPy (y)]
|Bl<m xeRd [Bl=m yeRd

< 1+ xoll)™ sup sup (1+ yll)™ IDP w (I = A+ Ixol)™ ¥ llm -
|Bl<m yeRd

Since T € .’ (Rd ), by Lemma 4.34 of Schwartz there exist constants m € Ny
and C > 0, so that (T, ¢)| < C ||¢|lm forall ¢ € Y(Rd). Then, we conclude

UL, y(x =N = CIYE = )lm = C A+ (X2 1¥]lm -

Hence, (T, ¥ (x — -)) is a slowly increasing function.

4.3.2 Fourier Transforms on .7’ (R?)

The Fourier transform T = T ofa tempered distribution T € .7/ (R?) is defined
by:

(FT,9) =(T,¢) = (T, Fp) = (T,9) (4.37)

for all ¢ € .Z(R?). Indeed, T is again a continuous linear functional on . (RY),
since by Theorem 4.18, the expression (T, #¢) defines a linear functional on
< (R?). Further, ¢ ? ¢ as k — oo, implies .F gy ? Feas k — 00 s0

that for 7' € . (R%), it follows

lim (T, gx) = lim (T, Z @) = (T, F¢) = (T, ).

k— 00 k— 00
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Example 4.46 Let f € L{(R?). Then, we obtain for an arbitrary ¢ € . (RY) by
Fubini’s theorem:

(FTyr, ) =Ty, §) =/
R4

([ oe ) f@ do
R4
:/ f(x)(p(x) dx = (Tf, ®),
R4

thatis, # Ty = Tz .
Let xo € R? be fixed. For the shifted Dirac distribution §(- — Xg), we have

(F5C =500, 91 = 6 =00 9) = B =x0) [ gl da)
R4

so that .Z8(- — xg) = e 190 and in particular, for X = 0 we obtain .#8 = 1.

Theorem 4.47 The Fourier transform on .'(R?) is a linear, bijective operator
F . S (RY) — L' (RY). The Fourier transform on . (R?) is continuous in the
sense that for Tr, T € ' (R?) the convergence Ty ? T as k — oo implies

F Ty ? Z T as k — oo. The inverse Fourier transform is given by:

(FIT, ) = (T, 77 9) (4.38)
forall ¢ € .7 R which means

. 1
Q@)

a—1

FT(—).

Forall T € ' (Rd), it holds the Fourier inversion formula:
FNFTY=F(F 'T)=T.

Proof By definition (4.37), the Fourier transform .# maps .’ (R?) into itself.
Obviously, .# is a linear operator. We show that .7 is a continuous linear operator of
Z'(R?) onto .7’ (R?). Assume that T ? T as k — oo. Then, we get by (4.37):

lim (F Ty, ¢) = Jim (T, Fo)=(T, Zo)=(FT, ¢)
—00

k— 00

for all ¢ € .#(R%). This means that .Z Ty 7 Z T as k — o0, i.e., the operator
Z . ' (R - Z'(R?) is continuous.
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Next, we show that (4.38) is the inverse Fourier transform, that is:
g YWFn=T, F&ZF'T)=r1 (4.39)

forall T e .#’(R?). By Theorem 4.18, we find that for all ¢ € .7 (R%):

(FTUTT), ¢) = (Z(FT(=), ¢)

@)
J— 1 JR—
= @) ?V= oy

=(FT, F o) =T, F(F ') =T, ¢).

Y

(FT(=), (FT,(F (=)

By (4.39),each T € &%/ (R?) is the Fourier transform of the tempered distribution
S=.2"1T ie,T =.%S. Thus, both .Z% and .Z% ! map 7' (R?) one-to-one onto
7 (RY).

Remark 4.48 Ferm Theorem 4.47, it follows immediately Theorem 4.22. If f €
Li(RY) with f e Li(RY) is given, then Ty and Tf. are regular tempered
distributions by Example 4.35. By Theorem 4.47 and Example 4.46, we have

;=F7'T

f=7 =S =1y

so that the functions f and

1

-1 _
FH© =

/ f(@)e X dw
R4

are equal almost everywhere.
The following theorem summarizes properties of Fourier transform on .&” (R?).

Theorem 4.49 (Properties of the Fourier Transform on .’ (R%)) The Fourier
transform of a tempered distribution T € .’ (R?) has the following properties:

1. Translation and modulation: For fixed Xg, wo € R4:
FT(—x0) =e 1 O% ZT |
y(e_i“’“'x T) =ZT(-+ wy).
2. Differentiation and multiplication: For o € Ng :
F(D*T) =i " T,

FXT) =i p*ZT .
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3. Scaling: For c € R\ {0}:

FT(c) = 1d FT( ).

lc]
4. Convolution: For ¢ € .7 (R%):
F(T *9)=(FT)(F9).
The proof follows in a straightforward way from the definitions of corresponding
operators, in particular the Fourier transform (4.37) on .’ (R?) and Theorem 4.20.

Finally, we present some additional examples of Fourier transforms of tempered
distributions.

Example 4.50 In Example 4.46, we have seen that for fixed x¢ € R4:
F8(-—xg)=e 1@%  zFs=1.

Now, we determine .Z ! 1. By Theorem 4.47, we obtain

1 1
F71 = T U= = TN
(2m) (2m)
since the reflection 1(—-) is equal to 1. Thus, we have # 1 = (271)”’8. From

Theorem 4.49, it follows for any & € Ng :
F (D) =([{0)*ZF5=(>1w)*]1=(w",
FxYH=Zx*)=i"Dp*71=02r)?i*Dp*s.
Example 4.51 We are interested in the Fourier transform of the distribution pv (i )
from Example 4.39. First, it is not hard to check that for any T € ./ (R):

1
xT =1 == T:pv<>+C8

with a constant C € R. Similarly as in Example 4.41, the derivative of the sign
function:

1 x>0,
sgn(x) := 0 x=0,
-1 x<0,
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is D sgn = 26. Then, we obtain by Theorem 4.49 for all ¢ € . (R):

(F (D sgn), p) = (Dsgn, §) =29(0) = (28, ¢) = (2, )
= (iwsgn’ (@), p(w))

so that iwsgn”(w) = 2 and

.~ 2 1 2 1
sgn = _pv +Cs= pv ,
i . i .

where the last equality, i.e., C = 0, can be seen using the Gaussian ¢. Hence, it

follows
( 1 ) . .
pv = —im sgn.

Remark 4.52 Using Theorem 4.47, we can simplify the d-dimensional Poisson
summation formula (4.26). For arbitrary ¢ € .¥ (R%), we introduce the 27-
periodization operator Pay : ./ (R?) — C®(T?) by:

Pirpi= Y ¢(- +27K).
kezd

Note that this series converges absolutely and uniformly on R?. Then, Py, ¢ €
C°°(T?) can be represented as uniformly convergent Fourier series:

(Prrg)(x) = Y ck(Pargp) e,
keZd

where

1 .
Prrg) = P —ikxg
ck(P2r ) @2y /[0,27r]d( 2 ) (X) e X

1 . 1
= Qnyd /Rd p(x)e KX dx = (2m)d o(—Kk).

Hence, we obtain the d-dimensional Poisson summation formula:

1 ~ —ik-x
(Parg)00 = > ploe kY,
kezd4
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where the Fourier series converges absolutely and uniformly on R? too. For ¢ €
S (R?), we can form the uniform sampling operator S| : . (R?) — .'(R%) by:

S19="7) ¢k(—k.

kezd4

Obviously, S1¢ is a 1-periodic tempered distribution. For the distributional inverse
Fourier transform .% !, we have .% ! e71k'® = §(. — k). Thus for arbitrary ¢ €
7 (R?), we obtain by Theorem 4.47 the equation:

Pzn(pzeg._lSly(p.

In [254], the Poisson summation formula is generalized for regular tempered
distributions generated by continuous, slowly increasing functions.

The spaces . (R?), Lr(R?), and .7 (Rd) are a typical example of a so-called
Gelfand triple named after the mathematician I.M. Gelfand (1913-2009). To obtain
a Gelfand triple (B, H, B’), we equip a Hilbert space H with a dense topological
vector subspace B of test functions carrying a finer topology than H such that the
natural (injective) inclusion B C H is continuous. Let B’ be the dual space of all
linear continuous functionals on B with its (weak-*) topology. Then, the embedding
of H' in B’ is injective and continuous. Applying the Riesz representation theorem,
we can identify H with H’' leading to the Gelfand triple:

BCHZX=H cB.
We are interested in
ZRY C Ly@RY) = LryRYY ¢ 7 (RY). (4.40)

Note that we already know that . (R?) is dense in L, (R%). Moreover, the natural
embedding is indeed continuous, since @i T/) @ as k — oo implies

llox = @117, ey = /Rd(l +IIx112) 7 (1 Ix12) T ok (%) — 9(x)[* dx

dy
< su (1+||x||z>d“|¢k<x>—<p<x>|2/
ey o (L4 [lyfl2)+!

d+1

< C sup (1 + [Ix[2) g (%) — p(®)[* — 0

xeR4

as k — oo.

Corollary 4.53 If we identify f € Lo(RY) with Ty € #'(R?), then the Fourier
transforms on Ly(RY) and . (R?) coincide in the sense FTr=Tgy.
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Proof For any sequence (fi)ren of functions fy € & (RY) converging to f in
L>(R?), we obtain

im (Fo, fi),m = (F¢, e = Tr, Fo) =(FT}, ¢)

forall p € . (Rd). On the other hand, we conclude by definition of .% on Lz(Rd)
that

lim (Z ¢, fk)Lz(Rd) = klingoﬁp, 3‘\fk>L2(Rd) = (g, 3‘\f>L2(]Rd) =(Tzf, ¢)

k— 00

forall ¢ € Z(R4). Thus, F Ty = Ty and we are done.

4.3.3 Periodic Tempered Distributions

Next, we describe the connection between 2 -periodic tempered distributions and
Fourier series. We restrict our attention to the case d = 1.
A tempered distribution 7' € ./ (R) with the property T = T (- — 27), that is:

(T, 9) =(T, p(- + 2m))
for all ¢ € L (R) is called 27 -periodic tempered distribution.

Example 4.54 We consider the so-called Dirac comb:

n

Agp =Y 8(—2mk) = lim > 8(—2mk),
keZ k=—n

which is meant as follows: For every ¢ € L (R and T}, := Y e, 8 —27k) €
7' (R), we have

n 21,2
(1 +4m°k°) p(2rk)
L= e

k=—n

n
1
< 1 2 <C ,
_k_§_n1+4n2k2 sup (1 £ 1x)° ()] = € @l

where m = 2. Hence, the absolute sum is bounded for all n € N and thus converges
for n — o0. The limitis (Asx, ¢).
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Lemma 4.55 (Poisson Summation Formula for Dirac Comb) In .7’ (R), it holds

2w Aoy = Ze_ik' .
keZ

Proof Since .% is continuous on .%’(R), we have

F(Y 8¢ —k)=> et es®). (4.41)

kel kel

The functions from #(R) fulfill the assumptions of Poisson summation for-
mula (4.26). Using this formula and (4.41), we obtain for all ¢ € ¥ (R):

2;1(25(- —27k), ¢) = 27 Z(p(ZTrk) = Z@(k) = (Ze—ik', 0).

keZ keZ keZ kel

This yields the assertion.

By Theorem 1.3, we known that every function f € L»(T) possesses a
convergent Fourier series In L>(T). On the other hand, we know from Sect. 1.4
that there exists f € L1(T) such that the sequence of Fourier partial sums (S, f)(x)
is not convergent in L1(T) as n — oo, see [221, p. 52]. But, every f € L(T)
generates a regular tempered distribution 7y which is 2 -periodic. Next, we show
that the Fourier series of any function f € L;(T) converges to f in .#'(R).

Lemma 4.56 For f € L{(T), the Fourier series:

. 1 2 .
T:=) a(fer, =, | f@e M,

kel

is a 2m-periodic tempered distribution which coincides with Ty in ' (R). The
Fourier transform & Ty reads as:

FTp=2m Y cx(f)s(—k)

kel

and the distributional derivative D Ty as:

DTy= Y ika(f)ek .

keZ)\{0}

Proof Consider the nth Fourier partial sum:

Suf =) af)er.

k=—n
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For arbitrary ¢ € . (R), we obtain by Fubini’s theorem:

(S f.9) = /R (Su () 9(x) dx

k=—n

By Lemma 4.55, we know that ,' >°}__, et*¢= converges to Aar(- — 1) in
' (R). Taking the limit for n — oo and using Lebesgue’s dominated convergence
theorem, it follows

2 2
o) = [ tamC =00 fwd= [ (Dot+2mi) e

keZ

:/l;go(l‘)f(t)dt: (fs(p>

forall p € ./ (R). Thus, T = Ty. Since .# and D are linear continuous operations
in ./ (R), the Fourier transform .%# Ty and the derivative D Ty can be formed term-
by-term by Theorem 4.47 and Lemma 4.40.

Example 4.57 As in Example 1.9, we consider the 2w -periodic sawtooth function
f givenby f(x) = é — 2);,x € (0, 2m), and f(0) = 0. This function possesses in
L>(R) the pointwise convergent Fourier expansion:

3 Uik
keZn0) 2mik
By Lemma 4.56, we obtain the representation:
=Y LTS
/ 2ik
keZ\{0}

in /(R). Using Lemma 4.40, this Fourier series can be termwise differentiated in
<" (R), so that

1 .
D Tf — Z elk.
27 keZ\{0}

1 1
= — §5(-—2mk) = — Aoy .
2ﬂ+kEZZ( wh) ==+ 4
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Finally, we want to extend Lemma 4.56 to 2m-periodic tempered distributions.
Since the function €' is not in . (R), the expression (7, ek} is not defined.
Therefore, we choose a nonnegative compactly supported function 6 € C°(R)
which generates a partition of unity:

Y 0x+2mk)=1, xeR. (4.42)
keZ

Note that the series (4.42) is locally finite, i.e., on every compact interval only a
finite number of terms 6 (x + 27k) does not vanish identically.

Example 4.58 The even function & € C°(R) with 0(x) := 1 for0 < x < 23”,
f(x) :=0forx > 437)’, and

el/(4”/3_x))*1 21 4m

ol /(x—27/3) <X <

0(x) := (1 + 5 X

supported in [ — 4;’ , 4§’ ] fulfills (4.42). This follows immediately from the facts that

forx € (2§1’ 4;’) we have

D 0 +27k) = 0(x) +0(x —2m) =1
keZ

by definition of 6. For x € [O, 2? ], we have

D 0 +2mk) = 0(x) = 1

keZ

and for x € [‘g’, 271]:

> 0 +2mk) =0(x —27) = 1.
keZ

Then, 0 e %" € .7 (R), so that the Fourier coefficients of a 27 -periodic tempered
distribution T € ' (R) given by:

1 .
cx(T) = o (T,0e kY, keZ (4.43)

are well defined. By the following reason, the Fourier coefficients are independent of
the chosen 6 € C°(R): Let 6; € C°(R) be another function with property (4.42),
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Then, by the 27 -periodicity of T, we obtain

(T, 01e7'%) = (T, Y 6(+2m)6re7)
LeZ

= (1. Y06 —2ume ) = (T, o7t
Lel

Theorem 4.59 Let T € %' (R) be a 2m-periodic tempered distribution. Then, its
Fourier coefficients (4.43) are slowly increasing, i.e., there exist m € Nand C > 0
such that for all k € 7Z.:

lek(T)] < C (1 + kD™ (4.44)

and T has the distributional Fourier series:

T =Y c(T)e* (4.45)

keZ

which converges in ' (R). Further, we have for all ¢ € % (R):

(T.¢) =Y cx(T) G(—k).

keZ
The Fourier transform F T reads as:
ZFT =21 ch(r) SC—k). (4.46)
keZ

Proof By Lemma 4.34, we know that there exist C1 > 0 and m € Ny such that:
1 —ik- —ik-
lex(Dl = KT, 0e ") =Cilloe " lm-
2
Then, we get by the Leibniz product rule:
197 lhn = max (14 1x)" DP (6 ™ lcwuppe) < € (14 kD"

which gives (4.44).
Next, we show that for arbitrary ¢ € . (R) the series:

Y (D) g(—k) (4.47)

keZ
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converges. By ¢ € .Z(R), we have ¢ € .7 (R), so that for some C; > 0 and m from
above:

(1+ kD™ 1g(—k)] < C1 .
Together with (4.44), this implies
ek (T) §(—k)| < C C1(1 + |k|)~2

for all k € Z, so that the series (4.47) converges absolutely.
For n € N, we have

n n n

(> e, o)=Y a(l) /Rgome““dx = Y a(T)§(—k)

k=—n k=—n k=—n
and letting n go to infinity, we obtain

dim (37 (M) e, p) =Y (M) p(—k) .

k=—n keZ

Define

O ae®, g) =Y a(l)G(—k)

keZ keZ

for all ¢ € .#(R). By definition of the Fourier coefficients, we see that

n

R = ke
D (M) g(—k) = (T, 6 fRzn k;ne"‘(x ' p(x) dx)

k=—n

and for n — oo by Poisson summation formula (2.26):

YoM §(=k) =(T, 6 ¢(- = 27k)).

keZ keZ

Now, the 27 -periodicity of 7 and (4.42) imply

(T, 6 ¢(+2rk) = (T, 9 Y _6(—27k)) = (T, ¢)

keZ keZ
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for all ¢ € .(R) and consequently

T = ch(T)eik'.

kel

Since the Fourier transform is continuous on .’ (R), we obtain (4.46).

Example 4.60 The Fourier coefficients of the 2m-periodic Dirac comb Aj; €
' (R) are given by:

1 . 1 1
h(dox) = ) (Aor, 07 = F 0Qnk) =, .
keZ

Thus, by Theorem 4.59, the 2x-periodic Dirac comb Ay, can be represented as
distributional Fourier series:

1 ik-
AL o7 Ze

which is in agreement with Lemma 4.55. By (4.46), the distributional Fourier
transform of A, is equal to the 1-periodic Dirac comb:

F Don =A1:=) 8(—k).
keZ

Remark 4.61 As known, the asymptotic behavior of the Fourier coefficients cx (),
k € Z, of a given 2m-periodic function f reflects the smoothness of f. By
Lemma 1.27, the Fourier coefficients cx(f) of f € L{(T) tend to zero as |k| —
oo. With increasing smoothness of f, the decay of |cx(f)| becomes faster, see
Theorem 1.39. In contrast to that, Fourier coefficients cx(7T) of a 2m-periodic
tempered distribution 7' possess another asymptotic behavior. By (4.44), the values
|ck(T)| may possibly grow infinitely, but the growth is at most polynomial. For
example, the Fourier coefficients cx(Aaxy) = 22 of the 2w -periodic Dirac comb
Aoy are constant.

4.3.4 Hilbert Transform and Riesz Transform

In this subsection, we introduce the Hilbert transform and a generalization thereof
to higher dimensions, the Riesz transform. Both are closely related to the so-called
quadrature operators [129, 340] which will be not considered here. The transforms
have many applications in signal and image processing and we will refer to some of
them in the following. Concerning further information on the Hilbert transform, the
reader may consult the books [154, 200, 201].
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The Hilbert transform 7 : Lo(R) — L, (R) is defined by:

Hf =F N (=isgn() f). (4.48)

In the Fourier domain, it reads

- —if(w) w>0,
Hf () = —isgn(o) f@) = {0 ®=0,
if(w w<0.

Since we have by Example 4.51 that pv (1)A = —im sgn, we expect by formally
applying the convolution property of the Fourier transform that

f» d

RX—Y

Hf(x) = (f*pV( ))(x) = pv

However, the convolution of a tempered distribution and a function in L, (R) is in
general not defined so that we have to verify that the above integral is indeed defined
almost everywhere.

Theorem 4.62 The Hilbert transform (4.48) can be expressed as:

1 _
Hf(x) = (f*pv( )(x) = pV/ f(y) _ pv/ flx y)d
TL’ R y

Proof For ¢ > 0, we define the L, (R) function:

1

x| > &,
— X
8e(x) : {0 x| <e.

By the convolution theorem of the Fourier transform, we obtain for all f € Ly(R)
that

[T ar= g =7 (Fa) .
bl Y

We have

~ 1 —ixw 1 —ixw ixw
ge(w) = e "Ydx = (e —e¥?) dx
\ e X

x|>e X

. % sin (xw) .  giny
=-2i dx = —2isgn(w) dy.
&

X we
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Using Lemma 1.41, we conclude
lim g, (w) = —im sgn(w) .
e—0
For all w # 0, we know that |g. ()| < 2 supy_,, | /! Siny(y) dy| < oo so that
lim || /& +im sgn fllz,m =0
e—0
and by continuity of the Fourier transform on L, (R):

— 1 N
lim N T <f§£> (x)
T e—0 ly|>e y T e—0

= 7 (~isgn() f(®)x).

In particular, Theorem 4.62 shows that the Hilbert transform of a real-valued
function in Ly (R) is again real-valued. In the following, we denote by Ly(RY, R™)
with d € N and n € {1, d}, the functions from L>(R?) mapping into R”. The
Hilbert transform has various useful properties.

Theorem 4.63 (Properties of Hilbert Transform) The Hilbert transform ¢
Ly(R) — L (R):

multiplied by /27 is an isometry,

commutes with translations,

commutes with positive dilations,

is self-inverting, i.e., 15 )2 is the identity,

is anti-self-adjoint on Ly (R, R), that is, 7* = —, and

anti-commutes with reflections on Lo(R, R), that is, € (f(—-)) = —=F f for
all f € Lr(R, R).

Proof

AR B~

1. The first property follows by the Parseval equality and since | —isgn(w)| = 1 for
w #0.
2. By the property 1 of Theorem 4.49, we obtain

F 7 (—isgn Z(f(- — x0)))(x)
FZ7(—isgn(w) e ™ f(0)) (x)

“!(—isgn f)(x —x0) = A f(x — x0).

H((f (- = x0)) (x)

Il
)

3. For ¢ > 0, it follows

1 1
A(Fene = oy /R ! (_yy) ay=_pv /R IO d=apen.
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4. For all f € Ly(R), we get by (4.48)
if = iﬁ_l(—isgnf) = ﬁ_l(sgnf)
and hence:
() f=F"senZF 'sen ) = F 'sgn)® f = f .

5. By the Parseval equality, we conclude for all real-valued functions f, g €
Lo(R, R) that

W F G = [ 77 (<isen F) @ g ax
R

1

= /R (—isgn() f(@)) §(@) do

1 A
= / f (@) (—isgn(w) () dw = = (f, Hg)L,®) -
T JR
6. For all f € Lr(R, R), we have (f(— ~))A = fso that

H(f(=9) = F Y (—isen f) = —FN—isgn ) = —F .

Note that up to a constant, the Hilbert transform is the only operator on L; (R, R)
with properties 1-3 and 6, and up to the sign, the only operator which fulfills
properties 1-5, see [340].

The Hilbert transform can be used to construct functions in which Fourier
transform is only supported on the positive interval. For a real-valued function
f € La(R, R), the function:

fa(x) = f(x) +17f(x)
with

fuw) = fe) +iF @) = !if @ =0,

w<0

is called analytic signal of f with amplitude | f,(x)| = (f(x)* + 7 f(x)%)"?,
phase ¢ (x) := atan2 (7 f (x), f(x)), and instantaneous phase v(x) = ¢'(x). Note
that any complex-valued function f can be written as:

fx) = A@x) e ?™ = A(x) cos (¢(x)) +1Ax) sin (p(x))
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with a nonnegative function A(x) = | f(x)| and ¢(x) = atan2(Im ¢ (x), Re ¢ (x)).
If f is real-valued, we have only the cosine part representation. For applications of
analytic signals in time—frequency analysis see, e.g., [234, Chapter 4.4].

Example 4.64 For the function:
1 . .
() = Ax) cos(@ox +¢0) = ) AW) (@0 xH00) 4 gmil@oxto))

with a nonnegative, continuous function A € Ly(R) and wp > 0, we are interested
in finding its amplitude A (x) and phase ¢ (x) = wo x+¢o which is an affine function.
This would be easy if we could compute somehow

1 . .
g(x) := A(x) sin(wp x + &) = 5 A(x) (el(“’“ﬂ“) — e_l(“’“ﬂ“))

because of f(x) +1ig(x) = A(x) el @0¥+0) 5o that

A = f@) +igW)l,  ¢x) = atan2(g(x), f(x)).

Indeed, g can sometimes be computed by the Hilbert transform of f: By the
translation-modulation property of the Fourier transform, we obtain

f(a)) = ; / (A(x) g 1 (@=w0)x ¢ido + A(x) el (@+wo) x e—ilo) dx
R
1 i N M A~
= 2 (e‘f" A(w — wp) + e 1% Alw + U)O)) ’

1 . . ) '
g(a)) = o / (A(x) e l@—wo)x oido _ A(x)e ! (0+wo) x o—i ;0) dx
R
= _; (e A(w — wp) — e A(w + wp))
and

f%/ﬁ\f(a))z—i ' {(eifOA(a)—wO)—I—e_iZOA(a)%—wo)) w>0,

2 | (—e% A —wy) —e % AW+ ap)) w<O0.
We see that @ (w) = g(w) if and only if almost everywhere

A+ o) =0, w>0 and A(w-—wy) =0, <0
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....... amplitude
! |----phase

0.5

—0.5

Fig. 4.1 Left: Function (4.49) and its Hilbert transform. Right: Amplitude | f,|, and the phase ¢
of its analytical signal f,

which is fulfilled if and only if Ais supported (up to a set of measure zero) in
[—wo, wp]. The function:

Flx) = e’ cos(bx) x €[—m, 7] (4.49)
0 x € R\ [—m, 7]

together with its Hilbert transform as well as the amplitude and phase of its

analytical signal f, are shown in Fig. 4.1.

The example can be also seen using the so-called Bedrosian theorem which
formally says that

H(fg) = fH(g),

if either suppf C (0, 00) and supp g < (0, oo) or suppf C [—a,a]and suppg C
R\[—a, a]. For the theorem of Bedrosian and corresponding extensions, see, €.g.,
[24, 49, 383].

There are several ways to generalize the Hilbert transform to higher dimensions.
In the following, we concentrate on the most frequently used generalizations,
namely the partial Hilbert transform and the Riesz transform.

Let wy € R? \ {0} be given. The partial Hilbert transform with respect to @ is
defined for f € Ly(R?) by:

Hoo [ = 35_1(—isgn(o)~a)o) f(a))).

The partial Hilbert transform occurs in the context of functions whose Fourier
transform is supported in one half-space, see [51] or [234, Chapter 4].
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The Riesz transform # : L (R?, R) — Lo(R?, R¥) is defined by:

Zf=7"(-1 ° fw),
=7y, @)

where the inverse Fourier transform is taken componentwise, i.e., Z f = (%, f )‘;:1
with:

— . Wy
Rif=F (-1 ”w’”2 (Z)®), ©=@w)i_ eR’.

Note that for f € Ly(R?) we have f € Ly(RY) and ,0 f € Lo(RY), j =

el
1,...,d, where we set sz\lz := 0if w = 0. Therefore, the inverse Fourier transform
is well defined. For d = 1, the Riesz transform coincides with the Hilbert transform.
In the Fourier domain, it reads

Zfw=—i © fw).
loll2

Similarly as for the Hilbert transform, it can be shown that the Riesz transform can
be rewritten as:

Rf®) =Ca(f*pv( 1)) ®

Il 11

. y
=Cy hm/ fx—y)dy
e—0 Jra\g.0) [ly[4T!

where

Cy 1= =@ (

)

d+1
2
with the Gamma function I"(z) := f0°° 1~ le~" dt. In particular, we have

C = ! Cr = ! C3; = !

1= 27 50 3T o
The Riesz transform was introduced in [309] and arises in the study of differentia-
bility properties of harmonic potentials.

Theorem 4.65 (Properties of Riesz Transform) The Riesz transform %
Ly(RY, R) — Ly(R?, RY):

1. multiplied by 2m)/? is an isometry,
2. commutes with translations,
3. commutes with positive dilations,
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4. fulfills for each orthogonal matrix U € R?*4, the relation:
Z(fU) =UZfU),

. . .. . d

5. is anti-self-adjoint, that is, Z#*g = _ijlt%jj gj for all g = (gj)‘;:1 €
LyR?,RY), and

6. anti-commutes with reflections on L»(R?, R).

Proof We only prove the fourth property since the other ones follow similarly as for

the Riesz transform. By Lemma 4.29, we obtain

Z(fUT))x) =771 (~i fU o) x)

(0]

loll2
_ 1 i ® Foyr—1 iw-x
_<2n>d/R( Hof /U @) e do

1 / (_ . Uy f(V) eiV~U71X) dv
R

= @ny vl
=UZ ! (—i AU x).
(=i, DU

The multidimensional counterpart of an analytic signal is the monogenic signal.
Letd = 2and Zf = (Z1f, %>f)". Then, the monogenic signal of a function
f € Ly(R?, R) is defined by:

fi=(f, &1 f, Fof)" .

The monogenic signal was introduced in image processing by Felsberg and Sommer
[109] and in the context of optics by Larkin et al. [220]. It has the amplitude:

A= P4 @D+ DR

Its local orientation 6 € (—m, ] and instantaneous phase & € [0, 7] are
determined by:

f=Acos&, Zif=AsinE cosb, Zf =Asiné sinf.

The instantaneous phase can be recovered by:

_ f
& = arccos A
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With r := \/ (%1 )2+ (%> f)? = A sin&, we obtain the local orientation vector
by (‘%r‘f , ‘%ff )T = (cos@,sin@) " and the local orientation by:

0 = atan2(%» f, Z1 f) .

Thus, the Riesz transform of a two-dimensional signal provides information about
the amplitude, the instantaneous phase, and the local orientation (of the phase) of the
signal. Therefore, it contains, in contrast to, e.g., the directional Hilbert transform
where the desired direction has to be addressed in advance, an “automatic”
orientation component. The Riesz transform can replace the (smoothed) gradient
in structure tensors as those of Forstner and Giilch [115] to make them more robust,
see, e.g., [209]. It was used in the context of steerable wavelets [361], curvelets
[342], and shearlets [158].

4.4 Multidimensional Discrete Fourier Transforms

The multidimensional DFT is necessary for the computation of Fourier coefficients
of a function f € C(T?) as well as for the calculation of the Fourier transform of a
function f € L1(RY) N C(RY). Further, the two-dimensional DFT finds numerous
applications in image processing. The properties of the one-dimensional DFT (see
Chap. 3) can be extended to the multidimensional DFT in a straightforward way.

4.4.1 Computation of Multivariate Fourier Coefficients

We describe the computation of Fourier coefficients ckx(f), k = (k j)?zl e 74, of
a given function f € C(T¢), where f is sampled on the uniform grid {21</T n:ne
I;f,}, where N € Niseven, Iy := {0, ..., N — 1}, and II‘\IJ = {n = (nj)‘;:1 :
nj € Iy, j =1,...,d}. Using the rectangle rule of numerical integration, we can
compute ci(f) for k € Z¢ approximately. Since [0, 277]¢ is equal to the union of
the N9 hypercubes 21\7]7 n+ [0, 21\7]7 ]d, ne 11(\1/’ we obtain

1 Cikx g o 27\ o (kem)/N
W= g [ TR S (e

d
nely

1 2 "
:Nd Zf(;n)wl;/

d
nely
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with wy = e 2"/ The expression:

2
> (G mwk

d
nely

is called the d-dimensional discrete Fourier transform of size N1 x ... x Ny of the

d-dimensional array (f(zl\}’ n))neld, where N1 = ... = N; := N. Thus, we obtain
N
the approximate Fourier coefficients:
A 1 2w .
e = v Z £( v n) wh™. (4.50)
ne],‘(,

Obviously, the values fk are N-periodic, i.e., for allk, m € 74 we have
fk+Nm = fk .

But by Lemma 4.6, we know that limy,— 0o ck(f) = 0. Therefore, we can only
expect that

~ N N
fk=a(f), kj=-—

To see this effect more clearly, we will derive a multidimensional aliasing formula.
By 6, m € Zd, we denote the d-dimensional Kronecker symbol:

P I m=0,
"l0 mezd\{o).

First, we present a generalization of Lemma 3.2.

Lemma 4.66 Let N; € N\ {1}, j = 1,...,d, be given. Then for each m =
(mj)‘]’.':1 e 74, we have

Ni—1 Ng—1

d
miky mgkg
oD wiwe = TN 8my mod n)
kqg=0

k=0 j=1

]_[?lej meN Zx...x Ng7Z,
0 meZi\(N1Zx...x Ng7Z).
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IfNi =...= Ng = N, then for eachm € Z°:

d d
k d N mec NZ%,
2wyt =N ‘Smm"d’vz{o m e 74\ (N Z4)

kell‘\l,
where the vectorm mod N := (m; mod N )‘;:1 denotes the nonnegative residue of
m € Z¢ modulo N, and

d

8mmodN = l—[smj mod N -
Jj=1

Proof This result is an immediate consequence of Lemma 3.2, since

Ni—1  Ng—1 d Nj—1 L d
miki makg __ mikj\ _ .
E E Wy W —l—[( E Wy )—H(N/(Smjmodjvj).
=0  kg=0 j=1 k=0 j=1

The following aliasing formula describes a close relation between the Fourier
coefficients ck( f) and the approximate values f.

Theorem 4.67 (Aliasing Formula for d-Variate Fourier Coefficients) Let N €
N be even and let f € C(T?) be given. Assume that the Fourier coefficients cx(f)

satisfy the condition Y |cx(f)| < oo.
keZ"l )
Then, we have the aliasing formula:

A=) agnm(f). 451)
meZd4
Thus for k; = —]g, R ]g —land j=1,...,d, we have the error estimate:

A=< D lagnm(Hl-

meZ9\{0}

Proof By Theorem 4.7, the d-dimensional Fourier series of f converges uniformly
to f. Hence for all x € T?, we have

f® =Y cm(f)e™>.

meZ4
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: _ 27 d :
In particular for x = Ny ey, we obtain

FCy =22 emHET VN =5 Cam(fwy™".

meZd meZd

Hence due to (4.50) and the pointwise convergence of the Fourier series:

fe= a2 (3 e g wk?

nely meZd

= Nld Y em(f) Y wy ™,

d d
meZ nely

which yields the aliasing formula (4.51) by Lemma 4.66.

Now, we sketch the computation of the Fourier transform f of a given function
f € Li(RY N Co(Rd). Since f(x) — 0 as ||x||2 — oo, we obtain for sufficiently
large n € N that

f(w) = / f(x)e X dx & / fx) e ¥°dx, weR?.
R4 [—nw, nw]d

Using the uniform grid {%{,’k ko= —”év,...,"N —1;7 = 1,...,d} of
the hypercube [—nm, n) for even N € N, we receive by the rectangle rule of

numerical integration:

nN/2—1 nN/2—1

v, 2 d 27 9 (k.
/ ) f(X)e lxde%(N) Z Z f(N k)e Zﬂl(kw)/N.
[—nm, nr] ki=—nN/2  ky=—nN/2
Forw = 'mwithm; = —"¥ "W _land j = 1 d btain th
=, i = AEREEEI J = 1,...,d, we obtain the

following values:

nN/2—1 nN/2—1
2 / /

CYX Y O Rl A

ki=—nN/2  ky=—nN/2

1
nm)’

which can be considered as d-dimensional DFT(N; x ... x Ny) with Ny = ... =
Ns=nN.
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4.4.2 Two-Dimensional Discrete Fourier Transforms

Let N1, N € N\ {1} be given, and let Iy, = {0,....,N; =1} for j = 1,2
be the corresponding index sets. The linear map which maps any matrix A =

(akl,kz)gl’lzzlz’lngl € CNM*M2 g the matrix:

A = (&n1,n2),]:/11 n21 N02 1 = FN[ AFN2 (S (CNIXNZ
is called two-dimensional discrete Fourier transform of size N1 x N2 and abbreviated
by DFT(N; x N3). The entries of the transformed matrix A read as follows:

Ni—1N>—1

k .
ny oy = E E Ak, ko wl\}lnl 2"2, njely; j=1,2. (4.52)
=0 kr=

If we form the entries (4.52) for all n1, ny € Z, then we observe the periodicity of
DFT(N; x Nj),i.e., forall £1, £y € Z, one has

&nl,nz :&n1+Z1N1,n2+52N2 s n; € INJ' s ] = 11 2.

Remark 4.68 The two-dimensional DFT is of great importance for digital image
processing. The light intensity measured by a camera is generally sampled over a
rectangular array of pictures elements, the so-called pixels. Thus, a digital grayscale
image is a matrix A = (akl,kz),?i",:;:’gz_l of Ny Ny pixels (ki1, k2) € In, X In,
and corresponding grayscale values ax, x, € {0, 1, ..., 255}, where zero means
black and 255 is white. Typically, N1, N2 € N are relatively large, for instance
N1 = Ny =512. A A

The modulus of the transformed matrix A is given by |A| := (|Gx, n,1)
and its phase by:

Ni—1,Ny—1
ny,np=0

Ni—1,N—1
ny,np=0 ’

atan2 (Im A, Re A) = (atan2 (Imap, n,, Rean, le))

where atan2 is defined in Remark 1.4. In natural images, the phase contains
important structure information as illustrated in Fig. 4.2. For image sources, we
refer to [42] and the databank of the Signal and Image Processing Institute of the
University of Southern California (USA).

For the computation of DFT(N; x N»), the following simple relation to one-
dimensional DFT’s is very useful. If the data ay, x, can be factorized as:

Ak ky = bkl Cky » k] € INJ'; ,] =1, 21
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Fig. 4.2 Top: Images Barbara (left) and Lena (right). Bottom: Images reconstructed with
modulus of Barbara and phase of Lena (left) and conversely, with modulus of Lena and phase
of Barbara (right). The phase appears to be dominant with respect to structures

then the DFT(N; x N3) of A = (akl,lq)ﬁ1 ;21;1(\)]2_1 =bec' reads as follows:
A =Fybe FY, = (b, e 107 (4.53)

where (b,,)}'~ is the one-dimensional DFT(N) of b = (b,)j ' and (éu,)n>"y

is the one-dimensional DFT(N;) of ¢ = (ck2),z ;%).

Example 4.69 For fixed s; € In;, j = 1, 2, the sparse matrix:

R Ni—1,Np—1
A= (8(k1—51) mod N S(kz—sz) mod Nz)kl,k2=0

: . Ni—1,Ny—1 :
is transformed to A = (wi/™ wiZ?) "'~ 27" Thus, we see that a sparse matrix
Ni Ny nS,nz_O

(i.e., a matrix with few nonzero entries) is not transformed to a sparse matrix.
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( —s1ky wfszkz)lel,szl

Conversely, the matrix B = (w N Ny Jkyka=0

is mapped to:

Ni—1,N—1
ny,ny=0 :

B:=NN (S(nl_sl) mod Ny S(na—s2) mod Nz)

Example 4.70 Let N1 = N» = N € N\ {1}. We consider the matrix A =
(ax, akz)z;;o’ where ay; is defined as in Example 3.13 by:

0,
I,...,N—1.

1
_ ]2
;= K
N

kj
kj
Thus by (4.53) and Example 3.13, we obtain the entries of the transformed matrix
A by:

A o 1 ny TNy ]
Qnyny = Qn, Any = ~4 cot N cot N nj € INj; j=12.
By Theorem 3.16, the DFT(N; x N;) maps CY'*N2 one-to-one onto itself. The
inverse DFT(N1 x N») of size N1 x N3 is given by:

A=F,'AF;! = Jy Fy AFy, J,
Ny — ]\]1]\]2 Ny TN Ny J N,
such that:
Ni—1N>—1
—kin —kon .
Wk = N DD dmmwy My ke ly j=1.2
2 n1=0 np=0

In practice, one says that the DFT(N; x N,) is defined on the time domain or space
domain CN1 N2 The range of the DFT(N; x Ny) is called frequency domain which
is CN1*MN2 100,

In the linear space CM'*N2 we introduce the inner product of two complex

. B Ni—1,Na—1 _ Ni—1,No—1,
matrices A = (aklskZ)kl,kQ:O and B = (bkl,kz)kl,kzzo by:

Ni—1Np—1

( Z Z Aky ,ky bk1 ko

k1=0 ky=
as well as the Frobenius norm of A by:

Ni—1N>—1

IAllE = (A, A)/? = Z Z jak, 1 12) 2.

=0 k=
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Lemma 4.71 For given N1, N» € N\ {1}, the set of exponential matrices:

. —kymy —komy Ni—1,N—1
Emlst - (le wN2 )kl,kzzo

forms an orthogonal basis of CN'*N2 | ywhere IEpm,.m, lF = ~/Ni Na for all mj €
In; and j =1, 2. Any matrix A € CNvN2 can be represented in the form:

m1=0mr=0

and we have

A= ((A, Epy )12

mi,my=0

Proof From Lemma 4.66, it follows that for p; € INj,j =1, 2:

Ni—1Ny—1

_ ki (p1—my) _ ko (pp—m2)
(Emymzs Epy,py) = Z Z Wy, Wy,
k1=0 k=0

N1 Ny  (my1, mp) = (p1, p2),

= NEN2 Omi—py mod My Omz—p) mod Nz = {0 (m1. m2) # (p1. p2)

Further, we see that [|[Ey, m, [ = v/N1 Na. Since dim CM>*N2 = N| N, the set of
the Ni N, exponential matrices forms an orthogonal basis of CV1*N2,

In addition, we introduce the cyclic convolution:

Ni—1N>—1
R Ni—1,N—1
AxBi= (D > ik boni—ky) mod Ny, (mr—kz) mod N2 )yt ot

k1=0 k=0

and the entrywise product:
o Ni1—1,Np—1
AoB:= (akl,kz bkl’kZ)kl,lQ:O

In the case Ny = N, = N, the cyclic convolution in CN*N is a commutative,

associative, and distributive operation with the unity (8, mod N 8k, mod N) ,Ix _klz:O‘

Remark 4.72 The cyclic convolution is of great importance for digital image
Ni1—1, No—1

filtering. Assume that A = (ax, k), 1,0

is a given grayscale image. The matrix
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Ni—1,Np—1 .
G= (gklka)kll,kQ:OZ with:

(ky, k2) = (0, 0),

(k1, k2) € {(N1 £ 1) mod Ny, 0), (0, (N2 £ 1) mod N2)},
16 ki, k2) = (N1 £1) mod Ny, (N2 = 1) mod N2),

00— =

8ky.ky =

—

0 otherwise

is called discrete Gaussian filter. Then, A % G is the filtered image. Gaussian
filtering is used to blur images and to remove noise or details. The matrix L =

k) oy with:
4 (k1, k2) = (0, 0),
. =2 (k1, k2) € {(N1 £ 1) mod Ny, 0), (0, (N2 &= 1) mod Nr)},
kiky =

(k1, k2) = ((N1 £1) mod Ny, (N2 = 1) mod N2),
0 otherwise
is called discrete Laplacian filter. Then, A * L is the filtered image. Laplacian

filtering distinguishes that regions of A with rapid intensity change and can be used
for edge detection.

The properties of DFT(N; x N») are immediate generalizations of the properties
of one-dimensional DFT, see Theorem 3.26.

Theorem 4.73 (Properties of Two-Dimensional DFT(N| x N>)) The DFT(N; x
N») possesses the following properties:

1. Linearity: For all A, B € CN"*™ gnd o € C, we have
A+B)=A+B, (@A)=cA.
2. Inversion: For all A € CN*N2 we have
A=F ' AF,! =

1 R 1 R
N, T AN, = Iy, Fx AFy, Iy, .

N N1 N,

3. Flipping property: For all A € CN'*N2 e have

Uy, ATy =Ty ATy, . (A =Ty ATy, .
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where J?vj are the flip matrices. Note that

/ r Ni—1,N>—1
J[\]IAJN2 (a(Nl —k1) mod Ni,(Ny—k») mOsz)kl k=0 P

/AT Ni—1,Np—1
JNlAJNz (a(Nl —n1) mod Ni,(N2—n2) mod Nz)nl n2=0 .

4. Shifting in time and frequency domain: For all A € CN*™ and fixed s; € Iy;,
j =1, 2, we have

(Vi AVE)Y =My AMY . (M AM”) =V AVY

where Vy,; are forward-shift matrices and My; are modulation matrices. Note
that

S1 s2 Ni—1,N,—1
‘]N1 AVN2 - (a(kl,_yl) mod Ny, (ky—s2) mod NZ)kl,kZ:O 5
S1 A s2 s1nq Aznz A Ni—1,Nr—1
MN1 AMNz - (wN1 N2 a"lv"2)nl,n2:0 .

5. Cyclic convolution in time and frequency domain: For all A, B € CN1*N2 ye
have

(A*B)'=AoB, N/ Na(AoB)'=AxB.
6. Parseval equality: For all A, B € CN N2 e have
(A, B) = Ny M (A, B)
such that:
IAllE = V/Ni N Al

Proof

1. The linearity follows immediately from the definition of DFT(N; x N2).

2. By (3.31) and (3.34), we obtain the inversion property.

3. By (3.31) and (3.34), we have Fy;, J?Vj = J?Vj Fy, = Fy; for j = 1, 2 and
hence:

Nj

Ty, AJy,) =Fy, Iy, Ay, Fu,

= J?V] FNI AFN2 JEVZ = J;\f] AJ;\’z .
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Analogously, we receive that
(A)'=Fn, AFy, =Fy, AFy = J;\,l Fy, AFy, J’N2 = J}vl AJ;VZ .

4. From (3.43) and (3.44), it follows that Fy, Vy = My Fy; and Vy Fy, =

s
Fy, M, ' and hence:
J J

(Vi AVi) =Fy Vi AVY Fy,

=M} Fy, AFy, M3 =M}, AM} .

The transformed matrix of M;]‘f' A M;,;z can be similarly determined.

5. LetC = (le,mz),IZi ;ﬂlz’f(z;l = A x B be the cyclic convolution of the matrices

—1,N>—1 _ Ni—1,Np—1 . .
A= (Clkl,kz)kl tmo. andB = (bx ko), 2" with the entries:

Ni—1Ny—1
Cmymy = Z Z Ak, ky b(ml—kl) mod Ny, (ma2—kz) mod Ny -
k1=0 k=0
- —LNp—1 ¢ .
Then, we calculate the transformed matrix C = (c,“,nz)n1 ny—0 DY

Ni—1N,—1 Nj—1N,—1

N _ b myny . many
Cnyny = akl ky D(my—ki) mod Ny, (my—kz) mod Np ) Wy~ Wyy

m1=0my=0 k=0 kr=

Ni—1N,—1

ki kan2 ) b — & N
( Z Z kyky Wy, Wy, )bnl»nz = A 0, buy s -
k=0 ky=

The equation N| Ny (A o B) = AxB can be similarly shown.
6. The entries of the transformed matrices A and B read as follows:

Ni—1Np—1 —1N—1

kiny | kony Liny  Lono
dnyny = E : Z Ay ey Wy, Wy, ™ by, = E : Z by, Wy, Wy, ™ -

k1=0 k= £1=0 €=
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Applying Lemma 4.66, we obtain

Ni—1N>—1
(Aa B) = Z Z &nl,nz bnl,nz
n1=0 npy=0
Ni—1 N>—1 Ni—1 Np—1 Ni—1 Np—1
D3935 35 WD 3p U R S
=0 k=0 ¢1=0 £,=0 n1=0 n=0
Ni—1 Np—1
= NN, Z Z aky ky bky ko = N1N2 (A, B) .
k1=0 k=0

Now, we analyze the symmetry properties of DFT(N; x Nz). A matrix A =

(ak1 ko) oy’ is called even, if A = Jyy Ay .ie. forallk; € Iy, j =1, 2:

Aky,ky = A(Ni—k1) mod Ny, (No—k) mod N -
A matrix A is called odd, if A = —JQ\,I AY, ,-ie, forallkj € Iy, j=1, 2:
Aky,ky = — Q(Ny—ky) mod Ny, (Ny—kp) mod Ny -

Corollary 4.74 If A € RM>*N2 s real, then A has the symmetry property A=
§V1 AJ?Vz, ie,forallnj € ly;, j=1,2:

Any,ny = A(Ny—n1) mod Ny, (No—n3) mod N; -

In other words, Re A is even and Tm A is odd.

Proof Using A = A and the flipping property of Theorem 4.73, we obtain
A= JQVI AJQV2 .
From A = Re A +1Im 1&, it follows that
Re A —iIm A =Jy (Re A)J}, +iJ}, (Im A)Jy, .

that is, Re A = J,  (Re A) Jy, and Im A=-J, (Im A) I,

Corollary 4.75 If A € CN1*M2 is even/odd, then A is even/odd.
IfA € RN'XNZ is even, then A = Re A is even. If A € RVM*N2 s odd, then
A =ilm A is odd.
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Proof From A = :i:JQV1 AJQV2 and (3.34), it follows that
A =£Fy Iy, ATy, Fn, = £y, Fy, AFy, Ty, = £J AT), .

For even A € RV *M2 we obtain by Corollary 4.74 that A= J;\,l AJ;\’z’ ie,A e
RN1*N2 s even. Analogously, we can show the assertion for odd A € RV *N2,

Example 4.76 For fixed s; € I N;> j =1, 2, we consider the real even matrix:

stk sokpy \Ni—1,N2—1
Col+20) :

A= (cos 2
Nl N2 ki,kr=0

Using Example 4.69 and Euler’s formula e = cosx + i sin x, we obtain for A =
_ _ Ni—1,N—1 .
(Re (w N‘f'k' w N‘;zkz))k o the real even transformed matrix:
1,K2=

N1 N,

Ni—1,N>—1
) .

A= (5(;117”) mod Ny (ny—s) mod Ny +08(n +s1) mod Ny S(na+sy) mod N2> o
ni,ny=

Analogously, the real odd matrix:

k ko N\ Ni—1,Np—1
B:(SinZJT(Sl ! 5212 ) : ?

N1 Ny 7/ ky,kp=0
possesses the transformed matrix:

Ni N, Ni—1,N,—1

2i

B= (6(n17s1) mod Nj 0(ny—s2) mod Ny — 8(ny+s;) mod Ny S(ny+s7) mod N2> 0
ni,ny=

which is imaginary and odd.

Finally, we describe two simple methods for the computation of the two-
dimensional DFT via one-dimensional transforms. The first method reads as
follows. If A € CN1*N2 has rank 2 and can be decomposed in the form:

A=bic¢| +byc,

with by € CM and ¢, € CM for £ = 1, 2, then by (4.53) and the linearity of
DFT(N; x N3) the transformed matrix is equal to:

A foaT L foaT
A=Dbi¢; +bye,,

where by = Fy,bg and ¢, = Fy,¢, for =1, 2.
Ni—1,Ny—1 NixNa
ki, k=0 eC

e CMM2 by vectorization vec : CN>*N2 . CNM2

In the second method, we reshape a matrix A = (akl, kz)
NiNy—1

into a vector a = (ak) £=0
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by aky+N; ky 1= Ay k, fOr kj € Iy;, j = 1, 2. Obviously, vec : CNixN2 _, CNi1N2
is a linear transform which maps CN1*™2 one-to-one onto CV1V2, Hence, vec is

. . o _ NiNa—1 Ni—1,Np—1 _.
invertible and its inverse map reads vec™! (@), o> = (ax k) kll kzéoz with

k1 := k mod Ny and k> := (k — k1)/N1. For N = Ny = 2, we have

ao,o ao,1 T
vec ( ) = (ap,0 a1,0 ao,1 41,1)
aio aii

_ apg a
vec™! (ap a1 a3 ag)T = 042
a as

By Lemma 3.44, we obtain
A =vec! ((Fn, @ Fy,) vecA) .

Unfortunately, the one-dimensional transform with transform matrix Fy, ® Fy, is
not a one-dimensional DFT. However, applying Theorem 3.42, we can write

Fy, ® Fy, = (Fy, @ Iy) N, ® Fy)).

This factorization leads to the row—column method, see Sect. 5.3.5.

4.4.3 Higher-Dimensional Discrete Fourier Transforms

Assume thatd € N\ {1, 2} and that N; € N\ {1} for j =1, ..., d are given. For
simplification, we shall use multi-index notations. We introduce the vector N :=
(Nj)?:p the product P := N ... N4, and the d-dimensional index set Iy := Iy, X
-+ x Iy, with INj ={0,...,N;j—1}.Fork = (kj)j?:1 € Zd, the multiplication k o
N := (k; Nj)j?:1 and the division k/N := (kj/Nj)j?:1 are performed elementwise.
Further, we set

k mod N := (k; mod Nj)‘;:1 .

Let CN1*-xNa denote the set of all d-dimensional arrays A = (ak)kery of size
N1 x ... x Ng with g € C. Note that two-dimensional arrays are matrices.

The linear map from CM X“‘XANd into itself, which transforms any d-dimensional
array A = (ax)kery to an array A = (dn)nery With:

Ni—1 Ng—1

an = Z Z ax w];v'l"' ...wf\‘]idnd = Z ay e~ 2mim k/N) (4.54)
k1=0 kq=0 keln
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is called d-dimensional discrete Fourier transform of size N1 x ... x Ny and
abbreviated by DFT(N;] x ... x Ny). If we form the entries (4.54) for all n € 74,
then we observe the periodicity of DFT(Ny x ... x Ng), namely for all p € Z¢ and
m € IN:

am = dm+poN -

The inverse DFT(Ny x ... x Ng) maps each d-dimensional array A = (an)nely t0
an array A= (ax)kery With:

Ni—1 Ng—1

. 1 - _
ag = Z Z aan"'k1 T naki Z ap ¥ &N
P 1 Na

n1=0 ng=0 nEIN
From Lemma 4.66, it follows that for all m € Z<:

Z 2rim (k/N) _ { P m/NeZzZ?,

d
= 0 m/N¢zd.

Hence, we obtain that for all A € CN1*--xNa.

As usually, we define entrywise the addition and the multiplication by a scalar in
CNix-xNa  Further for d-dimensional arrays A = (ax)kery and B = (bx)kery» We
consider the inner product:

(A, B) = Z akl;k

keln

and the related norm:

1 2
IAL = (A A2 = (D )
keln

Then, the set of exponential arrays:

Ey = (eZnim-(k/N))k ;
elN’

forms an orthogonal basis of CN1*-*Nd where ||Eq| = VP forallm e Iy. Any
array A € CN1>X*Na can be represented in the form:

1
A=, D (A En)En

meln
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Hence, A is equal to the array:

(A Em)) ey

In addition, we introduce the cyclic convolution:

AxB:=( Z ax bn—x) mod N)me[N
keln

and the entrywise product:
AoB := (ak bx)mely

in (CNl X‘“><Nd.

The properties of DFT(N; x ... x Ng) are natural generalizations of Theo-
rem 4.73.

Theorem 4.77 (Properties of d-Dimensional DFT(N; x ... x Ng)) The
DFT(N; X ... x Ng) possesses the following properties:

1. Linearity: Forall A, B € CM>x--xNa qnd o € C, we have
A+B=A+B, (@A) =cA.

2. Inversion: For all A € CNv<-*Nd v haye

3. Flipping property: For all A € CN'**Nd the DFT(N} x ... x Ny) of the flipped
array:

(a(N—k) mod N)kelN
is equal to:
(A=) mod N) ey -

The DFT(N1 X ... X Ng) of the conjugate complex array (Zlk) is equal to:

keln
(‘:l(an) mod N)neIN .

4. Shifting in time and frequency domain: For each A € CN'**Nd and fixed s €
IN, the DFT(N; x ... x Ng) of the shifted array:

(a(kfs) mod N)keIN
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is equal to the modulated array:
E ok =(e2mmoNg,)
Further, the DFT(Ny X ... X Ng) of the modulated array:
EsoA = (ezmk‘(S/N) ak)keIN
is equal to the shifted array:

(&(nfs) mod N)neIN .

5. Cyclic convolution in time and frequency domain: For all A, B € CN1>*--xNa,
we have

(A*B)'=AoB, PAoB) =AxB.
6. Parseval equality: For all A, B € CNvx--xNd ywo have
(A, B) =P (A, B)
such that:
IAlI =P A
The proof is similar to that of Theorem 4.73.

Now, we describe the symmetry properties of DFT(N; x ... X Ng). An array
A = (akkery € CNix-xNa i called even, if we have

ak = A(N-k) mod N

for all k € IN. Analogously, an array A = (ak)kery € CNix-xNa g called odd, if
forallk € In:

ax = —a(N—k) mod N -

Corollary 4.78 IfA € RN *XNd s q real array, then the entries of[& = (dn)nely
possess the symmetry property:

dn =4N-n)mod N, MDE€EIN.

IAn other words, Re A is even and Im A is odd. IfA € CN1x-xNa i evenfodd, then
A is even/odd too.
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This corollary can be similarly shown as Corollary 4.74.

As for the two-dimensional DFT, we can compute the d-dimensional DFT using
only one-dimensional transforms. If the entries of the array A € CN1>**Nd can be
factorized in the form:

agk =bi, ... ey, k=(kj);l=1 €N,

then the entries of the transformed matrix A read as follows:

~ A ~ d
an =by, ... Cny, n:(nj)jzleIN,
~ N1 Ni—1 A \Ng—1 Ny—1
where (b,),L, = Fn, bi)ly .- @)ty = Fu,(c)pl, are one-

dimensional DFT’s.
We can also reshape an array A = (a)kery € CNix-xNa ipto a vector a =
ay P=1 ¢ CP by vectorization vec : CN1*--xNa _s CF py:
k=0 y y

o _ d
Aky+Ny ky+Ny No k3+...+Ny...Ng—1 kg -= Ak » k= (k/)/:l elN.
Obviously, vec CNvxxNe . CP is a linear transform which maps
CNix--xNa gne-to-one onto CP'. Hence, vec is invertible and its inverse map reads
vec™! (@){~) = (ak)keny With k; := k mod Ny and

k= KRN = RN N j=2 d
J Ni...Nj_ " S

By extension of Lemma 3.44, we obtain
A=vec™! (Fy, ®...®Fy,) vecA).

Thus, the d-dimensional DFT is converted into a matrix—vector product with a P-
by-P matrix. This matrix is however different from the Fourier matrix Fp. The
Kronecker product of Fourier matrices can be rewritten into a product of d matrices,
where each of the matrix factors corresponds to a one-dimensional DFT that has
to be applied to subvectors. This approach leads to the generalized row—column
method in Sect. 5.3.5.



Chapter 5 )
Fast Fourier Transforms Check for

As shown in Chap. 3, any application of Fourier methods leads to the evaluation of
a discrete Fourier transform of length N (DFT(NV)). Thus the efficient computation
of DFT(N) is very important. Therefore this chapter treats fast Fourier transforms.
A fast Fourier transform (FFT) is an algorithm for computing the DFT(N) which
needs only a relatively low number of arithmetic operations.

In Sect.5.1, we summarize the essential construction principles for fast algo-
rithms. Section 5.2 deals with radix-2 FFTs, where N is a power of 2. Here we
show three different representations of these algorithms in order to give more insight
into their structures. In Sect. 5.3, we derive some further FFTs. In particular, we
consider the decomposition approach to reduce an DFT(N; N») to Ny DFT(N>) and
N> DFT(N1). We also study the radix-4 FFT and the split-radix FFT. For prime N
or arbitrary N € N, the Rader FFT and the Bluestein FFT are considered, being
based on the representation of the DFT using cyclic convolutions.

The FFTs considerably reduce the computational cost for computing the DFT(N)
from 2 N? to (N log N) arithmetic operations. In Sect.5.5, we examine the
numerical stability of the derived FFT. Note there exists no linear algorithm that
can realize the DFT(N) with a smaller computational cost than &' (N log N), see
[246]. Faster algorithms can be only derived, if some a priori information on the
resulting vector are available. We will consider such approaches in Sect. 5.4.

5.1 Construction Principles of Fast Algorithms

One of the main reasons for the great importance of Fourier methods is the existence
of fast algorithms for the implementation of DFT. Nowadays, the FFT is one of
the most well-known and mostly applied fast algorithms. Many applications in
mathematical physics, engineering, and signal processing were just not possible
without FFT.

© Springer Nature Switzerland AG 2018 231
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A frequently applied FFT is due to Cooley and Tukey [73]. Indeed an earlier
fast algorithm by Good [138] used for statistical computations did not find further
attention.

Around 1800, C.F. Gauss was very interested in astronomy. Using his least
squares method, he has determined the orbit of the asteroid Ceres with great
accuracy. Later he has fitted 12 equidistant data points for the position of the asteroid
Pallas by a trigonometric polynomial. The solution of this interpolation problem
leads to a DFT of length 12. In order to reduce arithmetical operations, Gauss has
firstly decomposed the DFT of length 12 into DFT’s of shorter lengths 3 and 4. This
splitting process is the main idea of FFT.

Being interested in trigonometric interpolation problems, Runge [314] developed
in 1903 fast methods for discrete sine transforms of certain lengths.

But only the development of the computer technology heavily enforced the
development of fast algorithms. After deriving the Cooley—Tukey FFT in 1965,
many further FFTs emerged being mostly based on similar strategies. We especially
mention the Sande-Tukey FFT as another radix-2 FFT, the radix-4 FFT, and
the split-radix FFT. While these FFT methods are only suited for length N =
2" or even N = 4, other approaches employ cyclic convolutions and can be
generalized to other lengths N. For the history of FFT, see [163] or [299, pp. 77—
83].

First we want to present five aspects being important for the evaluation and
comparison of fast algorithms, namely computational cost, storage cost, numerical
stability, suitability for parallel programming, and needed number of data rearrange-
ments.

1. Computational Cost

The computational cost of an algorithm is determined by the number of
floating point operations (flops), i.e., of single (real/complex) additions and
(real/complex) multiplications to perform the algorithm. For the considered FFT
we will separately give the number of required additions and multiplications.

Usually, one is only interested in the order of magnitude of the computational
cost of an algorithm in dependence of the number of input values and uses the
big O notation. For two functions f, g : N — R with f(N) #0forall N € N,
we write g(N) = O(f(N)) for N — oo, if there exists a constant ¢ > 0 such
that |g(N)/f(N)| < cholds forall N € N. By

log, N = (log, b)(log, N), a,b>1,
we have
O(log, N) = O(log, N) .

Therefore it is usual to write simply &'(log N) without fixing the base of the
logarithm.
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2. Storage Cost

While memory capacities got tremendously cheaper within the last years, it is
desired that algorithms require only a memory capacity being in the same order
as the size of input data. Therefore we prefer the so-called in-place algorithms,
where the needed intermediate and final results can be stored by overwriting the
input data. Clearly, these algorithms have to be carefully derived, since a later
access to the input data or intermediate data is then impossible. Most algorithms
that we consider in this chapter can be written as in-place algorithms.

3. Numerical Stability

Since the evaluations are performed in floating point arithmetic, rounding
errors can accumulate essentially during a computation leading to an inaccurate
result. In Sect. 5.5 we will show that the FFTs accumulate smaller rounding errors
than the direct computation of the DFT using a matrix—vector multiplication.

4. Parallel Programming

In order to increase the speed of computation, it is of great interest to
decompose the algorithm into independent subprocesses such that execution can
be carried out simultaneously using multiprocessor systems. The results of these
independent evaluations have to be combined afterwards upon completion.

The FFT has been shown to be suitable for parallel computing. One approach
to efficiently implement the FFT and to represent the decomposition of the FFT
into subprocesses is to use signal flow graphs, see Sect.5.2.

5. Rearrangements of Data

The computation time of an algorithm mainly depends not only on the
computational cost of the algorithm but also on the data structure as, e.g., the
number and complexity of needed data rearrangements.

In practical applications the simplicity of the implementation of an algorithm
plays an important role. Therefore FFTs with a simple and clear data structure
are preferred to FFTs with slightly smaller computational cost but requiring more
complex data arrangements.

Basic principles for the construction of fast algorithms are

* the application of recursions,
¢ the divide-and-conquer technique, and
 parallel programming.

All three principles are applied for the construction of FFTs.

Recursions can be used, if the computation of the final result can be decomposed
into consecutive steps, where in the nth step only the intermediate results from
the previous r steps are required. Optimally, we need only the information of one
previous step to perform the next intermediate result such that an in-place processing
is possible.

The divide-and-conquer technique is a suitable tool to reduce the execution time
of an algorithm. The original problem is decomposed into several subproblems of
smaller size but with the same structure. This decomposition is then iteratively
applied to decrease the subproblems even further. Obviously, this technique is
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closely related to the recursion approach. In order to apply the divide-and-conquer
technique to construct FFTs a suitable indexing of the data is needed.

The FFTs can be described in different forms. We will especially consider
the sum representation, the representation based on polynomials, and the matrix
representation. The original derivation of the FFT by Cooley and Tukey [73] applied
the sum representation of the DFT(N). For a vector a = (a j)7;01 € CV the DFT is

given by a = (ay) ,I{V:_Ol € CN with the sum representation
ac=Y ajwl, k=0,... ,N—1, wy=e /N (5.1)

Applying the divide-and-conquer technique, the FFT performs the above summation
by iterative evaluation of partial sums.

Employing the polynomial representation of the FFT, we interpret the DFT(N)
as evaluation of the polynomial

a(z) := av+aiz+...+av_1zV "1 e C[z]
at the N knots w’]‘v,k =0,...,N—1,1i.e.,
api=ak), k=0,...,N—1. (5.2)

This approach to the DFT is connected with trigonometric interpolation. The FFT
is now based on the fast polynomial evaluation by reducing it to the evaluation of
polynomials of smaller degrees.

Besides the polynomial arithmetic, the matrix representation has been shown
to be appropriate for representing fast DFT algorithms. Starting with the matrix
representation of the DFT

a:=Fya, (5.3)

the Fourier matrix Fyy := (wka ) 7 ,::10 is factorized into a product of sparse matrices.
Then the FFT is performed bﬁ/ successive matrix—vector multiplications. This
method requires essentially less arithmetical operations than a direct multiplication
with the full matrix Fy. The obtained algorithm is recursive, where at the nth step,
only the intermediate vector obtained in the previous step is employed.

Beside the three possibilities to describe the FFTs, one tool to show the data
structures of the algorithm and to simplify the programming is the signal flow graph.
The signal flow graph is a directed graph whose vertices represent the intermediate
results and whose edges illustrate the arithmetical operations. In this chapter, all
signal flow graphs are composed of butterfly forms as presented in Fig. 5.1.

The direction of evaluation in signal flow graphs is always from left to right. In
particular, the factorization of the Fourier matrix into sparse matrices with at most
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Fig. 5.1 Butterfly signal flow ao ap + ay
graph

ay w(ag — ay)

Fig. 5.2 Signal flow graphs
of Fpa and diag (1, w) a

ap + a

ap — ax ay I( ) ° w ay

two nonzero entries per row and per column can be simply transferred to a signal
flow graph. For example, the matrix—vector multiplications

(11 ap . (10 ap
an_(l_l)(m), dlag(l,w)a_<0w)(a1)

with fixed w € C can be transferred to the signal flow graphs in Fig.5.2.
As seen in Chap. 3, most applications use beside the DFT also the inverse DFT
such that we need also a fast algorithm for the inverse transform. However, since

F’l—lJ’F
N_NNN

with the flip matrix J), := (8( j+k) mod N)jvk;lo in Lemma 3.17, each fast algorithm
for the DFT(XV) also provides a fast algorithm for the inverse DFT(N), and we need

not to consider this case separately.

5.2 Radix-2 FFTs

Radix-2 FFTs are based on the iterative divide-and-conquer technique for comput-
ing the DFT(N), if N is a power of 2. The most well-known radix-2 FFTs are the
Cooley—Tukey FFT and the Sande-Tukey FFT [73]. These algorithms can be also
adapted for parallel processing. The two radix-2 FFTs only differ regarding the order
of components of the input and output vector and the order of the multiplication with
twiddle factors. As we will see from the corresponding factorization of the Fourier
matrix into a product of sparse matrices, the one algorithm is derived from the
other by using the transpose of the matrix product. In particular, the two algorithms
possess the same computational costs. Therefore we also speak about variants of
only one radix-2 FFT.
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We start with deriving the Sande-Tukey FFT using the sum representation.
Then we develop the Cooley—Tukey FFT in polynomial form. Finally we show
the close relation between the two algorithms by examining the corresponding
factorization of the Fourier matrix. This representation will be also applied to derive
an implementation that is suitable for parallel programming.

5.2.1 Sande-Tukey FFT in Summation Form

Assume that N = 2, t € N\ {1}, is given. Then (5.1) implies

N/2—1 N/2—1
A ik N/2+ )k
ax = Z aj wfv + Z an/2+j wgv/‘f‘/)
j=0 j=0
N/2—1
_ ‘ k ik _
= Z (a; + (=Dfanjpsj)wly, k=0,...,N—1. (5.4)
Jj=0

Considering the components of the output vector with even and odd indices,
respectively, we obtain

N/2—1 '
o = Z (aj +anj+j) w{f/z, (5.5
j=0
N/2—1 o
fkpr = Y (aj—aN/2+j)w{vw{V"/2, k=0,....N2—1. (5.6
j=0

Thus, using the divide-and-conquer technique, the DFT(N) is obtained by comput-
ing

* N/2 DFT(2) of the vectors (a;, aN/2+j)T, j=0,...,N/2—-1,
* N/2 multiplications with the twiddle factors wjjv, j=0,...,N/2-1,
2 DFT(N/2) of the vectors (a; + aN/2+j)j~V:/%)_l and ((a; — any2+j) w{v)?]:/é*l.
However, we do not evaluate the two DFT(/V /2) directly but apply the decom-
position in (5.4) again to the two sums. We iteratively continue this procedure
and obtain the desired output vector after # decomposition steps. At each iteration
step we require N/2 DFT(2) and N /2 multiplications with twiddle factors. As we
will show in Sect. 4.3, this procedure reduces the computational cost to perform
the DFT(N) to O(N log N). This is an essential improvement! For example, for
N = 512 = 2° the computation cost is reduced by more than 50 times.
The above algorithm is called Sande—Tukey FFT. In Fig.5.3 we show the
corresponding signal flow graph of the DFT(8).
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Fig. 5.3 Sande-Tukey algorithm for DFT(8) with input values in natural order (above) and in bit
reversal order (below)

The evaluation of ag = Z?f:_()l a; in the Sande-Tukey FFT is obviously executed
by cascade summation. The signal flow graph well illustrates how to implement
an in-place algorithm. Note that the output components are obtained in a different
order, which can be described by a permutation of indices.

All indices are in the set

Jv:=1{0,...,N—1}=1{0,...,2" — 1}
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and can be written as ¢-digit binary numbers,
k=(kict, .. ki ko) == k12 + o+ ki2+ ko, kj €{0,1).
The permutation o : Jy — Jy with
o(k) = (ko. ki, ....ki—1)2 = ko2 '+ ...+ k22 + ki

is called bit reversal or bit-reversed permutation of Jy.
Let Ry = (8o j)—k)?{ k_=10 be the permutation matrix corresponding to o. Since

we have o2 (k) = k for all k € Jy, it follows that
Ry =Iy, Ry=Ry'=R}. (5.7)

Table 5.1 shows the bit reversal for N = 8 = 23,
The comparison with Fig. 5.3 demonstrates that o (k) indeed determines the order
of output components. In general we can show the following:

Lemma 5.1 For an input vector with natural order of components, the Sande—
Tukey FFT computes the output components in bit-reversed order.

Proof We show by induction with respect to 7 that for N = 2 with t € N\ {1} the
kth value of the output vector is dy ).

For ¢ = 1, the assertion is obviously correct. Assuming that the assertion holds
for N = 2!, we consider now the DFT of length 2N = 2/*+1,

The first step of the algorithm decomposes the DFT(2N) into two DFT(N),
where for k = 0,..., N — 1 the values ay; are computed at the kth position
and dpr+1 at the (N + k)th position of the output vector. Afterwards the two
DFT(N) are independently computed using further decomposition steps of the
Sande-Tukey FFT. By induction assumption, we thus obtain after executing the

Table 5.1 Bit reversal for

3 k  kkiko  kokiky  o(k)
N=8=2 0 000 000 0
1 001 100 4
2 010 010 2
3011 110 6
4100 001 1
5 101 101 5
6 110 011 3
7 111 111 7
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complete algorithm the values @, x) at the kth position, and &ZQ(k)+ 1 atthe (N+k)th
position of the output vector. The permutation 7 : Joy — Joy with

wk)=20k), mwk+N)=20k +1, k=0,...,N—1,
is by

w(k) = (0, ki—1,...,ko0)2) =2(0,ko, ..., ki—2,ki—1)2 = (ko, ..., ki—1,0)2,
a(N+k) =1, ki—1,...,ko0)2) =20, ko, ..., ki—2, ki—1)2 +1=(ko, ..., ki—1, 1)2

indeed equivalent to the bit reversal of Joy.
We summarize the pseudo-code for the Sande—Tukey FFT as follows:

Algorithm 5.2 (Sande-Tukey FFT)
Input: N = 2" witht e N\ {1}, aj e Cfor j=0,...,N — 1.

forn:=1totdo
beginm = 2!~"+!
fort:=0102""1—1do
begin
forr :=0tom/2 —1do
begin j :=r +{fm,
s:i=aj+amj+j,
Amya+vj = (@j — Amj21j) Wy, ,
aj =g
end
end
end.
Output: 4y := ap) € C,k=0,...,N —1.

5.2.2 Cooley-Tukey FFT in Polynomial Form

Next, we derive the Cooley—Tukey FFT in polynomial form. In the presentation of
the algorithm we use multi-indices for a better illustration of the order of data. We
consider the polynomial a(z) := ap+aiz+. .. +an_1zV ! that has to be evaluated
at the N knots z = w’l‘\,, k=0,..., N — 1. We decompose the polynomial a(z) as
follows:

N/2—1 N/2—1 N/2—1

a(z) = Z ajzl + Z anyry; 2V = Z (aj+ " *anprj) 2!
=0 =0 j=0
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By wi'/? = (=)f = (=DM forall k € {0, ..., N — 1} with

kz(kt—la---,kO)Z, kje{o’ 1}7

the term zV/2 = (—1)]‘ can be only 1 or —1. Thus the evaluation of a(z) at z =
w’l‘\,, k=0,..., N — 1, can be reduced to the evaluation of the two polynomials
N/2—1

a® @)= a2, ig=0.1,
j=0

with the coefficients
(l(iO) =aj ~|—(—|)i011 D+ 7 i =0 N/2— 1
Jj . J N/ +J J LA ’

at the N /2 knots wlj‘v with k = (k,—1, ..., k1, ip)2. In the first step of the algorithm,
we compute the coefficients of the new polynomials a(iO)(z), ip = 0, 1. Then we
apply the method again separately to the two polynomials a0 (z), io = 0, 1. By

N/4—1
i - (i0) N/4 (o) j
D@ = Y (@ M all,)
j=0
and w];]N/ A (= Dkt (=i)ko, this polynomial evaluation is equivalent to the

evaluating the four polynomials

NA-T
a®W(g) = 3" af® i g iy €0, 1,
j=0

with the coefficients

Go,it) .__ (o) i ~\io ,(i0) -
a; =a; +(—1)1(_1)oaN/4+j, j=0,...,N/4—-1,
at the N /4 knots w’fv with k = (k;—1, ..., k2,11, i0)2. Therefore, at the second step
we compute the coefficients of a0V (z), ig, i1 € {0, 1}. We iteratively continue
the method and obtain after ¢ steps N polynomials of degree 0, i.e., constants that
yield the desired output values. At the (ig, . . ., i;—1)2th position of the output vector
we get

a0 (@) = g™ " —ah) =k o, sier €40,1),
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Fig. 5.4 Cooley-Tukey FFT for N = 8 with input values in natural order (above) and in bit
reversal order (below)

with k = (i;_1, ..., 10)2. Thus, the output values are again in bit-reversed order.
Figure 5.4 shows the signal flow graph of the described Cooley—Tukey FFT for
N =8.

Remark 5.3 In the Sande-Tukey FFT, the number of output values that can be
independently computed doubles at each iteration step, i.e., the sampling rate is
iteratively reduced in frequency domain. Therefore this algorithm is also called
decimation-in-frequency FFT, see Fig.5.3. Analogously, the Cooley—Tukey FFT
corresponds to reduction of sampling rate in time and is therefore called decimation-
in-time FFT, see Fig.5.4.



242 5 Fast Fourier Transforms
5.2.3 Radix-2 FFT’s in Matrix Form

The close connection between the two radix-2 FFTs can be well illustrated using the
matrix representation. For this purpose we consider first the permutation matrices
that yield the occurring index permutations when executing the algorithms. Beside
the bit reversal, we introduce the perfect shuffle ty : Jy — Jy by

an (k) = an(tki—1,...,k0)2)

2k k=0,...,N/2-1,

= (ki—2, ..., ko, ki—1)2 =
(kt—> 0. ki—1)2 {2k+1_N k=N/2,...,N—1.

The perfect shuffle realizes the cyclic shift of binary representation of the numbers
0,..., N — 1. Then the r-times repeated cyclic shift 7}, yields again the original

order of the coefficients. Let Py := ((SﬂN( j)*k)ylzzlo denote the corresponding
permutation matrix, then

Py =1y, @y '=P' =P}. (5.8)

Obviously, Py is equivalent to the N /2-stride permutation matrix considered in
Sect. 3.4 with

-
Py a = (ao,ans2, a1, anja—1, ..., an/2—1,an—-1) .

The cyclic shift of (ko, k;—1, - . ., k1)2 provides the original number (k;_1, ..., ko)2,
i.e.,

k) =y (Kot e ko)2) = (koy ki - k1)2
| k/2 k=0 mod?2,
T\INR24+K(k—-1)/2 k=1 mod?2.

Hence, at the first step of the algorithm, P;,l = P; yields the desired rearrangement

of output components dy, taking first all even and then all odd indices. Thus, P;ll
coincides with the even—odd permutation matrix in Sect. 3.4.
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Example 5.4 For N = 8, i.e.,t = 3, we obtain

10000000 o o
00001000 ¢ ca
01000000 e 1
00000100 3 cs
Ps=1oo0100000|" Pl ]a
00000010 cs 6
00010000 c6 P
00000001 7 7

and
10000000 o €0
00100000 1 e
00001000 e ca
pr_ | 00000010 prl |
8 01000000 3| cs 1
00010000 cs 3
00000100 c6 cs
00000001 7 7

The first step of the Sande—Tukey FFT in Algorithm 5.2 is now by (5.5) and (5.6)
equivalent to the matrix factorization

Fy =Py (I, @ Fny2) Dy (F2 @ Iyj2) (5.9)
with the diagonal matrix Wy, := diag (wjj;,)i.v:/ 371 and the block diagonal matrix

. I
Dy :=diag (Iy2, Wny2) = < " WN/2>

which is a diagonal matrix too. In (5.9), by ® we denote the Kronecker product
introduced in Sect. 3.4. At the second step of the decomposition the factorization is
again applied to F /2. Thus we obtain

Fy =Py (L ® [Pn2 (T2 ® Fy/a) Dyj2 (F2 ® Ina)]) Dy (F2 ® I 2)

with the diagonal matrices

D2 :=diag (Inja, Wnya), Wiy = diag (wf;;/z)?]:/g_l
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Application of Theorem 3.42 yields
Fy =Py ®Pn;p2) 14 @Fny4) I @ Dy o) I @ F2 @ Iy/a) Dy (F2 @ Iny2) .

After ¢ steps we thus obtain the factorization of the Fourier matrix Fy into sparse
matrices for the Sande—Tukey FFT with natural order of input components

Fy =Ry Uy ®F2) Ins @Dy) In/s @ F2 @ 1) Iy ®Dg) ... Dy (F2 @ Iyj2)

t
=Ry l_[ T, Ay @ F2 @ Ipu-1) (5.10)

n=1

with the permutation matrix Ry = Py (I®Py/2) ... (In/4 ®P4) and the diagonal
matrices

T, :=Iyjn @ Don,
Dy = diag (yp-1, Wan-1) . Wt 1= diag (w)) ¥y 7!

Note that T} = Iy.

From Lemma 5.1 and by (5.7) we know already that Ry in (5.10) is the
permutation matrix corresponding to the bit reversal. We want to illustrate this fact
taking a different view.

Remark 5.5 For distinct indices ji,...,j, € J; = {0,...,t — 1} let
(J1, j2, - -+ jn) with 1 < n < t be that permutation of J; that maps jj to j», jz to
J3s + s Ju—1 to jn, and j, to ji. Such a permutation is called n-cycle. For N = 27,

the permutations of the index set Jy occurring in a radix-2 FFT can be represented
by permutations of the indices in its binary presentation, i.e., ¥ : Jy — Jy can be
written as

w(k) =m((ki—1,...,k0)2) = (knyk—1)s - - > Ky (0)2

with a certain permutation 7; : J; — J;. The perfect shuffle ny : Jy — Jy
corresponds to the ¢-cycle

wy: i =0,...,t—=1)
and the bit reversal o : Jy — Jy to the permutation

O =11t —2) .. (/2= 1,1/2+1) t=0 mod 2,
T 10 =D, =2 (—1)/2,(t+1)/2) =1 mod 2.
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Letnn, @ Jr = Jr with 1 < n <t be given by the n-cycle
aNgi=0,...,n—1).
Then we can prove by induction that
Ot =TNTN—1 ... TN,2 -
Using the matrix representation we obtain now the desired relation
Ry =Py ®Py;2) ... Ania @Py).
Example 5.6 The factorization of Fg in (5.10) has the form
Fs=Rs(L®F) (LR®Dy) (LRF, @) Dsg (F2 ® L) ,

i.e.,

10000000 1 10 00 00 O
00001000 1-10 00 00 O
00100000 0 01 10 00 O

Fy = 00000010 0 01-10 00 O
01000000 0 00 01 10 O
00000100 0 00 01-10 O
00010000 0 00 00 O1 1
00000001 0 00 00 O1-1
10000000 10 1 000 0 O
01000000 01 0 100 O O
00100000 10-1 000 O O
000-1000 0 01 0-100 O O
00001000 00 0 010 1 O
00000100 00 0 001 O 1
00000010 00 0 010-1 O
0000000 -1 00 0 001 0-1
10000 0 0 O 1000 1 0 O O
01000 0 0 O 0100 0 1 0 O
00100 0 0 O 0010 0 0 1 O
00010 0 0 O 0001 0 0 O 1
00001 0 O O 1000—-1 0 O O
00000wg O O 0100 0-1 0 O
00000 0-1 O 0010 0 0-1 O
00000 O Owg 0001 0 0 0-1
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This factorization of Fg yields the signal flow graph of the Sande-Tukey FFT in
Fig.5.3.

Using (5.10), we can now derive further factorizations of the Fourier matrix Fy
and obtain corresponding radix-2 FFTs. A new factorization is, e.g., obtained by
taking the transpose of (5.10), where we use that Fy = F; Further, we can employ
the identity matrix as a new factor that is written as a product of a permutation matrix
and its transpose. We finish this subsection by deriving the matrix factorizations
of Fy for the Sande-Tukey FFT with bit reversed order of input values and for
the Cooley-Tukey FFT. In the next subsection we will show how these slight
manipulations of the found Fourier matrix factorization can be exploited for deriving
aradix-2 FFT that is suitable for parallel programming.

We recall that by Theorem 3.42

Py (A®B)Py =Py(N/2)(A®B) Py(2) =B®A,

where Py (2) denotes the even—odd permutation matrix and Py (N /2) is the N/2-
stride permutation matrix. Thus we conclude:

Corollary 5.7 Let N = 2'. Then we have

Pr]lV(IN/2®F2)P;,n=IN/2n+1®F2®Izn, n=0,...,t—1,
Ry Iy @F2 @ Ln-) Ry =Ln-1 @ F2 @ Iyyn, n=1,...,¢.

From (5.10) and Corollary 5.7 we conclude the factorization of Fy correspond-
ing to the Sande—Tukey FFT with bit reversed order of input values,

t
Fy = ( l_[ Ty (i1 @F2 ® IN/2")> Ry, Tp:=RyT,Ry.

n=1

The matrix factorization corresponding to the Cooley-Tukey FFT is obtained
from (5.10) by taking the transpose. From Fy = F; it follows that

t
Fy = (l—[(lzn—l Q@ F2 @ Iy/on) Tt—n+l) Ry .

n=1

This factorization equates the Cooley—Tukey FFT with bit reversal order of input
values. By Corollary 5.7 we finally observe that

t
Fyv =Ry l—[(IN/Z" @F @ LT, .,

n=1
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is the matrix factorization of the Cooley—Tukey FFT with natural order of input
values.

5.2.4 Radix-2 FFT for Parallel Programming

Now we want to consider a radix-2 FFT with respect to parallel programming.
For parallel execution of the algorithm, the iteration steps should have the same
structure. The common structure of the different steps of the radix-2 FFT consists in
the applying N /2 butterfly operations that are realized with a convenient Nth root
of unity w, see Fig. 5.1. We present the signal flow graph in the following simplified
form in Fig. 5.5.

In the factorization of F, the N /2 butterfly operations correspond to the product
of T (Ipn-1 ® F2 @ Iy 2n) with one intermediate vector. Here, T denotes a suitable
diagonal matrix. Since each time two components of the evaluated intermediate
vector in one step depend only on two components of the previously computed
vector, the N /2 butterfly operations can be realized independently. Therefore, these
operations can be evaluated in parallel. A radix-2 FFT for parallel programming
should satisfy the following requirements:

1. Uniform location of the butterfly operations at each step of the algorithm. In ma-
trix representation, this means that the nth step corresponds to the multiplication
of an intermediate vector with a matrix of the form Tn (In/2®F2). The individual
steps should differ only with respect to the diagonal matrices T,.

2. Uniform data flow between the steps of the algorithm. In matrix representation,
this means that the products 'i‘n (In/2 ® F2) are always connected by the same
permutation matrix.

Now we derive a Sande-Tukey FFT for parallel programming such that its
structure satisfies the above requirements. Then the corresponding factorization of
the Fourier matrix F y is of the form

t
Fy=Q ] (T. (2 ®F2)P) (5.11)

with suitable permutation matrices P and Q as well as diagonal matrices T,. We
restrict ourselves to the Sande-Tukey FFT in order to illustrate the essential ideas.
The Cooley—Tukey FFT and other FFTs can be treated similarly for parallelization,
where we only have to take care of the appropriate diagonal matrices.

Fig. 5.5 Butterfly signal flow ao ap + ay
graph ;
ay I w(ag — ar)
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ar = — — ar

Fig. 5.6 Radix-2 FFT with uniform positions of the butterflies for DFT(8)

Example 5.8 We want to illustrate the approach for the Sande—Tukey FFT for the
DFT(8). From the signal flow graph in Fig.5.3 and the matrix factorization in
Example 5.6 it can be seen that the algorithm does not satisfy the two requirements
for parallel programming. We reorganize the wanted uniform location of the
butterfly operations and obtain the algorithm as illustrated in Fig. 5.6.

The corresponding factorization of the Fourier matrix Fg is of the form

Fs =Ry (14 ® F2) (b @ Py) T2 (14 @ F2) Ry T5° (I © ) Py

with TgS =Pg T3 Pg. This algorithm still not satisfies the second requirement of a
uniform data flow between the steps of the algorithm. A completely parallelized
Sande-Tukey FFT is presented in Fig.5.7. This algorithm corresponds to the
factorization

Fg =Rs (L @ F2) Py T5° (I @ F2) Py T3 (I3 ® Fa) Py
with TES =Py (n=1) T Pg_l. The uniform data flow between the algorithm steps

is realized by the perfect shuffle permutation matrix Pg. A parallelized algorithm is
well suited for hardware implementation with VLSI technology.
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3 A
w; —1 ~
_8 —_ — ar

ar

Fig. 5.7 Radix-2 FFT of DFT(8) for parallel programming

Generally, it follows from the factorization (5.10) of the Fourier matrix Fy and
from Corollary 5.7 that

t
Fy =Ry l—[ T, (Ivjn @ F2 @ Ln-1)

n=1

t
=Ry l—[ T, Py (v ® F2) P;,("fl)

n=1

=RyUnp2@F) TPy Inp ®F2) ...
(In2 ® F2) PX;(tiz) T, Py (v ® F) PX;(FI)

and further with (5.8)
Fy =Ry (y2 @ F2) Py Py T2 Py (v @ F2) ...

(v, @ F2) Py PV T, P! (Iyjo © Fa) Py

t
=Ry l—[ P VT, Pl (v © Fo) Py,

n=1
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i.e.,
t
Fy =Ry [[ T (2 @ F2) Py
n=1
with the diagonal matrices TES = P;,(n_l) T, P'I'\,_l forn = 1,...,t. This yields

the factorization of Fy corresponding to the parallelized Sande-Tukey FFT.
Algorithm 5.9 (Sande-Tukey FFT of DFT(N) for Parallel Programming)

Input: N = 2" witht ¢ N, a € CV, wi) = (wﬁ"))yz_ol with w;n) := 1 for even j
and i ot=n+1
wj.n) = w%‘,f/z Jfor odd j.
forn:=1totdo
begin a := Pya;
b:=ao(l,—-1,...,1,=1DT;
a:=(a+b) owlth
end.
Output: a := Ry a.

For more information we refer to the subroutine library FFTW, see [122, 123].
A software library for computing FFTs on massively parallel, distributed memory
architectures based on the Message Passing Interface standard (MPI) based on [271]
is available, see [269].

5.2.5 Computational Costs of Radix-2 FFT’s

Finally, we consider the computational costs of the radix-2 FFTs. We want to
evaluate the number of nontrivial real multiplications and real additions.

Remark 5.10 As usual, the product of an arbitrary complex number a = o + ixg
with a9, @1 € R\ {0} and a known complex number w = wo + iw; with wy,
w1 € R\ {0} requires 4 real multiplications and 2 real additions. If the values
o £ w; are precomputed, then by

Re(aw) = (ap+a1) wp—ay (wo+wi), Im(aw) = (ag+ar)wy—ag (wy—wr)

one needs 3 real multiplications and 3 real additions.
We start with the following observations:

1. Multiplications with £1 and =+i are trivial and are not taken into account.
2. The multiplication with a primitive 8th root of unity (41 % i) /+/2 requires 2 real
multiplications and 2 real additions.
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3. The multiplication with the nth primitive root of unity forn € N\ {1, 2, 4, 8}
can be performed with an algorithm requiring 3 real multiplications and 3 real
additions.

4. The addition of two complex numbers requires 2 real additions.

Let w(#) denote the number of real multiplications and «(#) the number of real
additions that are needed for executing the radix-2 FFT of the DFT(2"). Then, by
Fig. 5.3, we observe

p()=0, a(l)y=2-2 =4,
w2 =0, a =2.-2-4 =16,
nB) =4, aB)=4+2-3.-8=52.

Let now N = 2" with r € N\ {1} be given. For evaluating the DFT(2N) with
the radix-2 FFT we have to execute two DFT(N), 2N complex additions, and N
complex multiplications with the twiddle factors wé NoJ =0,...,N —1. Among
the multiplications with twiddle factors, there are two trivial for j = 0, N/2 and
two multiplications with primitive 8th roots of unity for j = N /4, 3N /4. Thus for
t > 2 it follows that

pt+1) =2u() +3-2' —8, (5.12)

at +1) =2a(t) +3-2' —8+2-2" = 20(1) +7-2" —8. (5.13)
We want to transfer these recursions into explicit statements. For that purpose, we
shortly summarize the theory of linear difference equations, since this method will
give us a general way for obtaining explicit numbers for the computational cost.

In the following, we solve a linear difference equation of order n with constant
coefficientsaj € R, j =0,...,n — 1, where ag # 0, of the form

fa+n)tan_1 ft+n—D+.. +ay f@t+D+ao f(t) =g), teN. (5.14)
Here g : N — R is a given sequence and f : N — R is the wanted sequence.

If g(r) = 0, then (5.14) is a homogeneous difference equation. We introduce the
difference operator

Lf®) =ft+n)+ap1 fG+n—-D+...+a f&+1)+ao f(t), teN,
and the corresponding characteristic polynomial

P =A"+ap AN+ +aA+a, reC.
Obviously, a solution of (5.14) is uniquely determined by the initial values f(1),

f(@2),..., f(n) or, more generally, by n consecutive sequence components. In
the first step we determine all solutions of the homogeneous difference equation
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Lf(t) = 0. The ansatz f(r) := A} with A1 # 0 provides by
LA = p(h) A}

a nontrivial solution of Lf () = 0, if and only if A1 is a zero of p(A). Letnow A; €
C,j=1,...,s,bedistinct zeros of the characteristic polynomial with multiplicities
r;. Taking the kth derivative with regard to A, we obtain

dk t
A’:k!( )xf—k l<k<t (5.15)
drk k o=

and the Leibniz product rule yields

d d ‘ d o) £ © =t
L(dkk)\ )= Wk (LMY = Wk (POIA') = Z( ) 1) dAHA . (5.16)
=0

For the r;-fold zero A; we conclude
pr) =p 0 =...=p" P =0, p@a)#£0

and by (5.15) and (5.16)) it follows that

t
L(k))\’lzo, k=0,....r1—1.

Thus,
L) =0, k=0,....r—1.

If A1 is a real number, then tkA’I, k=0,...,r1 —1,are rq real, linearly independent
solutions of Lf(r) = 0.If A1 = o1 e_i“" with o1 > 0,0 < @1 <27,and @1 ##wisa
complex rq-fold zero of p(1), then X is also an ri-fold zero. Hence,

Re (t/21) =t/ 0! cos(tgr), Im (/M%) =1t/o! sin(tg1), j=0,...,r —1,

are the 2r; real, linearly independent solutions of Lf () = 0. In this way we obtain
in any case n real, linearly independent solutions of Lf (#) = 0. The general solution
of Lf(t) = 01is an arbitrary linear combination of these n solutions, see [30].

Using superposition we find the general solution of (5.14) as the sum of the
general solution of the homogeneous difference equation Lf(f) = 0 and one
special solution of (5.14). Often, a special solution of the inhomogeneous difference
equation Lf (t) = g(t) can be found by the following method. For g(¢) = a a’ with
a # 0and a # 1, we choose in the case p(a) # O the ansatz f(1) = ca’ and
determine ¢. If p(a) = p'(a) = ... = p"~D(a) = 0and p(a) # 0, then the
ansatz f(t) = c t" a' leads to the desired special solution.



5.3 Other Fast Fourier Transforms 253

If g(¢) is a polynomial with p(1) # 0, then we choose an ansatz with a
polynomial of the same degree as g(z). If p(1) = p/'(1) = ... = pr=D() =
0, p") (1) # 0, then this polynomial is to multiply by 7.

Example 5.11 We consider the linear difference equation (5.12) of first order,
p+1)—2u@)=3-2"-8, reN\({l},

with the initial condition ©(2) = 0. The corresponding characteristic polynomial

p(A) := A —2 possesses the zero A; = 2, such that (¢) = ¢ 2! with arbitrary ¢ € R

is the general solution of w(r + 1) — 2u(¢r) = 0. To find a special solution of the

inhomogeneous difference equation we set wu(z) = c¢1t2' + ¢, and obtain ¢; = ;
and ¢p = 8. Thus, the general solution of (5.12) reads

3
M(t)262t+2t2t+8, ceR.

From the initial condition u(2) = 0 it follows that ¢ = —5.

To compute now the DFT(N) of length N = 2, ¢ € N, with the Cooley-Tukey
or Sande—Tukey FFT, we thus require

3 3
,u(t):22’t—5-2’+8=2N10g2N—5N~|—8 (5.17)

nontrivial real multiplications. Similarly, we conclude from (5.13) the number of
real additions

7 7
a(t)=22’t—5-2’+8=2N10g2N—5N+8. (5.18)

We summarize:

Theorem 5.12 Let N = 2', t € N, be given. Then the computational costs of the
Cooley—Tukey and Sande—Tukey FFT for the DFT(N) are equal and amount to

a(t) + () =5N logy N — 10N + 16

real arithmetic operations.

5.3 Other Fast Fourier Transforms

In this section we want to study some further FFTs. On the one hand, we consider
techniques that possess even less computational costs than described radix-2 FFTs,
and on the other hand we study FFTs for DFT(N), if N is not a power of two.
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5.3.1 Chinese Remainder Theorem

Efficient algorithms for computing the DFT can be deduced using the Chinese
remainder theorem which was already applied in China about 1700 years ago. The
first proof of this theorem was given by L. Euler in 1734. The theorem can be
generalized for rings with identity element. In the following we restrict our attention
to the ring of integers.

Theorem 5.13 (Chinese Remainder Theorem in Z)

Let N := N1 ... Ny be the product of pairwise coprime numbers N; € N\ {1},
J=1,...,d Letrj € Ngwithrj < Nj, j = 1,...,d be given. Then there exists
a uniquely determined integer r € No, r < N, with residuals

rmodN; =r;, j=1,....d. (5.19)

This number can be computed by one of the following methods:

1. Lagrangian method:

d —1
N N
r= E N'tjrijde’ tj = N, mod N;. (5.20)
j=1"" J

2. Newton'’s method:
r=[ri]l+[rnrnIN1+...+1[r1...rqglN1...Nj—1 (5.21)
with modular divided differences

[rjl=r; j=1,....d,
[rjpl —[rjl

Ji

[rjlrjz] = modez, 1<j1<jp<d,

LATRER Yo Rl PR MY
[rjl...rjm] = N modem,
J

m—1

1<ji<...<jmw=<d.

Note that (N/Nj)_1 mod N; and Nj_1 mod Ny for j # k exist, since N; and Ny,
J # k, are coprime by assumption.
Proof First we show that the numbers in (5.20) and (5.21) fulfill property (5.19). Let

r € Np be given by (5.20). Then we have by definition of r forany j € {1,...,d}
that

N
rmode = N tirj mode =rijde.
J
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Next let r € Ny be given (5.21). To show the assertion we apply induction on the
number d of factors of N. The case d = 1 is obvious.

Assume that the assertion is true, if N is the product of d — 1 pairwise coprime
numbers. Then we have by assumption for N := N;...Ny_o2N4y_1 and N :=
Ni...Ng_»Ngy that

s:= [n]l+rrINi+...4+r1...rg—2]N1...Ng—3+1[r1...rq—2rg—11N1...Ng—3,
t == [n]+rin]Ni+...+[r1...74—2]IN1...Ng—34+1[r1...rg—2rq]N1...Ng—>

satisfy

smodN; =rj, j=1,....d—2,d—1, (5.22)
tmodN; =r;, j=1,...,d=2,d. (5.23)

Now let N := Nj... Ny and r € Np be defined by (5.21). Consider
Fi=s 4+ (t —s)(N;' mod Ny) Nai
=5+ ([r1...rg—orql —[r1...ra—2ra—1]) (Ng;_l1 mod Ng) Ni...Ng—_1

By definition of the forward difference we see that ¥ = r. Further we obtain
by (5.22)that7 modN; =r;, j=1,...,d — 1, and by (5.23) that

r mod Ny = s mod Ny
+ (t mod Ny — s mod Ny) (Nd*_l1 mod Ng) (Ng—1 mod Ny)

=tmodNy =r4.

Hencer modN; =7 modN; =rj,j=1,...,d.
It remains to show that r € Ng with 0 < r < N is uniquely determined by its

residues7;, j =1, ..., d. Assume that there exists another number s € No with 0 <
s <Nands modN; =rjforall j=1,...,d. Thenitholds (r —s) mod N; =0,
Jj = 1,...,d. Since the numbers N;, j = 1,...,d are pairwise coprime, this

implies N | r — s and consequently » — s = 0.

Example 5.14 We are searching for the smallest number r € Ng with the property
rmod4d=1, rmod9=1, rmod25=4.
Weset N :=4-9-5=900. Since

9-25 '"modd=1, 4-25 "mod9=1, (4-9) "mod25=16,
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we obtain by the Lagrangian method
r=09-25-1-14+4-25-1-1+4-9-16-4) mod 900 = 829.

Using the following scheme to compute the divided differences

Ni o Irl o [rral =" mod Ny [rirars] = 7RI mod N

Ny
N2 [r2]  [rir3] =" mod N3
N3 [r3]

that means in our case

4 1 0 23
9 1 7
25 4

we get by Newton’s method

r=[ri]+[rir2l NNz + [r1r2r3] N1 N>
=140-44+23-4-9=2829.

The Chinese remainder theorem can be generalized to polynomial rings. In
this form it can be used to design fast algorithms for DFT’s, see, e.g., [378].
One can employ the Chinese remainder theorem for index permutations in higher
dimensional DFT algorithms.

5.3.2 Fast Algorithms for DFT of Composite Length

First we present the Coley—Tukey FFT for DFT(N), if N = N1 N, with N, € N\ {1},
r = 1, 2. This algorithm is also called Gentleman—Sande FFT, see [128]. As before,
the basic idea consists in evaluating the DFT(N) by splitting it into the computation
of DFT’s of smaller lengths N; and N> using the divide-and-conquer technique.
For a suitable indexing of the input and output components we employ again a
permutation of the index set Jy := {0,..., N — 1}. Let j; := j mod N; denote
the nonnegative residue modulo Ny of j € Jy and let j, := | j/N1] be the largest
integer being smaller than or equal to j/N1. Then we have

J=Jj1+j2Ni. (5.24)



5.3 Other Fast Fourier Transforms 257

Analogously, let k1 := k mod Nj and k» := |k/Nj] for k € Jy such that k =
k1 + ko N1. We introduce the permutation 7 : Jy — Jy with

(k) =ki N2+ ka (5.25)

that we will apply for the new indexing during the evaluation of the DFT(/V). Let
Py be the permutation matrix corresponding to the permutation 7 of Jy, i.e.,

Py = (%(/)—k)f{;::lo

with the Kronecker symbol §;. Then, for a := (a j)7;01 € CN we obtain

N—-1
Pya=(ax()); -

Example 5.15 For N = 6 with Ny = 3 and N, = 2, the permutation 7 of Jg :=
{0, ..., 5} is given by

70)=0,7(1)=2, 72)=4, 73)=1,74) =3, n(5) =5
and corresponds to the permutation matrix

100000
001000
000010

Py = . 2

6 010000 (5.26)
000100

000001

Index permutations play an important role in all FFTs. They are the key for
applying the divide-and-conquer technique. Further, they form an essential tool for
a precise presentation of the component order in input vectors, intermediate vectors,
and output vectors of an FFT.

As in the previous section, we can present the FFT in a sum representation,
polynomial representation, and matrix factorization. We start by considering the
sum representation of the Cooley—Tukey FFT. From

N—1

N ik

ak:=Zajw{V, k=0,...,.N—1,
j=0

it follows by inserting the indices as in (5.24) and (5.25) that

Ni—1Ny—1
~ _ (J1+j2N1) (ki Na+k2) _ _
Ay Nythy = D D @jrjpNy Wi . k=0,...,N, =1, r=1,2,

Jj1=0 j2=0
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and by
(/1+/2N1)(k1N2+k2) w/lkl Jika o jaka
Np N Ny
further
Ni—1 Nr—1
N k k
Ay Ny+ky = Z w/1 ! /1 2 Z aji+jrNy wN2 , k.=0,....,N—1,r=1,2.
J1=0 J2=0
(5.27)
For fixed ji, the inner sum is equal to a DFT(N3),
Nr—1
jok
bjvthaNy == D @i win . k=0, Np—1. (5.28)
J2=0

Therefore, for each fixed j; = 0, ..., N; — 1, we first compute this DFT(N3). It
remains to evaluate
Ni—1
N k k
ANyt = Y Diplomwi Cwld . ke =0, N,—1 r=1,2. (529
J1=0

Now, we first multiply the obtained intermediate values b, 1, y, with the twiddle

k
factors wy, 2,

j1k .
Cji+kyNy ‘= bj1+k2N1 wij\/lli%lz’ Jj1=0,...N1—1, kp =0,. Ny, —1,
and then compute for each fixed k; = 0, ..., No — 1 the DFT(N7) of the form

Ni—1

A Jiki

Ay Nyt+hy = Z Cji+kaNt Wy, ki =0,...,N;—1.
Jj1=0

Thus, the original problem to evaluate the DFT(N; N») has been decomposed into
evaluating N; DFT(N,) and N> DFT(Nj) according to the divide-and-conquer
technique. We summarize the algorithm as follows:

Algorithm 5.16 (Fast Algorithm for DFT(N; N»))

Input: N1, Ny € N\ {1}, aj € C j=0,...,N\Ny — 1.

1. Compute for each j1 =0, ..., N| — 1 the DFT(N>)
Ny—1

o o J2ka —
bji ko, = ZaflJrszlez , kp=0,...,No—1.
J2=0
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2. Compute the N1 N> products

j1k .
CjitkaNy ‘= bji 1N, w;\}llz\lz , J1=0,....,Ni—1, ko =0,...,N, — 1.
3. Compute fork; =0, ..., Ny — 1 the DFT(Np)

Ni—1

- Jiki
Aky Nothy ‘= Z Cji+kaNi Wy, ki=0,...,N; — 1.
J1=0

Output: a, € C,k=0,..., Ny Ny — 1.

Using the above method, we indeed save arithmetical operations. While the
direct computation of the DFT(N; N3) requires N 12 N22 complex multiplications and
N1 Ny (N7 N — 1) complex additions, the application of Algorithm 5.16 needs
N1 Ny (N7 + Ny + 1) complex multiplications and N1 N (N1 + Ny — 2) complex
additions.

If the numbers N; and/or N; can be further factorized, then the method can be
recursively applied to the DFT’s of length N1 and N> in step 1 and step 3 up to
remaining prime numbers. In the special case Ny N, = 2! with r € N\ {1}, we can
choose N; = 2/~!, N, = 2. Splitting recursively the first factor again, a radix-2
FFT is obtained in the end.

Let us now derive the polynomial representation of (5.27)~(5.29). The com-
putation of the DFT(N; Ny) is by (5.24) and (5.25) equivalent to evaluating the
polynomial

Ni—1Np—1 Ni—1 Nr—1
+pN
a(z) = Z E : aji+jo Ny 1N = E : z/ Z aji+j2Ny 2N e,
J1=0 j=0 J1=0 J2=0

of degree N1N, — 1 at the N1 N, knots wﬁ}%“z fork, =0,...,N, — 1, r =1, 2.

By w%‘llll\\g“z)/zm = sz the term z/2V1 can take for all N| N> knots at most N

different values. Therefore, evaluating a(z) can be reduced to the evaluation of the
N; polynomials of degree N1 — 1,

b*)(2) = Zb("” . k=0, N~ 1,
J1=0

with the coefficients

Nr—1

(k2) ._ k2 j2 S

bjl = Zalerijlez , J1=0,....,N;1— 1,
J2=0
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at the N; knots wﬁ,‘IXJZJrkZ, ki = 0,...,N; — 1. To compute the coefficients

using (5.28), i.e., b( 2) = bj, +k,N,» We have to evaluate the N, polynomials b2 ()
at each of the N; knots (5.29). We summarize this procedure as follows:

Algorithm 5.17 (FFT of DFT(N| N;) in Polynomial Representation)
Input: Ni, Ny e N\ {1},a; €C, j=0,...,Ni\N2 — .
1. Compute for each j1 =0, ..., N| — 1 the DFT(N>)

Nr—1

k;
PP = 3" ajpn wi . k=0, Ny—1.
Jj2=0

2. Evaluate each of the N polynomials

Ni—1
J1=0

at the Ny knots wiy 2", ky =0,.... Ny — 1, by DFT(Ny) and set

~ gk ki Na+ks
Ak Ny+ky = b( 2)(wN1N2 ) .

Output: a € C,k=0,... NNy — 1.

As before, if N1 or Ny can be further factorized, we can apply the method
recursively and obtain a radix-2 FFT in the special case NN, = 2,1 € N\ {1}.

Finally, we study the matrix representation of the Algorithm 5.16 by showing
that the three steps of the algorithm correspond to a factorization of the Fourier
matrix Fy, n, into a product of four sparse matrices. In the first step we compute
the N1 DFT(N,) for the N; partial vectors (aj1+j2N1)j'\£2:_()l’ j1=0,...,N;1 —1,0f

N1N2 1

the input vector a = (a ]) € CMM2_ This is equivalent to the matrix—vector

multiplication

= bty = (Fy, ®1Ty))a.
The multiplication of the components of the intermediate vector b € CV with the
twiddle factors in the second step can be equivalently represented by a multiplication

with a diagonal matrix Dy, n,, i.€.,

Cc= (C )NlN2 ! —DNlsz
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where

Iy,
. Ny—1 WNI
DN1N2 = dlag(INl,WNl,...,VVN1 ) =

No—1
WNl

. BT r N1—1
with Wy, := diag (w, n,),—o -

Finally in the third step, we apply N> DFT(N;) to the partial vectors

(c,l+k2N1)jf1:}}, k»=0,..., N — 1, 0f ¢ € CNN2_ This can be described by
~ ~ NiNx—1
Pyn, 8= (Aro),Ly =y, ®Fy)c.

Here, m denotes the permutation in (5.25) of output indices and Py, n, is the
corresponding permutation matrix.

In summary, Algorithm 5.16 corresponds to the following factorization of the
Fourier matrix,

Frnn, =Py v, v, @ Fn) Dy, By, @ Iy,) . (5.30)

Example 5.18 We consider the case N = 6 with Ny = 3 and N, = 2. Then it
follows from (5.30) that

Fo =P (L ®@F3)Ds (F, @ I3) =

11 100 0 10000 0 1001 0 0
lw3w300 0 |]01000 0 ||O100 1 ©
pr| 1wiws0 0 0 00100 0 0010 0 1
loo o111 00010 0 100-10 0
00 0 1lwswi|[]0000ws 0 ||0100 —1 0
00 0 lwjws/ \00000 w3/ \001 0 0 —1I

with the permutation matrix P¢ in (5.26). The factorization of Fg yields the signal
flow graph in Fig. 5.8.

We want to illustrate the presented fast algorithm of DFT(N1 N>) from a different

point of view. For that purpose, we order the components of the input and output

. . Ni—1,Ny—1 N Ni—1,Ny—1
vectors in Ni-by-N, matrices A := (a;,j,);' 20> and A = (Gk, k), 1,20

) . J1,72=0
using the following procedure,

Ajijp = Aji+jrN; » &kl,kz = A Nytkys ke Jr=0,...,N, =1, r=1,2.
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Fig. 5.8 Signal flow graph of a fast algorithm of DFT(6)

oo o e o o]

as ’ [ll
ao DFT(3) ao

Gy ’ &3
ap &2

as ” as
as ay

Fig. 5.9 Realization of a fast algorithm for DFT(6)

Then the first step of Algorithm 5.16 corresponds to N1 DFT(N,) of the row vectors
of A and the third step to No DFT(N;) of the column vectors of the matrix C :=
(cjy, jz)ﬁ"/_.;:’glz_l with the intermediate values cj, j, = c¢j,+j,n, from step 2 as
components. Figure 5.9 illustrates this representation of the DFT(6).

There exist more efficient algorithms for realizing DFT(N1 N»), if (N1, N2) = 1,

i.e., if N1 and N; are coprime, see, e.g., [138, 257].
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5.3.3 Radix-4 FFT and Split-Radix FFT

In this subsection we present a radix-4 FFT and a split—radix FFT. The advantage of
these algorithms compared to radix-2 FFTs consists in lower computational costs.

The radix-4 FFT works for DFT(N) with N = 4!, t € N\{1}, and can be seen as a
special case of the decomposition in the last subsection by taking N1 = 4 and N, =
N /4, where N, is decomposed iteratively into smaller powers of 4. The split-radix
FFT uses a coupling of the radix-4 FFT and the radix-2 FFT. We restrict ourselves
to only one form of the radix-2 FFT and the split—radix FFT. Similar algorithms can
be derived by variations of ordering of the multiplication with twiddle factors and
by changing the order of components in input and output vectors, see also Sect.5.2.
Since both algorithms are again based on butterfly operations, one can also derive a
version that is suitable for parallel programming similarly as in Sect. 5.2.4.

We start with the radix-4 FFT. Let N = 4" with t € N\ {1}. We decompose the
sum in (5.1) into the four partial sums

NJ4—1
~ ik N/4+j)k N/24j)k 3N /4+j)k
=3 (ajwy +anaej oy 4 anpe oy 1 asy e wgM )
=0
NJ4—1
= Z (aj + (—l)kaN/4+j + (—l)kaN/2+j + lka3N/4+j) wy
=0

and consider the output values with respect to the remainders of their indices
modulo 4,

N/4—1
N ik
ask = Z (aj +an/ayj +any+j + a31v/4+j) ngv/47
j=0
N/4—1

(a'—ia i—a i+ia ‘)wj wik
j N/4+j N/2+j 3N /4+j N Wny4o
=0

Q441

N/4—1

2j  jk
D (aj —anjarj +anjej — @) wy wy g,
=0

Qsk42

N/4—1

Z (aj +ianjarj —anjqj —ia3N/4+j)w13Vj w{f/4, k=0,...,N/4—1.
=0

Q4k+3

In this way, the DFT(N) is decomposed into

* N/4 DFT(4) of the vectors (aj,anjatj,anja+j,aN/a+j) s j = 0,...,
N/4 -1, _
* 3N /4 complex multiplications with the twiddle factors w{\,r ,j=0,...,N/4—-1,

r=1,2,3,
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« 4DFT(N/4) of the vectors (aj+(—i)’aN/4+j+(—1)faN/2+j+i’a3N/4+j)7:/3*1,
r=0,1,2,3.

The N /4 DFT(4) and the multiplications with the twiddle factors are now executed
in the first step of the algorithm, while the 4 DFT(NV /4) are individually decomposed
using the above approach in a recursive manner. After ¢ reduction steps we obtain
the transformed vector a. With this procedure, the DFT(N) is realized using only
DFT(4) and multiplications with twiddle factors.

We now modify the algorithm by computing the DFT(4) with the radix-2 FFT
thereby reducing the required number of additions. Then again, the algorithm only
consists of butterfly operations. Figure 5.11 shows the signal flow graph of the
radix-4 FFT for the DFT(16). The matrix representation of the radix-4 FFT can
be obtained as follows: Let N = 4’ = 2% Then the first step of the radix-4 FFT
corresponds to the factorization

Fy =Qy L ® Fy/4) Dy (F4 ® Iyjs)

with

Qv =Py L ®Pynp) Ps®@1Ins),

Dy = diag (Iva. Wivjae Wi Wia) . Wavgs = diag ()57
Computing the DFT(4) with the radix-2 FFT of Algorithm 5.2 yields by (5.9) that
Fi1=P,(L@F)Ds(Fr®11)

and thus
Fy = Qn (It ® Fy4) Dy [P+ @ F2) Dy (F2 @ I2)] ® Inya

=Qy Lt ®Fnj4) Py @1y/4) Ty (LOF ® Inja) Dg @ Iyya) F2 @ Iyj2)

=Py (L ®Py2) It ®Fy/a) Ty (L @ F2 @ Iyja) (Ds ® Lyja) (F2 @ Iy o)

with Dy := diag (1, 1, 1, —i) T and
Ty := (P] ® Inj4) Dy (P4 ® Lyys) = diag (Ly/s, V~V12V/4, Wy, V~V§V/4) .

The iterative application of the above factorization finally leads to the following
matrix factorization that corresponds to the radix-4 FFT for the DFT(N) with
N =4,

2t
Fy =Ry 1_[ T, yjon @ F2 @ Lyn—1) (5.31)

n=1
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with the bitreversal matrix Ry and

T IN/zn ®Ds®IL,,> n=0mod2,
" Iyt © Dyu n=1mod?2,

where

f)2n+1 := diag (Ipn—1, Wgn,l , Wzn—l , Wgn,l) .
A comparison with the factorization of Fy corresponding to the radix-2 FFT of
Algorithm 5.2 shows that the two algorithms differ with regard to the twiddle
factors. The output values are again in bit-reversed order.

We determine the numbers 1(¢) and «(#) of nontrivial real multiplications and
additions needed for executing the radix-4 FFT for the DFT(N) with N = 4/, ¢ ¢
N\ {1}.

For computing the DFT(4N) using the radix-4 algorithm we have to execute 4
DFT(N), 8N complex additions as well as 3N complex multiplications with twiddle
factors wZV, j=0,...,N—1,r =1, 2, 3. Among the multiplications with twiddle
factors, there are 4 trivial multiplications for (j, r) = (0, 1), (0, 2), (0, 3), (N/2,2)
and 4 multiplications with 8th primitive roots of unity for (j,r) = (N/2,1),
(N/2,3),(N/4,2), (3N /4,2). With the considerations in Sect. 5.2.5 we conclude

wt+1) =4u@)+9-4' —16,
at+1) =da(t)+9-4 —16+16-4 =da@t)+25-4 — 16, teN,

with initial values u(1) = 0, «(1) = 16. The explicit solutions of these linear
difference equations are of the form

wt)=3t4 — 54+ =3NloggN—HN+ 12,
Q) = P14 B4 L1 _ B Njog, N— BN 416 (5.32)

=4 12 3= 8 &4 pN+73, telN.
A comparison of (5.32) with (5.17) and (5.18) shows that the application of the
radix-4 FFT saves approximately 25% of nontrivial arithmetical operations. This
saving is achieved only by a more advantageous choice of twiddle factors. Now,
among the twiddle factors, there are more primitive 2"th roots of unity with r =
0,1, 2, 3.

The idea can be similarly used to construct radix-8 and radix-16 FFTs, etc.
Here, a transfer from a radix-2" FFT to a radix-2"t! FFT further reduces the
computational cost, while at the same time this makes the algorithm more and more
complex.

In the following, we derive the split—radix FFT. This algorithm is due to Yavne
[387] and became popular under the name “split-radix FFT” in [91]. Compared to
the radix-4 FFT, it reduces the computational cost further.
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Let now N = 2! withr € N\ {1, 2}. From (5.1) we obtain

N/2-1

. ik
i = Y (aj+anprpwh,, k=0,...,N2-1,
=0

N/4—1

. ) -

anwn = Y ((@j —anp)) —ianar — avas))) wy Wyyas k=0, N/4—1,
j=0
N/4—1

. ) -

A4k43 = Z ((aj —any24j) +ianjasrj — asnjatj)) w?vj wfv/4, k=0,...,N/4—1.
Jj=0

In this way the DFT(N) is decomposed into

* N/2 DFT(2) of the vectors (a;, aN/2+j)T, j=0,...,N/2—-1,

* N/2 complex additions to compute the sums in the outer brackets,

* N/2 complex multiplications with the twiddle factors w{vr ,j=0,...,N/4—1,
r=1, 3,

e 1 DFT(N/2) and 2 DFT(N /4).

This decomposition is then again applied to the DFT(N/2) and to the two
DFT(N /4). We iteratively continue until we finally have to compute N /2 DFT(2)
to obtain the output values which are again in bit-reversed order. Figure 5.12 shows
the signal flow graph of the split-radix FFT for the DFT(16).

Let again u(t) and «(t) be the numbers of needed real multiplications and
additions for a transform length N = 2/, ¢+ € N\ {1}. To evaluate the DFT(2N),
the split-radix FFT requires one DFT(N), two DFT(N/2), 3N complex additions,
and N complex multiplications with the twiddle factors wgv, j=0,...,N/2 -1,
r = 1, 3. Among the multiplications with twiddle factors, there are two trivial
multiplications for (j, r) = (0, 1), (0, 3) and two multiplications with primitive 8th
roots of unity for (j,r) = (N/4, 1), (N /4, 3). Thus we obtain

p+1) =p@)+2uc—-1)+3-2"-8,

(5.33)
at+1) =a@)+2a(t—1)+3-21 —8+6-2".
With the initial values
u2)=0, a2) =16,
uB) =4, a3 =52,
we conclude that
t)=1t2"—3.2"4+4 =Nlog,N—3N +4,
wu(t) + 08y + (5.34)

a(t) =312 3.2 +4=3N1log, N —3N+4, reN\{l}.
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We summarize:

Theorem 5.19 For N = 4%, t € N, the computational cost of the radix-4 FFT for
DFT(N) amounts

32

17 43
a@) +u@ = Nlogy N~ “N+

real arithmetical operations.
For N = 2", t € N\ {1}, the computational cost of the split-radix FFT for
DFT(N) adds up to

a(f) + pu(t) =4 N logyN —6N + 8.

Note that comparing the computational cost of the radix-4 FFT with that of the
radix-2 FFT or the split-radix FFT, one needs to keep in mind that N = 4/ = 2%,
i.e., for N = 4! one needs to compare o (¢)+u(¢) for radix-4 FFT with o (2¢) + 1 (2¢)
for radix-2 FFT and split-radix FFT.

In Tables 5.2 and 5.3, we present the number of required nontrivial real
multiplications and additions for the radix-2 FFT, the radix-4 FFT, the radix-8 FFT,
and the split-radix FFT. For comparison of the algorithm structures, we also present
the signal flow graphs of the radix-2 FFT, the radix-4 FFT, and the split-radix FFT
for the DFT(16) in Figs.5.10, 5.11, and 5.12.

Table 5.2 Number of real N Radix-2 Radix-4 Radix-8 Split—radix
multiplications required by

various FFTs for DFT(N) 16 24 20 20
32 88 68
64 264 208 204 196
128 712 516
256 1800 1392 1284
512 4360 13,204 3076
1024 10,248 7856 7172
:(?(li)ilt‘isofl.ssreNlTirrtl()ieg Ofv:r)?éus N Radix-2  Radix-4 Radix-8 Split-radix
FFTs for DI:“]T(N) g 16 152 148 148
32 408 388
64 1032 976 972 964
128 2504 2308
256 5896 5488 5380
512 13,566 12,420 12,292

1024 30,728 28,336 27,652
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Fig. 5.10 Signal flow graph of the radix-2 FFT for DFT(16)

A modification of the split-radix FFT in [179] is based on the decomposition

N/2—1 N/4—1 N/4—1
- ik k Jjk —k Jjk
= Z @j Wy, +wy Z Asj+1 Wy + Wy Z A4j—1 Wy »
Jj=0 Jj=0 Jj=0
where a_1 := an— Here we get a conjugate complex pair of twiddle factors

instead of wX » and w ¥ The corresponding algorithm succeeds to reduce the twiddle
factor load by rescahng and achieves a reduction of flops by further 5.6% compared
to the usual split-radix FFT. A direct generalization of the split-radix FFT for N =
p' with 7 € N and a small prime (e.g., p = 3) has been considered in [363]. We
remark that it is not known up to now how many flops are at least needed for an
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Fig. 5.11 Signal flow graph of the radix-4 FFT for DFT(16)

FFT of length N and whether there exist an FFT algorithm that needs even less
operations than the split-radix algorithm in [179]. On the other hand, it has been
shown in [246] that there exists no linear algorithm to compute the DFT(N) with
less than (N log N) arithmetical operations.

5.3.4 Rader FFT and Bluestein FFT

Most previous FFTs are suitable for a special length N = 2 or even N = 4
with t € N\ {1}. For DFT applications with a different length, one can surely
enlarge them by adding zero entries in the data vector to achieve the next radix-
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oy
=

2 length. However, these longer data vectors have a changed structure and are
not always desirable. In this subsection, we want to consider FFTs that can work
with different lengths N and still achieve a computational cost of &(N log N)
arithmetical operations.

We start with the Rader FFT [302] that can be used to evaluate a DFT(p),
where p € N is a prime number. Again, the permutation of input and output
values will play here an essential role. But the basic idea to realize the DFT is now
completely different from the previously considered radix FFTs. The idea of the
Rader FFT is that the DFT(p) can be rewritten using a cyclic convolution of length
p — 1, which can then be realized efficiently by an FFT described in the previous
subsections.
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The Rader FFT is frequently applied to prime lengths p < 13. For larger p,
the Bluestein FFT is usually preferred because of its simpler structure. However,
the Rader FFT is mathematically interesting, since it requires a small number of
multiplications.

Let now p > 3 be a prime number. The transformed vector a € C? of a € C? is
given by

p—1
a =Y ajwpt. k=0, p—1, wy:=e 2P, (5.35)
j=0
Since p is a prime number, the index set {1, 2, ..., p — 1} forms the multiplicative

group (Z/ pZ)* of integers modulo p. This group is cyclic of order ¢(p) = p — 1,
where ¢ denotes Euler’s totient function. If g is a generating element of (Z/pZ)*,
then each index j € {1, 2,..., p — 1} can be uniquely represented in the
form

j=g"modp, uel0,...p—2}.

For example, for p = 5 we can choose g = 2 as generating element of (Z/57)*
and find

1=2° 2=2' 4=22 3=2"mod5. (5.36)

In (5.35) we now consider the two indices j = 0 and k = O separately and replace

j=g"modp, k=g'modp, u,v=0,...,p—2.

Then
ao = ¢y + ¢, (5.37)
Ggv=c) +cp, v=0,...,p—2, (5.38)
with
p—2
08 = aq, C(l) = Z agu ,
u=0

p—2
ci :=Zaguw§,+, v=0,...,p—2. (5.39)
u=0



272 5 Fast Fourier Transforms

Obviously, (5.39) describes a cyclic correlation of the (p — 1)-dimensional vec-
tors

. p—2 1. g"\p—2
a ‘= (agu)u:() , w = (w,, )u:()‘

The cyclic correlation is closely related to the cyclic convolution considered in
Sects. 3.2.3 and 3.3. Employing the flip matrix

-2 — —
J/pfl = (8(,/+k)mod(p_1))f’k=0 e RPp—Dx(p=1)

p—2

and the vector ¢! := (Cll))v=0,

Eq. (5.39) can be written in the form

¢' = cora,w) = J,_ja)xw = (cirew)J,_ a1, (5.40)

such that (5.37)—(5.40) implies

&0=C8+C(1), 512681[,_1+C1.
Here 1, := (1);’;3 denotes the vector with p — 1 ones as components. Thus the
DFT(p) can be evaluated using a cyclic convolution of length p — 1 and 2 (p — 1)
additions.

We illustrate the permutations above by a matrix representation. Let P, and
Q, be the permutation matrices that realize the following rearrangements of vector

components,
N flo ao
P,a = < > Q,a = .
P A ’ )4 /
aj J[J—lal

Obviously we have Q, = (1 ® J;fl) P,, where

A @B :=diag (A, B) = (AB>

denotes the block diagonal matrix of two square matrices A and B. For example, for
p = 5 we obtain with (5.36)

1 dao ao 1 ao ao
1 ai ap 1 ay ay

1 wl|l=1al, 1 a | = | a3

1 as as 1 as aq

1 as as 1 aq a
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Froma = F, ait follows by (5.37)-(5.40) now
P,a=P,F,Q Q,a=F,Q,a (5.41)

with the matrix F p being composed by row and column permutations of F,

F, =p,F,Q = ' Lo 42
p=Pr Q= 1,y circw! |~ 642

A simple computation shows that F, = A, (1 @ circ w') with

1 —-17
A, = p=l ), (5.43)
1,01 I,

éo 1111 1 ao
ap 1 ws wg wg wg ay
al=11 wg ws wg’ wg as
as 1 w§ wg ws wg’ as
as 1 wg’ wg wg ws a
~ -~
Fs5:=

The essential part of the Rader FFT, the cyclic convolution of length p — 1 in (5.40),
can now be computed by employing a fast algorithm for cyclic convolutions based
on Theorem 3.31. The multiplication with a circulant matrix can be realized with 3
DFT(p — 1) and p — 1 multiplications. Indeed, (3.47) implies

(circ w") (J,_a1) =F, ! (diag (F,-1w")) F_1 (Jp—1a1) .

Assuming that p — 1 can be factorized into powers of small prime factors, we may
use an FFT as described in Sect. 5.3.2. For small integers p — 1 there exist different
efficient convolution algorithms, see, e.g., [36,257], based on the Chinese remainder
theorem.

Example 5.20 In the case p = 5 we particularly have

circw! = FZI diag (F4w1) F4

1. (F Lb) . . (F L L
= P D d P D
4" ( F2> ! (Iz -I (diag W) P4 F,) '\ -1
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with the even—odd permutation matrix P4 and D4 = diag (1, 1, 1, —i)T. Here the
factorization (5.9) of F4 is used.

A generalization of the Rader FFT is the Winograd FFT that can be applied for
fast computation of DFT(p’), where p € Nis a prime and # € N\ {1}. It employs
the special group structure of (Z/p'Z)*, for details see [378].

The Bluestein FFT is also based on the idea to write the DFT(N) as a convolution.
The obtained circulant N-by-N matrix can in turn be embedded into a circulant M-
by-M matrix, where M = 2!, ¢t € N, satisfies 2N —2 < M < 4N. To compute
the obtained convolution of length M, a radix-2 FFT or split-radix FFT can be
employed in order to end up with an & (N log N) algorithm.

Letnow N € N\ {1, 2} be given, where N is not a power of 2. With

1
kji=, K+ = k=7

we can rewrite (5.1) as

N-1 N-1
. ) D e o2
i =Y ajul =wy Y aqpul Puy R k=0 N -
Jj=0 j=0
Tt . —k2/2 . .
Multiplication with wy~ '~ on both sides gives
2 N-1 5 5 N-1
—k2/2 A 2 (k= 2/2
=Wy Pay = Z (ajw']’\,/ )wN( R = ijhkfj, k=0,...,N—1,
j=0 =0

(5.44)
with
b:= (bj)i‘vgol = (a; wz{JZ/z)j‘vz_ol » hi= (h/)ygol = (w;’ﬂ/z)j'v;ol'
We observe that
_ w;[(k—/)z/z

hi—j =hj—,

such that the circulant matrix circ h = (h(j—x) mod N)?’ k_=10 is symmetric. With z :=

(zk) II{V;OI , Eq. (5.44) can now be rewritten as

z = (diagh)Fya=Dbsxh = (circh)b = (circ h) (diagh) a,
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where h := (h j)y;()l is the conjugate complex vector. Thus, we obtain the matrix
factorization

Fy = (diag h)~! (circ h) (diag h) .

This representation of Fy is not yet efficient. But the idea is now to embed circ h
into a circulant M-by-M matrix circ h! withM =2, e N,and2N -2 < M <
4N. We determine h! = (h )M l'e CM with

hj  0<j<N-1,
hi=10 N<j<M-N, (5.45)
hy-j M—-N+1<j<M-—1.

For example, for N = 7, we have to choose M = 16 = 24 such that 12 < M < 28,
and h! is of the form

h' = (ho, h1, ha, h3, ha, hs, he,0,0,0, he, hs, hg, h3, ha, hl)T

_— 2 . . . .
with 7; = w;’ /2 Observe that circ h! contains circ h as a submatrix at the left
upper corner. In order to compute the convolutlon h x b = (circ h) b, we therefore
consider the enlarged vector b' = (b! i ) /—0 ! with

bi 0<j<N-1
bl:: J - - ’ 546
! L) N<j<M-1, (5.46)

such that the computation of (circ h) b is equivalent with evaluating the first N
components of (circ h')b'.
We summarize the Bluestein FFT as follows:

Algorithm 5.21 (Bluestein FFT)
thNeN\u}a_mﬂNlecN

. Determine M := 2" with t := [log,(4N — 1)J

. Computeb := (a; w w! /2)N ' andh := (wN/ /Z)N_Ol
. Enlarge hAto h! andb to bi according to (5.45) and (5.46).

. Compute h! = Fy/h! andb' = Fy/b' using a radix-2 FFT of length M.
. Compute 7. := hlob! = (ﬁ,l 13,1)]1:4:61

. Computez = F;,Ili using a radix-2 FFT of length M.

2
A /2 N-—1
. Calculate a := (wN z/)j=0 .

~N O kW =

Output: 4 € CV.
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The numerical effort for the Bluestein FFT is governed by the 3 DFT(M), but
since M < 4N, it easily follows that the computational cost of the Bluestein FFT is
still (N log N).

Remark 5.22 Let us give some further notes on FFTs. This field has been inten-
sively studied within the last 60 years, and a lot of extensions have been suggested
that we are not able to present in this chapter. Therefore we only want to give a few
further ideas that can be found in the literature and refer, e.g., to [47, 92, 163, 362].

1. An early attempt to obtain a fast DFT algorithm is due to Goerzel [132],
who applied a recursive scheme to the simultaneous computation of c(x) =
SN L arcoskx and s(x) = YN asinkx. The Goerzel algorithm has a
higher complexity than FFTs, but it is of interest for computing only a small
number of selected values of ¢(x) and s(x).

2. Bruun’s FFT [50] uses z-transform filters to reduce the number of complex
multiplications compared to the usual FFT.

3. Winograd developed a theory of multiplicative complexity of bilinear forms that
can be exploited for fast convolution algorithms using a minimal number of
multiplications, see [377, 379].

4. The FFT has also been generalized to finite fields, where the notion “cyclotomic
FFT” has been coined. It is again based on a transfer to several circular
convolutions, see, e.g., [381] and the references therein.

5.3.5 Multidimensional FFTs

For fixed N1, N> € N\ {1}, we consider the two-dimensional DFT(N1 x N>) of the
form

A =Fy AFy,,

Ni—1,N—1 N Ni—1,N—1
ki ,kp=0 and A = (anl’nl)nlyn2=0

matrices as in Sect. 4.4.2. For the entries a,, ,, we obtain from (4.52)

where A = (akl,kz) are complex Ni-by-N,

Ni—1 Np—1

~ kin kon

dnyny = Z Zaklkawl\;llwl\?zz’ n=0,....,.Nt—1; np=0,...,N, — 1.
k1=0 k=0

(5.47)

The fast evaluation of A can be performed using only one-dimensional FFTs.
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First we present the row—column method for the two-dimensional DFT(N| x Ny).
LetAT = (ag|ai| ... |ay,—1), whereay, € CV2,k; =0,..., N| — 1, denote the
Nj rows of A. Then the product

Fy, AT = (FN230 [Fnar] ... | FN23N171)

can be performed by applying an FFT of length N> to each row of A separately. We

obtain BT = (AFNQ)T = (ﬁo lar| ... |ﬁN1_1) and therefore A = Fy, B. Let now
B = (bo|bi]|...|bn,—1) with columns by, € CM,ky=0,...,Ny — 1. Then
A=Fy, B=(Fybo|Fybi|... [Fyby, 1)

can be performed by applying an FFT of length Ny to each column of B. Obviously
we can also compute B = Fy, A by applying a one-dimensional DFT(N1) to each
column of A in the first step and then compute IN}FN2 by applying a DFT(N,) to
each row of B in the second step.

By reshaping the matrix A = (ay,, kz),ivl kzl M>~linto a vectora = vec A € CM1M2
with ag, 4Nk, = @k .k, We can transfer 'the two-dimensional DFT into a matrix—
vector product. Applying Theorem 3.42 we obtain

vecA = (Fy, ® Fy,)vecA = (Fy, ® Iy,)(Iy, ® Fy,) vecA .

The multiplication vecB = (Iy, ® Fy,) vec A is equivalent with applying the one-
dimensional FFT of length N> to each row of A, and the multiplication (Fy, ®
In,) vecB is equivalent with applying the one-dimensional FFT of length N to
each column of B.

We also present the sum representation of the row—column method for the two-

. . Ni—1,Np—1 .
dimensional DFT(N; x Np) of A = (ak1 kz)kllkz 27", We rewrite the double sum
in (5.47),
Ni—1 Nr—1
kin kon
anlnz—Zw" Zaklkal\%zz
~ - -
bkyny =

Now, for each k1 € Iy, we first compute the vectors (bkl,nz)y]:/;:_()l using a one-
dimensional DFT(N>) applied to the kjth row of A. Then we compute

Ni—1

ll
anl ny — E bk1 nzw s
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i.e., for each ny € Iy, we calculate the one-dimensional DFT(N) of the nsth

column of the intermediate array (by,, ,,2),1{\? ;21;1(\;271. In summary, we can compute a

general DFT(N; x N;) by means of N1 DFT(N;) and Ny DFT(NVy).
Algorithm 5.23 (Row—Column Method for DFT(N; x N»))
Input: N1, N> e N\ {1}, A € CN1xN2,

1. Compute the DFT(N2) for each of the N1 rows of A by one-dimensional FFT’s
to obtain

B' = (AFy,)" = (A0la1] ... |an,_1).

2. Compute the DFT(Ny) for each of the N> columns of B = (bo [bi|...| bN2,1)
by one-dimensional FFT s to obtain

AIFN1B=(60|B1| |lA)N2,1).

Output: A € CNixM:,

The computational cost to apply Algorithm 5.23 is & (N1 N> (log N1)(log Nz))
assuming that a one-dimensional FFT of length N requires &'(N log N) floating
point operations.

Now we describe the nesting method for the two-dimensional DFT(N; x Nj).
Compared to the row—column method considered above, we can reduce the
computational cost of the two-dimensional DFT using the known factorization of
the Fourier matrix Fy that we have found to derive the one-dimensional FFTs. As
shown in (5.30), for N = M| M, we have the matrix factorization

Fy =Py Iy, ® Fag) Dy, Far, @ L)

with the block diagonal matrix

Iy,
Dy, Zdiag(IMl’WMl,--.,W%f*I) _ Wi, ) |
. W%Tl
where Wy, = diag (w;v)i"’:l(;l. Assuming now that we have the factorizations

N1 = Ky K7 and Ny = Ly Ly with Ky, K3, L1, Ly, € N\ {1} the two-dimensional
DFT(N; x N») can be rewritten as

A = PN[ (IKz ® FK])DKle(FKz ® IK])A(FLZ ® IL[)DLle(ILz ® FL[)PLZs
(5.48)
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where we have used that Fy, and all matrix factors in the factorization up to Py,
are symmetric. Now the computation of A can be performed as follows:

Algorithm 5.24 (Nesting Method for DFT(N; x N>))
Input: N1, N» e N\ {1}, A € CM1xN2,

1. Compute B := (Fg, @ Ix, ) A Fr, ®11,).
2. Compute C := Dk, k, BDp,1, by

Cnymy =bni iy dnyny, n1=0,...,Ni—=1;ny=0,...No -1,

where dy, n, := Dk, k,(n1,n1)Dp,1L,(n2, n2) is the product of the n1th diagonal
element of Dk, k, and the nyth diagonal element of Dy, 1, .
3. Compute A := Py, (I, ® Fx,) C(I, @ F1,)P}, .

Output: A € CNixM,

By reshaping the matrices to vectors using the vectorization as in Theorem 3.42,
the factorization (5.48) can be rewritten as

vecA = (Pn, Iz, ® F ) Dy, 1,(Fr, ®11)))
® (Py, (g, ® Fg)Dk, k, Fk, ® Ix,)) vecA
= (Py, ® Py,) (U, ® F1)) ® Ik, ® Fg))) (DL 2, ® Di k5)
- (Fr, ®11,) ® (Fk, ® Ix,)) vecA. (5.49)

Hence successive multiplication with these matrices corresponds to the three
steps of Algorithm 5.24. Compared to the application of the row—column method
connected with the considered DFT of composite length, we save multiplications
assuming that the diagonal values dj, ,, of the matrix Dz, ® Dg,k, in step
2 of Algorithm 5.24 are precomputed beforehand. The structure of the diagonal
matrices implies that the multiplication with Dg, g, from the left and with Dy,
from the right that needs to be performed using the row—column method requires
(N1 — K1)Na2 4 (N2 — L1) N1 multiplications, while step 2 of Algorithm 5.23 needs
N1 N> — L1 K multiplications with precomputed values d,,,,. Here we have taken
into consideration that d,, ,, = 1forn; =0,..., Ky —landn, =0,..., L — 1.
In the special case N = Ny = Ny and L1 = K| we save (N — K1)2 multiplications.
If Ny and N, are powers of two, then the nesting approach can also be applied using
the full factorization of the Fourier matrices Fy, and Fy, as given in (5.10), and
we can save multiplications at each level if applying the nesting method instead
of multiplying with the diagonal matrices of twiddle factors from left and right. If
particularly Ny = N = N, then we have log, N levels and save (log, N)(g’ )?
multiplications compared to the row—column method.

Now we consider higher dimensional FFTs, i.e., d € N\ {1, 2} is of moderate
size. We generalize the row—column method and the nesting method to compute the
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d-dimensional DFT. Let N = (N j);{:l e (N\ {14 and the index set
IN=1In, X Iy, ... X Iy,

with INj :={0,..., Nj — 1} be given. Recall that for a d-dimensional array A =

(ar)kery of size Ny x ... x Ny the d-dimensional DFT A= (@n)nery 1s given
by (4.54), i.e.,

Ni—1 Ng—1

AL kin kang —2mxin-(k/N
a“‘ZZ“‘Zaklell“‘de =Zake min-(k/N)
k=0  kg=0 kely

For moderate dimension d, a generalized row—column method is often used for the
computation of the d-dimensional DFT of A = (ak)ker,. We rewrite the multiple
sum above,

Ni—1 Ny—1 Ng—1
A _ kini kany kang
ey = 0 (3 Y el o)
k1=0 ko=0 kq=0
~ -~ -
hkl,nz,m,nd =

Thus for a given array (b, n,,....n,) Of size N1 X ... x Ng, we compute

Ni—1
~ _ kiny
Any,ny,....ng = § :bkl,nz ,,,,, ng Wy, s
k1=0
i.e., for each (no,..., nd)T € Iy, x ... x Iy, we calculate a one-dimensional

DFT(Ny). The arrays By, = (bi n,, ..., nd)(Vlannd)TEINzXMXINd are obtained by a
(d — 1)-dimensional DFT(N; x ... x Ng). The computational costs to compute the
d-dimensional DFT are therefore

N, ...Ny DFT(N}) + N; DFT(N; x ... x Ng).

Recursive application of this idea with regard to each dimension thus requires for
the d-dimensional DFT(N| x ... x Ny)

1 1 1
Ni---N, DFT(N DFT(N, DFT(N, 5.50
1 d(Nl ( 1)-|-N2 (N2) + +Nd (Na)) (5.50)

with computational cost of &(N Ny ... Ng logy(Ny N2 ... Ng)). If we apply the
mapping vec : CN1 ¥ *xNe . CP with P = NN, - - - Ny introduced in Sect. 4.4.3
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and reshape the array A = (ak)kery € CM*.-xNd into a vector vecA = a =
P—1
(ar)y—o by

. d
Ak +N1ky+Ny Nokz+...4+Ny...Ng_1kg -= Ak, k = (k])/:l € IN s
then we can rewrite the d-dimensional DFT as a matrix—vector product

vecA = (Fv, ® - ®Fn,) vecA
= Fn, ®@Ip/n,)...dp/nN, @FN, @ Iy)Ip/n; @ Fyy) vecA

Thus the row—column method can be reinterpreted as the application of the one-
dimensional DFT(X ;) to subvectors of vec A. Similarly as for the two-dimensional
FFT, we can now again employ the factorization of the Fourier matrices Fy; and
reorder the multiplications to save operations by the nesting method. Using, for
example, a similar factorization as in (5.49), we arrive for d = 3 with N1 = K K>,
N> = L1L;, and N3 = MM, that

vecA = (Py, @ Py, @ Py, ) ((Iy, ® Far,) ® (I, ® Fr)) ® (Ix, ® F,))
- (Dyym, ® DLz, @ Dik,) (Far, @ Ty) © (Fr, ® 1)) ® (Fi, ® Ix)) vec A

As for the two-dimensional DFT, we can save multiplications by precomputing the
diagonal matrix Dz, p, ® Dr, 1, ® Dk, g, and multiplying it to the vectorized array
at once. For comparison, using the row—column method we multiply with the three
matrices D, a, ® Iy, @Iy, In; ® Dy, ® Iy, and Iyy ® Iy, ® D &, separately.

Generally, if we assume that the one-dimensional radix-2 FFT requires g’ log, N
complex multiplications and N log, N complex additions, then the row—column
method using this radix-2 FFT for the d-dimensional DFT(N| x. . .x Ng) with N1 =
... = Ny = N = 2/ requires (log, N)“ Aéd complex multiplications by (5.50).
Applying the nesting method, we need only (log, N) (N d_ (g’ )‘1) multiplications
by performing the multiplication with the diagonal matrix of precomputed twiddle
factors, see Table 5.4. Here we have taken into account for both methods that the
matrices of twiddle factors Dy possess N /2 ones such that the multiplication with
Dy requires N /2 multiplications.

5.4 Sparse FFT

In the previous sections we have derived fast algorithms to execute the DFT(V) for
arbitrary input vectors a € C". All fast algorithms possess the computational costs
O(N log N), where the split-radix FFT is one of the most efficient known FFTs up
to now.
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Table 5.4 Numbers of complex multiplications and additions required by various multidimen-
sional FFTs based on radix-2 FFT

Row-column method, radix-2

Nesting method, radix-2

Size " o " o

8x 8 192 384 144 384
32 x32 5120 10,240 3840 10,240
64 x 64 24,576 49,152 18,432 49,152
128 x 128 114,688 229,378 86,096 229,378
256 x 256 524,288 1,048,576 393,216 1,048,576
8x8x8 2304 4608 1344 4608
64 x 64 x 64 2,359,296 4,718,592 1,376,256 4,718,592

However, in recent years there has been some effort to derive the so-called
sparse FFTs with sublinear computational costs. These methods exploit a priori
knowledge on the vector a to be recovered. Frequently used assumptions are that
a € CV is sparse or has only a small amount of significant frequencies. Often,
further assumptions regard the recovery of frequencies in a certain quantized range.
One can distinguish between probabilistic and deterministic algorithms on the one
hand and between approximate and exact algorithms on the other hand. Further,
many sparse FFTs employ special input data being different from the components
of a given vector a € CV to compute 4 = Fy a.

In this section we restrict ourselves to exact deterministic sparse FFTs that use
only the given components of a € CV to evaluate a.

5.4.1 Single Frequency Recovery

In the simplest case, where a € CcN possesses only one frequency, i.e., a € CVNis 1-
sparse. Let us assume that a = (ak) -0 ! has one nonzero component lagy| =6 >0
anday = 0fork € {0,..., N — 1} \ {ko}. In order to compute a, we only need to
recover the index kg and the Value ax, € C.

Considering the inverse DFT(V), this assumption leads to

1= 1
A~ —jk A —jko .

aj = akwN/ = akOwN/ , j=0,...,N—1.

N N

k=0
In particular,
1 . 1 . —ko
ag = Ak » ay = Ak wN
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Thus, only two components of a are sufficient to recover a, where

A —k ai
ak, = Nag, wNoza_
0

More generally, two arbitrary components a;,, aj, of a with j; # j, yield

ko1

—ko(ja—j1) _ Q)2 A )
Wy = , gy =Naj wy’,

aji
where ko can be extracted from the first term. However, the above procedure is
numerically instable for large N. Small perturbations in a; and ap may lead to a
wrong result for kg, since the values wf\, lie denser on the unit circle for larger N.
We want to derive a numerically stable algorithm for the recovery of a. For

simplicity, we assume that N = 2/, t € N\ {1}. We introduce the periodizations )
of a by

2=t

A0 = (3 apan) . €=0,..1. (5.51)
r=0

In particular, a) := 4, and the recursion

N A(EHIN2E =1 | a(e+1)25-1
a =@, ") + @5 )iy s =0, -1, (5.52)

is satisfied. The following lemma shows the close connection between the vector a
being the inverse DFT of & and the inverse DFT’s of a®) for £ =0, ..., 1 — 1.

Lemma 5.25 For the vectors 8 ¢ (ng, £=0,...,t in(5.51) we have

2t—1

@) ._g—1lal) _ ~t—2
a = er a =2 (azr—lj)jzo ,

where a = (aj)?/:_ol = F;,l a € CV is the inverse DFT ofa € CV.

Proof We obtain by (5.51) that

261 201 2ty
o =y D ul = 0 YO )i
i T ot ko War T e k+2tr) Woe
k=0 k=0 r=0

2—1

1 1 Nl —t

_ N L A —QTEDE At

= ot E apwy " = ot E ax wy =2 Ayt
k=0 k=0

forall j =0,...,2¢ — 1.
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We observe that all periodizations ) of 4©) = & are again 1-sparse, where
the index of the nonzero frequency may change according to (5.52), while the
magnitude of the nonzero frequency is always the same. For example, fora = a® =
(0,0,0,0,0,0,1,0)7, we find

a® =0,0,1,00", aV =107, a®=().

Denoting the index of the nonzero entry of a'© by k(()e), the recursion (5.52) implies
that

(e+1) (e+1) )
60 =10 et (5:53)
ko V=2t 28 <k <2t -1,
while ay, = alit(f) &IEI(; 112 = = ali?g) Thus, fixing ax, = N ao, a robust recovery
of ko can be achieved by recursive computation of the indices k(o), R k((f).

70— N ap. Now, we want to evaluate

k(()l). Using Lemma 5.25, we consider now a%l)

assumption, we find

Set k(o) = 0, since obviously 4 = ay
= 2t71a2t—l = 2t71a1\//2. By

1
1 1 ~D 1., (D 1., (D
a{)z2 E alg)wzk:zakén(—l) ko =2ako(—1) koo
k=0

while ai" = 2'"'ag = 1 ay,. It follows that k{" = k" = 0if o)’ = a{",

ie, if ap = ans2, and k(()l) = 1l if ap = —an/2. Hence we set k(()l) = k(()o) if

AV
= kg

lap — any2| < lap + ayy2| and k(()l) + 1 otherwise.

Generally, assuming that k(()e) is known, by (5.53) we have only to decide whether
k(()Hl) = k((f) or k(()Hl) = k(()g) + 2%, We consider a{“l) =2 Dg, , and

a(()”l) = 2! g, and conclude that

N (O N I NP RN (25 ) S N
L T o1 % Wttt T pepr Yo Worrt s o T 5y Gho
®
—kq
Thus we choosek(()Hl) k(z) if |a; (E+1) a(Hl) wzg+l |<| (£+1)—|— (()Hl) w2Hl [,
or equivalently, if
_k(()@) _k(()@)
lagi-e-1 —aow,yy | < lay—e-1 +aow,,; |

and k(”l) = k(()e) + 2¢ otherwise. Proceeding in this way, we compute ay, and

ko = k(t) employing the r+1 values ag, ay-1, ay-2, ..., a2, a; with computational
cost of ﬁ(log N):
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Algorithm 5.26 (Robust Sparse FFT for Single Frequency Recovery)

Input: N = 2" witht € N\ {1}, components ay, ay €C £=0,..., 201 of
a=(aj)¥ eCV.

1. Compute a :== N ap .

2. Setky:=0.
3. For£=0,....0—1iflay-c1 —agwy’| > |ay—c1 + agw[ |, then ko ==
ko + 2°.

Output: index ko € {0, ..., N — 1}, 4y, := a.
Computational cost: O (log N).

5.4.2 Recovery of Vectors with One Frequency Band

The above idea can be simply transferred to the fast recovery of vectors a possessing
only one frequency band of short support with given length, see also [274]. Assume
that a = (&k),i\]:_o1 possesses a short support of given length M, i.e., we assume that
there exists an index u € {0, ..., N — 1} such that all non-vanishing components of
a have their indices in the support set

Iy :={u, (w+1)modN,...,(u+ M —1)modN},

while ay = O fork € {0,..., N — 1} \ Iy;. We assume that the frequency band is
chosen of minimal size and that |d,| > 6 > 0 and |d(u+M—1)modN| = 0 > 0 are
significant frequencies, then M is called support length of a.

For example, both vectors (0, 0,0, 1,2,0,2,0) " and (2,0,0,0,0,1,2,0) " have
a support length M = 4, where © = 3, I4 = {3, 4,5, 6} for the first vector and
u=>5and Iy ={5,6,7, 0} for the second vector.

In order to recover a € CV with support length M, we determine L € N such that
2L=1 < M < 2L, Then we compute in the first step the (L + 1)-periodization a‘+1)
of a applying a DFT(2L*1). More precisely, by Lemma 5.25 we have to compute

N i 2L+1_1
a(L+1) = 2t L=l F2L+l (Clzt—L—lj)

j=0

By (5.51) it follows that A+ also possesses a support of length M, where
the nonzero components corresponding to the support set are already the desired
nonzero components that occur also in 4. Moreover, the first support index ¢ (“+D
of the support set of A+D is uniquely determined. Thus, to recover 4, we only
need to compute the correct first support index © = 1) in order to shift the found
nonzero coefficients to their right place. This problem is now very similar to the
problem to find the single support index ko for single frequency recovery. Let 1(©)
denote the first support indices of 4©) for £ = L+1, ..., t. As before, (5.52) implies
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that

@ _ [ nED 0<pultth <2t -1,
m = D Z ot b < (R < bl

Conversely, for given 1(©) the next index ©“*1 can only take the values u® or
) 4 ot
u' + 25
Example 5.27 Assume that we have a given vector a € C'© and a priori knowledge
that a possesses a frequency band of support length M = 3. We want to recover
a= ()2, €Cowitha;z=ai4=dis=landa =0fork =0,..., 12.
From M = 3 we obtain L = 2 and 2X*! = 8. In the first step, we compute the
periodized vector a® e C? by applying a DFT(8) to the vector (a» j);:O' This gives

4® =(0,0,0,0,0,1,1,1)T.

Obviously, 4 has also support length 3 and the first support index u® = 5. In
the last step, we need to recover 4 = 4 from 4. By (5.52), we only need to find
out whether u® = 5 or u® = 5 4 8 = 13, where in the second case the already
computed nonzero components of 4> only need an index shift of 8.

Generally, if 1“1 = 1 is true, then each component of

0+1
—1 A(l+1) _ At—t—1 27 -1
leﬂa =2 (Clzr—é—lj)j:()
satisfies
nO+M—1 o M-l
1—f—1 _ A~ (E+1) —jk _ o —jn ~(L+1) —jk
2 Apt—t-1; = Z A mod 26+1 Woek1 = Wyt Z @ L+Dy mod 2L+1 Wolt1s
k=p® k=0

where we have used that a4+1 already contains the correct component values.
Similarly, if £ +D = u© + 2¢ then it follows that

nO42t4pm—1
t—0—1 _ A (+1) —Jjk
2 Ayr—t-1 = Z A mod 2t+1 Wort
k=p (042t

S i iy
1\J Ju ~(L+1) jk
(=D7w,7 Za(k+'u(L+l))m0d2L+l Wyt -

k=0

We choose now j; as an odd integerin {1, 3, 5, ..., 2t+1 —1} such that Ayr—-1, # 0.

. . L e
This is always possible, since if the vector (ay—c-1(; +1))§ 01 had M or more zero
components, the equations above would imply that a“+t1 = 0, contradicting the
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assumption. Now, taking j = j¢, we need to compare ay—c-1;, with

_ 0 _
B e A ~(L+1) kje
Api=2 Woe Z kJr,u.(L“)modZLJrl Woett -

If

[A¢ — agi—e-1,| < |Ae+ agi-e-1,1,

then we have to take 1t = ;(© and we take ¢+ = p© 4 2¢ otherwise.

Algorithm 5.28 (Sparse FFT for a Vector with Small Frequency Band)
Input: N = 2" witht € N\ {1}, a € CN vector with small frequency band,
upper bound N of support length M of a.

1. Compute L := [log, M.
2. IfL >t — 1 compute a := Fy a by FFT of length N.
3.IfL <t —1, then

3.1. Set a*D = (Clzr—L—lj)iL:t)lil and compute A+ = Fyr . altth py
FFT of length 25 +1,

3.2. Determine the first support index p of 'V as follows:
Compute

M—1
. A(L+1) 2
ey := E |a,£ )|.
k=0

Fork =1,..., 251 — 1 compute

A (L+1)

— _ ~(L+1) 2
ek = ek—1 = A,y pgonn |

2

| + | (k+M 1) mod 2L+1
Compute p := arg max {e; : k=0, . 25 1Y and set po = .

33. Fort = L+1,...,t—1choose j € {1, 3, ...,2‘3—1} such that |a2,7z71j| >
6. Compute

M—1
Y ey 1Y) ~(L+1) —kj
A:=2 Wyet k412 mod 2L+ w2£+1 .
k=0

If1A — ay—e=1 | > |A + ay—-1 |, then ju:= p + 2%
3.4. Seta:=0eCV,
35. Forr=0,...,M — 1 set

(L+1)
a(lH‘") modN * (M0+r) mod2L+1 -
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Output: 4 € CV, first support index u € {0, ..., N — 1}.
Computational cost: (M log N).

Let us shortly study the computational cost to execute the sparse FFT in
Algorithm 5.28. If M > N/4, then the usual FFT of length N should be used
to recover a with &(N log N) flops. For M < N/4, step 3.1 requires &((L +
2L+l = ¢(M log M) flops, since 251! < 4 M. Step 3.2 involves the computation
of energies e; with &(2L+1) = ¢(M) flops. In step 3.3 we have to perform 7 — L — 1
scalar products of length M and r — L — 1 comparisons requiring computational costs
of O(M(log N — log M)). Finding j requires at most M (t — L — 1) comparisons.
The complete algorithm is governed by the DFT(25+1) and the computations in step
3.5 with overall computational cost of &'(M log N).

5.4.3 Recovery of Sparse Fourier Vectors

Assume now that a = (&j)?;—ol e Ry +iR)V,ie,Re aj > 0andIma; > 0 for
all j =0,...,N — 1, is M-sparse, i.e., a possesses M nonzero components, where
M € Nowith M < N =2',t € N, is not a priori known. Leta = F;ll a= (ak),i\’:*o1
be the given vector of length N. We follow the ideas in [278] and want to derive
a fast and numerically stable algorithm to reconstruct a from adaptively chosen
components of a. For that purpose, we again use the periodized vectors a©) € (R, +
iR,)% as defined in (5.51).

The basic idea consists in recursive evaluation of the vectors a®) in (5.51) for
£ =0,...,t,using the fact that the sparsities M, of a® satisfy

My<M <M, <...<M; =M.

In particular, no cancelations can occur and the components of ) are contained
in the first quadrant of the complex plane, i.e., Re &;g) > 0 and Im &;g) > 0 for
j=0,...,20—1.

We start by considering 2. Obviously,
N—1
a0 — Z ax = N ayg.
k=0

Since a possesses all components in the first quadrant, we can conclude that for
ap = 0 the vector a is the zero vector, i.e., it is O-sparse.

Having found a®) = N ay > 0, we proceed and consider (V. By (5.52), we find
al) = (&(()1), &{1))—'—, where &(()1) + &il) = a® = N qy is already known. Applying
NONE &{1).

Lemma 5.25, we now choose the component g’ anyy = a, Hence, with
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N

&fl) a® — (() ) we obtain 5 ANJj2 = 2a — a0 je,

A _ 1. N A1) _ 2 ~ (1
a(())zz(a(o)—i- zaN/z), al" =a0 4.

If a A(l) = 0, we can conclude that all even components of a vanish, and we do
not need to consider them further. If a(l)
components of a are zero.

Generally, having computed a® at the ¢th level of iteration, let M, < 2¢ be the

obtained sparsity of 4(“), and let

= 0, it follows analogously that all odd

0§n§Z)<n§£)<...<n§252£—1

be the indices of the corresponding nonzero components of 4). From (5.52) we can
conclude that A+ possesses at most 2 M, nonzero components, and we only need

to consider a( D and a(eilz)@ fork = 1,..., M, as candidates for nonzero entries

while all other components of altD can be assumed to be zero. Moreover, (5.52)
provides already M, conditions on these values,

A(Z+1)+A,(,Zr_12)l _&r(li)’ k=1,...,M,.

Therefore, we need only M, further data to recover a1, In particular, we can
show the following result, see [278]:

Theorem 5.29 Let 49, ¢ = 0, ..., 1, be the vectors defined in (5.51). Then for
eachl =0, . — 1, we have:

Ifa® s Mg sparse with support indices 0 < n(z) < ngZ) <...< ngfl) <2t -1,
then the vector AtV can be uniquely recovered from a© and M, components
Ajis-es iy, ofa = F;,l a, where the indices ji, ..., ju, are taken from the set
(2=12j +1): j =0,...2° — 1} such that the matrix

®

( Jphr )MZ _( —2n1/pnr)/N)

My x M,
N p.r=1 1 eC

p.r=

is invertible.

4D . ((e+1>)2€1 dﬁ(f“) ((£+1))2”'

Proof Using the vector notation a,, kol >

the recursion (5.52) yields

a® =al*h 4 atth, (5.54)
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Therefore, for given 4(), we only need to compute a(() 1 (o recover a¢+D. By

Lemma 5.25, we find

A (L+1) A (L+1)
(a )2‘+1 L S e I () _F! a
2-t-1) 2 2ot | gl | = Farn | g gD
1

b= (. —jk\2F 126 1A(/g+1) -1 LI D120 ey a(e])
=277 (wylt)j o S (G VAV B (& —a; ).
(5.55)

Let now 0 < nig) < nig) < ... < ngfl)e < 2¢ — 1 be the indices of the nonzero

entries of a¥). Then by (5.54) also ﬁg“l) can have nonzero entries only at these
components. We restrict the vectors according to

U+ aerD\Me 30 e \Me
ao = la © ) a = la © .
ny r=1 ny " /Jr=1

Further, let ji, ..., ju, be distinct indices from {2/ ~¢~12r+1) : r = 0,...2¢—1},
i.e., we have j, := 2/ ~¢"1(2k, + 1) withk, € {0, ..., 2  — 1} forp = 1,..., M,.
We now restrict the linear system (5.55) to the M, equations corresponding to these
indices ji, ..., ju, and find

(L+1)
aji 2u1+1
041 . . 04+1) X+1) 0+1) (RO T+
pt+Dh .— : — : =A(+)a0 _A(+)(a — )’
Y e+1)
IM, 2KMZ+1
" (5.56)
whnere
A(Z+1) _ 27[71 (w7j17n£€))Ml
- N p.r=1
O] ® O
—i—1 —Kpny\ My —ny Mg\ T
=2 (wze r )p’r , diag(w sl s ,wzlﬂl) . (5.57)

@
If AC+D and ( L )[lt/li:l, respectively, is invertible, it follows from (5.56) that

A ; (bEHD 4 ACEDFO) (5.58)

U+ . . . .
Thus, to recover a, we have to solve this system of M, linear equations in My
unknowns, and the components of 4“*1 are given by

~(+1

a ), k=n®.
AU+ ) (o) ~(C+1)
A =L@, D@, k=a 12,

0 otherwise.
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This completes the proof.

Theorem 5.29 yields that we essentially have to solve the linear system (5.58)
in order to compute ¢+ from ¥, We summarize this approach in the following
algorithm, where the conventional FFT is used at each step as long as this is more
efficient than solving the linear system (5.58).

Algorithm 5.30 (Recovery of Sparse Vector a € (R + iR )V)
Input: N = 2" witht € N, a = (aj)jy;(} € CN, 0 > 0 shrinkage constant.

1. Set M := 0 and K := {0}.
2. Ifag < 0, thena =0 and IV = ¢.
3. Ifap > 6, then

~ ~(0 ~
3.1, Set M =1, 10 := {0}, A© := N ap, and 3" := 4©.
32. For{ =0tot —1do
21

M
»=0 €C

14
If M? > 2% then choose b1 .= ( éﬁ,—:ll))i 01 = (azf*f*1(2p+1))

and solve the linear system
— — . - L1\ A
F, (dlag(w24+1 )2 1) ag T = (2 bHD 4 erl (dlag(wzzﬁl )]%:01) a(Z))

using an FFT of length 2°.

Find the index set Iy of components in ) with &,,EZ) > 0 fork € 19 and set its

cardinality M := |1,

else

e Choose M indices j, = 27712k, + 1) with k, € {0,...,2° — 1} for
p=1,..., M such that

41y . A—t—1 ¢ —Jpr
A =2 (wy ),;1 ..... M; rel®

is well-conditioned and set K := K U {j1, ..., ju}.

* Choose the vector b1 .= (aj )M | € CM and solve the linear system

AR ;(b(ul) +ACDFO),

~(U+1 NI (AN ~(0+1 ~(+1 (41 T
. Setag =3 —a(() " and 3V = ((a(() ))T, (a(l ))T) .

e Determine the index set [TV ¢ (I(Z) ua® + ZZ)) such that a(Hl) > 0 for
ke I®tD Ser M := 10D,
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Output: IV is the set of active indices in 4 with M = |1V and d = AV =

(ax) kel®-
K is the index set of used components of a.

Note that the matrices A“+D are scaled partial Fourier matrices, namely the
restrictions of the Fourier matrix F N to the columns n( .. ”5&2 and the rows

ki, ..., ku,.For given M column indices n( ) . n%l) , we are allowed to choose the

row indices in a way such that a good cond1t10n of A“*D is ensured. Observe that
we can always choose k), = 2’_2_1(2K,, + 1D withkp, =p—1forp=1,..., My
to ensure invertibility. This means, we can just take the first My rows of Fz_ll in the
product representation (5.57). However, the condition of this matrix can get very
large for larger £.

Example 5.31 Assume that we want to recover the 4-sparse vector 4 € C!?8 with
ar = 1fork e ID .= {1, 6, 22, 59}. For the periodizations of a we find the sparsity
and the index sets

19 =0}, Mo=1,
1D =101}, M =2,
1® =1{1,2,3}, M, =3,
1% =1{1,3,6}, M3 =3,
I =1{1,6,11}, My=3,
¥ =1{1,6,22,27}, Ms =4,
19 =1{1,6,22,59}, Mg =4.

For¢ =0, 1, 2, 3 we have MZ2 > 2¢ and therefore just apply the FFT of length 2¢
as described in the first part of the algorithm to recover

a® =(0,1,0,0,0,0,2,0,0,0,0,1,0,0,0,0) .

For ¢ = 4, we have M} < 2% and apply the restricted Fourier matrix for the recovery
of 2. The index set I of nonzero components of 4©) is a subset of 7™ U (1@ +
16) = {1,6, 11,17, 22, 27}. We simply choose k5 = 27-4~1(2«,, + 1) with x, =
p—1forp=1,.. Myie, k" K" V) =22(1,3,5) = 4,12,20). The
matrix A® reads

1 _ @

5 (p—Dn;

A® — - (wie )pr ldlag(w32, w32 , Wiy T

and possesses the condition number [[A®[2[|[(A®)~1|, = 1.1923. Solving a

system with 3 linear equations in 3 unknowns yields 4 and I® = {1, 6, 22, 27).
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Similarly, we find at the next iteration steps 5 and 6 the 4-by-4 coefficient matrices

1

—27\T
64 i)

)
—(p—Dn;7"\4 : -1 -6 . -22
(w32 ) diag(wgy , Wey'» Wey s We

A© —
p,r=1

with condition number 4.7150 to recover a® and

1 L (©®
N — (p—D)n,"\4 . -1 -6 —22 . —59\T
A = 128 (wey )p,r:ldlag(wl28’ Wiogs Wipg s Wipg )

with condition number 21.2101 to recover a7,

Thus, we have employed only the components agx, k = 0, .. ., 15, in the first four
iteration steps (for £ = 0, 1, 2, 3) to recover a®  the entries asok+1y, kK =0,1,2,
atlevel £ = 4, X0k+1), k = 0,1,2,3, atlevel £ = 5, and Xpk41, k = 0, 1,2, 3, at
level £ = 6. Summing up, we have to employ 27 of the 127 Fourier components to
recover a, while the computational cost is governed by solving the FFT of length 16
for getting a (up to level 3) the 3 linear systems with the coefficient matrices A®,
A©® and A, respectively.

While the condition numbers of A“*D in the above example are still moderate,
the choice x, = p— 1, p = 1,..., My, does not always lead to good condition
numbers if N is large. For example, for N = 1024, the recovery of a 4-sparse
vector with 1110 = 1© = {1, 6, 22, 59} employs a 4-by-4 matrix A1? at the last
iteration level £ = 9 possessing the condition number 22742.

In order to be able to efficiently compute the linear system (5.58), we want to
©

. o1\ M,
preserve a Vandermonde structure for the matrix factor (wgén )p ‘r _, of AC+D

and at the same time ensure a good condition of this matrix. Therefore, we only
(pfl)a(z)nge) M,
w, )

pr=1® ie., wesetk, == (p— Do®

consider matrices of the form (

for p = 1,..., M. The parameter ¢ e {1,2,...,2% — 1} has to be chosen in a
_ ), &)

g’; Do nr )fizl and thus A“*D is well-conditioned.

In [278], it has been shown that the condition of A“+D mainly depends on

way such that (w

. . . (£),, (0
the distribution of the knots wj, "

distribution of ¢©@n” mod2¢ in the interval [0,2¢ — 1]. One simple heuristic
approach suggested in [278] to choose o (®) is the following procedure. Note that
this procedure is only needed if MZ2 <2t

on the unit circle, or equivalently on the

Algorithm 5.32 (Choice of o © to Compute A“+1D)
Input: £ > 1, My—_1, My, 1O = {n(1£)’ R ngfl)e}, oD if available.

Ift <3 o0r My =1, choose o® =1
else
if My_1 = My then
if o=V is given, then ¢© := 25 (¢~D
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else set £ := £ — 1 and start the algorithm again to compute o ¢~V first.
else

1. Fix X as the set of M© largest prime numbers being smaller than 21,
2. Forallo € ¥

2.1. Compute the set 019 := {on(le) mod 2¢, . ongfl) mod 2¢}.

2.2. Order the elements of o [0 by size and compute the smallest distance L
between neighboring values.

3. Choose ¢ := argmax{L, : o € X}. If several parameters o achieve
the same distance Ly, choose from this subset one oc® = o that minimizes

| Zk X wUVlk

Output: a® ¢ {1, ..., 2“1}.
Computational cost: at most O (MZZ) flops disregarding the computation of X.

The set X' can be simply precomputed and is not counted as computational cost.
Step 2 of the Algorithm 5.32 requires &' (M Zz) flops and Step 3 only &' (M;) flops.
Employing Algorithm 5.32 for computing A“*D of the form

© _,0 )
(E+1) _ g—t—1 () (p=DoOn;"\ My ny Mg\ T
A =2 (w,t )p’r pdiag (o 5o Wy )

in Algorithm 5.30 (for MZ2 < 2%, we can solve the linear system (5.58) with
o (Mg) flops using the Vandermonde structure, see, e.g., [84]. Altogether, since
My < M forall £ = 0,...,t, the computational cost of Algorithm 5.30 is at
most &(2¢1og2%) < O(M?log M?) to execute all levels £ = 0 to [log, M?|, and
O((t —)M?) = O((log N — log M?) M?) for the remaining steps. Thus we obtain
overall computational cost of &(M? log N), and the algorithm is more efficient
than the usual FFT of length N if M? < N. Note that the sparsity M needs not to
be known in advance, and the Algorithm 5.30 in fact falls back automatically to an
FFT with & (N log N) arithmetical operations, if M> > N.

Remark 5.33 The additional strong condition that a satisfies Rea; > O andIma; >
0 is only needed in order to avoid cancelations. The approach similarly applies if,
e.g., the components of a are all in only one of the four quadrants. Moreover, it is
very unlikely that full cancelations occur in the periodized vectors 4(), such that the
idea almost always works for arbitrary sparse vectors a.

In [275], the sparse FFT for vectors with small frequency band has been
considered. But differently from our considerations in Sect.5.4.2, no a priori
knowledge on the size of the frequency band is needed, but a possible band size is
automatically exploited during the algorithm. This improvement goes along with the
drawback that the range of the Fourier components needs to be restricted similarly
as in this subsection in order to avoid cancellations.
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The consideration of sublinear DFT algorithms goes back to the 1990s, we refer
to [130] for a review of these randomized methods that possess a constant error
probability. In the last years, the research on sparse FFT has been intensified, see,
e.g., [157,263] and the survey [131]. While randomized algorithms suffer from the
fact that they provide not always correct results, there exist also recent deterministic
approaches that make no errors. Beside the results that have been presented in this
subsection, we refer to deterministic algorithms in [3, 34, 174, 175, 222] based
on arithmetical progressions and the Chinese remainder theorem. In contrast to
the results given here, these algorithms need access to special signal values in an
adaptive way, and these values are usually different from the components of the
given input vector a € CV. A further class of algorithms employs the Prony method
[164, 265, 298], see also Chap. 10, where however, the emerging Hankel matrices
can have very large condition numbers. For various applications of sparse FFT, we
refer to [156].

5.5 Numerical Stability of FFT

In this section, we show that an FFT of length N that is based on a unitary
factorization of the unitary Fourier matrix jN Fn is numerically stable in practice,

if N € Nis a power of 2. We will employ the model of floating point arithmetic and
study the normwise forward and backward stability of the FFT.

Assume that we work with a binary floating point number system F C R, see
[168, pp. 36—40]. This is a subset of real numbers of the form

- ot o dl o dy

X=dmx2" =42 (2 +, +...+2I)
with precision t, exponent range emin < ¢ < emax, and dy, ...,d; € {0, 1}. The
mantissa m satisfies 0 < m < 2’ — 1, where for each X € F \ {0} it is assumed
that m > 271 ie., di = 1. In case of single precision (i.e., 24 bits for the
mantissa and 8§ bits for the exponent), the so-called unit roundoff u is given by
u = 272 ~ 596 x 1078, For double precision (i.e., 53 bits for the mantissa
and 11 bits for the exponent) we have u = 2753 ~ 1.11 x 10716, see [168,
p. 41].

We use the standard model of binary floating point arithmetic in R, see [134,

pp- 60—61] or [168, p. 40], that is based on the following assumptions:

* Ifa € Risrepresented by a floating point number fl(a) € F, then
flla)=a(l+e), le[=u,

where u is the unit roundoff.
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* For arbitrary floating point numbers a, b € F and any arithmetical operation
o€ {+, —, x, /} we assume that

fllaob)y=(aob)(1+e€), le|<u.

For complex arithmetic that is implemented by real operations, we can conclude
the following estimates, see also [67].

Lemma 5.34 Forx =a+ib,y=c+id € Cwitha, b, ¢, d € F we have

fAx+y)— x+y)| <Ix+ylu,
I y) —xy] < (14+V2) [xy|u.

Proof Using the assumptions, we obtain

fix+y)=1flla+c)+ifl(b+d)
=@a+c)(+e)+ib+d)(l4+e)=x+y)+te(a+c)+ieb+d)

with |e1], |e2| < u, and thus
fix + ) — (x + ) < lal*la+cl* + el b+ dI* < u? |x + y|.

The estimate for complex multiplication can be similarly shown, see [67,
Lemma 2.5.3].

We study now the influence of floating point arithmetic for the computation of
the DFT(N), where N € N\ {1}. Let x € C" be an arbitrary input vector and

1 1 jk\N—1 ._ .—27i/N
VN Fv= VN (w’ )j,kzo’ wy i=e T
We denote with y := ! Fy x the exact output vector and with §¥ € CV the vector

that is computed by floating point arithmetic with unit roundoff «. Then, there exists
a vector Ax € CV such that ¥ can be written as

1
y = Fy (x + Ax).
y JN N

According to [168, pp. 129-130], we say that an algorithm computing the matrix—
vector product jN Fy x is normwise backward stable, if for all vectors x € CcN

there exists a positive constant ky such that

1AX]> < (ky u + O@®) x|l (5.59)
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holds with ky u < 1. Here, ||x]|2 := (Z,I{VZ_Ol |xk|2)1/2 denotes the Euclidean norm
of x. Observe that the size of ky is a measure for the numerical stability of the

algorithm. Since by (3.31), the matrix \/1N Fy is unitary, we conclude that

1 1
| Ax]l2 = | Fy Ax[ = I¥ —yll2. Ixll2 = Fyx|2 = llyll2.
VN VN

Thus, the inequality (5.59) implies
IF —yl2 = 12xl2 < (kv u + OWD) Ixll2 = (kny u + C@H)lylla,  (5.60)

i.e., we also have the normwise forward stability.

In the following, we will derive worst case estimates for the backward stability
constant ky for the Sande—Tukey FFT and compare it to the constant obtained by
employing a direct computation of jN Fy x.

Let us assume that the N'th roots of unity w’]‘v, k=0,..., N—1,are precomputed
by a direct call, i.e.,

wh; = fl( cos 2]];”) —ifl(sin chvn)

using quality library routines, such that

|fl( cos an) — cos 2kﬂ| <u, |fi(sin an) —s 2kﬂ| <u
N N N N
Then it follows that
|1T)§‘\, — wlfvl2 < |ﬂ(cos Ili’n) — cos 2]];7[ — ifl(sin 2]/;7[) +1 sin 2]];7[ |2 <2u?,

ie., Wf\, — w’l‘\,| < +/2u. The direct call is most accurate but more time consuming
than other precomputations of wlfv using recursions, see, e.g., [67, 295].

Next, we study how floating point errors accumulate. Assume that X} and X
have been obtained from previous floating point computations with discrepancies
IX; — x| = 8(xj)u + Ow?) for j = 1,2. Then ¥ = fi(X] o X2) has a new
discrepancy §(x), where x = x1 o x3.

Lemma 5.35 Let x1, xo € Cwith |X; — x| < 8(xj)u + OW?) for j =1, 2 be
given. Then we have

IAE + %) — (1 +x2)| < (Jx1 + x2l +8(x1) +8(x2)) u + Ow?),
f(F %) — (21 x2)] < ((1+V2) [xy 22| + 8(xp) [x2] +8(x2) x11) u + Ou?).
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Proof We obtain by Lemma 5.34 with floating point numbers X, X, € T,
A + %) — (1 +x2)| < I +X2) — 31 +32)] + (R + %) — (x1 + x2)]
< (1% + %l +8(x1) +8(x2)) u+ OW?) = (|x1 + x2| +8(x1) +8(x2)) u + Ou?),

where we have used |X] + X2| = |x1 + x2| + €(u). Similarly, for the multiplication
we obtain

[f1(x1 %2) — (x1 x2)| < (X1 X2) — (X1 X2)| + (X1 %2) — (x1 x2)].
Lemma 5.34 implies for the first term
AE %) — G152 < (1 +V2) %1 Bl u + OW)

and for the second term

[(X1X2) — (x1x2)| < X2 (X1 — x| + [x1 (%2 — x2)|

< (b2l +8(x2) u) 8Cxr) u + |x1| 8(x2) u + OW?) .

In particular, |X] X2| = |x1 x2| + &'(u). Thus the assertion follows.

In order to estimate the stability constant ky for a DFT(N) algorithm, we first
recall the roundoff error for scalar products of vectors.

Lemma 5.36 Let N € N be fived. Let x = (xp)Y_), y = (3} € CV be
arbitrary vectors and let X = (')Fj)yz_ol, y= (}'j)?lz_ol e (F+iF)N be their floating

point representations such that |)~c/~ —xj| < V2 |xjlu + ﬁ(uz) and Wj —yjl <
lyjlu+ 0w forj=0,...,N— 1.
Then we have

ETH — &yl < (N +1+2v2) x| |yl) u + O@?)
for recursive summation, and
AETH — x| < (¢ +2+2V2)Ix| " [yl)u + O@?)

for cascade summation, where |X| := (|xj|)§vz_01 andt := [log, N1 for N € N\ {1}.
Proof

1. We show the estimate for recursive estimation using induction with respect to N.
For N = 1 it follows by Lemma 5.35 with § (xg) < V2 |x0| and 8(y0) < |yol that

(R0 o) — x0 Yol < ((1 4 +/2) Ixol Iyol + 0l Iyol + /2 1y0l [x0l) u + Ou?)
= (2 +2v2) |xol [yol) u + O .
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Assume now that 7 is the result of the computation of 3‘(’1'—?1 in floating point
arithmetic for X1, ¥ € CV. Let X := (i]—, Ive)! € CMland § :=
(], ¥n+1) " € CV*1. Using the intermediate result Z, we find by Lemma 5.35
and the induction hypothesis with discrepancies §(z) < (N + 1 + 2/ 2) |z| and
S(N+1 YN+1) < 2+ 2v2) [xn41 yn4l,

AE'Y) — "yl = AEZ + A& 11 Fv41) — &'y

< (lz 4 xn 1yl +8GR) + 8Gen 41 yv 1)) u + O

< (IXITIyl+ (N + 1+ 2v2) x| Tyt + 2 4 2V2) [xn 1 v ) u + O@?)
<(N+2+2v2) x|yl u + OW?).

2. For cascade summation, we also proceed by induction, this time over ¢, where
t = [log, Nl and N € N\ {l}. Fort = 1,ie., N = 2, it follows from the
recursive summation that

AETH — &y < (G +2v2) x| lyl)u + Ow?).

Assume now that 7| is the result of the computation of X X1 y1 in floating pomt
arithmetic for X, y1 € CV, and 7, is the result of the computation of X X2 yz
in ﬂoating point arithmetic for X, yz € CV using cascade summation. Let X :
(N1 X, T eC?N andy := (NT, Y, T e 2V, Usmg the intermediate results 71,
7> for the scalar products z; = nyl and 7, = X2 y2, we obtain by Lemma 5.35
and the induction hypothesis

XY — "y = I0G + )| < (Iz1 + 221 +8(z1) +8(z2)) u + O?)
< (IxITlyl + ¢ +2+2vV2) Ixil T Iyil + (¢ + 2+ 2v2) x| TIyal) u + O )
<(t+3+2v2)IxITlyl)u + 0w .

Thus, the assertion follows.

We are now ready to estimate the backward stability constant for the direct
computation of the DFT(N) of radix-2 length N.

Theorem 5.37 Let N =2',t € N, be given. Assume that the entries of the floating
point representatlon of the Fourier matrix FN satisfy |wN — wN| < V2u fork =

0,...,N — 1. Further let X = (x/)j=0 be the vector of floating point numbers
representingx = (xj)7;01 e CN with IX; — xj| < |xjlu.
Then the direct computation of jN Fy x is normwise backward stable, and we
have
I ~
I11( FyX) —

N Fy x|l < (kv u+ 0@?) |Ix[l>

1
VN
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with the constant

v — VN (N+1+ 2\/2) for recursive summation ,
N VN (logy N +2+ 2v2) for cascade summation .

Proof We apply Lemma 5.36 to each component of the matrix—vector product
jN Fy x, not counting the factor jN which is for even ¢ only a shift in binary

arithmetic. For the jth component, we obtain for recursive summation

'ﬂ(jN 1N((N +14+2vV2) (O TIxI) u + O u?)

1
VN V.
(jN (N +1+2V2) Ixl) u+ OW?) < (N +1+2v2) Ixl2) u + O@W?) .

Here we have used that [|x|; < +/N |x]|». Taking now the Euclidean norm, it
follows that

FyX);—( , Fyx);l<

N—-1

1~ 1
(Z|ﬂ(\/N FN’i)j—(\/N Fyx); %) < (VN (N+142v2) [[x]2) u+Ow?) .
=0

The result for cascade summation follows analogously.

In comparison, we estimate now the worst case backward stability constant
for a radix-2 FFT considered in Sect.5.2. Particularly, we employ the matrix
factorization (5.10) related to the Sande-Tukey FFT, i.e.,

t
Fy =Ry [[ Ty @ F2 @ L) = Ry MY MG . MY,

n=1
where
MY =T, (Il ®F, @ Ly—j-1). (5.61)
Recall that Ry is a permutation matrix, and
Ti—j =1 ® Dy—j,
. . i —j—1_
D, :=diag (Iy—j-1, Wy—j1), Wy j1 = diag (wé,,j)?:é L

In particular, Ty = Iy. The matrices I,; ® F2 ® I,—;—1 are sparse with only two
nonzero entries per row, and these entries are either 1 or —1. Multiplication with
these matrices just means one addition or one subtraction per component.
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Theorem 5.38 Let N = 2/, t € N. Assume that W;V — w’fv| < V2u fork =
0,...,N — 1. Further let X = ()“Zj)?’;o‘ be the vector of floating point numbers
representing X = (xj)?/:_o1 with |X; — x| < |xj|u.

Then the Sande—Tukey FFT is normwise backward stable with the constant

ky = 2+3v2) logy N +1.

Proof

1. Let X@ := X such that |[X© — x©@|, < u|lx|l. The Sande-Tukey FFT
is employed by successive multiplication with the sparse matrices M%), j =
1, ..., t, and the permutation Ry in (5.61). We introduce the vectors

gm;ZMMWQWﬂ% i=1,....1t,
while x(/) = M%) .. .ME\})X is the exact result after j steps. Here,
M%) = ’thj L ®F2 @ Iyi—j-1)

denotes the floating point representation of M%) using @k;. Note that jN Ry X®

is the result of the algorithm in floating point arithmetic, where we do not take

into account errors caused by the multiplication with \}N as before. We consider

the errors e; of the form
~(j () ~(i—1 .
ej =RV MDD, j=1,...1.
Then we can estimate the floating point error as follows:

”’i‘(j) _ X(j)||2 < ”’i(j) _ M(j) ’i(j—l)”z + ”M(j);(‘(j—l) _ M(j) X(j—1)||2
+ ”M(j) xU=D _ MW xG=D ll2
< e + MY R0 = xU=D )y + MY — MY 7D,

Observing that
MDYy = [T, ll2 1y @ Fa ® Ly—j1]la = V21T, jlla < V2 (1 + v2u)
and that

IMY =MD Iy = |(Ty—j = Tr—;) (L @ F2 @ Ly—j-1) |l
< V2T j =Tl < 2u,
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we obtain
IR =xPly < e+ V2RIV —xU D42 kU D ut 0 w?) . (5.62)

2. We show now that ¢; < 2+/2(1 + +/2) XV V|pu for all j = 1,...,1.
Introducing the intermediate vectors

§ = (I @ F2 @ L)XV ™Y), y = (I @ F2 @ =) XYY,

we conclude that X/) = ﬂ(Tl ;¥). By Lemma 5.35 with S(x(] )y = 0 for all
k, we find for each component

5 =yl < 11w+ o) (5.63)
and thus
IF9 —y s < lyPlau = V2 IRV V),

where we have used that ’HIZ; QF @ Ly-j-1|2 = /2. Next, the multiplication
with the diagonal matrix T, ; implies by Lemma 5.35

5 = M RID)) = (T §9)), = (Timj ),
< (E+ V2 Iy 1+ V2 1501+ 80 u + 6?)

<QU+vV2) P Nu+ oW,

where we have used the assumption |W[‘V - wlfvl < +/2u and that (5.63) implies
S(y(/)) = |y(/)| Thus, we conclude

ej =KV =MDV <2(14v2) [y l2u =2v2 (14+v2) XV V2 u.
3. We recall that ||x() ||, = 2/2 ||x]|». Thus, the relation (5.62) can be written as

IR —xD)y < 2¢/2 0 +V2) IXY V) u + V2 RU7D —xU=D),
+2 XYVl u + 0w .

Starting with |[X© — x|, < u ||x]|2, we show by induction over j that

IR — x D1y < 20/2(2) + 1) + 3v/2)) IIxll2 4 + O(u?)
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istruefor j =1,...,¢t. For j =1,

IXD —xDYly < 2v/2(1+V2) IxQ I u + V2 1RO —xOfh + 2 1xP ) u + 0 ?)
=23 +3v2) X2,

and the assertion is correct. Assume now that the assertion is true for some j €
{1,...,¢t —1}. Then

IRIHD = xU* D)y < 2(V2+3) XVl u + V2[R = x| + 0?)
=2(V243) 22 Ixpu+ 292 (2 + 1) + 3v2)) Xl u + O w?)
= 2002 (2j 4+3) +3v2( + D) Ixlh u + 6W?) .

Finally, it follows with Fy = Ry M{...M{}’ and r = log, N that

”ﬂ(JlN Evs) - JlN

< (@+3v2) logy N + 1) Xl u + 6u?).

1
Fyx| = N I —xO

Comparing the constants of backward stability for the usual matrix—vector
multiplication and the Sande-Tukey FFT, we emphasize that the FFT not only
saves computational effort but also provides much more accurate results than direct
computation.

Remark 5.39 In [168, pp. 452-454], the numerical stability of the Cooley—Tukey
radix-2 FFT is investigated. The obtained result ky = ¢'(log, N) for various FFTs
has been shown in different papers, see [8, 67, 304, 384] under the assumption that x
is contained in FV and all twiddle factors are either exactly known or precomputed
by direct call. In [67, 295, 321, 351], special attention was put on the influence of
the recursive precomputation of twiddle factors that can essentially deteriorate the
final result.

Beside worst case estimates, also the average case backward numerical stability
of FFT has been studied, see [60, 350] with the result ky = & (\/logz N).



Chapter 6 )
Chebyshev Methods and Fast DCT Shethie
Algorithms

This chapter is concerned with Chebyshev methods and fast algorithms for the
discrete cosine transform (DCT). Chebyshev methods are fundamental for the
approximation and integration of real-valued functions defined on a compact
interval. In Sect. 6.1, we introduce the Chebyshev polynomials of first kind and
study their properties. Further, we consider the close connection between Chebyshev
expansions and Fourier expansions of even 27 -periodic functions, the convergence
of Chebyshev series, and the properties of Chebyshev coefficients. Section 6.2
addresses the efficient evaluation of polynomials, which are given in the orthogonal
basis of Chebyshev polynomials. We present fast DCT algorithms in Sect. 6.3. These
fast DCT algorithms are based either on the FFT or on the orthogonal factorization
of the related cosine matrix.

In Sect. 6.4, we describe the polynomial interpolation at Chebyshev extreme
points (together with a barycentric interpolation formula) and the Clenshaw—Curtis
quadrature. Fast algorithms for the evaluation of polynomials at Chebyshev extreme
points, for computing products of polynomials as well as for interpolation and
quadrature involve different types of the DCT. In Sect. 6.5, we consider the discrete
polynomial transform which is a far-reaching generalization of the DCT.

6.1 Chebyshev Polynomials and Chebyshev Series

The basis of Chebyshev polynomials possesses a lot of favorable properties and is
therefore of high interest as an alternative to the monomial basis for representing
polynomials and polynomial expansions.
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6.1.1 Chebyshev Polynomials

We consider the interval / := [—1, 1] and define the functions
Ty (x) := cos(k arccos x) 6.1)

for all k € Ny and all x € I. Applying the substitution x = cost, t € [0, 7], we
observe that

Ty (cost) = cos(kt), k €Ny, (6.2)

forall ¢ € [0, 7] and hence for all # € R. Formula (6.2) implies that the graph of 75
on [ is a “distorted” harmonic oscillation, see Fig. 6.1.
The trigonometric identity

cos(k + 1)t + cos(k — 1)t =2 cost cos(kt), keN,
provides the important recursion formula
Tep1(x) =2x Ti(x) — Tr—1(x), k€N, (6.3)

with initial polynomials To(x) = 1 and T1(x) = x. Thus T} is an algebraic
polynomial of degree k with leading coefficient 2¥~!. Clearly, the polynomials 7}
can be extended to R such that the recursion formula (6.3) holds for all x € R. The
polynomial 7; : R — R of degree k € Ny is called the kth Chebyshev polynomial
of first kind.

Remark 6.1 Originally these polynomials were investigated in 1854 by the Russian
mathematician P.L. Chebyshev (1821-1894), see Fig.6.2 (Image source: [347]).
Note that the Russian name has several transliterations (such as Tschebyscheff,
Tschebyschew, and Tschebyschow). We emphasize that the Chebyshev polynomials
are of similar importance as the complex exponentials (1.10) for the approximation

VAR AVAY

Fig. 6.1 Comparison between cos(5-) restricted on [0, 7] (left) and 75 restricted on / (right)
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Fig. 6.2 The Russian
mathematician Pafnuty
Lvovich Chebyshev
(1821-1894)

Fig. 6.3 The Chebyshev

polynomials Ty (black), T; 1
(red), T, (orange), T3 (green),

T4 (blue), and Ts (violet)

restricted on

of 2mr-periodic functions. There exist several excellent publications [238, 262, 310,
356] on Chebyshev polynomials.

Fork =2, ..., 5, the recursion formula (6.3) yields

Th(x) =2x2—1, T3(x) = 4x3 — 3x,
Ta(x) = 8x* — 8x2 + 1, T5(x) = 16x° — 20x3 + 5x,

Figure 6.3 shows the Chebyshev polynomials Tj restricted on / fork = 0, ..., 5.
From

arccos(—x) =m —arccosx, x¢€l,
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it follows by (6.1) that forall k € Npand all x €
Ti(—x) = cos (k arccos(—x)) = cos(kmr — k arccosx) = DT (x).  (6.4)

Hence T, k € Ny, is even and Tpi+1, k € Ny, is odd. Further, we have for all
ke Ny

() =1, Ti(=1)=(=D*, Tu(0) = (=D, Tyi1(0)=0.

Lemma 6.2 For each k € Ny the Chebyshev polynomial Ty possesses the explicit
representation

[ +ivV1I—x)F + (x —iv1—xDF] xel,

1
Ti(x) = { 2 . .
3 = V2 = DF 4 (x + VX2 = DF] xeR\I.

Proof For k = 0 and k = 1 these explicit expressions yield To(x) = 1 and T1(x) =
x for all x € R. Simple calculation shows that for arbitrary k¥ € N the explicit
expressions fulfill the recursion formula (6.3) for all x € R. Hence these explicit
formulas represent Tj.

Let L3 4, (1) denote the real weighted Hilbert space of all measurable functions
f: I - Rwith

1
/ w(x) f(x)zdx < 00
-1

with the weight
wkx):=1-x)"Y2 xe(-1,1.

The inner product of L ,,([) is given by
1 1
B = | [ 060 0 gy
forall f, g € Ly (1), and the related norm of f € L 4, (]) is equal to

1/2

I N Loy =S5 Py -

As usual, almost equal functions are identified in L2, (/). The following result
shows that the Chebyshev polynomials satisfy similar orthogonality relations as the
complex exponentials (1.10) in the weighted Hilbert space.
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Theorem 6.3 The Chebyshev polynomials Ty, k € Ny, form a complete orthogonal
system in L, (I). For all k, £ € Ny we have

1 k=¢=0,
(Tie, Te)py () = % k=¢>0,
0 k+#¢.

Proof The orthogonality of the Chebyshev polynomials follows immediately from
the identity

1 [~ 1 (7
(T, Todr, (1) = / cos(kt) cos(€t)dt = / (cos(k — £)t + cos(k + £)t) dr .
’ T Jo 27 0

The completeness of the orthogonal system {7; : k € Np} is a consequence of
Theorem 1.1: For f € L2 ,,(I) with ax[ f] = O for all kK € Ny we can conclude that

T

1
O=arlf1=2(f, Ti)Lr o) = . f @(1) cos(kt) dt
-7
with ¢ = f(cos-). Since ¢ is even, we obtain for all k € Z
T .
/ e e *dr=0.
-7

Hence ¢ = 0 almost everywhere on R by Theorem 1.1 and thus f = 0 almost
everywhere on 1.

We summarize some further useful properties of the Chebyshev polynomials on /.
Lemma 6.4 The Chebyshev polynomials (6.1) possess the following properties:
1. Forall k € Ng we have |Ti(x)| < 1 forx € I.

2. The Chebyshev polynomial Ty, k € N, has exactly k + 1 extreme points

®) T L
X; ._cosk el, j=0,...,k,

with Tk(xj.’”) = (=1)/.
3. The Chebyshev polynomial Ty, k € N, possesses k simple zeros

® . o Qj+Dm

. =0 k—1.
% 2% ]

Between two neighboring zeros of T4 there is exactly one zero of Tk.
4. Forall k, £ € Ng we have

2Tk To = Tiqo + Tik—e)» - Tk (Te) = Te (6.5)



310 6 Chebyshev Methods and Fast DCT Algorithms

The proof of this lemma results immediately from the representation (6.1). For
fixed N € N\ {1}, the points x{*, j = 0,.... N, are called Chebyshev extreme

points and the points zj.N), j =0,...,N — 1, are called Chebyshev zero points.
Sometimes Chebyshev extreme points are also called Chebyshev points.

A polynomial of the form p(x) = po + pix + ... + pyx" with the leading
coefficient p, = 1 is called monic. For example, 27k Tir1 € Pry1, k € Ny, is
monic. We will show that the polynomial 2% 7}, has minimal norm among all
monic polynomials of &y in C(I).

Lemma 6.5 Let k € Ny be given. For each monic polynomial p € i1 we have

27 = max 27" T 1 (0)| < max [p(o)| = lIplca) -
xel xel
Proof
1. For x(kH) = cos /7, j =0 k + 1, the monic polynomial 2% T;
. ] -— k+1° J - g ey 5 p y k+1

possesses the extreme value (—1)/ 27k Hence, we see that

27% = max 27% | T ()] .
xel

2. Assume that there exists a monic polynomial p € P with |p(x)| < 27k for
all x € I. Then the polynomial ¢ := 27% Ty, | — p € 2 has alternating positive
and negative values at the k 4 2 points x](kﬂ), j =0,...,k+ 1. Thus, by the
intermediate value theorem, g possesses at least k + 1 distinct zeros such that
g = 0. Consequently we receive p = 2% Ty ;| contradicting our assumption.

Remark 6.6 The Chebyshev polynomials of second kind can be defined by the
recursion formula

Uip1(x) =2x Up(x) = Up—1(x), keN,

starting with Up(x) = 1 and Uj(x) = 2x forall x € R. For x € (—1, 1), the
Chebyshev polynomials of second kind can be represented in the form

sin ((k + 1) arccos x)

Ur(x) = . , keNp. (6.6)
sin(arccos x)
Comparing this formula with (6.1), we conclude that
k+DUr =T, keNy. (6.7)

Note that for all k¥ € Ng we have

U(=1) = (=D*(k+1), U()=k+1, Ux(0) = (=D, Uxy1(0)=0.
(6.8)
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Further, the n 4 1 polynomials U, k = 0, ..., n, form an orthonormal basis of &7,
with respect to the inner product

1
2/ V1= f(x) gx)dr
T Jo

Remark 6.7 Chebyshev polynomials of first and second kind are special Jacobi
polynomials which are orthogonal polynomials related to the inner product

1
/ (1= +x)f f(x) gx)dx.
-1

with certain parameters « > —1 and 8 > —1.

Finally we consider the recursive computation of derivatives and integrals of
Chebyshev polynomials.

Lemma 6.8 The derivative of the Chebyshev polynomial Ty fulfills the recursion

formula

T =2k Tr1 + T ,, k=3,4.., (6.9)

k-2

starting with Ty = 0, T| = To, and T; = 4 Ty.
The integral of the Chebyshev polynomial Ty satisfies the formula

(= Dkt

* 1 1
f_l Ti(t)dr = 2+ 1) Tiey1(x) = 26— 1) T+ 5

and
X X 1 1
/ To(t)dt =Ti(x)+ 1, / )ydt=  Thx)— .
1 1 4 4

Particularly it follows for all k € Ny that

1 -2 1
Top(t)dt = , T t)dr=0. 6.11
[ moa= 5" [ o 6.11)

Proof

1. Let k € N\ {1}. Substituting x = cost, t € [0, 7], we obtain T} (x) = cos(k?)
by (6.1). Differentiation with respect to ¢ provides
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Thus, for ¢ € (0, ), i.e.,x € (—1, 1), it follows the equation

sin(k + 1)t — sin(k — 1)t
sin ¢

=2 cos(kt) =2 Ty (x).

/ 1 /
Tep@) = T () =

k+1 1

We conclude that the polynomial identity

1 1
k+1Tk/+1—k_1Tk/_1=2Tk (6.12)
is valid on R.
2. Integration of (6.12) yields that
/XT(t)dt Lo (x) b (x) +
= X) — 1 X C
_lk 2k +1) k+1 20— 1) k—1 k
with some integration constant ci. Especially for x = —1 we obtainby T (—1) =
(—D)* that
(_1)k+1 (_1)/{71
= — —|— Ck
2k+1) 2(k-1
and hence
(—DE!
k= .
T

Thus, we have shown (6.10). For x = 1 we conclude now (6.11) from Ty (1)
=1.

6.1.2 Chebyshey Series

In this section we consider real-valued functions defined on the compact interval
I :=[—1, 1]. By the substitution x = cost, t € [0, ], the interval [0, 7] can be
one-to-one mapped onto /. Conversely, the inverse function t = arccosx, x € I,
maps one-to-one / onto [0, 7] (see Fig. 6.4).

Let f : I — R be an arbitrary real-valued function satisfying

1 1 )
/—1 1 12 f(x)“dx < o0.
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-1 -1 1

Fig. 6.4 The cosine function restricted on [0, 7] (left) and its inverse function arccos (right)

Since

1 1
/ dx =7, (6.13)

each continuous function f : I — R fulfills the above condition. Now we form
f(cos-) : [0, r] — R and extend this function on R by

@(t) := f(cost), telR.

Obviously, ¢ is a 2 -periodic, even function with

T 1 1
2 4. 2
/0 o(t) dt_/;lx/l—xzf(X) dx < 00.

We denote the subspace of all even, real-valued functions of L(T) by L3 even(T).
Recall that by Theorem 1.3 each function ¢ € L3 even(T) can be represented as a
convergent real Fourier series

= ! 3 k R 6.14
o) = 2ao(¢)+;ak(¢> cos(kt), 1eR, (6.14)

with the Fourier coefficients

ai(p) == ! /n @(t) cos(kt)dt = 2 /71 @(t) cos(kt)dr. (6.15)
/4 T Jo

-7

Here, convergence in L (T) means that

lim |l¢ — SyellL,m =0, (6.16)
n—oo
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where

1 n
Sngp = a0(@) + ;ak(w cos(k-) (6.17)

is the nth partial sum of the Fourier series. If we restrict (6.14) onto [0, 7] and
substitute t = arccos x, x € I, then we obtain

1 o
plarccosx) = f(x) = , ao(p) + Y ak(@) Te(x), xel,
k=1

with T being the Chebyshev polynomials defined in (6.1). Substituting ¢t =
arccosx, x € I,1in (6.15), we obtain for ¢(¢) = f(cost)

1

2
alfl=a(p) = _ /1 w(x) f(x) Tr(x)dx, &k e€No, (6.18)

with the weight
wx) =1 -x)"1Y2, xe(=1,1).

The coefficient ai[ f] in (6.18) is called kth Chebyshev coefficient of f € L ,(I).

Remark 6.9 For sufficiently large N € N, the numerical computation of the
Chebyshev coefficients ai[ f], kK = 0,..., N — 1, is based on DCT introduced in
Sect.3.5. We have

2 b4
arl f1 = ax(p) = . /0 f(cost) cos(kt)dt.

Analogously to the computation of the Fourier coefficients in Sect. 3.1, we split the
interval [0, 7] into N subintervals of equal length and use the related midpoint rule
such that

Z £(cos 2j+ 1)71) cos (2j + Dkx

k=0,...,N—1.
2N 2N

apl f1~

These sums can be calculated by the DCT-II(N), see Sect. 6.3.
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For f(cost) = ¢(t), the Fourier series (6.14) of the transformed function ¢ €
L7 even(T) transfers to the so-called Chebyshev series of f € L3 ,,(I) which has the
form

1 o
f=aolfl+) alflT.
k=1
The nth partial sum of the Chebyshev series is denoted by C,, f.

Theorem 6.10 Let f € L (1) be given. Then the sequence (Cy, f)72, of partial
sums of the Chebyshev series converges to f in the norm of Ly (1), i.e.

lim || f — CpfllL,,a) =0.
n—oo

Further, for all f, g € L2 (1) the following Parseval equalities are satisfied,

o0

1
21 WLyt = 5 LS+ > alf17,
k=1
1 o0
20f, &)isuy = , aol flaolgl + ) il lailg]. (6.19)

k=1

Proof From f € Lj([) it follows that ¢ = f(cos-) € L2(T). Therefore,
the Fourier partial sum (S,¢)(#) coincides with the partial sum (C, f)(x) of the
Chebyshev series, if x = cost € [ fort € [0, m]. By Theorem 1.3 we know that

lim |l¢ — Sy¢llL,m =0.
n—oo
Since

If = CofllLsw = o — Su@llLycT) »

we obtain the convergence of the Chebyshev series of f in L3 4, (I).
The Parseval equalities for the Chebyshev coefficients are now a consequence of
the Parseval equalities for the Fourier coefficients.

A simple criterion for the uniform convergence of the Chebyshev series can be
given as follows:

Lemma 6.11 Let f € C(I) with

Y lal 1l < oo

k=0

be given. Then the Chebyshev series of f converges absolutely and uniformly on 1

to f.
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Proof By (6.1) it holds |T(x)| < 1 for all x € I. Thus, using the Weierstrass
criterion of uniform convergence, the Chebyshev series converges absolutely and
uniformly on /. The limit g is continuous on /. From the completeness of the
orthogonal system {7y : k € Np} it follows that f = g almost everywhere on
1, since their Chebyshev coefficients coincide for all k € Np. Observing that f,
g € C(I), we conclude that the functions f and g are identical.

As usual by C(I) we denote the Banach space of all continuous functions f :
I — R with the norm

I fllccry == max|f(x)].
xel
Let C"(I), r € N, be the set of all r-times continuously differentiable functions
f: I — R,ie., foreach j =0,...,r the derivative f(/) is continuous on (—1, 1)

and the one-sided derivatives f (=1 + 0) as well as f () (1 — 0) exist and fulfill
the conditions

fP1+0= 1lim D%, fP0-0= lim D).
x——1+0 x—1-0

Theorem 6.12 For f € C!(I), the corresponding Chebyshev series converges
absolutely and uniformly on I to f. If f € C"(I), r € N, then we have

lim "M f = Cufllcay =0
n—0o0

Proof If f € C"(I) with r € N, then the even function ¢ = f(cos-) is contained
in C"(T). By Theorem 1.39 we have

lim n" " ¢ — Supllcry = 0.
n—oo

From ¢ — S,,¢ = f — C, f the assertion follows.

Example 6.13 We consider f(x) := |x|,x € I.Then f € C(I) is even. The related
Chebyshev coefficients of f are for k € Ny of the form

4 1
axlfl= . fo wx)x Top(x)dx, ax4+1[f1=0.

The substitution x = cost, t € [0, ’2’ ], provides for each k € Ny

(-4

4 /2
axl[f1= . /0 cost cos(2kt)dr = _(4k2 P
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Fig. 6.5 The function

f(x):=|x|, x € I, and the

partial sums C,, f of the 1
Chebyshev series forn =2

(blue) and n = 4 (red)

By Theorem 6.11 the Chebyshev series of f converges absolutely and uniformly on
Ito f,ie.,

2 4 S (—Dk4
= - T; , el,
xl T ow l; @4k -hr 2(x), X

Figure 6.5 illustrates the partial sums C; f and C4 f of the Chebyshev series.

Example 6.14 We consider the sign function

1 x € (0, 17,
f(x)=sgnx:=10 x=0,
-1 xe[-1,0).

Since f is odd, we find for all k € Ny

4 1
ax[f1=0, axt+ilfl= . / w(x) Tog41(x) dx .
0
Substituting x = cost, t € [0, ’2’], we obtain

—1)k4
( ) s kENo.

4 /2
= 2k + Dt dt =
aze+1Lf] . /o cos(2k + 1) Qk+ )7

Then the Chebyshev series of f converges pointwise to f, since the even 2x-
periodic function ¢ = f(cos-) is piecewise continuously differentiable and hence
the Fourier series of ¢ converges pointwise to ¢ by Theorem 1.34. The jump
discontinuity at x = 0 leads to the Gibbs phenomenon, see Sect. 1.4.3. Each partial
sum C, f of the Chebyshev series oscillates with overshoot and undershoot near
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Fig. 6.6 The function
f(x):==sgn x,x €1,and 1 m\ |

the partial sums C,, f of the AT
Chebyshev series forn = 8
(blue) and n = 16 (red)

-1 1

x = 0. Figure 6.6 shows the partial sums Cg f and Cig f of the Chebyshev series
for the sign function f.

In the following theorem we summarize some simple properties of the Cheby-
shev coefficients.

Theorem 6.15 (Properties of Chebyshev Coefficients) For all k € Ny, the
Chebyshev coefficients of f, g € L, (I) possess the following properties:

1. Linearity: Forall o, B € C,
arlaf + Bgl = aarl f1+ Barlgl.

2. Translation: For all £ € Ny,

alTe f1= ; (arse[f1+ ap—e [ f1) -
3. Symmetry:
alf (=1 = (=D*al 1.
4. Differentiation: If additionally f’ € Ly (1), then for all k € N

1
axlf1=

" (ar—1Lf"1— ak11£71) .

Proof The linearity follows immediately from the definition of the Chebyshev
coefficients. Using relation in (6.5), we conclude that

1

2
ally f1= / ) 10 T Tl d

1
=, (@l F1+ au—qlf1).
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The symmetry is a simple consequence of (6.4). Using integration by parts, we find
that

arl f1= 2 /n f(cost) cos(kt)dt
7 Jo

2 2 T
= f(cost) sin(kt) |g + / f(cost) sint sin(kt) dt
km kx Jo

1 T , 1 , ,
= /0 f(cost) (cos(k — Dt —cos(k + Dt)dr = _ (ar—1[f'1— ak1[£'1) -

2k

This completes the proof.

We finish this section by studying the decay properties of the Chebyshev
coefficients and the Chebyshev series for expansions of smooth functions.

Theorem 6.16 For fixed r € Ny, let f € C"T1(I) be given. Then for alln > r, the
Chebyshev coefficients of f satisfy the inequality

lan[f1] < IF e - (6.20)
n —r)

mn—1...(n

Further, for alln > r, the partial sum C,, f of the Chebyshev series satisfies

2
If=Cafllear= LF " Pl - (6.21)

(n

Proof Using |T,,(x)| < 1forall x € I and (6.13), we can estimate

2, (" 1
lanlfTN = | f O a] <215 e

By the differentiation property of the Chebyshev coefficients in Theorem 6.15 we
conclude that

1 2
lan[ £ < oy (lan—1[f "1 4+ lanp [FOTV]) < i I Dl -

Analogously we receive

2
(an—t LN+ lanalr W) <71 ea

1
=17 <
lanl SN =, nn

If we continue in this way, we obtain (6.20) such that

2
1 1
9 LF " Plieay < n— ] LF " Pl -

2
lan[f1 < noi—1)...(n
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By Theorem 6.12 the Chebyshev series of f € C"+!(I) converges uniformly on 1.
Using |Tx(x)| < 1 for all x € I, the remainder

o0
[=Cuf =) alflTk
k=n+1
can be estimated by
(o) (o) 1
If = Caflicay = D 1alf N =20 Pleay Y "
(k —r)
k=n+1 k=n+1

<2 (r+1) / dr =2 (r+1) .
=21 e e LA ey (n—ry

Remark 6.17 Similar estimates of the Chebyshev coefficients ai[f] and of the
remainder f — C, f are shown in [356, pp. 52-54] and [233] under the weaker
assumption that f, f',..., f ) are absolutely continuous on / and that

/1 FARRICOI
X < O0.
1 V1—x2

Summing up we can say by Theorems 6.12 and 6.16:

The smoother a function f : I — R, the faster its Chebyshev coefficients ay[ f]
tend to zero as n — oo and the faster its Chebyshev series converges uniformly

to f.

6.2 Fast Evaluation of Polynomials

The goal of the following considerations is the efficient evaluation of algebraic
polynomials and of polynomial operations.

6.2.1 Horner Scheme and Clenshaw Algorithm

Let &, denote the set of all real algebraic polynomials up to degree n € N,
px):=po+pix+...+pux", xe€la,b], (6.22)
where [a, b] C R is a compact interval. We want to compute a polynomial (6.22)

with real coefficients p, k = 0, ..., n, at one point xg € [a, b] by a low number of
arithmetic operations. In order to reduce the number of needed multiplications, we
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write p(xg) in the form of nested multiplications

p(xo) = po + xo ([71 +x0(p2+ %0 (... (Pn—1 + X0 pn) .- ))) .

This simple idea leads to the well-known Horner scheme.

Algorithm 6.18 (Horner Scheme)
Input:n e N\ {1}, xo € [a, b], px e Rfork =0, ...,n.

1. Set g,—1 := pn and calculate recursively for j =2,...,n
qn—j = Pn—j+1 + X0qn—j+1 - (6.23)

2. Form p(xg) := po + X0 qo-

Output: p(xp) € R.
Computational cost: O(n).

Performing n real multiplications and n real additions, we arrive at the value
p(xp). But this is not the complete story of the Horner scheme. Introducing the
polynomial

@) =qo+q x4 +gu1x",
we obtain by comparing coefficient method and (6.23) that
p(x) =q(x) (x — x0) + p(xo0) -
Hence the Horner scheme describes also the division of the polynomial in (6.22) by
the linear factor x — x. Therefore, by repeated application of the Horner scheme we
can also calculate the derivatives of the polynomial (6.22) at the point xg € [a, b].

For simplicity, we only sketch the computation of p’(xg) and p”(xg). Using the
Horner scheme, we divide ¢ (x) by x — x¢ and obtain

q(x) =r(x) (x — x0) + ¢ (xo) -
Then we divide the polynomial r(x) by x — x¢ such that

r(x) =s(x) (x —xo) +r(xo) .
This implies that

p(x) = r(x)(x — x0)* + q(x0) (x — x0) + p(x0)
= s(x) (x — x0)* 4 7 (x0) (x — x0)* + g (x0) (x — x0) + p(x0)
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and hence
/ 1 4
q(xo) = p'(x0), r(xo) = )P (x0) .

As known, the monomials x*, k = 0,...,n, form a simple basis of Z7,.
Unfortunately, the monomial basis is unfavorable from a numerical point of view.
Therefore we are interested in another basis of &2, which is more convenient for
numerical calculations. Using the Chebyshev polynomials (6.1), such a basis of &7,
can be formed by the polynomials

2x—a—>b

TP =TT, T

), k=0,...,n.

For the interval [0, 1] we obtain the shifted Chebyshev polynomials
1% ) = Te@x - 1).

For the properties of shifted Chebyshev polynomials, see [262, pp. 20-21].

We restrict our considerations to polynomials on I := [—1, 1] and want to
use the Chebyshev polynomials Ty, k = 0, ..., n, as orthogonal basis of &,. An
arbitrary polynomial p € &7, can be uniquely represented in the form

1 n
p=,a+ kz_:l ay T (6.24)

with some coefficients ay € R, k = 0, ..., n. For an efficient computation of the
polynomial value p(xo) for fixed xo € I, we apply the Clenshaw algorithm. To this
end we iteratively reduce the degree of p by means of the recursion formula (6.3).
Assume that n > 5 and a,, # 0. Applying (6.3) to 7, in (6.24), we obtain

1 n—3
p(xo) = 5 40 + Zak Ti(x0) + (an—2 — by) Ty—2(x0) + bp—1 T—1(x0)
k=1

with b,, := a, and b,,_| := 2x9 b, +a,_1. Next, with b;,_» := 2x90b,_1 — b, +a,_>
it follows by (6.3) that

1 n—4
p(xo) = , a0+ > ak Te(x0) + (@n—3 — ba—1) Tn—3(x0) + bu—2 Ty—2(x0) .
k=1

In this way we can continue. Thus the Clenshaw algorithm can be considered as an
analogon of Algorithm 6.18, see [70].
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Algorithm 6.19 (Clenshaw Algorithm)

Input:n e N\ {l}, xoe I, ar e Rfork=0,...,n.

1. Set by+2 = bp+1 := 0 and calculate recursively for j =0, ..., n
by—j =2x0bp—j1 —by—jy2+an_j. (6.25)

2. Form p(xq) := ; (b — by).

Output: p(xp) € R.

The Clenshaw algorithm needs &'(n) arithmetic operations and is convenient
for the computation of few values of the polynomial (6.24). The generalization to
polynomials with arbitrary three-term recurrence relation is straightforward.

6.2.2 Polynomial Evaluation and Interpolation at Chebyshev
Points

Now we want to compute simultaneously all values of an arbitrary polynomial
in (6.24) of high degree n on the grid of all Chebyshev zero points

(N) (2k + 1) 4
= , k=0,...,N—1, 6.26
Zk oS N ( )
with an integer N > n + 1. Setting a; :=0, j =n+1,..., N — 1, and forming the
vectors
V2 T N-1
a:=( 5 @041 - an-1) ., p= (P(Z/EN)))k=O ,
we obtain
N
p= \/ ) Cia (6.27)

with the orthogonal cosine matrix of type II1

2 . Ck+Djm\n-1
CHI = \/N (SN(J) Cos IN )k,jIO .

If N is a power of two, the vector p can be rapidly computed by a fast DCT-III (N)
algorithm, see Sect. 6.3.
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Algorithm 6.20 (Polynomial Values at Chebyshev Zero Points)
Input:n e N\ {1}, N:=2" >n+ 1witht e N\ {1}, aqy e Rfork=0,...,n.
1. Seta;j :=0,j=n+1,...,N—1 anda:= (‘ézao, at, ..., aN_l)T.
2. Compute (6.27) by Algorithm 6.30 or 6.37.
Output: p(z\")) e R, k=0,...,N — 1.
Computational cost: (N log N).
The simultaneous computation of N values of an arbitrary polynomial of degree
n with n < N — 1 requires only &' (N log N) arithmetic operations. This is an
important advantage compared to the Clenshaw Algorithm 6.19, since this method

would require '(n N) arithmetic operations.
From (6.27) and Lemma 3.47 it follows that

a_\/ (chy~ 1p=\/§, Chip. (6.28)
In other words, the coefficients ax, k =0, ..., N — 1, of the polynomial
1
p=2ao+Za,-T,- (6.29)
are obtained by interpolation at Chebyshev zero points z,EN), k=0,...,.N—1

in (6.26). Thus we obtain:

Lemma 6.21 Let N € N\ {1} be given. For arbitrary p; € R, j =0,...,N — 1,
there exists a unique polynomial p € PN_1 of the form (6.29) which solves the
interpolation problem

pMy=p;. j=0.....N-1. (6.30)

The coefficients of (6.29) can be computed by (6.28), i.e.,

NZ 2 + 1)k7t

The same idea of simultaneous computation of polynomial values and of
polynomial interpolation can be used for the nonequispaced grid of Chebyshev
extreme points x(.N) = COoS /AJ,T ,j =0,..., N.In this case we represent an arbitrary

polynomial p € &y in the form

N-—1
1 1
p= 5 agp + kg_l ar Ty + 5 ay Tn (6.31)
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with real coefficients ay. For the simultaneous computation of the values p(x](N)),

j=0,..., N, we obtain that

N
p= \/ 5 Chia, (6.32)
where
pi=(en() Py a=(en ), (6.33)

with ex (0) = ey (N) := «éz andey(j):=1,j=1,..., N — 1. Here,

2 . jle’ N
Chi1 = \/N (en (/) en (k) cos N )j,k:O

denotes the orthogonal cosine matrix of type I (see Lemma 3.46). If N is a power of
two, the vector p can be rapidly computed by a fast DCT-I1 (N + 1) algorithm, see
Sect. 6.3.

Algorithm 6.22 (Polynomial Values at Chebyshev Extreme Points)

Input: N :=2" witht ¢ N\ {0}, ax € Rfork=0,..., N.

1. Form the vector a := (en (k) ak)1]<V=0~

2. Compute (pj)j.vzo = \/g’ CﬁVHa by fast DCT-1 (N + 1) using Algorithm 6.28
or 6.35. N

3. Form p(xj(. Ni=en() ' pj,j=0,....N.

Output: p(x;N)) eR, j=0,...,N.

Computational cost: (N log N).
From (6.32) and Lemma 3.46 it follows that

2 4 -1 2
a= \/N (Cy1) P= \/N Ch+1P- (6.34)
In other words, the coefficients a;, k = 0,..., N, of the polynomial (6.31) are
obtained by interpolation at Chebyshev extreme points x,EN) = cos 7]’\;‘, k =

0, ..., N. Thus we get:

Lemma 6.23 Let N € N\ {1} be given. For arbitrary p;j € R, j = 0,..., N,
there exists a unique polynomial p € Py of the form (6.31) which solves the
interpolation problem

p(xﬁN)) = p] s J = 0, ey N, (635)
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with x™) = cos 7;{ The coefficients of the polynomial in (6.31) can be computed
by (6.34), i.e.,
N-1
2 1 jkr 1 X
ak:N(2p0+Z:1ijOS N +2(_1) PN>, kIO,,N
j:

Now we derive an efficient and numerically stable representation of the in-
terpolating polynomial (6.31) based on the so-called barycentric formula for
interpolating polynomial introduced by Salzer [317] (see also [31] and [356, pp.
33-41]).

Theorem 6.24 (Barycentric Interpolation at Chebyshev Extreme Points) Let
N € N\ {1} be given. The polynomial (6.31) which interpolates the real data
pj at the Chebyshev extreme points x; = cos 717\{, Jj = 0,..., N, satisfies the
barycentric formula

N—-1

Po +Z(—1>f'p,~ (=D¥py

2(x—1) = x—x;N) 2(x+1)
px) = o N (6.36)
1 +Z (=1 4 (=D
2(x—1) jzlx_x;N) 2(x+1)
forall x € R\{x;N) : j=0,...,N} and p(x;N)) = pj forx = x;N),j =
0,...,N.
Proof

1. Using the node polynomial
N
() =[] - xj.N)),
j=0

we form the kth Lagrange basis polynomial

£(x)

E = )
k(.x) e/(x]EN)) (x _xIEN))

(6.37)

where

N
N N N
o™y =TT =2y
j=0

J#k
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The Lagrange basis polynomials possess the interpolation property
by =8k, j. k=0,....N. (6.38)

Then the interpolation problem p(x](N)) = pj,j=0,..., N, has the solution

p(x) = Zpkzk(x)—z(x)z (N) » (6.39)
k=0 ¥ ) (e —x )

which is uniquely determined in &y . Particularly, for the constant polynomial
p=1lwehave py =1,k =0,..., N, and obtain

1= Zek(x) = 0(x) Z

(6.40)
k=0 t'(x kN)) (x — xlEN))
Dividing (6.39) by (6.40), we get the barycentric formula

N

Z Pk
o (xN) (N)
o= ) ) 6a)

1
) e

= ()

2. Now we calculate ¢/ (x,EN)). Employing the substitution x = cos?, we simply
observe that the monic polynomial of degree N + 1

27N ( Ty 1 () =Ty—1(x)) =27V (cos(N 4 1)t — cos(N — 1)t) = —2' "V sin Nt sin¢

possesses the N + 1 distinct zeros x,EN) = CosS IXIT ,k =0,...,N, such that the
node polynomial reads

) =27 (Ty+1(0) = Ty-1 ().«
Consequently we obtain by (6.7) that

C ™My =27 (T ) = T (™))

=27 V(N + DUV = (N = D Uy-2 (M)
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Applying (6.6) and (6.8), we find

4N k=0,
(N+DUNG) = (N=1D) Uy 2™y = 2N (=1DF  k=1,...,N—1,
AN(-DN k=N

and hence
22NN k=0,
My =4 2NN -k k=1,... N—1,
22NN (=DN k=N
By (6.41) the above result completes the proof of (6.36).

The barycentric formula (6.36) is very helpful for interpolation at Chebyshev
extreme points. By (6.36) the interpolation polynomial is expressed as a weighted
average of the given values p;. This expression can be efficiently computed by the
fast summation method, see Sect. 7.6.

Remark 6.25 A similar barycentric formula can be derived for the interpolation
at Chebyshev zero points z(~N) = CoS (2”1)” for j = 0,..., N — 1. Then the
corresponding node polynomial has the form

N-1
() =[] =" =2""N 1y ).

By (6.7) we obtain

2NNsinG +3) 2NN (-1
Qj+hr Qj+bhr
2N 2N

¢y = j=0,...,N—1.

sin sin

Similarly to (6.41), the polynomial p € &y _1 which interpolates the real data p; at

the Chebyshev zero points z;N), Jj=0,..., N —1,satisfies the barycentric formula
1
NX: NX: ( l)k Pk Sln((2k+1):r[)
(N) Z(N)) X — Z(N)
p(x) = " k) _ k=0 k

sz 1 Nz—:l (—1)k Sin((2k+1)n)

e e-4" i =g
forall x € R\ (=" : j =0.....N =1} and pc{") = pj forx = 2V,

j=0,...,N—1

Next we describe the differentiation and integration of polynomials being given
on the basis of Chebyshev polynomials.
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Theorem 6.26 For fixedn € N\ {1}, let an arbitrary polynomial p € &), be given
inthe form p = 9 +3"_, a;T;. Then the derivative p' has the form

1 n—1
p = 2d0+2d,- T, (6.42)
j=1

where the coefficients d; satisfy the recursion
dp1—ji=dpy1—j+2m—jla,—j, j=0,1,...,n—1, (6.43)

with d,+1 = d,, := 0. Further the integral of the polynomial p can be calculated by

x 1 n+1
/1 pde =, co+ ch Tj(x) (6.44)

j=1

with the recursion formula

1
(ajr—ajy), j=1,2,...,n+1, (6.45)

Cj = 2]

starting with

1 - ; aj
co=ap— ar+2 > (=nitt P ! .
j=2

where we set an+1 = ap+2 = 0.

Proof The integration formulas (6.44)—(6.45) are direct consequences of (6.10).
For proving the differentiation formulas (6.42)-(6.43) we apply the integration
formulas (6.44)—(6.45). Let p € £, be given in the form (6.24). Obviously,
p' € P, can be represented in the form (6.42) with certain coefficients d; € R,
j=0,...,n— 1. Then it follows that

X , 1 n
/1” (141 = p(x) = p(=1) = (j a0 = p(=D) + Y _a; Tj(x).

j=1

By (6.44)—(6.45) we obtain
1 ;
aj=2j(dj,1—dj+1), J=L...,n,

where we fix d, = d,4+1 := 0. Hence the coefficients d,_1, ..., dy can be
recursively computed by (6.43).
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6.2.3 Fast Evaluation of Polynomial Products

Assume that two polynomials p, g € &7, are given in the monomial basis, i.e.,
px)=po+pix+ ...+ pix",
gx) =qo+qix+ ... +qux"

with real coefficients p and gx. Then the related product r := p g € %, possesses
the form

r(x)=ro+rx+ ... +ropmx?
with real coefficients
k
> i—0Pj dk—j k=0,...,n,
Ty = n
Zj:kfnijkfj k=n+1,...,2n.

This product can be efficiently calculated by cyclic convolution of the corresponding
coefficient vectors, see Sect.3.2. Let N > 2n + 2 be a fixed power of two. We
introduce the corresponding coefficient vectors

P := (po, p1, ...,pn,O,...,O)TeRN,
q:= (0,91, ...,qn,O,...,O)TeRN,
r:=(o,r, ...,rn,rnH,...,rzn,O,...,O)TeRN,

then it follows that r = p * q. Applying the convolution property of the DFT in
Theorem 3.26 we find

-1 1 /
r=Fy' (Fp)o (Fyva) = JyFx (Fxp) o (Fxq).

with the Fourier matrix Fy, the flip matrix J',, and the componentwise product o.
Using FFT, we can thus calculate the coefficient vector r by &' (N log N) arithmetic

operations.
Now we assume that p, g € &, are given on the basis of Chebyshev polynomials
Tr, k = 0,...,n. How can we efficiently calculate the product p g € %, in the

corresponding basis of Chebyshev polynomials?

Theorem 6.27 For fixed n € N\ {1}, let p, g € P, be given polynomials of the
form

1 " 1 "
P=2ao+;aka, f1=2b0+;szz,

where ay, by e R, k, £ =0, ...,n.
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Then the product r := p q € 2, possesses the form

1 2n
r=200+l;cka

with the coefficients

a0b0~|—222’:1a3bg k=0,
2er = Sk _ak—ebe + Y4 N @ebosr +acrrbe) k=1,....n—1,
> iy Gk—t be k=n,...,2n.
Proof
1. First we calculate the special products 2 p Ty for £ = 1, ..., n by means of (6.5),

n n n
2pTe=aoTe+ ) axQTiT) =aoTe+ Y ar Tpe + Y ax Tie—yy
k=1 k=1 k=1

n+¢

_Zak sz-i-Zalz k Tk +ae+zak+sz

Hence it follows that

n+t -1 n—~e
2pby Ty = Z ai—¢ be Ty + Z ag—kbe Ty +ap by + Z Apyebe T . (6.46)
k=t k=1 k=1

Further we observe that

1 n
pbo = zaobo—i—;akbo Ty. (6.47)

2. If we sum up all equations (6.46) for £ = 1, ..., n and Eq. (6.47), then we obtain

n n+l

2pg=( aobo—i-zaeblz +Zakb0Tk+Z > ar—ebe T

=1 k=t

n—1 n—¢

n
+ Z Zae Kk be Tk+Z Zak—i-éb(f T .

=2 k=1 =1 k=1
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We change the order of summation in the double sums,

n n+t
S = (XYY Y Jann
=1 k=¢ k=1 ¢=1 k=n+1 t=k—n
n £—1
ag—kbe Ty = Z Z ag—kbe Ty,
=2 k=1 k=1 f=k+1
n—1 n—¢ n—1 n—k
arebeTe =YY arrebe T
=1 k=1 k=1 ¢=1

such that we receive

n

Zak ¢be) Tic + Z Z ag—¢ be) T

1 n
2pg = (zaobo-i-zazbz)—k

(=1 =1 k=n+1 f=k—n
n—1 n n—1 n—k
+ > () aribe Tk+z aktebe) T
k=1 t=k+1 k=1 =1
Taking into account that
n n—k
> axbe=) arbi,
l=k+1 =1
we obtain the assertion.
The numerical computation of the coefficients ¢k, k = 0,...,2n, of the

polynomial multiplication r = pg € 9, can be efficiently realized by means
of DCT. For this purpose, we choose N > 2n 4 2 as a power of two and we form
the corresponding coefficient vectors

a::(2 ap,ai, ...,an,O,...,O)TERN,
2
b= (*g bo,bi, ..., bp,0,...,0) eRY,
2
C = (\é COvclv"'1C}’lscl’l+11"'7c2n701"'70)T€RN‘
From r(z) = p(z)q(z), we particularly conclude for the Chebyshev zero points
z,EN)zcos (2]‘;1\,1)” k=0,...,N —1, that

p@M) ™) = rc™),
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Recalling (6.27), the vectors of polynomial values and the corresponding coefficient
vectors are related by

N—1 N

p:= (p(z,EN)))kzo ——\/2 CE\I,Ia,
N—1 N

q:= (Q(Z,({N)))k:() = \/2 Cgflb,

N-1 N
r:= (r(z,EN)))kzo = \/2 Ccie.

Since r is equal to the componentwise product of p and q, it follows that

N N
\/2 Cﬁ\l,lc=r=poq= 5 (C}{,la)o(Cﬁ\l,Ib).

Hence we obtain by Lemma 3.47 that

c= / ]; Ch ((Cia) o (CY'D)).

Using fast DCT algorithms, we can thus calculate the coefficient vector ¢ by
O (N log N) arithmetic operations, see Sect. 6.3.

6.3 Fast DCT Algorithms

In this section, we want to derive fast algorithms for discrete cosine transform
(DCT) and discrete sine transform (DST), respectively. These discrete trigonometric
transforms have been considered already in Sect. 3.5. As we have seen for example
in Sect. 6.2, these transforms naturally occur, if we want to evaluate polynomials
efficiently. Other applications relate to polynomial interpolation in Sect. 6.4 and to
data decorrelation. For simplicity, we shortly recall the matrices related to DCT and
DST from Sect.3.5. Let N > 2 be a given integer. In the following, we consider
cosine and sine matrices of types I-IV which are defined by

1 o 2 . jk?‘[ N
CN+1 — N EN(J)EN(k) Cos N . ’
Jj.k=0
" ) . jek+nr\N ! 1 1\ T
CN = \/N (EN(J) CcoSs N )] 40’ CN = (CN) ’

N-1

(6.48)

v . 2 (2j+DQk+1)7
Cy : \/N (cos AN )

jk=0"
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, N-2
gl . \/2 (sin (j+1)(k+1)7r) ’
N—-1 N N k=0

St i= /2 (en(G+ 1) sin UTIGkE)

SV . /2 (gin @i+DCk+D N-1
N =N 4N k=0’

N-1
. (QINT
jk=0" Sy =6y

Here we set ey (0) = en(N) = \/2/2 and ey(j) := 1 for j € {I,...,N — 1}.
In our notation a subscript of a matrix denotes the corresponding order, while a
superscript signifies the “type” of the matrix.

As shown in Sect. 3.5, the cosine and sine matrices of type I-IV are orthogonal.
We say that a discrete trigonometric transform of length M is a linear transform that
maps each vector x € RM to Tx € RY, where the matrix T € RY*M is a cosine or
sine matrix in (6.48) and M € {N — 1, N, N + 1}.

There exists a large variety of fast algorithms to evaluate these matrix—vector
products. We want to restrict ourselves here to two different approaches. The first
method is based on the close connection between trigonometric functions and the
complex exponentials by Euler’s formula. Therefore, we can always employ the
FFT to compute the DCT and DST. The second approach involves a direct matrix
factorization of an orthogonal trigonometric matrix into a product of sparse real
matrices such that the discrete trigonometric transform can be performed in real
arithmetic. In particular, if this matrix factorization is additionally orthogonal, the
corresponding algorithms possess excellent numerical stability, see [273].

6.3.1 Fast DCT Algorithms via FFT

The DCT and the DST of length N (or N 4+ 1 and N — 1, respectively for DCT-I
and DST-I) can always be reduced to a DFT of length 2N such that we can apply
an FFT with computational cost of &'(N log N). We exemplarily show the idea for
the DCTs and give the algorithms for all transforms.

Let us start with the DCT-1. In order to compute the components of a4 = CEV 41

with a = (ak)livzo, we introduce the vector y € R?V of the form

) T
y:= (V2ao, a1, ....an_1,¥2an, an_1, an_2, ....a1) .

Then we obtain with woy := e~ 27/@N) = ¢=7i/N for j =0, ..., N,
N 2 N 27 jk
aj = \/N GN(j)kZ:oak en (k) cos 3

2 (V2 V2 = Jk —jk
=2 en (a0 + 1 Pay+ S a (wh +wid)
k=1
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_\/ GN(J)(\ézaO‘F( 1)/J20N+ Z ax w2N Z ax w](zN k))

2 (V2 V2 R Jk ! Jk
=\/N GN(J)( vao+ (=1 %Nan + 5 Z arwyy + 4 Y azN—kaN)
k= k=N-+1

] ) 2N—-1 ik
= V2N en(J) kZ:() Yk Wh -

Thus, /2N (en( j)’l)j.v:() o a is the partial vector formed by the first N + 1
components of ¥ := F,x y. This observation implies the following

Algorithm 6.28 (DCT-I(N + 1) via DFT (2N))
Input: N e N\ {1}, a = (a,)?’:o e RN+,

1. Determine y € R?N with
V2ar k=0, N,
Yk = { ax k=1,...,N—1,
an—r k=N+1,...,2N —1.

2. Compute y = ¥y y using an FFT of length 2N.
3. Set

P 1 . A .
aj:\/ZNGN(])Reij j=0,...,N.

Output: a = (&j)yzo = C}VH a e RVt
Computational cost: (N log N).

For the DCT-II we proceed similarly. Let now a := C}{, a. Defining the vector
y = (ao, ai,....an—1,an—1,...,ao) € R*N,
we find for j =0,...,N — 1,
A 2 L Nd 2 kA1) en() ! j(@k+1) —jk+2-1)
aj =/ yen(j) X axcos ™y = /2N > ar(wyy + wyy )
k=0 k=0

(i) N e D kY _ en(i) Mk
— €N __ €N
= N w4N<kZO ag wyy + Z aN—k— 1w2N) SN w4N( kZO Yk sz)’
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implying the following

Algorithm 6.29 (DCT-II (N) via DFT (2N))
Input: N € N\ {1}, a = (a))}") e RV

1. Determine y € R*N with

{ak k=0,...,.N—1,
Yk =
aN—k-1 k

2. Compute §y = Fyn 'y using an FFT of length 2N.
3. Set

Ao 1 ; AR .
aj._JzNeN(J)Re(w4Nyj), j=0,...,N—1.

Output: a = (&j)y;(} = Cil, ac RV
Computational cost: (N log N).

The DCT-III can be implemented using the following observation. Let now a :=
C?,I a. We determine

1 2 N-1 —N+1 —1 T 2N
= (\/Zao, Wypy A1, Wiy a2, -, Wyy an—1,0,wyy " an—1,..., wyyay) €C,
and obtain for j =0,..., N — 1,
N—1

A.o— |2 2rk(2j+D) _ (2j+Dk —(2j+Dk
=2 Eo en(kyag cos 7T = ) 6/2a0 + Z ar (K 4y 2Tk
1 Nt k 2t 2N+k = Jjk

:¢2N<\/2a0+ » (akw4N)w + > (aanv—rwiy )w ) N > Vkwyy -

k=1 k=N+1 k=0

Thus we derive the following algorithm for the DCT-III:

Algorithm 6.30 (DCT-III (N) via DFT (2N))
Input: N € N\ {1}, a = (a))}7 e RV.

1. Determine y € C?N with

\/zak k:O,
k —_—
Vi = Wy N Ak k=1,...,.N—1,
0 k=N,
wi%%am*k k=N+1,...,2N —1.

2. Compute y = Fyn 'y using an FFT of length 2N.
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3. Set

AL 1 A .
aj.=J2NReyj, j=0,...,N—1.

Output: a = (a/) —0 = C%}a e RN,
Computational cost: O (N log N).

Finally, we consider the DCT-IV (N). Leta := CIA\,/ a. This time we employ the
vector

0 1 N—1 -N —N+1 -1 _\T 2N
y:= (w4N ag, Wan A1y -+, Wy AN—1, Wyy AN—1, Wyy lay s, ..., Wyn ao) e C".
Using that
Qi+D@k+D _ 1 (o Qj+DEk+D) | —Q2j+D(2k+1D)
0s 4N = <w8N + wgy
_ 2j+1) —(k+1)  —j(k+1)
= 2 W N w4N sz twyy Wy ’

we obtain for j =0,..., N — 1,

a; _\/ Z ag cos 2n(2/+1)(2k+1)

(2/+1) —(k+1)  —jk+1)
\/2N Z e Wg (why sz tuwyy Wy )

\/iN (2/+1)( Z (ax wky) w2N+ Z (ax wy! (k+1)) /(2N k— 1))

N 2N—1
1 (2 j+1) —2N+k jk
= v I (Z akw4N)w + Z (arN—k—1 Wy T wiy
1 2j+1) Jjk
= son W8N Zo Ye Wy -

Thus we conclude the following algorithm for the DCT-IV.
Algorithm 6.31 (DCT-IV (N) via DFT (2N))

Input: N € N\ {1}, a = (a))}") e RV

1. Determine y € C*N with

wk o ax k=0,.. -1,
Yk = 3%+k
Wyy  AIN—k—1 k=N,. 2N —1.



338 6 Chebyshev Methods and Fast DCT Algorithms

2. Compute §y = Fyn 'y using an FFT of length 2N.
3. Set

N 2j+1 4 .

aj:= 5 Re(wg" §), j=0... N-1.
Output: a = (&j)y;(} = Ci}l acRV.

Computational cost: O (N log N).

The DST algorithms can be similarly derived from the FFT of length 2N. We
summarize them in Table 6.1, where we use the vectors y = (yk)ig 0 e C?N and

¥=03" =Fay.

6.3.2 Fast DCT Algorithms via Orthogonal Matrix
Factorizations

Based on the considerations in [273, 367, 368], we want to derive numerically stable
fast DCT algorithms which are based on real factorizations of the corresponding
cosine and sine matrices into products of sparse, (almost) orthogonal matrices of
simple structure. These algorithms are completely recursive, simple to implement
and use only permutations, scaling with +/2, butterfly operations, and plane rotations
or rotation—reflections.

In order to present the sparse factorizations of the cosine and sine matrices, we
first introduce a collection of special sparse matrices that we will need later. Recall
that Iy and J 5 denote the identity and counter-identity matrices of order N. Further,
Py = Px(2) denotes the 2-stride permutation matrix as in Sect.3.4. We use the

Table 6.1 DST algorithms of lengths N — 1 and N, respectively, based on an FFT of length 2N

DST Vector y Vector a
0 k=0, N, ) 1 B
A aj .= Re (71)),_ ,
a=8! _ja yp= —wk ay—1 k=1,..., N—1 J VaN ( .,)
N—1 L - Ref-
whyav—k-1 k=N+1,..., N j=0,...,
a j PR I
i=sa =) AV k=0, N=1, &=, en(+DRe((CDwiy" §5).,
' Wiyt k=N 2N-1  j=0,. N-1
_wil‘\ylak k=0,..., N—2
. aj= “Dwl %
ﬁ:SE\I,Ia Vi = V2iay_; k=N-1, aji= sy Re((—i) wyy 5.
—wiy a2 k=N.....2N=2, j=0,.., N-1
0 k=N —1
a P R N
iy o k=0 .N=1, ayi= 5 Re((=Dwiy" 3)),

I\ -
a=Sya y.:=

—wﬁNazN_k_l k=N, ..., 2N —1 j=0,..., N-—-1
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notation A@B = diag(A, B) for block diagonal matrices, where the square matrices
A and B can have different orders. Let

Dy := diag (="}

be the diagonal sign matrix. For even N > 4 let Ny := 1;’ . We introduce the sparse
orthogonal matrices

In—1 Inj—1
Av =10, 1 ! -1 ay, ®D
N ( @ «/2 <IN11 _IN11> @( )) ( Ny D Ni JNI)’

and
IN JN1
1 (v Iy — 1 l
By =0 <1N ) BT V2 ’
| 1 Iy, —Jn
. diag ey (diagsy,) Jn
By := (Iy, ® Dy,) ( A
N M M —Jn, diagsy, diag (Jn, cn,)
where

. Qk+Dr\N1—1 e kDT \Ni—1
CNy = (COS 4N )k=0’ SNy ~—(Sm 4N )k:O‘

All these sparse “butterfly” matrices possess at most two nonzero components in
each row and each column. The modified identity matrices are denoted by

Iy =v2@Iy_;, I} :=Iy_;&v2.

Finally, let V be the forward shift matrix as in Sect.3.2. Now, we can show the
following factorizations of the cosine matrices of types [-IV.

Theorem 6.32 Let N > 4 be an even integer and N := N /2.

(1) The cosine matrix CR, satisfies the orthogonal factorization
Cy =P} (Cy, @ Cy)By . (6.49)
(ii) The cosine matrix C%\, 41 can be orthogonally factorized in the form

Clyy1 =Py (Cyy 11 © Ci) By - (6.50)
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Proof In order to show (6.49) we first permute the rows of C}{, by multiplying with
Py and write the result as a block matrix

. Ni—1 . Ni—1
. 2j(2k+1)m . 2j(N+2k+1)m
(eN(Zj) cos /(21\, ) ) (61\/(2]) cos 2/t N ) )

PN CH — 1 J,k=0 k=0

N T UN Qj+)k+1z \ 171 Qj+D(N+2k+ D \ N1~ 1

cos N cos IN
Jj,k=0 Jj. k=0

Recalling the definition of CII\Y and using

JIN+2k+D)7 JIN=2k=1)m Qj+D(N+2k+Dr _ Qj+1)(N=2k—1)7
cos ¥ = cos N , COos N = —cos N ,

it follows immediately that the four blocks of Py C?] can be represented by Cg,l
and C% ,

CH CH JN I J
P CH — 1 N N 1 — (CH EBCIV) 1 ( Ny Ny )
NENT v\ el -y, M NG 2\ Ty, —dy,
11 v
= (CNl (&) CNI)BN'
Since P;,l = P; and By B; = Iy, the matrices Py and By are orthogonal. The

proof of (6.50) follows similarly.

From (6.49) we also obtain a factorization of C1I,
Cy =By (Cy, ® Cy) Py. (6.51)

The next theorem provides an orthogonal factorization of CIAY foreven N > 4.

Theorem 6.33 For even N > 4, the cosine matrix Ck\,/ can be orthogonally
factorized in the form

Cy =Py Ay (Cy, ® Cy,)By. (6.52)

Proof We permute the rows of CIA}' by multiplying with Py and write the result as
a block matrix,
. Ni—1 . N1—1
(COS (4/+12‘(A2]k+1)n) ' (COS (4/+1)(£‘Vl;li'2k+l)ﬂ) '
Py el = ) s e
; 1= ; 1=
1 (COS (4]+3Z‘(I\2]k+1)77) (cos (4]+3)(£‘V1;r2k+1)7r>

Jjik=0 k=0
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Now we consider the single blocks of Py CIAY and represent every block by C}\Ill and
St .B
1

s (4j+1l(13k+1)n — cos j(2k];]|—l)n cos (2k4—|1—V1)n —sin j(2k[¢-1)n sin (Zk&l)n
it follows that
1 @j+1)k+ D\ N1 i sl g
JN; \698 4N k=0 Jz fagen, — Vi, Sy, diagsy,
= ! (Iy, CY di — Vy, Dy, SU Jy, di 6.53
= \/2( Ny ©n, d1ag ey, N DNy Sy, I 1agle). (6.53)
Further, with
(4J+321(A2/k+1>7f cos (j+1)(]\2/k+1)7r oS (2k+1)7r 4 sin (j+1)(1\2]k+1)n sin (2;{44;\/1)7,
we obtain

. Ni—1
1 (4j+3)2k+Dm T I g; I g
N (cos N )j,k:O 0 1, (Vy, C, diagen, + 17, SN diagsw, )

= jz (V;1 Cgl diagey, + Iy, Dy, Sgl I, diagsy, ) . (6.54)
From

os (4j+1)({4VAJIer+1)7T — (—l)j cos (j(ZkI;]H)n + (N+421];v+1)n)

= (—1)/ cos j(2k;;1)" sin (Nfilfvfl)” — (=1)/ sin j(zk]jl)" cos (Nfilfvfl)”
we conclude

-1

1 (4]+1)(N+2k+1)7r
VN1 (COS )] k=0
= J,(Dw, Ty, C, diag Ty, sny) — D, Vi, S} diag T, exy)
= V2 (I}]l CR]] JNldiag (JN] SN]) + VN1 DN1 S%\I]l dlag (JN] cN])) . (655)

Here we have used that Dy, Iy = Iy Dy, and =Dy, Vi, = Vy,Dy;. Finally,
4j43)(N+2k+1 j j+1)Qk+1 N+2k+1
o5 I +2kt ) :(_1),+1COS(<J+ QDT _ (N+2k4 )n)

i i+ D) Qk+Dr . (N—2k—1 i1 o DK+ N—2k—1
= (=1)/ T cos UT )(N +D7 gin ( e T4 (=1)7 ! sin UF )(N DT oo ¢ N )z
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implies that

. Ni—1
1 (COS (4]+3)(£‘V1;r2k+1)7r)

VN

j.k=0
=— le (D, V3, Ch, diag (Jw, sn,) + Dy, Iy, SN diag (Jw, en,))

= le (Vy, D, CY, diag (Jw, sv,) — Iy, D, S}, diag (Jw, en,))

= \}2 (V;l C%/l JN[ diag (JNI SN[) — IX]] DN[ S}\Ill diag (JN1 ch)) . (6.56)

Using the relations (6.53)—(6.56), we find the following factorization

I, VyDy diage (diagsy,) J
PvCY = ! N 1Ny Ccl gsh < gEN Hagsny) Iny >
N=N = 0 Vi, —Ix, Dy, €y, ©5y) —J, diagsy, diag (Jy,cn,)

where

(I}n Vi, Dy, ) _ <\/269 (IN” Tt )@(—JZ)) (Iy; ® D).

Vi, —Iy, Dy, Iy -1 =In -1
Thus (6.52) follows~by the intertwining relation S%l =1J M C?]l Dy, . The orthog-
onality of Ay and By can be simply observed. Note that By consists only of N;

plane rotations or rotation—reflections.

Since CIAY is symmetric, we also obtain the factorization
(6.57)

Cy =By (Cy, ® Cy) A Py.
Example 6.34 For N = 4 we find
1
Cl=P,(CYoCY)Bs= 5 P (V2C @ v2CY)V2By

with

sin g )7 B4=<;2 J;)
2 —J2

T
— COS I

ooy

I /11 cos
I v
C2 = . , C2 = .
J2\1 -1 si
Thus C}f a with a € R* can be computed with 8 additions and 4 multiplications (not

counting the scaling by é). Similarly,

1
=B/ (CMaCY)Ps= 5 2B)W2CT @ V2 )Py
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with ClzII = Clzl. Further, we find

- 1 -
CY =P/As(Cl o CHBy = 5 P V2A4(vV2CY @ v2C)By

with
T . T
V2 cos ¢ \ . sin ¢
T . T
Ay = 1 1 1 f}4 _ COS T SN Ty
- _ ’ - .37 37 ’
V2 1 y 1 —sin 1§ cos 1%
. o T
2 sin [ —cos T

such that Cftva with a € R* can be computed with 10 additions and 10 multiplica-
tions. Finally,

cl=pP/(ClocHBs = ; P! (V2C @ v2CM) V2Bs,
where particularly
V2Cli =P](Cl @ 1) V2B;
with

1 I J> 1 1 1

2
Bs = V2 , B; = V2
V2 I, —J> V2 1 -1

Thus the computation of CISa with a € R’ requires 10 additions and 4 multiplica-
tions.

The derived factorizations of the cosine matrices of types I-IV imply the fol-
lowing recursive fast algorithms. We compute 4 = /N C)A(, a for X e {II, III, IV}

witha € RV and &4 = /N C}, a with a € R¥T!. The corresponding recursive
procedures are called cos — | (a, N + 1), cos — Il (a, N), cos — lll (a, N), and
cos — IV (a, N), respectively.

Algorithm 6.35 (cos — | (a, N + 1) via Matrix Factorization)
Input: N =2',t e N, Ny = N/2,a € RN*L,
1. If N =2, then

a=P](Cl®1)V2B;a.
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2. If N > 4, then
(uj)?;() = «/ZBN+1 a,
v :=cos — | ((uj)?/;o, Ny +1),
v’ :=cos — ll ((uj)?’:NlH, N1),
n T
a=P, ()", V7).
Output: a = /N CIIVJrl ac RNt
Computational cost: (N log N).
Algorithm 6.36 (cos — Il (a, N) via Matrix Factorization)
Input: N =2',t e N, Ny = N/2,ae RV,
1. If N =2, then
a=+2Cla.
2. If N > 4, then
(uj)?/;()l = \/2BN a,
v :=cos — I ((uj)jy;gl, N1).,
. AN-1
v/ i=cos — IV (u));Zy,» Ni),
N T
a=Py (", 7).
Output: a = /N C%, aecRV.
Computational cost: O (N log N).
Algorithm 6.37 (cos — lll (a, N) via Matrix Factorization)
Input: N =2',t e N, Ny = N/2,a e RV,
1. If N =2, then
a=+2Cla.
2. If N > 4, then
@)y =Pna.

’a_ N1
v = cos — Il ()15, Ni),
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v/ :=cos — IV ((uj)j.\’:j},l, M),
a:=v2BL ()T, v)T)".

Output: 4 = /N C'a € RV,
Computational cost: (N log N).
Algorithm 6.38 (cos — IV (a, N) via Matrix Factorization)
Input: N =2',t e N, Ny = N/2,ae RV,
1. If N =2, then
a=+v2CVa.
2. If N > 4, then
N-1 ., R
(uj)j:() = \/ZBNa,
v :=cos — I ((uj)jy;gl, N1).

v/ :=cos — Il ((l/lj);v:_]\l/l, Ny).
wi=Ay ()T, ")),

a._pT
a=Pyw.

Output: a = /N CII\y aeRV,
Computational cost: O (N log N).

Let us consider the computational costs of these algorithms in real arithmetic.
Here, we do not count permutations and multiplications with +1 or 2 for k €
Z. Let a(cos — I, N) and u(cos — Il, N) denote the number of additions and

multiplications of Algorithm 6.36. For the other algorithms we employ analogous
notations. The following result is due to [273].

Theorem 6.39 Let N = 2', t € N\ {1}, be given. Then the recursive Algo-
rithms 6.35-6.38 require the following numbers of additions and multiplications

4 8 1 ;
a(cos — I, N) = a(cos — lll, N)=3Nt—9N—9(—1) +1,

4 1
w(cos — I, N) = pu(cos — lll, N) = Nt — 3 N+ 3 D' +1,

(cos — IV, N) 4 Nt 2 N + 2 (=1
o — s = — _ ,
3 9 9
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2 2 ;
u(cos—lV,N):Nt+3N—3(—1),
(cos—1, N+1) 4Nt 14N+1t+7+1( 1!
o - b = - - )
3 9 2 2 18

(cos— I, N+1)= Nt 4N+5 1( D)
H ’ - 37 T2 76 ‘

Proof
1. We compute «(cos — II, N) and @(cos — IV, N).From Example 6.34 it follows
that
acos —1l,2) =2, «a(cos—Il, 4)=8, (6.58)
a(cos — 1V, 2)=2, «a(cos—Il, 4)=10. (6.59)

Further, Algorithms 6.36 and 6.38 imply the recursions

a(cos — I, N) = a(v2By) + a(cos — I, Ny) + a(cos — IV, Ny),
a(cos — IV, N) = a(v/2By) + 2a(cos — I, N1) + a(Ax),
where a(~/2By) denotes the number of additions required for the product
2By a for an arbitrary vector a € RN Agalogously, a(\/2 By) and a(Ay)
are determined. From the definitions of By, By, and Ay it follows that
a(V2By) =a(v2By) =N, a(2Ay)=N—2.
Thus, we obtain the linear difference equation of order 2 (with respect to r > 3),

a(cos — I, 2') = a(cos — II, 2' 1) +2a(cos — I, 2'7%) + 2+ —2.

With the initial conditions in (6.58) we find the unique solution

8 1
N— (=D'+1
o "D+

4
a(cos — I, N) =a(cos — lll, N) = 3 Nt — 9

which can be simply verified by induction with respect to ¢. Thus,

(cos — IV, N) 4Nt 2N+2( 1!
o — s = — _ .
3 9 9
2. The computational cost for cos — Ill (a, N) is obviously the same as for

cos — Il (a, N).
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3. Finally, for cos — | (a, N) we conclude

a(cos—I, N+1)= Oé(\/ZBN-H) +a(cos — I, Ny + 1) +a(cos — lll, Ny)
and hence by «(+v/2By,1) = N that
t t t—1 2 t 4 t 1 t—1
a(Cos — 1, 2 +1) = 2" +a(cos — I, 2~ +1) + J20-D = g2 = =T
= a(cos — | 2t_1+1)+22lt— Lo Dy o
’ 3 9 9 '
Together with the initial condition «(cos — I, 3) = 4 we conclude

(cos — I, 2") * N 14N+1t+7+1( D’
o —_ = — - .
’ 3 9 27218

The results for the required number of multiplications can be derived analo-
gously.

Remark 6.40

1.

Comparing the computational costs of the DCT algorithms based on orthogonal
factorization in real arithmetic with the FFT based algorithms in the previous
subsection, we gain a factor larger than 4. Taking, e.g., Algorithm 6.29 using the
Sande-Tukey Algorithm for FFT of length 2N in the second step, we have by
Theorem 5.12 costs of 10 N logy(2N) — 20N + 16 = 10N log, N — 10N +

16 and further N multiplications to evaluate the needed vector (wf1 Ny ,-)7;01. In

comparison, Theorem 6.39 shows computational cost of at most Z N log, N —
Y N + 7 for Algorithm 6.36.

. A detailed analysis of the roundoff errors for the fast DCT Algorithms 6.35-6.38

shows their excellent numerical stability, see [273].

. Besides the proposed fast trigonometric transforms based on FFT or on or-

thogonal matrix factorization, there exist further fast DCT algorithms in real
arithmetic via polynomial arithmetic with Chebyshev polynomials, see, e.g.,
[107, 108, 300, 337, 339]. These DCT algorithms generate nonorthogonal matrix
factorizations of the cosine and sine matrices and therefore are inferior regarding
numerical stability, see [18, 273, 324, 350].

. Similar orthogonal matrix factorizations and corresponding recursive algorithms

can be also derived for the sine matrices, see [273].
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6.4 Interpolation and Quadrature Using Chebyshev
Expansions

Now we show that interpolation at Chebyshev extreme points has excellent numeri-
cal properties. Further we describe the efficient Clenshaw—Curtis quadrature which
is an interpolatory quadrature rule at Chebyshev extreme points.

6.4.1 Interpolation at Chebyshev Extreme Points

Let N € N\ {1} be fixed and let I := [—1, 1]. Then the nonequispaced Chebyshev
extreme points xj(.N) = coS /X,T el,j=0,...,N, are denser near the endpoints
+1, see Fig.6.7. We want to interpolate an arbitrary function f € C(I) at the
Chebyshev extreme points x;N), j=0,..., N, by apolynomial py € Hx. Then

the interpolation conditions
pN(xj.N)) :f(xj(.N)), j=0,....N, (6.60)

have to be satisfied. Since the Chebyshev polynomials 7, j = 0,..., N, form a
basis of &y, the polynomial py can be expressed as a Chebyshev expansion

N—-1 N

1 1

pv =y ay 1+ Y a AT+ ay Uf1Ty =) en®k)’ o) 11T
k=1 k=0

(6.61)

with certain coefficients a,EN)[f] € R, where ey (0) = ey (N) := \éz and ey (j) :=
1,j=1,..., N — 1. The interpolation conditions in (6.60) imply the linear system

N
kot
f(X;N))=ZsN(k)2a,£N)[f] cos ]N , j=0,...,N.

k=0

Fig. 6.7 The nonequispaced
Chebyshev extreme points
xj.g) = cos jg e[—1, 1],
j=0,..., 8, and the
equispaced points et /7/8,
j=0,..., 8, on the upper
unit semicircle
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This linear system can be written in the matrix—vector form

N
(w(j)f(xﬁ-N)))jLO:\/ Chiy (v a1, . (6.62)

where C}V 41 1n(3.59) is the cosine matrix of type I. Recall that the symmetric cosine

matrix of type I is orthogonal by Lemma 3.46, i.e., (C}Hl)’1 = C£v+1' Hence the
linear system (6.62) possesses the unique solution

2
(en ) af L)y = /N Chvst (en()) f(xj(‘N)))j‘V:O

If N is a power of two, we can apply a fast algorithm of DCT-I(N +1) from Sect. 6.3
for the computation of the matrix—vector product above. We summarize:

Lemma 6.41 Let N € N\ {1} be fixed and let f € C(I) be given. Then the
interpolation problem (6.60) at Chebyshev extreme points xj(.N), j=0,...,N, has
a unique solution of the form (6.61) in &y with the coefficients

Jjkm
(N) (V) —
ZSN(J) [ ) cos N k=0 N. (6.63)
Jj=0
If f € C(1) is even, then py is evenandazkﬂ[f =0fork=0,...,[(N—-1)/2].
If f € C(1) is odd, then py zsoddandaé [f1=0fork=0 |_N/2J

The Chebyshev coefﬁ01ents ajlfl, j € No, of a given function f in (6.18)

and the coefficients ak )[ fl, k = 0,...,N, of the corresponding interpolation
polynomial (6.63) are closely related. This connection can be described by the
aliasing formulas for Chebyshev coefficients, see [71].

Lemma 6.42 (Aliasing Formulas for Chebyshev Coefficients) Let N € N\ {1}
be fixed. Assume that the Chebyshev coefficients of a given function f € C(I) satisfy
the condition

oo
> lajlfll < oo. (6.64)
Then the aliasing formulas

oo
a1 = adl f1+ Y (azenilf1+ azen—«[ 1) (6.65)
(=1
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holdfork =1,...,N — 1, and for k = 0 and k = N we have

a1 1= aol 142 Z axnlf (6.66)
=1
ay L1 = 2an[f1+2 Y agern v (6.67)
=1

Proof By assumption (6.64) and Lemma 6.11, the Chebyshev series

1 o
5 @l f1+ ) ad f17¢

=1
converges absolutely and uniformly on / to f. Thus we obtain the function values
FMy = lao[f]—i—iag[f] cos 1" j=0,...,N
j 2 Z_l N b LR 9

at the Chebyshev extreme points M= cos ] 7. By (6.63), the interpolation

polynomial in (6.61) possesses the coefficients

2 I jkn
aM1f1= 1 D ew(i)? ) cos

=0 N
N . 00 N . .
1 k 2 ¢ k
=alfl  Doen(p?eos” T Y alfl | Y e cos ! T eos T E
j=0 =1 j=0
Using (3.60) and (3.61), we see that
N . N—1 .
1 o jkm 11 jkro1 1 k=0,
= —1 =
N]Z:(:)SN(]) N N<2+;COS Ny Tl )> 0 k=1,...,N.

Analogously we evaluate the sum

N . .
2 £ k
N E_O z;“N(j)2 cos JNJT cos JNT[

N-—1
=;,(1+(_1)”k+2° k)”+z MH{M)
j=1
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k=0,£=2sN,seN,
k=1,...,N—1,£=2sN+k, s Ny,
k=1,....N—1,£=2sN —k,seN,
k=N,L=Q2s+1)N,seNp,
otherwise .

Il
SN = =W

This completes the proof of the aliasing formulas for Chebyshev coefficients.

The aliasing formulas (6.65)-(6.67) for Chebyshev coefficients immediately
provide a useful estimate of the interpolation error.

Theorem 6.43 Let N € N\ {1} be fixed. Assume that the Chebyshev coefficients of
a given function f € C(I) satisfy the condition (6.64).
Then the polynomial py € &Py which interpolates f at the Chebyshev extreme

points xj(.N), j =0,...,N, satisfies the error estimate
o
If = pxlleay <2 > lalf]l- (6.68)
k=N+1

If f € C"™(I) for fixedr € Nand N > r, then

4
I =pxllen =y, LA Ve - (6.69)

(N
Proof

1. By Lemma 6.41, the interpolation polynomial py possesses the form (6.61) with
the coefficients in (6.63). If C f denotes the Nth partial sum of the Chebyshev
series of f, then we have

If —pnllcay = Nf —Cnflleay +IICN f — prllca) -

Obviously, we see by |Tx(x)| < 1 for x € I that

If=Cnfle =1 D alflTleq = Y lalfll.
k=N+1 k=N+1

Using the aliasing formulas (6.65)—(6.67), we obtain

N—-1

1
ICnf = pyllea) < Y en® lal f1 = a LA+ lanLf1 = ay L]
k=0
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oo N—1 oo

< > (la2ewl AN+ la@esyn A1) + D D (lazen++ L1l + lazen—[£1])
=1 k=1 ¢=1

= Y lalfll.
k=N+1

Thus (6.68) is shown.

2. Let f € C™(I) for fixed r € N be given. Assume that N € N with N > r.
Then for any k > r the Chebyshev coefficients can be estimated by (6.20) such
that

2

ryr+l L e -

al =,

Thus from (6.68) it follows that

oo

Lf = pnlleay <40 Plleay D
k=N+1

1
(k _ r)r+1

o0
<4 e / dx =41Vl .
N

(x —r)rt+l (N —r)y "’

Example 6.44 We interpolate the function f(x) := e* for x € [ at Chebyshev
extreme points xﬁ.N ), j =0,...,N. Choosing r = 10, by (6.69) the interpolation
error can be estimated for any N > 10 by

If = palleay = S

Pnlicay = (N — 10)10°

We emphasize that the polynomial interpolation at Chebyshev extreme points
M el,j=0,...,N, has excellent properties:

J
The coefficients of the interpolation polynomial py can be rapidly computed by a
fast algorithm of DCT-1 (N + 1).

The interpolation polynomial py can be evaluated stably by the barycentric
formula (6.36).

The smoother the given function f : I — R, the faster the interpolation error
I f — pnlicu) tends to zero for N — oo.

This situation changes completely for interpolation at equispaced points y](N) =
-1+ 2]\; eI, j =0,...,N. We illustrate the essential influence of the chosen

interpolation points by the famous example of Runge [313].

Example 6.45 The Runge phenomenon shows that equispaced polynomial inter-
polation of a continuous function can be troublesome. Therefore we interpolate
the rational function f(x) := (25x> 4+ 1)~!, x € I, at the equispaced points
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y](N) = -1+ 21\; € I, j =0,...,N. Then we observe that the corresponding

interpolation polynomial gy € &y with

v = 1oy, j=0.....N,

oscillates near the endpoints %1 such that the interpolation error || f — gnllc)
increases for growing N. Thus the interpolation polynomial gy does not converge
uniformly on 7 to f as N — oo. Figure 6.8 shows the graphs of f and of the related
interpolation polynomials gy for N = 10 and N = 15.

On the other hand, if we interpolate f at the nonequispaced Chebyshev extreme

points xj(.N) e I, j = 0,...,N, then by Theorem 6.43 the corresponding
interpolation polynomials py converge uniformly on / to f as N — oo. Figure 6.9
illustrates the nice approximation behavior of the interpolation polynomial pys.

Fig. 6.8 The function
f(x):=@5x24+ 171,

x € [—1, 1], and the related
interpolation polynomials gy
with equispaced nodes y(N) s
j=0,...,N,for N =
(blue) and N = 15 (red)

Fig. 6.9 The function

F(x) = @25x24+ 171, 1
x € [—1, 1], and the related

interpolation polynomial py

with nonequispaced

Chebyshev extreme points

x;N),jzo,...,N,for
N = 15 (red)
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Compared with the best approximation of f € C(I) by algebraic polynomials
in &y, which exists and is unique on the compact interval I, the interpolation
polynomial py at the Chebyshev extreme points x;N), j = 0,...,N, has
distinguished approximation properties for sufficiently large N:

Theorem 6.46 Let f € C" (1) withr € N\ {1} be given. Further let N € N with
N > r. Then the interpolation polynomial py€ P of [ at the Chebyshev extreme
points x](N), Jj =0,..., N, satisfies the inequality

2
If = pnlleay < (5+ . In(2N — D) En(f),
where

En(f):=inf{|lf — pllcu): p € PN}

denotes the best approximation error of f by polynomials in Py.

Proof

1. Let py, € #x denote the (unique) polynomial of best approximation of f on 1,
ie.,

I f—pNlcay = En(f). (6.70)

Using the Lagrange basis polynomials K;N) € Yn defined by (6.37) the
(N)

interpolation polynomial py € &y of f at the Chebyshev extreme points x i

j=0,..., N, can be expressed as
N
pv =y faM e, (6.71)
j=0
Especially for f = p}; it follows
N
Py = rk (xj.N ) ej.N ). (6.72)
j=0
Then the triangle inequality yields

If —pnlleay < ILf = pylleay + ey — palica) - (6.73)
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By (6.71) and (6.72) we can estimate

N
N N N
Ilpx = pnlleay < D 1) = FSEN ea
j=0

< lpy — flicay An = En(f) AN, (6.74)
where
N N
N N
av = )16 e = max 37N @)
j=0 j=0

denotes the Lebesgue constant for polynomial interpolation at Chebyshev ex-
treme points. By (6.74) the Lebesgue constant measures the distance between the
interpolation polynomial py and the best approximation polynomial p}, subject
to En(f). From (6.73), (6.74), and (6.70) it follows

If—pnllecay I f = prlleay A+ an) =1 +an) En(f).

2. Now we estimate the Lebesgue constant Ay for interpolation at Chebyshev

extreme points x](N), j =0,..., N. Using the modified Dirichlet kernel
1= 1 D sin(Nt) cot! teR\2nZ
* : —1]2 2 ’
Dy () = 2~|— E COS(J[)+2 cos(Nt) = {N temZ,

j=1

we observe that

jT[)

N j=0mod(2N),
N

D ( 0 j0mod(@2N).

Thus fort € [0, w]and j =0, ..., N we find

N 1 jm

1 i (-0 t_jm jm
EﬁN)(cost) _ D;ﬁv(t_jﬂ) _ [ oy SIn(N?) cot(y — o) T e[0, I\ {5},
t="7'7.
N

Consequently we have to estimate the function

N . .
Sy Zo|sin(Nt) cot(yh—3u) tel0, AI\{y : j=0,....N},
J=

1 te(Fj=0,...,N}.

s(t) =
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3. First, we observe that s(¢) is x-periodic. We consider sin(Nt) cot 3 on the set
—(Q2N+1 2N+1
[ ( N . 2J1rv)n]\{0}'Fr°m

. Tw
x| <|sinx|<|x|, xe[-". ]
b4 272
and | cos x| < 1 we obtain the inequality

Nr 1|

t T
sin(Nt) cot | < =Nm, te€ 0
| (N1) 2|_ 2] [ 2N’ 2N]\{}
2j+1 2j—1 2j—1 2j+1
Fort € [—( /2"1’\,)”, —( /2N)”]U[( /2N)”, ( /27\,)”],] =1,..., N, weconclude
|sm(Nt) cot | < ! =< 21- 1
| ln | Sin(]4;v)n

using that sin 7 is monotonously increasing in [0, 5 ). Thus for # € [0, 7]\ {j ‘"
j =0,..., N}itfollows the estimate

s@t) < (Nn +2 ) .
Z “ sin (2 i 1)71
Introducing the increasing function & € C'[0, 71by

1 1
h(r) = { sint ¢ 1e (0, 31,
0 t=20,

we continue with the estimation of s(¢) and get

N
7 1 (21—1)7T
S =5+ y Z(Z]—I)T[ Zh

j=1
N
T 2
_2+71 Z(

Jj=1

271

2 (21—1)71
2j — 1) T 2N

Mz

h
j=1

Interpreting the two sums as Riemann sums of corresponding definite integrals
this provides

N N _

2 1 N=172 4y

: =2+ ) <2+/ =2+In(2N - 1),
; 2j—-1 /2:; (J—1/2) 12 t

N
T 2j—Dm T,om._ T
y 20Ty ) s g =0
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Therefore we obtain
2 2
s <+ (2+1n(2N—1)+”—1)<4+ In(2N —1).
2 T 2 T
and hence

2
Ay <4+ In@N-—1).
b4

Remark 6.47

1.

For the interpolation at the Chebyshev zero points zE.NH) = cos (22/;1)2”,

j = 0,..., N, one obtains similar results as for the described interpolation at
Chebyshev extreme points xj(.N) =cos’y,j=0,...,N,see[382].

. Let a sufficiently smooth function f € C"(I) with fixed r € N\ {1} be given.

Then the simultaneous approximation of f and its derivatives by polynomial
interpolation can be investigated. If py € Py denotes the interpolation
polynomial of f € C"(I) at the Chebyshev extreme points x](N), j=0,...,N,
then Haverkamp [159, 160] pointed out that

If" = pyllcay < 2+21In N)Ey_1(f"),
2
NEN_2(f").

A

T
If" = pylca) < 3

The numerical computation of p; and p}, can be performed by Lemma 6.8.

. Interpolation at Chebyshev nodes is also used in collocation methods for the

Cauchy singular integral equation

1
a(x)u(x)—i—b(x)/ YO 4y Fx). xe (=1 1),
T 1y —X

where the functions a, b, f : [—1, 1] > Caregivenandu : (-1, 1) - C
is the unknown solution, see, e.g., [180]. An efficient solution of the collocation
equations is based on the application of fast algorithms of discrete trigonometric
transforms, see [181], and on fast summation methods, see [182].

6.4.2 Clenshaw—Curtis Quadrature

Now we will apply the interpolation polynomial (6.61) of a given function f €
C(I) to numerical integration. In the quadrature problem, we wish to calculate an
approximate value of the integral

1
1) :=f1f(X)dX-
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We obtain the famous Clenshaw—Curtis quadrature, see [71], where the function f
in the integral is replaced by its interpolation polynomial (6.61) at the Chebyshev
extreme points X, j=0,..., N, such that

1
1) ~ QN (f) 3=/1pN(x)dx.

By Lemma 6.8, the integrals of the Chebyshev polynomials possess the exact values

1 1
2 .
L Tyde= | . L Ty dx =0, jeNo.
Thus we obtain the Clenshaw—Curtis quadrature formula from (6.61),

N N/2-1 N
aé)f]+2/ 131/2 éj)f]-i-l NzaN)[f] N even,

On(f) =
(N) Z(N 1/2— 1 2 2“2/)[f] N odd

(6.75)

with the corresponding quadrature error

Rn(f):=1(f) = On(f).

Note that Ty 41 is odd for even N and hence

1
/ Tn+1(x)dx =0.
-1

Consequently, Ry (p) = 0 for all polynomials p € Py, if N is even, and for
all p € Py, if N is odd. Therefore, all polynomials up to degree N are exactly
integrated by the Clenshaw—Clurtis rule.

Example 6.48 The simplest Clenshaw—Curtis quadrature formulas read as follows:

1) =r=D+ f(D),

1 4 1
Q(f) = f=D+ O+ fD).

1 ha® L IO NN
9f(—)+9f(—2)+9f(2)+9f(),

1 8 J 4 N
04(f) = 15f(—1)+15f(— 5f(O)Jr 5f( ) )+15 f.

03(f) =

Note that Q1(f) coincides with the trapezoidal rule and that Q,(f) is equal to
Simpson’s rule.
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Assume that N € N is given. Using the explicit coefficients of px in (6.63) and
changing the order of summations, the quadrature formula (6.75) possesses the form

N
onvN =Y en®@?q™ r™)
k=0

with the quadrature weights

N/2 .
1%, 3 en(2))? 1—%1 ., COS 2]Nk” N even,
: J
=
2 (NZD/2 )2 2 2jk7 N odd
N ‘Zo en(2j) 14j2 €08 Ty o
]=

fork=0,...,N.

(6.76)

Theorem 6.49 Let N € N be given. All weights q,EN), k = 0,...,N, of the

Clenshaw—Curtis quadrature are positive. In particular,

Q9 =dn 2 N odd

2
(N) (N) _ N2—1 N even,
N2

andfork =1,...,N — 1,

2
Ny (V) N1 N even,
9k _quZ! 2 N even.

N2

Further,

N
Y en(?q =2.
k=0
For each f € C(I) we have

1
Jim v =1h= [ fwar.

If feC({)isodd then I(f) = On(f) =0.
Proof

1. Assume that N is even. Using (6.76) we will show the inequality

N/2

N i 2 2jkm N
quEN)=ZsN(2])21 cos / > k=0,...
j=0

—4j2 N — N2Z-1’

6.77)

,N.
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Since |cosx| < 1 forall x € R, it follows by the triangle inequality that

£ cos -
LN g N a1 N -
N/2—1
1 1 1 1 1
+/Z_:1(2j+1 2j—1) NZ -1 +(N—1 ) N2 -1
For k = 0 and kK = N we have cos 2;11\{% =1lforj=0,..., ]g, and therefore
even find the equality
N/2—1
20T )
0 NN o4 -1 N
_2(le 1 ! 1 )_ 2
N N—1 N2—17 N2-1°

For odd N the assertions can be shown analogously.
The Clenshaw—Curtis quadrature is exact for the constant function f = 1, i.e.,

N 1
onv(h) =Y en(?g™ = /1 ldr=2.

k=0 -

2. Formula (6.77) follows from Theorem 1.24 of Banach—Steinhaus using the fact
that

1
Nhinoo On(p) =1(p) = / 1 p(x)dx

is satisfied for each polynomial p.

Employing Theorem 6.43 we obtain a useful estimate for the error of the
Clenshaw—Curtis quadrature.

Theorem 6.50 Let N € N\ {1} and let f € C"1(I) with r € N be given. Then
forany N > r + 1 the quadrature error of the Clenshaw—Curtis quadrature can be
estimated by

1= onNI = I Dl - (6.78)

(N—r—1)
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Proof
1. First we express f € C"T1(I) in the form f = fy + fi with

1 1
fox) == ) (f@+f(=0), fikx):= ) (f@)=f(=x), xel.
For the odd function fi, we see that I (f1) = Qn(f1) = 0 and hence

1(f)=1(fo), On(f)=0On(f0).

Therefore we can replace f by its even part fo € C"T!(I), where

+1
LA leay < 1F" Pliea -

2. Let py € Py denote the interpolation polynomial of fy at the Chebyshev
extreme points x](N), j=0,..., N. Using Theorem 6.43 we estimate

1
11(fo) — On(fo)l = |£1 (fo(x) — pv(x)) dx| < 2]l fo — pnllca)

o0

<4 Y laxlfoll,

¢=|N/2]+1

since ai[ fo] = O for all odd k € N. By (6.20) we know for all 2¢ > r that

lazel fol

r+1)
1= gy 1167l

Therefore we obtain

]

1
1
1) — vl <81/ P leay Y 00—yt
(=|N/2J+1
> dx 4
(r+1) (r+1)
<8 < .
=8Ify "l /LN/zj Qx-S PN — 1)y Ifo "~ llea

Remark 6.51 The inequality (6.78) is not sharp. For better error estimates we refer
to [355, 382]. It is very remarkable that the Clenshaw—Curtis quadrature gives results
nearly as accurate as the Gauss quadrature for most integrands, see [355] and [356,
Chapter 19].
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For the numerical realization of Q y[ f] we suggest to use (6.75). By

j k1
as 1] Z ev () S cos 0
=0
N/2 .
2 2jkm
v 2N () + r ) cos ™0
j=0
we can calculate ag{v)[f] by means of DCT-1 (N /2 + 1),
N2 1 .
(en2 k) ay LF1), L0 =y Gzt ) iy (6.79)

where we set f; = f(x(N)) + f(x(N) ), j = 0,...,N/2. Thus we obtain the
following efficient algorlthm of numerlcal 1ntegrat10n

Algorithm 6.52 (Clenshaw—Curtis Quadrature)

Input:t e N\ {1}, N :=2, fx) € R, j =0..... N, for given f € C(I),

(N)

._ jm
where xj o i=cos .

1. For j =0,...,N/2 form
en2() £ = enpp () (£ + FGR)).

2. Compute (6.79) by Algorithm 6.28 or 6.35.
3. Calculate

N/2 )
On() =Y enp®)? | T o ay 1]
k=0

Output: Qn(f) € R approximate value of the integral I (f).
Computational cost: (N log N).

Example 6.53 The rational function f (x) := (x*+x2+ 190)’1 x € I, possesses the

exact integral value 7(f) = 1.582233. Algorlthm 6.52 provides the following
approximate integral values for N = 2t tr=2,...,6:

N On(f)
4 1.548821
8 1.582355

16 1.582233

32 1.582233

64 1.582233
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Example 6.54 We consider the needle-shaped function f(x) := (10*4 + xz)*l,
x € I. The integral of f over I has the exact value

1

d

/ [0 1 2 =200 arctan 100 = 312159332 ...
-1 X

For N =2',t =7, ..., 12, Algorithm 6.52 provides the following results:

N on(f)
128 364.781238
256 315.935656
512 314.572364
1024 312.173620
2048 312.159332
4096 312.159332

The convergence of this quadrature formula can be improved by a simple trick.

Since f is even, we obtain by substitution x = ;1,

/1 dx _2/0 dx _4/1 dr
1044 x2 T 1074+ x2 0 41074+ e — 12

such that the function g(¢) = 4 (4 - 0 4+¢-0D»"rel, possesses a needle
at the endpoint t = 1. Since the Chebyshev extreme points are clustered near the
endpoints of 7, we obtain much better results for lower N:

N On(g)

8 217.014988
16 312.154705
32 312.084832
64  312.159554

128  312.159332
256  312.159332

Summarizing we can say:
The Clenshaw—Curtis quadrature formula Qy(f) for f € C([) is an interpo-

latory quadrature rule with explicitly given nodes x;N) = Cos /K,T ,j=0,...,N,
and positive weights. For even N, the terms agjy)[f], j=20,..., IZ, in On(f)

can be efficiently and stably computed by a fast algorithm of DCT-I (g’ + 1.
Each polynomial p € Py is exactly integrated over /. For sufficiently smooth
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functions, the Clenshaw—Curtis quadrature gives similarly accurate results as the
Gauss quadrature.

Remark 6.55 The popular Clenshaw—Curtis quadrature for nonoscillatory integrals
can be generalized to highly oscillatory integrals, i.e., integrals of highly oscillating
integrands, which occur in fluid dynamics, acoustic, and electromagnetic scattering.
The excellent book [83] presents efficient algorithms for computing highly oscilla-
tory integrals such as

l .
o[ f] :=/1f(X)e”” dx,

where f € C*(I) is sufficiently smooth and @ >> 1. Efficient quadrature methods
for highly oscillatory integrals use the asymptotic behavior of 1,[ f] for large w. In
the Filon—Clenshaw—Curtis quadrature one interpolates f by a polynomial

2s+N

px) =Y p; Tj(x)

j=0
such that
PP =rO=n, pPm=rOm, €¢=0,...s,
(N)

p) = (™). k=1...N-1,

where the coefficients p; can be calculated by DCT-I, for details see [83, pp. 62—
66]. Then one determines

2s+N
Lolpl= ) pjbj()
j=0
with

1
bj(a)):zf Ti(x)e'®*dx, j=0,...,25+N,
-1

which can be explicitly computed

2 sinw 2i cosw 21 sinw
bo(w) = 0 bi(w) = — +

3

8 cosw 2 8
by(w) = + (

w2
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6.5 Discrete Polynomial Transforms

We show that orthogonal polynomials satisfy a three-term recursion formula.
Furthermore, we derive a fast algorithm to evaluate an arbitrary linear combination
of orthogonal polynomials on a nonuniform grid of Chebyshev extreme points.

6.5.1 Orthogonal Polynomials

Let w be a nonnegative, integrable weight function defined almost everywhere on
I :=[—1, 1]. Let Ly (1) denote the real weighted Hilbert space with the inner
product

1

{fs 8)Laun) = /1w(x) fx)g)dx, f, geLlyn), (6.80)

and the related norm

1 Mzuiy = U Disatn -

A sequence (P,);°, of real polynomials P, € &, n € Ny, is called a sequence
of orthogonal polynomials with respect to (6.80), if (Pu, Py)r,,) = 0 for all
distinct m, n € Ny and if each polynomial P, possesses exactly the degree n € Np.
If (Py);2 is a sequence of orthogonal polynomials, then (¢, Py);2, with arbitrary
cn € R\ {0} is also a sequence of orthogonal polynomials. Obviously, the orthogonal
polynomials Pg, k =0, ..., N, form an orthogonal basis of &y with respect to the
inner product defined in (6.80).

A sequence of orthonormal polynomials is a sequence (Py);2, of orthogonal

polynomials with the property || P, ||, ) = 1 for each n € Np. Starting from

the sequence of monomials M, (x) := x", n € Ny, a sequence of orthonormal
polynomials P, can be constructed by the known Gram—Schmidt orthogonalization
procedure, i.e., one forms Py := My/||MollL, ) and then recursively for n =
1,2,...
_ n—1 1 ~
Pyi=My— > My, POy, Prr Pui=
k=0 | PullLs, )

For the theory of orthogonal polynomials we refer to the books [65, 127, 348].

Example 6.56 For the weight function w(x) := (1 — x)* (1 + 0P x e (-1, 1),
with @ > —1 and 8 > —1, the related orthogonal polynomials are called Jacobi
polynomial. For « = B = 0 we obtain the Legendre polynomials. The case o =
B = —é leads to the Chebyshev polynomials of first kind and ¢ = B = é to
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the Chebyshev polynomials of second kind up to a constant factor. Fora = f =
A— ; with A > —é we receive the ultraspherical polynomials which are also called
Gegenbauer polynomials.

For efficient computation with orthogonal polynomials it is essential that orthog-
onal polynomials can be recursively calculated:

Lemma 6.57 If (P,)2, is a sequence of orthogonal polynomials P, € &, then

the polynomials P, satisfy a three-term recurrence relation
Py(x) = (@nx + Bp) Pu1(x) + ¥ Ph2(x), neN, (6.81)

with P_1(x) := 0 and Py(x) := 1, where ay, B, and y, are real coefficients with
ap, # 0and y, # 0.

Proof Clearly, formula (6.81) holds forn = 1 and n = 2. We consider n > 3. If

¢ and c,— are the leading coefficients of P, and P,_1, respectively, then we set
oy = c':lil # 0. Thus g(x) := P, (x) — ay x Py—1(x) € &, can be expressed as

gq=doPy+...+dy—1 Pr—1.

For k = 0,...,n — 3 this provides dy = 0 by the orthogonality, since x Pi(x) €
P41 can be written as a linear combination of Py, ..., Pyt and therefore

(Prs @) Lo.o(h) = (Prs Pu) Ly (1) — n (X Pi(x), Pu—1(X))r, ) =0=dy ||Pk||izyw(1) .
Thus with 8, := d,—1 and y,, := d,,—» we find
Py(x) =anx Py—1(x) + By Po1(x) + yu Pu—a(x).

The coefficient y;,, does not vanish, since the orthogonality implies

O 2 2
0= (Py, Pn72>L2va,(I) = 0t | Po—1 ”LZ,w(I) + Vn ||Pn72||L2‘w(1) .

n—

Example 6.58 The Legendre polynomials L, normalized by L, (1) = 1 satisfy the
three-term recurrence relation

2n+3 n+1
Lpia(x) = n42 X Lpy1(x) — n+2Ln(X)

forn € Nog with Lo(x) := 1 and L1 (x) := x (see [348, p. 81]).
The Chebyshev polynomials 7,, normalized by 7,,(1) = 1 satisfy the three-term
relation

Thio(x) =2x Ty (x) — Ty (x)

forn € Nog with Tp(x) := 1 and T} (x) := 1.
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Letnow (P,);2, be a sequence of orthogonal polynomials P, € &, with respect
to (6.80). Then, every p € &n can be represented as

N

Z (Py Pi)Lyo (D) p
(3

= (P Pr)Ly,(D)

The inner product (p, Px)r, ) can be exactly computed by a suitable interpolatory
quadrature rule of the form

1
(Py P)Ly(n) = [ »(x) p(x) Pk<x)dx—2w<2N> pG) P )
j=0
(6.82)

fork =0, ..., N, where we again employ the Chebyshev extreme points xﬁzN)

cos g] , and where the quadrature weights wE.ZN) are obtained using the integrals of
the Lagrange basis functions K;zN) related to the points x}zN), ie.,

1 v e
QN _ @N) QN - X
w) ._f o) €7V @) dx, € @ =] o e -
-1 0 X =Xy
J

For the special case w = 1 in (6.80), the quadrature rule in (6.82) coincides with the

Clenshaw—Curtis quadrature rule of order 2N in Sect. 6.4, where the interpolation
@2N) .

polynomial at the knots x; i = =0,.

N)

, 2N, has been applied. In that special

case, the weights w jz are of the form

.2 N .
eny _ €n(j) , 2 20jm
wi = ;621\/(23) | — a2 cos e

see (6.76), with eony (0) = eoy(2N) = \/12 andeoy(j)=1forj=1,...,2N — 1.
For other weights w(x) the expressions for wN) may look more complicated, but

we will still be able to compute them by a fast DCT-I algorithm.

6.5.2 Fast Evaluation of Orthogonal Expansions

Let now M, N € N with M > N be given powers of two. In this section we are
interested in efficient solutions of the following two problems (see [293]):
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Problem 1 For given ay € R, k = 0,..., N, compute the discrete polynomial
transform DPT (N + 1, M + 1) : RVt — RM+1 defined by

N
A M .
aj ::ZakPk(xj(. Y, j=0,....M, (6.83)
k=0
where x;M) = CoS /AZ ,j =0,..., M. The corresponding transform matrix

M)\\M,N
P.= (Pk(xj(. )))j,k=0 e RM+Dx(N+D)
is called Vandermonde-like matrix. This first problem addresses the evaluation of an
arbitrary polynomial

N
p = Zak P, e Py
k=0

on the nonuniform grid of Chebyshev extreme points x](M) el,j=0,...,M.

The discrete polynomial transform can be considered as a generalization of DCT-I,
since for Py = T,k =0, ..., N,the DPT (M + 1, N + 1) reads

N N
ik
aj =Y ax ™) = a cos ]M” . j=0,....M.
k=0 k=0
Problem 2 For given b; € R, j = 0,..., M, compute the transposed discrete
polynomial transform TDPT (M + 1, N + 1) : RM*1 — RN+ defined by

M
be =) b, Pk(xj(.M)), k=0,....,N. (6.84)
j=0

This transposed problem is of similar form as (6.82) for M = 2N and with
bj = wE.ZN) p(x(.ZN)). Therefore, it needs to be solved in order to compute the
Fourier coefficients of the polynomial p € &y in the orthogonal basis {P; : k =

0,...,N}.

A direct realization of (6.83) or (6.84) by the Clenshaw algorithm, see Algo-
rithm 6.19, would require computational cost of &(M N). We want to derive fast
algorithms to solve these two problems with only &(N(log, N)> + M log, M)
arithmetical operations.

We will start with considering the first problem. The main idea is as follows.
First, we will derive a fast algorithm for the change of basis from the polynomial
expansion in the basis {P; : k = 0,..., N} to the basis {7y : k = 0,..., N} of
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Chebyshev polynomials. Then we can employ a fast DCT-I algorithm to evaluate

N
p=)Y aTi. aeR. (6.85)
k=0
at the Chebyshev extreme points x/(.M) = coSs /Ai; ,j = 0,..., M. The values

p(x](M)), j = 0,...,M, can be efficiently computed using Algorithm 6.22

involving a DCT-I (M + 1), where we only need to pay attention because of the
slightly different normalization in (6.85) compared to (6.24). Here, we obtain

M
(eM(j)p(x;M)))j.”:O = \/ 5 Clyir By k) ar)r . (6.86)

where we set ax := 0 fork = N + 1,..., M and 83/(0) := /2, 8y (k) := 1 for
k=1,...,M.

Let us now consider the problem to change the basis of a polynomial from { P :
k=0,..., N}tothebasis {Ty : k =0, ..., N}in an efficient way. For that purpose
we present in the first step a further algorithm for fast polynomial multiplication that
is slightly different from the algorithm given in Theorem 6.26. Let p € &, be given
in the form

n
p:Zaka, ar € R. (6.87)
k=0

Further, let ¢ € &2, with m € N be a fixed polynomial with known polynomial
values q(x](M)), j=0,...,M,where M =2°, s e NywithM/2 <m+n < M is
chosen. Then the Chebyshev coefficients by € R,k =0,...,m +n, in

n+m

ri=pqg=y bkl
k=0

can be computed in a fast way by the following procedure, see [16].

Algorithm 6.59 (Fast Polynomial Multiplication in Chebyshev Polynomial Ba-
sis)
Input: m,n e NN M =25, s e N withM/2 <m+n <M,

polynomial values q(x](M)) eR j=0,....M,0f g € Py,

Chebyshev coefficientsay € R, k =0,...,n, of p € Py,

em(0) = epg(M) = 2, ep(k) = Lk=1,....,M—1,

Sm©) =8y (M) =2, 8yk):=1Lk=1,....,M—1.

1. Setay :== 0,k =n+1,..., M, and compute the values €y (j) p(x;M)), j =
0,..., M, by (6.86) using a DCT-1 (M + 1), as in Algorithm 6.28 or 6.35.
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2. Evaluate the M + 1 products

a0y . (

em(j)r(x} M)

en() P g™y, =0, M.

3. Compute

_ 2
oty = \/ o G (em (G re)

by a fast algorithm of DCT-1(M + 1) using Algorithm 6.28 or 6.35 and form
b :=8u(k) Yo, k=0,....,m+n.

Output: by € R, k = 0,...,m + n, Chebyshev coefficients of the product p q €
gszrn'

Computational cost: (M log M).

By Theorem 6.39, the fast DCT-I (2° + 1) Algorithm 6.35 requires 2° s — ‘31 25 +
5 — ¢(=1)* multiplications and 32°s — 425 + 15 + 7 + L (~1)* additions.
Hence, Algorithm 6.59 realizes the multiplication of the polynomials p € &, and
q € & in the Chebyshev polynomial basis by less than 2 M log M multiplications
and § M log M additions.

For the change of basis from {P; : k =0,...,N}to{Tx : k =0,..., N} we
want to employ a divide-and-conquer technique, where we will use the so-called
associated orthogonal polynomials.

Assume that the sequence (P,);2, of orthogonal polynomials satisfies the three-
term recurrence relation (6.81). Replacing the coefficient index n € Ny in (6.81)
by n 4+ ¢ with ¢ € Ny, we obtain the so-called associated orthogonal polynomials
P,(-,c) € P, defined recursively by

Py(x,c) = (pnge X + Bute) Puo1(x,¢) + Vuye Pua(x,c), neN, (6.88)

with P_1(x,c) := 0 and Py(x, ¢) := 1. By induction one can show the following
result (see [27]):

Lemma 6.60 Forall ¢, n € Ny,
Peyn = Pu(,0) Pe+ Vet1 Pa—1(Goe+ 1) Pey (6.89)
Proof Forn = 0 and n = 1, Eq.(6.89) is true for all ¢ € Np. Assume that (6.89)

holds up to fixed n € N for all ¢ € Np. We employ an induction argument.
Using (6.81) and (6.88), we obtain

Pc+n+l(x) = (ac+n+l X+ ﬂc+n+l) Pc+n (x) + Vetn+1 Pc+n71(x)

= (Aegnt1 X 4 Betnt1) (Pu(x, ©) Pe(x) + Yeq1 Pac1(x, c + 1) P (x))
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+ Vernt1 (Pa—1(¥, ) Pe(x) + Yer1 Paa(x, ¢ + 1) Pe—1 (1))
= ((@ctn+1% + Begnt1) Pu(x, ©) + Vetnt1 Pam1(x, 0)) Pe(x)

+ (@cqns1% + Bent1) Pac1(x, ¢ + 1) + Yeqng1 Paca(x, ¢+ 1) Yeq1 Pe—i (%)
= Pop1(x, 0) Pe(x) + Vet Pa(x, ¢+ 1) Pe—1(x) .

Lemma 6.60 implies

Pc+n _ . T Pe—1
<P6+n+1)_Un(7C) ( Pe ) (690

with

Un(0) = (VCHP“("CH) Vc+1Pn(-,c+1>) .

Py(-,0) Puy1(,0)

This polynomial matrix U, (-, ¢) contains polynomial entries of degree n — 1, n and
n + 1, respectively.

Now we describe the exchange between the bases {Py : k = 0,..., N} and
{Tr : k=0,...,N}of Py, where N = 2", 1 € N. Assume that p € Py is given
in the orthogonal basis {P; : k =0, ..., N} by

N
p=> aP (6.91)
k=0

with real coefficients ax. Our goal is the fast evaluation of the related Chebyshev
coefficients gy in the representation

N
p= Zak Tx. (6.92)
k=0

In an initial step we use (6.81) and the fact that 77(x) = x to obtain

N-1

p(x) = ax Pe(x) + ay ((anx + By) Py—1(x) + vy Py—2(x))
k=0

N-1

=Y a”@) Pu(x)

k=0
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with
ag k=0,...,N—3,
a”(x) = an_2+ ynay k=N— 2, (6.93)
an—1+ Byvany + ayayTi(x) k=N-1,
where al(\(,)ll is a linear polynomial while a,EO) are constants fork =0,..., N — 2.
Now, we obtain
N—1 N/4—1 3
0 0
EDMALED 3TN
k=0 k=0 =0
N/4—1 p P
) (0) 4k 0) 0) 4k+2
25l (2 ) bl o (77
Z 4k > g+l Piis 4k+20 Yak+3 Paiss
N/4—1 p
(O] (0) ©0) (0) 4k
= (ayy s )+ (ypns VUG, 4k + DT ( )
kXZ(:) ( 4k » g1 4k+2> YUk+3 Paist

where we have used (6.90) withn = landc =4k + 1fork =0,...,N/4 — 1.
This yields

N/4—1
1 1
Z (aé(lk) Py + aflk)Jrl Pajey1)
k=0
with
oD RO 0)
( 4 ): ( 4k )+U1(~,4k+1) ( 4k+2>. (6.94)
(1) 0) 0)
Q441 D441 Q4k+3

Observe that the degree of polynomialsin U (-, 4k+1) is at most 2, and therefore the

degree of the polynomials a 4(”1() and afulc)Jrl in (6.94) is at most 3 The computation of

the polynomial coefficients of aé(ulc), Ay +1 e P3,k=0,..., 4 — 1 can be realized
by employing Algorithm 6.59 with M = 4. However, for these polynomials of
low degree we can also compute the Chebyshev coefficients directly with 4N + 5
multiplications and gN + 3 additions (see Fig. 6.10).
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ap ap a as a4 as ae aj ag dag ajp dail| diz aiz| aiq ais| aie
) (O ) (O © (0 ©) (O ©) (0 ©) () ©) (0) 0) 0)
Ay ap | ap " as dy A5 | 4g- A7 | dg - dg | dyg dyp | dyp Ay iy 45

Ui, 1) Ui(-,5) Ui(-,9 Ui(-,13)

(D (1) (1) (H (1) (1) (1) (1)

a4 ap ay as ag dg apn aps

Us(-, D Us(-,9)
a(()2) “iz) aéz) aéz)
Us7(-, D
a(()3) aia)
@,

Fig. 6.10 Cascade summation for the computation of the coefficient vector (ax) 116:0 in the case

N =16

We apply the cascade summation above now iteratively. In the next step, we

compute
N/4-1
1 1
p= > (ay Pu+ag, Pur)
k=0
N/8—1 P P
[CORNC)! 8k (1) €] 8k+4
= kX_:O (agk ) a8k+1) <P8k+1> + (a8k+4’ a8k+5) <P8k+5)
N/8—1
1 1 1 1
= Z ((aék)’ aék)-i—l) + (af(ﬁk)—i-4’ aék)-l—S)U?’(" 8k + DT) (P

k=0

Py
Sk-+1

).
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implying
N/8—1
Z (aéi) P + aéﬁrl Pgjet1)
k=0

with

agy ag ag )y
( o ):—( o >+U3(-,8k+1)( (J).
agr+1 agr11 Agk+s

Generally, in step t € {2,...,t — 1}, we compute by (6.90) with n = 27 — 1
the Chebyshev coefficients of the polynomials a;)ﬂ o ag)ﬂ i1 € Pk =
0,...,N/27+1 — 1, defined by

() (r 1) (r 1)
2r+lk 2r+1k 2r+1k+2r
= + Uy (-, 27k 4+ 1) ,
() a(rfl) a(rfl)
2t+lk+] 2t 41 27+ 427+ ]

a

a

(6.95)

where we calculate the Chebyshev coefficients of the polynomials by Algo-
rithm 6.59 (with M = 27F1). Assume that the entries of Uar_ 1(xp @+h , 27 k4 1)
fork=0,...,N/2" " and £ = 0, ..., 27! have been precomputed by Clenshaw
Algorithm 6.19. Then step t requires 4 2,1YH applications of Algorithm 6.59.
Therefore we have computational costs of less than 8 N(t + 1) multiplications and
332 N(t + 1) + 2N additions at step T with the result

N/2r+l 1

(v) (v)
p= Z (a21+lkp2f+lk + a21+lk+lp2f+lk+l) :
k=0

After step t — 1, we arrive at

p—aot 1)P —i—ait 1)Pl

with the polynomial coefficients

(t 1) Z (t— I)T (t ) _ Za(t I)T

and where Py(x) = 1, Pi(x) = ajx + Bi. Therefore, by

1
xTo(x) = Ti(x), xT(x) = 2(Tn+1(X)~I-Tn—1(X)), n=12....
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we conclude
p= PG +a§t)
with

N-1
—1 —1
al’ =a{""P =" af /"T,(x) (cr1x + B1)
n=0

N—-1 N—-1
_ _ _nl
=2 Araf, T +enas i) + Y Senayl, Y (T () + T ()
n=0

n=1
N
=Y a) T,(x).
n=0

For the coefficients we obtain

(t=1) 1 =1

ﬂla%’o 1) i 20{1(611’15 (t=1) "=
r— r— r—

® ﬁla%’l 1) +a1a1’0( ?; %al?l’zn "=l
r— r— —
ay, = ,Bla%’n 1)—}— %al(a},nfl)l"_al,nﬂ) n=2...,N—-2, (6.96)

1— —

Bray vy + %0‘1“1,1\/—2 n=N-1,

Lagaf " n=N.

2014y N

The final addition of the Chebyshev coefficients of a(()t_l) and a{t) yields the desired
Chebyshev coefficients of p, i.e.

~\N —I\N N
(a")n:() = (a(()t,n 1))n:O + (ait,zl)nzo‘ (697)

We summarize the discrete polynomial transform that computes the new coefficients
of the Chebyshev expansion of a polynomial given in a different basis of orthogonal
polynomials and solves problem 1 by evaluating the resulting Chebyshev expansion
at the knots x;M).
Algorithm 6.61 (Fast Algorithm of DPT (N + 1, M + 1))
Input: N =2', M = 25 withs,t € Nands > t,

ar € R, k=0,..., N, coefficients in (6.91),

T+1
precomputed matrices Upr_1 (xé2 ), 2T+ 4 l)for t=1,...,t—1,

k=0,...,207 " Uande=0,..., 27,

1. Compute a\”’, k =0,...,2" —1 by (6.93).
2. Fort=1,...,t —1do

Step T. Fork =0, ...,2/7""1 — 1 compute (6.95) by Algorithm 6.59.
3. Step t. Compute a,, n =0, ..., N, by (6.96) and (6.97).
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4. Compute (6.86) by a DCT-1 (M + 1) using Algorithm 6.28 or 6.35.
Output: p(x;M)), j=0,..., M.
Computational cost: O(N log?> N + M log M).

In this algorithm, we have to store the precomputed elements of the matrices U.
Counting the arithmetic operations in each step, we verify that the complete basis
exchange algorithm possesses computational costs of &'(N log? N).

Finally, using fast DCT-I1 (M + 1), the computation of (6.86) takes M log M
multiplications and ;‘ M log M additions, see Theorem 6.39.

Remark 6.62 A fast algorithm for the transposed discrete polynomial transform
TDPT (N + 1, M + 1) in Problem 2, i.e., the fast evaluation of

N
l
= Py (cos , k=0,...,N,
ag z—Zan % ( M)

can be obtained immediately by “reversing” Algorithm 6.61. In other words,
we have simply to reverse the direction of the arrows in the flow graph of
Algorithm 6.61. For the special case of spherical polynomials this was done in [195].
See also the algorithm in [88] for the Legendre polynomials and the generalization
to arbitrary polynomials satisfying a three-term recurrence relation in [89, 161].
The suggested algorithms are part of the NFFT software, see [199, ../examples/fpt].
Furthermore there exists a MATLAB interface, see [199, ../matlab/fpt].

Fast algorithms based on semiseparable matrices can be found in [193, 194]. Fast
algorithms based on asymptotic formulas for the Chebyshev-Legendre transform
have been developed in [155, 173]. A method for the discrete polynomial transform
based on diagonally scaled Hadamard products involving Toeplitz and Hankel
matrices is proposed in [354].



Chapter 7 )
Fast Fourier Transforms fleckir
for Nonequispaced Data

In this chapter, we describe fast algorithms for the computation of the DFT for
d-variate nonequispaced data, since in a variety of applications the restriction to
equispaced data is a serious drawback. These algorithms are called nonequispaced
fast Fourier transforms and abbreviated by NFFT. In Sect. 7.1, we present a unified
approach to the NFFT for nonequispaced data either in space or frequency domain.
The NFFT is an approximate algorithm which is based on approximation of a
d-variate trigonometric polynomial by a linear combination of translates of a 2 -
periodic window function. For special window functions we obtain the NFFT of
Dutt and Rokhlin [95], Beylkin [32], and Steidl [338]. Section 7.2 is devoted to error
estimates for special window functions. The connection between the approximation
error and the arithmetic cost of the NFFT is described in Theorem 7.8. We will show
that the NFFT requires asymptotically the same arithmetical cost as the FFT, since
we are only interested in computing the result up to a finite precision. In Sect. 7.3,
we generalize the results of Sect.7.1. We investigate the NFFT for nonequispaced
data in space and frequency domains. Based on the NFFT approach, we derive fast
approximate algorithms for discrete trigonometric transforms with nonequispaced
knots in Sect. 7.4. Section 7.5 describes the fast summation of radial functions with a
variety of applications. In Sect. 7.6, we develop methods for inverse nonequispaced
transforms, where we distinguish between direct and iterative methods.

7.1 Nonequispaced Data Either in Space or Frequency
Domain

For a given dimension d € N and for large N € N, let

N N
Igzz{kezd:—21d5k< 5 L}

© Springer Nature Switzerland AG 2018 377
G. Plonka et al., Numerical Fourier Analysis, Applied and Numerical
Harmonic Analysis, https://doi.org/10.1007/978-3-030-04306-3_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-04306-3_7&domain=pdf
https://doi.org/10.1007/978-3-030-04306-3_7

378 7 Fast Fourier Transforms for Nonequispaced Data

be an index set, where 1, = (1,..., 1)—r e 74 and the inequality holds for
each component. We use the hypercube [—7, 7)? as a representative of the d-
dimensional torus T¢. The inner product of x = (x[)?’=1 andy = (yt)fl=1 e R?
is denoted by

d
Xy =x'y=Y xy.
t=1

First we describe the NFFT for nonequispaced data x; € T4, j € I},, in the
space domain and equispaced data in the frequency domain, i.e., we are interested
in the fast evaluation of the d-variate, 2 -periodic trigonometric polynomial

f® =Y Ak fecC, (7.1)

|
kely

at arbitrary knots x; € T, jel 1{,1 for given arbitrary coefficients fk eCkel f\i,.
In other words, we will derive an efficient algorithm for the fast and stable evaluation
of the M values

fi=r&) =Y Ak, jely. (7.2)

i
kely

The main idea is to approximate f(x) by a linear combination of translates of
a suitable d-variate window function in a first step and to evaluate the obtained
approximation at the knots x;, j € [ 1{,1 in a second step. Starting with a window
function ¢ € Ly(RYH) N Ly (Rd) which is well localized in space and frequency, we
define the 2 -periodic function

Px) =Y p(x+27r) (7.3)

rezd

which has the uniformly convergent Fourier series

)= > (@ e (7.4)

keZd

with the Fourier coefficients

@ = /l se*¥dx, kezl. (1.5)
(277)(1 [—m, )¢
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There is a close relation between the Fourier coefficients cx(¢) in (7.5) and the
Fourier transform ¢ (k) of the function ¢, namely

oK) = /d e(x)e K *ax = 2m) (@), ke Z?, (7.6)
R

which is known from the Poisson summation formula, see the proof of Theo-
rem 4.27. Let now o > 1 be an oversampling factor such that N € N. This factor
will later determine the size of a DFT. One should choose o such that the DFT of
length o N can be efficiently realized by FFT. Now we determine the coefficients
aeCle I(;IN, of the linear combination

27l
0= Y @ dx— ) (1.7)
lele

such that the function s; is an approximation of the trigonometric polynomial (7.1).
Computing the Fourier series of the 2m-periodic function s;, we obtain by
Lemma 4.1

51 = Y ekl e ¥ =) fa(@) et

kezd4 kezd4
= Y aa@e ™+ D Y fkckone(@ e KTTNIX (78)
keldy, reZ\{0} kel

with the discrete Fourier coefficients

ok = Z a o 2mikl/(6N) (7.9)

d
lelly

Assuming that |ck(¢)| are relatively small for | K|l oc > o N — g’ and that ck (@) # 0

forallk € 1 1‘(}, we compare the trigonometric polynomial (7.1) with the first sum of
the Fourier series (7.8) and choose

o[ f/ex(@) keIl
= 7.10
Sk {o keld \1%. (7.10)

We compute the coefficients gj in the linear combination (7.7) by applying the d-
variate inverse FFT of size (6 N) x ... (o N) and obtain

1 . ik
8= gy Z G e kYN =y g qd (7.11)

keld
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Further we assume that the function ¢ is well localized in space domain and can

be well approximated by its truncation ¥ := ¢| Q on Q := [ - 20”1(,", 20”1(," ]d, where

2m < o N and m € N. Thus we have

o) xe0, (7.12)

¢(X)=</)(X)XQ(X)={O xR\ O

where x g denotes the characteristic function of Q C [, 714, since 2m < o N.
We consider again the 2w -periodic function

Y(x) =Y Y(x+27r) € Ly(T%) (7.13)
reZ4d
and approximate s1 by the function

_ 2l _ . onl
s(X) = Zg”p(x—;v)z > oavx— ). (7.14)

O'N)
IEI:N leIUN,m (X)

Here, the index set Iy, (X) is given by

d oN oN
Ionm®X) :={l€ 5y : o x—mlg <1< . x+mlg}.

For a fixed knot x; we see that the sum (7.14) contains at most (2m + 1)d nonzero
terms. Finally we obtain

f(x;) &~ s1(x)) ~ s(x;) .

Thus we can approximately compute the sum (7.1) for all x;, j € [ \ . with a
computational cost of @(Nlog N + m? M) operations. The presented approach
involves two approximations, s; and s. We will study the related error estimates in
Sect.7.2. In the following we summarize this algorithm of NFFT as follows:
Algorithm 7.1 (NFFT)

Input: N, M eN,o >1, meN, x; € T for j e I}, fk e Cfork e II‘\IJ.
Precomputation: (i) Compute the nonzero Fourier coefficients cx(¢) for allk € I]”\l,.

(ii) Compute the values ll}(Xj — (27717\})f0rj € II%/I andl € I N m (Xj).

1. Let gk := fi/ck(@) fork € I
2. Compute the values

Z g2k EN) e pd
keld

1

using a d-variate FFT.
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3. Compute

~ 27l
S(Xj) = Z glw(Xj—O_N), ‘]611%4

lelon m (X))

Output: s(x;), j € I, approximating the values fx;) in (7.2).
Computational cost: O(N? log N + meM).
Remark 7.2

1. In Sect.7.2 we will investigate different window functions ¢ and . There
will be also used v, which can be very efficiently computed such that the
precomputation step (ii) can be omitted.

2. For window functions, which are expensive to compute, one can use the lookup
table technique. If the d-variate window function has the form

d
o) =[] e:(x)
t=1

with even univariate window functions ¢;, then the precomputation step can be
performed as follows. We precompute the equidistant samples ¢; (/") for r =
0,...,K with K € N and compute for the actual node x; during the NFFT
the values ¢, ((x;); — iﬂj\l;) fort =1,...,d and I; € I, n((x;);) by means
of the linear interpolation from its two neighboring precomputed samples, see,
e.g., [198] for details.

Next we describe the NFFT for nonequispaced data in the frequency domain and
equispaced data in the space domain. We want to compute the values

hk) =Y fie*%, kelf, (7.15)
jely
with arbitrary nodes x; € T4, j e I},, and given data fieC je I,{,I. For this
purpose we introduce the 2 -periodic function
) =Y fi¢x+x))
jel),

with ¢ in (7.3). For the Fourier coefficients of g we obtain by (7.5) and (7.15) the
identity

_ 1 I ex
a@ =, / e Max =Y fiel*N (@)
(2m) [—7, 7]d jer!
M

=hK (@), keZl. (7.16)



382 7 Fast Fourier Transforms for Nonequispaced Data

Thus the unknown values h(k), k € [ 1‘(}, can be computed, if the values ck(@)
and ck(g) for k € I]‘f, are available. The Fourier coefficients (7.16) of g can be
approximated by using the trapezoidal rule

l i o
Ck(g) ( N)d Z Z f/ 0‘1\,) 2 k-1/( N)

lerd, jerl,

Similarly as above let ¢ be well-localized in the space domain, such that ¢ can be
approximated by its truncation ¥ = ¢|Q on Q = [ — 20”]\',”, 20”](,”]01. Hence the

27 -periodic function @ can be well approximated by the 27 -periodic function 1.
We summarize the proposed method and denote it as nonequispaced fast Fourier
transform transposed NFFT T,

Algorithm 7.3 (NFFTT)
Input: N € N, o > 1, m € N, x; e T for j ell,fke(CforkeIﬁ,.
Precomputation: (i) Compute the nonzero Fourier coefficients cx(¢) fork € 1 1‘\1]

(ii) Compute the values Vs (Xj - (27717\}) forl e IdN and j €

Iy M, where 1Ty () = {j € I}, : 1—=mlg < 3Vx; <

l~|—m1d}.

1. Compute

l), lel?y

é;l = Z f]

]E JNm(l)

2. Compute with the d-variate FFT

5k(g): ., Z g e2711kl/(<7N) K e Id.
(o N) e,

3. Compute h(k) := éx(§)/ck (@) fork € I,
Output: ft(k), k e II‘\",, approximating the values h(K) in (7.15).
Computational cost: O(N? log N + m¢M).

Remark 7.4 Setting fk = Ok—_m for arbitrary k € I]”\l, and fixed m € Iﬁ,, where &k
denotes the d-variate Kronecker symbol, we see that the two Algorithms 7.1 and 7.3
use the approximation

im-x (27[)(1 7 27l rim-l/(o
T ongm Z (=) e 717

UN



7.1 Nonequispaced Data Either in Space or Frequency Domain 383

In some cases it is helpful to describe the algorithms as matrix—vector products.
This representation shows the close relation between the Algorithms 7.1 and 7.3. In
order to write the sums (7.2) and (7.15) as matrix—vector products, we introduce the
vectors

A A d
fi= (fiers € cV, fi= (f)jery, € cM (7.18)
and the nonequispaced Fourier matrix

A= (€9)) 1 e € TN (7.19)
Then the evaluation of the sums (7.2) for j = —M/2,..., M /2 — 1 is equivalent
to the computation of the matrix—vector product A f. Thus a naive evaluation of A f
takes &' (N4 M) arithmetical operations.

For equispaced knots —27 j/N, j € 14, ¢t =1,...,d, the matrix A coincides
with classical d-variate Fourier matrix

L s d d
Fd = efzﬂlk:]/N . 4 € (CN XN ,
( )_],kEIN

and we can compute the matrix—vector product with the help of an FFT.
In the following we show that Algorithm 7.1 can be interpreted as an approximate
factorization of the matrix A in (7.19) into the product of structured matrices

BFY, \D. (7.20)

Each matrix corresponds to one step in Algorithm 7.1:

1. The diagonal matrix D € CV N i given by
D := diag (ck(qs)*l)kdz . (7.21)
2. The matrix F4 NN E CON* N is the d-variate, truncated Fourier matrix

d 1 (e2nik~l/(aN))

oN,N = (UN)d (722)

i |
leléN, kell‘\,

— ! 1
=Fyn®. .. ®Fyy.
- - -

d—times

which is the Kronecker product of d truncated Fourier matrices

1 eZnikl/(aN))

Flyyv= L
oN,N oN ( lel y.kely
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3. Finally, B € RM*@M i a sparse multilevel band matrix

2l

a O’N))jelj/l,lelgN ' (7.:23)

B:= (& (x;
It is now obvious that we compute the values % (K) in (7.15) by the matrix—vector
multiplication with the transposed matrix of A, i.e.,

(hKDyerg = AT () ey, -

To this end, we calculate the values A (k) in (7.15) approximately by transposing
the factorization (7.20), i.e.,

(h(k))kg;\f/ ~D' (FgN,N)T BT(fj)jeII},, :

A comparison with Algorithm 7.3 shows that this factorization describes the three
steps of Algorithm 7.3. We emphasize that Algorithms 7.1 and 7.3 compute only
approximate values. Therefore we will discuss the approximation errors in the
next section.

Remark 7.5 Let A € CM*N with M < N be a given rectangular matrix. For 1 <
s < N, the restricted isometry constant 8s of A is the smallest number §; € [0, 1),
for which

(1 =89 IxI3 < IAXI3 < (14 8) Ix]3

for all s-sparse vectors x € CV, i.e., x possesses exactly s nonzero components.
The matrix A is said to have the restricted isometry property, if &5 is small for s
reasonably large compared to M.

For a matrix A with restricted isometry property, the following important
recovery result was shown in [61, 117, 118]: Assume that §»; < 0.6246.Forx € CV,
let a noisy measurement vector y = A x + e be given, where e € CM is an error
vector with small norm ||e||2 < . Let x* € CV be the minimizer of

arg min ||z||; subjectto [[Az—y|2 <c¢.
2eCN

Then it holds

Og(X
) s()1+
S

Ix —x*|l2 <c e,

where ¢1 and ¢ are positive constants depending only on 8. In particular, if
x € CV is an s-sparse vector and if ¢ = 0, then the recovery in £; ((CN ) is exact,
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i.e., xX* = x. By 05(x); we denote the best s-term approximation of x € CV in
£1(CNY, ie.,

oy (x)1 = inf{lly — xll1 : y € CV |lyllo < s},

where ||y|lo denotes the number of nonzero components of y. For a proof of this
result see [118, p. 44]. Several algorithms for sparse recovery such as basis pursuit,
thresholding-based algorithm, and greedy algorithm are presented in [118, pp. 61—
73, 141-170].

An important example of a matrix with restricted isometry property is a
rectangular nonequispaced Fourier matrix

1

. ikx \M—1,N—1
A= \/M (el xl)j,k:O
where the points x;, j =0, ..., M — 1, are chosen independently and uniformly at

random from [0, 2x]. If for § € (0, 1),
M >c8 2s(nN)*,

then with probability at least 1 — N~V )’ the restricted isometry constant §; of
the nonequispaced Fourier matrix A satisfies §; < §, where ¢ > 0 is a universal
constant (see [118, p. 405]).

7.2 Approximation Errors for Special Window Functions

In contrast to the FFT, the NFFT and NFFT | are approximate algorithms. Hence the
relation between the exactness of the computed result and computational cost of the
algorithm is important. In this section we start with a general error estimate. Later
we consider the error estimates for special window functions. For simplicity, we
only consider the NFFT, since the NFFT T produces the same approximation error
by the corresponding approximate matrix factorization (7.20) of the nonequispaced
Fourier matrix (7.19).
We split the approximation error of Algorithm 7.1

E(xj) == [f(x)) —s(x))I (7.24)

into the aliasing error

Ea(x;) = | f(x;) — s1(x;)|
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and the truncation error

Ev(x;) = [s1(x;) — s(x;)],

such that we have E(x;) < E,(X;) + E(X;). The aliasing error, which is due to the
truncation in the frequency domain, can be written by using (7.1), (7.6), (7.8), (7.9),
and (7.10) in the form

Exp) =] ) Y &xckpone(@ e KTV

ke’éizv reZ4\{0}

A (kK + o Nr)|
=D DILED Dy

ke 1;6 reZ4\{0}

3(k
< It max Z otk +oND) (7.25)
L 0

The truncation error E¢(X;) is obtained by truncating ¢ in space domain. Using the
functions s1(x) and s(x) in (7.7) and (7.14), we obtain
7l ~ 2l
Exp) =] a6 ) b= ) (7.26)

leld ),

Applying the relation (7.6), the evaluation of gx in (7.10) and the identity

gl = (aN)d Zl:d(p(k) Q2mikl/(@N) (7.27)
we obtain
580 = | 2 35 gt 0= 0 =50~ )
and further
B = (| Z S (- T - - ) ey

I lel?,

Il ~ o 2L ko)
= @GN g |¢(k>| | Z (#(x; azv) - )e B
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Now we simplify the sum over l. Using the functions in (7.3), (7.12), and (7.13), we
deduce

GX) =P = Y (p(x+27r) — g(x +271) X0 (X +271)) .

rezd

with Q = [— 2;’131 , 2;’131 ]d. For the sum occurring in the estimate of E¢(x;) in (7.26)
we obtain

- 2rl ~ 2rl i~
| Z (‘P(Xj _ oN) — P (xj - o'N)> ekal/(aN)|
lel
2rl
=|> Z((p(xj— + 27r)
oN
leld, rezd
gl 2 xoly — 4 2e)) SRV
2nr 2nr 2nr i
< |20 (ol + ) —elx+ ) xolx 4+ ) ) @REON)

reZd

_ L, 2T onikr/oN)
= | Z o(x;j + aN) e |

2 2
lIxj+ N loo> 0N

and finally conclude for the truncation error in (7.26) the inequality

[i{N 1 2T\ k)N
Ei(x;) < max o(x; + eZrikr/(@N)
ST (0N ke 19(K)] | 2 (it oy |
Y I+ 53 loo> T
[i{N 1 2mr
< max p(x; + . (7.28)
O@N) ket 9] Z 2,,m| (it o)l

ij‘i‘UN [loo> oN

Usually one uses a special d-variate window function, which is the tensor product
of a univariate window function ¢ : R — R. For simplicity, the tensor product

d
o) =[Jex), x=@), eR?

=1

is denoted again by ¢. For the Fourier transform of this d-variate window function
we obtain

d
o) =[Jotkn, k=i, ez
t=1
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Similarly, we introduce the d-variate truncated window function i : RY - R
as tensor product of the univariate truncated window function ¢ : R — R. Clearly,
the Fourier coefficients of the d-variate, 2 -periodic function (7.3) are products of
the Fourier coefficients of the univariate, 27 -periodic function ¢.

In the following we restrict ourselves to the univariate case and study the
approximation errors occurring in the NFFT algorithms for special univariate
window functions more closely. For the multivariate case we refer to [93, 101].
We remark further that error estimates in the norm of L, (T) were discussed in
[177,251].

To keep the aliasing error and the truncation error small, several window
functions with good localizations in time and frequency domain can be applied.
We start with window functions which are formed by centered B-splines.

Let M1 : R — R be the characteristic function of the interval [—1/2, 1/2). For
m € N let

1/2
Mipt1(x) = (M x M1)(x) = My(x —1)dr, xeR,
2

be the centered cardinal B-spline of order m + 1. Note that M> is the centered hat
function and that

m&nﬂ%w—@,xew

is the cardinal B-spline of order m. As in [32, 338], we consider the (dilated)
centered cardinal B-spline of order 2m as window function

oN
@(x) = Mo ( . x), xe€R, (7.29)

where o > 1 is the oversampling factor and 2m <« o N. The window function ¢ has
the compact support

2mnm  2mm

oN’ GN]C[_W’ n]'

supp ¢ = [ —
We compute the Fourier transform

. N .
w@=/mmrwmszM€ x)e 9% dy
R R 2

2 .
T f Moy, (1) e~ 2Ti@1/@N) gp
oN Jr
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By Example 2.16, the convolution property Mo, (t) = (M7 * My % ... x M1)(t) of
the Fourier transform yields

’ 2 w2
d(w) = 0 (/ e~ 2miwt/(oN) dl‘) _ 0 (sinc w7 )2m
oN 1/2 oN oN
with the sinc function sincx := Sizx for x € R\ {0} and sincO := 1.

Note that ¢(k) > 0 for all k € I 1{, Since ¢(x) in (7.29) is supported on
[-27m/(oN), 2mrm /(o N)], we have y = ¢. For arbitrary knots x; € T, j € 1b,
and each data vector f = ( fk) reyl» We obtain by (7.25) the approximation error

N

Z |@(k + o Nr)]|

E(x)) = Ea(x)) < [[fll; max . (7.30)
S kel Sty 1900
with
o (k N k
P +oNnI_ y 731
6] k+oNr

Lemma 7.6 (See [338]) Assume that o > 1 and 2m < o N. Then for the window
function ¢ in (7.29) with & = ¢, the approximation error of the NFFT can be
estimated by

4 .
E(xj) < (20 — I, (7.32)

1)2m

where xj € [-m, ), j € Il are arbitrary knots and f € CVN isan arbitrary data
vector.

Proof By (7.30) and (7.31) we conclude that

k/(eN) |2
By = Il max 30 (O g (7.33)
kel), r eI 0) r+k/(oN)
Setting u = U’j\, fork € II{,, we have |u| < 217 < 1. Now we show that
4
ot yr< . (7.34)
u+r (20 — 1)2m

reZ\{0}

ForO<u < 21
g

Z ( j—r)zm:(uil)zm—i_ u~|—1 +Z[u—r (uj—r)zm]'

reZ\{0} u r=2

< 1 we have
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)2m < (ufr)zm and hence

By u +r > |u — r| for r € N it follows that (uir

Z (uir)zm 52(uﬁ1)2m~|_2i_o:(uzr)zm

reZ\{0}
0
)2m+2/ ( u )2m dx
1

u—x

52(u—l

U \2m 1—u U \2m
<2(,_ )70, ) =4 )T

Since the function (ufl )2m increases in [0, 217 ], the above sum has the upper bound

(2aj1)2m for each m € N. In the case —1 < —210 < u < 0, we replace u by —u

and obtain the same upper bound. Now, the estimate (7.32) follows from (7.33)
and (7.34).

Next we consider the (dilated) Gaussian function [93, 95, 338]

1 oN 2
o(x) = e (b xeR, (7.35)
b
with the parameter b := (2(%‘1”11) » Which determines the localization of ¢ (x) in (7.35)

in time and frequency domain. As shown in Example 2.6, the Fourier transform
of (7.35) reads

27[ e_(;T;tv))Zb .

oN (7.36)

P() =

Lemma 7.7 (See [338]) Assume that 0 > 1 and 2m < oN. Then for the

Gaussian function in (7.35) and the truncated function ¥ = ¢|[— 20”1\",1, 20”;,"], the

approximation error of the NFFT can be estimated by
E(x;) <4e 7 (=1/Qo=D) iy, (1.37)

where xj € [—m, ), j € I}, is an arbitrary knot and £ € CV is an arbitrary data
vector.

Proof

1. Fora > 0 and ¢ > 0 we have

o 2 o0 2 2 [, 1 2
/ e " dx :/ e—c(x+a) dx < e ca / e2aex 4y — e—ca ,
a

0 0 2ac
(7.38)

2
where we have used thate™* < 1.
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2. Using (7.25) and (7.36), we estimate the aliasing error

Ea(xj) < Iflh max Z b7 H2Ur /(O N))
kely reZ\(0)

Since e* + e™* is monotonously increasing on [0, N /2], it follows that

00
f —br?(r’— 202
Ea(.x/') = ”f”l Z(e br=(r==r/o) +e b= (r +r/o-))
r=1

< ||f||1 efbnz(lfl/a) (1 + ef2bn2/a)

o]

+ 18l eb(1/(20))? Z (efbnz(rfl/(2a))2 + efbnz(r+1/(2a))2)
r=2

—br?(1-1/0) ( —2hn2/0)

<|file 1+e

P11, Ab(T/(20))? © —br?(x—1/(20))? —br?(x+1/(20))?
+ Ifll1 e (e +e )dx.
1

By (7.38) we obtain

br/@o)? [ bl (—1/Q0))
e(n/(a))/ b2 (=1/Q0) 4
1

b(r/(20))* * —br2y? b(r/(20))> 1 —br2(1-1/(20))?
= ¢ / e )’dy:e /o ze b4 /2o
1-1/Q20) 2(1 = 1/Qo))br
— eszr2(lfl/a) o
20 — b2

and analogously

b/ [ b 41/20))? br2 (141 o
b/ a))/ e b2 H1/Q0)2 gy — o b 2(141/0) .
. (20 + 1)br2

Thus we conclude

Eo(x) < Bl e—bm2(1=1/0) (1 “
a(xj) < Ifllie + (20 — 1) br?
_I_e_Zb‘T[Z/G (1 + o )) A (739)
(20 + 1) br?
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3. Applying (7.28), (7.36), and (7.38), we estimate the truncation error

A 1 b(n/(2<7))2 27‘[}’
Edxj) < Iflh e > el )l
oW 1> TN
| | oN 2
S ”f”l eb(?‘[/(zﬂ)) e*( 2 )Cj+r) /b
2 \/7'[[9 Z

|(§71¥ Xj+r|>m
1 2 2 1 ad 2
< |If)y &P /e et
2 Vb
g=m
o
< ||f||1 1 ehnz/(za)2 (e—mZ/b_l_/ e—x2/h dx)
23/br3 m
b

A 1
< IIflh G (14
m

2Vbr3

).

Since the localization parameter b of the Gaussian function ¢(x) in (7.35) is

chosen as b = (22"_"11)”, we conclude that

2 2
L m LY a(@=1DP=1\ (1
b <n2b2_ <2o~)2>‘ b ( (20)2 )‘ br (1 a)

and hence

(14 . 7 )ebrt0-i/o) (7.40)

Ei(xj) < Iiflh o —1)x

Vb3

Using (7.39) and (7.40), the approximation error can be estimated by
E(x)) < Ea(x)) + Ex(xj) < de™" 771Dy

since b2 (1 — 1/0) = mm (1 — 1/20 — 1)).

Further special window functions are the (dilated) power of the sinc function
(2801,

Nrm 2o —1 NxQo —1
piry = N7 (G MY = Dy g (7.41)
m m
with the Fourier transform
S(w) = M ( 2mw ) cR
w) = ) w )
¢ Yo — )N
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and the (dilated) Kaiser—Bessel function [120, 176],

sinh (by/m? — (5 2x2)

el <
ox) = \/mz — gV )22 (7.42)
b sinc (b\/(gg)ZxZ —m?) x| =

withb ;=7 (2 — ;). The corresponding Fourier transform is given by

. N lo(my/b? — @rw/(6N)?) ol <oN( = 1),
@ =17 7

otherwise ,
where Iy denotes the modified zero-order Bessel function. For these window
functions ¢ the approximation error of NFFT can be estimated as follows:

Theorem 7.8 Assume that o > 1 and 2m < o N. Then for the window functions ¢
in (7.29), (7.35), (7.41), or (7.42) with the corresponding truncated window function
v =9|[— 20"]\',”, 20”]\'/” 1, the approximation error of the NFFT can be estimated by

E(xj) =< C(o,m) |If]1, (7.43)

where xj € [-m, ), j € Il are arbitrary knots and f e CN is an arbitrary data
vector. The constant C (o, m) reads as follows:

2.
(2001)™" for (7.29),
4emmm=1/Go=D) for (7.35),
Clom):=1 | (, 2m
m—1 (sz +(5071) ) for (7.41),

5n2m3/2€/ 1= Le2mmyI=1/o for (7.42).

Proof For the window functions (7.29) and (7.35), the approximation errors are
estimated in Lemmas 7.6 and 7.7. For an estimate of the approximation error related
to (7.41) and (7.42), we refer to [280].

Thus, for a fixed oversampling factor o > 1, the approximation error of the NFFT
decays exponentially with the number m of summands in (7.14). On the other
hand, the computational cost of the NFFT increases with m. Beylkin [32, 33] used
B-splines, whereas Dutt and Rokhlin [95] applied Gaussian functions as window
functions. Further approaches are based on scaling vectors [253], on minimizing the
Frobenius norm of certain error matrices [256] or on min—max interpolation [110].
Employing the results in [110, 256] we prefer to apply the Algorithms 7.1 and 7.3
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with Kaiser—Bessel functions or, by interchanging the time and frequency domain,
with the Bessel window [120, 251, 252] which is defined by

N 2.
I [V G R
0

2mm

x| > on

with b := (20 — 1) . The Fourier transform of the Bessel window is given by

sinh (my/b? — 4m2w?/(02N?))

N 2w |w| < oNb ,
Plw)= Vb2 — 4w2w?/(02N?) 2 (7.44)
m sinc(my/4720? /(02N?) = b2)  |o] = .

Further we remark that in some applications a relatively small oversampling factor
o > loreven o = 1 can be used, see [251, 252]. These papers contain error
estimates related to the root mean square error as well as algorithms for tuning the
involved parameter.

7.3 Nonequispaced Data in Space and Frequency Domain

The algorithms in Sect.7.1 are methods for nonequispaced knots in the
space/frequency domain and equispaced knots in the frequency/space domain.
Now we generalize these methods to nonequispaced knots in space as well as in
frequency domain. Introducing the exponential sum f : [—m, 714 — C by

fl@y= Y fie™  @el-m, ],

kel 1{,11
we derive an algorithm for the fast evaluation of

flop =Y fie™we jel,, (7.45)

1
keIM1

where x; € [0, 27]¢ and wj € [~m, n]d are nonequispaced knots and f; € C are
given coefficients. Here N € N with N >> 1 is called the nonharmonic bandwidth.
We denote methods for the fast evaluation of the sums (7.45) as NNFFT. These
algorithms were introduced for the first time in [101, 102], see also [294]. The
algorithms are also called nonuniform FFT of type 3, see [224]. We will see that
the NNFFT is a combination of Algorithms 7.1 and 7.3.
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Let ¢ € Lo(RY) N Li(RY) be a sufficiently smooth function, and recall that its
Fourier transform is given by

$1(w) = / P1(x)e 19X dx.
Rd

Assume that ¢ (w) # 0 forall @ € N [—m, 714. For the function

GX) = Y fipix—x1), xeR’,

1
kel M,
we obtain the Fourier transformed function

G =Y fe™ g, wek,

1
kel M
and hence the relation

G(Nw))

@) = ¢1(Nwj)’

jely,.
Using this representation, for given ¢; we have to compute the function G at the
nodes Nwj, j € 11{/12'

For a given oversampling factor o1 > 1, let N1 := o1 N. Further let m; € N with
2mj < N be given and choose the parametera = 1 + 2m/Nj. Now,

Gw) = ) fi / grx—x) e dx
keII},Il R

can be rewritten using a 2w a-periodization of ¢1. We obtain

G(w) = Z f / Z @1(X + 2ar — xg) e XTI @ gy (7.46)

d
al-m, 7
kel), [ I reza
1

We discretize this integral by the rectangular rule and find the approximation

¢ 2 t i (2wt .
G ~ i@ =N Y fi 3 Z‘Pl(]\j;l +2mar —x)e (M T

1 d d
keIMl teIaNl reZ

(7.47)



396 7 Fast Fourier Transforms for Nonequispaced Data

Similarly as in Sect. 7.1, we assume that ¢; is localized in space domain and can be

replaced by a compactly supported function ¥ with suppy; C [— 2’]’\,'1'” , 2”’”1 14.

Then, the inner sum in (7.47) contains nonzero terms only for r = 0. We change the
order of summations and find

S1(@) & $H(@) == N, * Z ( Z fe 1/,1( _ Xk)) o 2mit@/ Ny
teI‘;"N1 keIl

After computing the inner sum over k € I , we evaluate the outer sum very
efficiently with the help of Algorithm 7.1. The related window function and
parameters are written with the subscript 2. We summarize this approach:

Algorithm 7.9 (NNFFT)
Input: N € N, o1 > 1,00 > 1, N| := 0N, a _1+2m' N> :=o100a N,
x; € [0, 2719, fi € Cfork € IMI, j € -, 7'[] forj e 11%,12.

Precomputation: (i) Compute the nonzero Fourier transforms ¢1(N1wj) for j €
Ly,
(ii) Compute lﬁ1(2N”lt —xy) fork € I}
where
N =tk e Ly - t—milg < Mxe < t+milg).
(iii) Compute the nonzero Fourier transforms @a(t) forte ale
(iv) Compute Y (@; — %V”zl)forj € 11},12 and1 € In, m,(@)).

t) and t € aN1 (Xx),

1,my

1. Calculate

Fity:= Y fklm —Xk)s telgy, .

T
keIN1 m

2. Determine gt := F(t)/@a(t) fort € IjN
3. Compute

g = N4 Z gre it e g

d
tel; M

using a d-variate FFT.
4. Compute

_ 2l .
s(wj) = Nld Z g]I/fz(a)j— N» ), j 6]1%42.

lEIszm2 (wj)

5. Compute S(w;) := s(@,)/¢1(N1@)), j € I},
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Output: S(w;) approximate value of f(w;), j € Il%/l'

Computational cost: O ((o102 aN)d log(o1ooaN) +mi My + maMy) =
O(N?log N + M + M>).

We estimate the approximation error of Algorithm 7.9 by
Ew)) =|f(wj) — Sw)| < Ex(®;) + Ex(w;) + Ep(®;) ,
S1(w;)

P1(N1wj)
) |, and the propagated error Ep(@;) = |

with the aliasing error E(@;) := | f(@0;)—
|Sl(wj)—52(wj S(@j)—s(w))

P1(@)) P1(N1wj)
error E,(®@;) is the product of the approximation error of Algorithm 7.1 and
|¢1(N 1@ j)|’1. The truncation error E¢(w;) behaves as the truncation error in
Algorithm 7.1. The error E,(w;) is due to the discretization of the integral (7.46)
and can be estimated by the aliasing formula, see [102] for details.

|, the truncation error Ey(w;) :=

|. The propagated

7.4 Nonequispaced Fast Trigonometric Transforms

In this section we present fast algorithms for the discrete trigonometric transforms,
see Sects. 3.5 and 6.3, at arbitrary nodes. We investigate methods for the nonequis-
paced fast cosine transform (NFCT) as well as methods for the nonequispaced fast
sine transform (NFST). In [279], three different methods for the NDCT have been
compared, where the most efficient procedure is based on an approximation of the
sums by translates of a window function. We restrict ourselves to the univariate case.
The generalization to the multivariate case follows similarly as for the NFFT. All
presented algorithms (also in the multivariate case) are part of the software [199].

First we develop a method for the fast evaluation of the even, 2m-periodic
function

N—1
Fe) = ff costkx), x eR, (7.48)

k=0
at the nonequidistant nodes x; € [0, 7], j =0,..., M — 1, and with arbitrary real
coefficients fkc, k=0,..., N — 1. This evaluation can be written as matrix—vector

product A f with the nonequispaced cosine matrix

A= (cos(kxj))ﬁ/’lk;lef1 e RM*N (7.49)

and the vector f = ( fAk°) ,1{\’:701. A fast algorithm for the nonequispaced discrete cosine
transform (NDCT) can be deduced from the NFFT, see Algorithm 7.1.
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Let an oversampling factor 0 > 1 with oN € N be given. As in (7.3)
we introduce the 27 -periodization ¢ of an even, well-localized window function
¢ € Ly(R) N L1(R). Assume that ¢ has a uniformly convergent Fourier series.

Our goal is now to evaluate the coefficients g, € R, £ = 0, ..., 0N, in the linear
combination
oN Tl
= D(x — , eR, 7.50
s1(x) ;_Ogefp(x aN) X (7.50)

such that s is an approximation of f€. To this end, we rewrite the function f¢
in (7.48) as a sum of exponentials,

N—1
Fex) = fx) = Z feet®™ x eR, (7.51)
k=—N

with fo = f§, fon = 0,and f = fop = JfSfork = 1,...,N — 1. We
immediately obtain the identity f(x) = f(x),if f¢ =2 (en(k))? fi. Since @ is an
even 2w -periodic function, we obtain for the Fourier coefficients cx (@) = c_x (@)
and with (7.10) also &x = g_x. We take into account the symmetry in step 2 of the
NFFT Algorithm 7.1 and compute the coefficients g in (7.50) by

oN

1 2 2
ge=Re(g) = ; (eon (k)" gk cos ™

ke
, £=0,...,0N.

Here we use the notation as in Lemma 3.46 with ey (0) = ex(N) = \/2/2 and
en(j):=1forj=1,..., N — 1. We observe that gy = gosNr—¢, ¥ € Z, i.€., OnE
can compute the coefficients gy in (7.50) with the help of a DCT-I of lengtho N + 1,
see (3.59) and Sect. 6.3. We proceed similarly as in Sect. 7.1 and approximate s; by

[20 Nx|+m .y
s(x) := Z gv(x— "), xeR. (7.52)
oN
{=|20Nx|—m

For a fixed node x; € [0, 7], the sum (7.52) contains at most 2m + 2 nonzero
summands. Hence we approximate the sum (7.48) at the nodes x, j =0, ..., M —
1, due to

J(x) = s1(x) & 5(x)
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by evaluation of s(x;), j = 0,..., M — 1. In summary we obtain the following
algorithm:

Algorithm 7.10 (NFCT)

Input: N M eN,o >1,meN x; €[0,7] forj=0,...,M -1,
fEeR fork=0,...,N — 1.
Precomputation: (i) Compute the nonzero Fourier coefficients ci(¢) for all k =
0,...,N—1
(ii) Compute the values &(xj — (ff,)forj =0,....,M —1and
L e IaN,m(xj)-

1. Set
Fc
. sz . k=0,...,N—1,
8k =\ 2(eon (k)" ck (@)
0 k=N,...,oN.
2. Compute
1 N 2 A kil
o= kz_;)(saN(k)) grcos £=0,...,0N,

using a fast algorithm of DCT-1(c N + 1), see Algorithm 6.28 or 6.35.
3. Compute

[20 NxjT+m

~ wl .
s(xj) = Z gelﬁ(xj—GN), ji=0,...,M—1.
{=|20Nx;j|—m

Output: s(xj), j =0,..., M — 1, approximate values of f°(x;) in (7.48).
Computational cost: O(N log N + mM).

In the following we deduce a fast algorithm for the transposed problem, i.e., for
the fast evaluation of

M—1
h(k):= Y hj cos(kx;), k=0,....N—1, (7.53)
j=0

with nonequispaced nodes x; € [0, ]. To this end, we write the Algorithm 7.10
in matrix—vector form, since the evaluation of the sum (7.48) at the nodes x; is
equivalent to a matrix—vector multiplication with the transposed matrix AT of the
nonequispaced cosine matrix (7.49). By Algorithm 7.10, A can be approximated
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by the matrix product B Cff N+1, ¢ D, Where each matrix corresponds to one step of

Algorithm 7.10:

1. The diagonal matrix D € RV*¥ is given by

\N—1
D := diag ((2(801\/(/6))2 (@) 1)

k=0
2. The matrix CIG Nil.t € RON*N is a truncated cosine matrix of type I (in a non-
orthogonal form)

(€0 (K))> nkz>“N1’N‘
COS .

Clng ~—<
oN+1,t *—
oN oN /i k=0

M—1,0N—1

3. The sparse matrix B = (bj.¢); € RM*9N has the entries

) {&(xj—gf,) ¢e{[20Nx;] —m,...,[20Nx;] +m},
=

0 otherwise

and possesses at most 2m + 1 nonzero entries per row. The approximate
factorization of A allows to derive an algorithm for the fast evaluation of (7.53),
since

g:= (h(k),Zy = AT (!

M-1

~D' (CéN+1,t)T BT (hj)j=o .

We immediately obtain the following algorithm:

Algorithm 7.11 (NFCTT)
Input: N e N, o >1,meN, x; €[0,n] forj=0,...,.M -1,
hjeR forj=0,...,.M— 1.

Precomputation: (i) Compute the nonzero Fourier coefficients cr(¢) for k =
0,...,N—1.
(ii) Compute the values 1/7()6/ - gf/) for £ € I;N and j €
Iy ©), where 17y () == {j € {0,....M =1} : £ —m <
”;V xj < L+m}.

1. Set g := BT h by computing

for{=0...,0N
ge:=0
end
forj=0,...,M -1
forl{=|oNx;j| —m,...,[oNx;]+m
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goi=gr+hjvxj— )

end
end.
2. Compute
. 1 ke
fo= ;}(sajv(ﬁ))zgg cos’ o k=0 N-1.

using a fast algorithm of DCT-I(c N + 1), see Algorithm 6.28 or 6.35.
3. Compute h(k) := gx/2(eon (k)2 ck (@) fork =0,1,..., N — 1.

Output: hk), k=0,...,N—1, approximate values for h(k) in (7.53).
Computational cost: O(N log N + mM).

Now we modify the NFFT in order to derive a fast algorithm for the evaluation
of the odd, 27 -periodic trigonometric polynomial

N—-1
i) =) fisintkx), xeR, (7.54)
k=1

at nonequispaced nodes x; € (0, 7). To this end, we rewrite f* in (7.54) as a sum
of exponentials and obtain

N—-1 N—-1
iff(x) = f(x) = Z fr e® =i Z 2 fi sin(kx), xeR
k=—N k=1

with fo = foy = Oand fx = —f = JfS fork = 1,..., N — L. Similarly
as before, we approximate f(x) by a function s1(x) as in (7.50) and obtain for the
coefficients g; for£ =1,...,0N — 1

i oN—1 1 oN—1 Tkt
—igr=_ o T k/(ON) — 3 sin . 7.55
8=, N Z 8k oN Z gksin (7.55)
k=—oN k=1
and particularly go = gon = 0. Moreover, we observe that gosn,—¢ = —g¢ for all

r € Z. Finally we compute the sum

[20 Nxj1+m ,
. . ~ Y
is(x;) = Z ige(xj — GN) (7.56)
{=[20Nx;]—m

similarly as in (7.52) and obtain the approximate values of f%(x;) =i f(x;) =~
is(x;),j=0,....,.M—1.
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We summarize algorithm for the fast evaluation of the nonequispaced discrete
sine transform:

Algorithm 7.12 (NFST)

Input: NeN,o>1,meN x;e€0,n) forj=0,...,M—1,
fEeR fork=1,...,N - 1.
Precomputation: (i) Compute the nonzero Fourier coefficients ci(¢) for all k =
0,...,N—1 ;
(ii) Compute the values W(xj — (ff,)forj =0,....,M —1and
Celly, (x)).

1. Set
£
A ~ k=1,...,N—1,
gk ==\ 2ck(@)
0 k=0andk=N,...,oN.
2. Compute
1 &, ke
g = oN kz_:l 8k sin N’ £=1,...,0N —1
using a fast algorithm of DST-1(c N — 1), see Table 6.1 and Remark 6.40, and
set go := 0.
3. Compute
[20 NxjT+m
~ l .
s(xj) = Z gelﬁ(xj—GN), i=0,....M—1.
{=|20Nx;j|—m

Output: s(xj), j =0,..., M — 1, approximate values of f*(x;) in (7.54).
Computational cost: O (N log N + mM).

An algorithm for the fast evaluation of the values

M—1
hk) =Y hysin(kx;), (7.57)
j=0

follows immediately by transposing the matrix—vector product as described in the
case of NFCT. Note that these algorithms can also be generalized to the multivariate
case. The corresponding algorithms are part of the software in [199].
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Remark 7.13 Instead of (7.49) we consider the rectangular nonequispaced cosine
matrix

V2 cosxo cos(2xg) ... cos(N — l)xg
V2 cosxi cos(2xy) ... cos(N — 1)x
C = 1 V2 cosxa  cos(2x2) ... cos(N — D)xa € RM*N
NI I ) ) :
V2 cosxpr—1 cos(2xp—1) ...cos(N — Dxpy—1
where x; € [0, ], £ = 0,..., M — 1, are independent identically distributed

random variables. Assume that ] <s < Nand0 < § < 1. If
M >2c¢82s(ns) logN ,

then with probability at least 1 — N~V (s )3, the restricted isometry constant 55 of
C satisfies §; < §, where ¢ and y are positive constants. Then the nonequispaced
cosine matrix C has the restricted isometry property, i.e., for all s-sparse vectors
x € RY with s nonzero components it holds

(1—38,) IxI3 < ICxII5 < (1 + &) IIx13 -

This remarkable result is a special case of a more general issue in [308, Theorem 4.3]
for the polynomial set (W2, Ti(x), ..., Ty—1(x)} which is an orthonormal system
in Ly (1) by Theorem 6.3.

7.5 Fast Summation at Nonequispaced Knots

Let K be an even, real univariate function which is infinitely differentiable at least
in R\ {0}. We form the radially symmetric, d-variate function

H(x):=K(Ixl2), xeR\{0},

where | - |2 denotes the Euclidean norm in R4, If K or its derivatives have
singularities at zero, then % is called singular kernel function. If K is infinitely
differentiable at zero as well, then .# is defined on R and is called nonsingular
kernel function. For given o € C and for distinct points X € Rik=1,....M 1
we consider the d-variate function

M, M,
f =) o Ay —x) =) o K(lly —xell2). (7.58)
k=1 k=1
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In this section, we develop algorithms for the fast computation of the sums

M,
fON =) A (yj—x). j=1....M, (7.59)
k=1

for given knots y; € R¥. In the case of a singular kernel function %", we assume
that x; # y; for all pairs of indices.

Example 7.14 If K (x) is equal to In |x|, |i|, or |x|? In|x| for x € R\ {0}, then we

obtain known singular kernel functions. For arbitrary x € R¢ \ {0}, the singularity
function of the d-variate Laplacian reads as follows:

Infxl, d=2,
Ix|2 4 d=>3,

%(X):{

This singular kernel function appears in particle simulation [147, 272].
The thin-plate spline [90]

(%) = |x]5 In[x|l2, xeR\{0},

is often used for the scattered data approximation of surfaces.

For K (x) = +/x2 + ¢2 with some ¢ > 0, the corresponding kernel function %
is the multiquadrix. For K (x) = (x2 4 ¢2)~1/2 with some ¢ > 0, the corresponding
kernel function JZ is the inverse multiquadrix. In all these cases we obtain singular
kernel functions.

For fixed § > 0, a frequently used nonsingular kernel function

H(x)=e? I3 ., xeR?,

which arises in the context of diffusion [148], image processing [103], fluid
dynamics, and finance [48], is generated by the Gaussian function K (x) = e~ x2

For equispaced knots x; and y;, (7.59) is simply a discrete convolution and its
fast computation can be mainly realized by fast Fourier methods exploiting the basic

property

el y—x) — elYe—ix

Following these lines, we propose to compute the convolution at nonequispaced
knots (7.59) by fast Fourier transforms at nonequispaced knots, i.e., NFFT and
NFFTT, as presented in Sect.7.1. For a nonsingular kernel function %, for
example, the Gaussian kernel function, our fast summation algorithm requires
O (M| + M) arithmetic operations for arbitrary distributed points x; and y;. For
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a singular kernel function ", we have to introduce an additional regularization
procedure and a so-called near field correction. If either the knots x; or y; are
“sufficiently uniformly distributed,” a notation which we will clarify later, then
our algorithm requires (M) + M3) log(Mll/d)) or O((M; + M) log(le/d))
arithmetic operations, where the big & constant depends on the desired accuracy
of the computation.

As seen in Example 7.14, the kernel function % is in general a nonperiodic
function, while the use of Fourier methods requires to replace .# by a periodic
version. Without loss of generality we assume that the knots satisfy ||xx |2 < g — 553 ,
lly;ll2 < g—gf,andconsequently lly; —Xkll2 < w—eg. The parameter eg € (0, ),
which we will specify later, guarantees that K has to be evaluated only at points in
the interval [—m + ¢, T — eB].

First we regularize K near zero and near the points + to obtain a 27 -periodic
sufficiently smooth function Kr. For this purpose we set

Ti(x) x| < er,
Kr(x) :={ K(x) g < |x|<m—eB, (7.60)

Ig(lx]) m—ep<|x|=m,

where 0 < 1 < m — ep < . Then we extend this function 27 -periodically on R.
The functions 71, Tg € 5,1 will be chosen such that the 27 -periodic extension of
KR is contained in C"~!(T) for an appropriate parameter » € N. This regularization
of K is possible by using algebraic polynomials, but also by applying splines or
trigonometric polynomials. Here we determine polynomials 71 and 73 € 2,1
by two-point Taylor interpolation. Applying Lemma 9.35, the two-point Taylor
interpolation polynomial 77 is determined by the interpolation conditions

L (—en) = KV (=) = (=1 KV (en).
TV = KDy, j=0.....r—1.

Note that 77 is an even polynomial of degree 2r —2. Analogously, we choose the two-
point Taylor interpolation polynomial T € £?,,_1 with the interpolation conditions

T (r —ep) = KD —ep), T m)=8;K(m), j=0,....r—1,
(7.61)

where §; denotes the Kronecker symbol. Thus the 25 -periodic extension of (7.60)
is contained in C"~1(T).
Forx € [—m, 71]‘1, we introduce the function

Kr(lx]l2) X2 <7,

HRE) = {TB(n) Ixlz > =

and extend this function 27 -periodically on R¥.
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Next we approximate the sufficiently smooth, 27 -periodic function J#r by a
partial sum of its Fourier series, where the Fourier coefficients are computed by
a simple quadrature rule, that means for sufficiently large, even n € N we form

JRE(X) 1= Z brell™, (7.62)

lerd

where I,‘f denotes the index set [-7, § — 114 N 74 and where

1 27§\ _oriid d
by = § R mijl/n e 4. 7.63
1 nd = R( n )e n ( )

Then our original kernel function .% splits into
H = (X —IHR) + (R — HRF) + JRF = JNE + HER + JRE,  (7.64)
where JNg := J# — JR and JER 1= JR — JRE. Since R is sufficiently smooth,

its Fourier approximation J#gp generates only a small error JZgr. We neglect this
error and approximate f by

fx) = fe®) + frr(®), x e RI\ {0},

with the near field sum

M,
NEX) =) o HRB(X — X) (7.65)
k=1
and the far field sum
M,
fRE(X) =) ok HRR(X — X) . (7.66)
k=1
Instead of f(y;), j = 1,..., M2, we evaluate the approximate values f(y i) If

either the points x; or the points y; are “sufficiently uniformly distributed,” this can
indeed be done in a fast way as follows.

* Near field computation of (7.65):

By definition (7.60), the function £\ restricted on [—, n]d has only values
with sufficiently large magnitudes in the ball of radius ¢ around the origin and
near the sphere {x € R? : |x|| = 7). The second set is not of interest, since
Xk —yjll2 < m — &g by assumption. To achieve the desired computational cost
of our algorithm, we suppose that either the M points X, or the M> pointsy; are
sufficiently uniformly distributed, i.e., there exists a small constant v € N such
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that every ball of radius ¢1 contains at most v of the points x; and of the points

Yy, respectively. This implies that 1 depends linearly on M, Vd o M, V4 In the
following, we restrict our attention to the case
v
ey~ 4 . 7.67
1 \/ M (7.67)

Then the sum (7.65) contains for fixed y; not more than v summands and its
evaluation at M3 knots requires only &'(v M>) arithmetic operations.
e Far field summation of (7.66) by NFFTT and NFFT:
Substituting (7.62) for J#RF, we obtain

M M,
Re(Y) =Y ap Y byt Vi = Zbl(zak e_il'xk) el
k=1

k=1 lerd lerd

The expression in the inner brackets can be computed by a d-variate NFFT T of
size n x ... x n. This is followed by n multiplications with by and completed by
a d-variate NFFT of size n x ... x n to compute the outer sum with the complex
exponentials. If m is the cutoff parameter and p = 2 the oversampling factor of
the NFFTT or NFFT, then the proposed evaluation of the values frr(y i) J =
1,..., M, requires &(m“ (M + M>) + (pn)? log(pn)) arithmetic operations.
The relation between M1, M>, and n is determined by the approximation error of
the algorithm and is investigated in detail in [281, 296].

In summary we obtain the following algorithm for fast summation of nonequis-
paced knots for a singular kernel function:

Algorithm 7.15 (Fast Summation with Singular Kernel Function)
Input: o, € Cfork=1,..., My,
xc € RY fork = 1,..., My with |[x¢ll2 < 5 (7 — eB),
v eR for j=1,..., My with |y;ll» < } (x — ep).
Precomputation: Compute the polynomials Ty and Tg by Lemma 9.35.
Compute (bl)lel,;i by (7.63) and (7.60).

Compute FNg(yj —Xi) for j = 1,..., My and k € INF(j),
where INF(j) :={k € {1,.... M1} : |ly; —x¢l2 < ex}.

1. Foreachl e I,fl compute

M,
a .= Z(xk e i
k=1

using the d-variate NFFT " of size n x ... x n, see Algorithm 7.3.
2. Foreachl € I,fl compute the products dy := ay by.
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3. For j = 1,..., My compute the far field sums
fre(y)) = die'"Yi
leld

using the d-variate NFFT of sizen x ... x n, see Algorithm 7.1.
4. For j =1, ..., My compute the near field sums

MNE(Y;) == Z o ANE(Yj — Xk) -

keINE(j)
5. For j =1, ..., My compute the near field corrections
F)) = fRe(y)) + fRe(Y,)

Output: f(yj), J =1,..., M, approximate values of f(y;).
Computational cost: ﬁ(nd logn + m? (M + Mg)).

Remark 7.16 Algorithm 7.15 can be written in matrix—vector notation as follows.
Introducing the kernel matrix

My, M
K= (J#(y; —x0)); _; € R

and the coefficient vector ¢ := (ak),i‘ﬁl e CM1, Algorithm 7.15 reads in matrix—

vector notation
~ T
Ka ~ (AQD%AI +KNE)a ,
where

 (allx T
A= (e k)k:1 ’’’’’ M1 teld D, := diag (b)eqa

Ay = (e“.y])j=1,m,M2,lel,;1’ KnE = (%E(yj — xk))?i[i’=ﬂ/1[l .

Using the matrix factorization (7.20) of our NFFT, we have

D, Az%Bde

on,n

A~ B Fd

on,n

D,

with diagonal matrices D and D5, sparse matrices B; and B, having at most (2m +
1) nonzero entries in each row and column and the d-variate Fourier matrix given
in (7.22).
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This can be rewritten as
Ka ~ (BMZT BLI + Knp) @,

where T := Fgp, , D, D g Dy Fl—n , 1s a multilevel-Toeplitz matrix. Note that one
can avoid the complex arithmetic by using fast Toeplitz matrix—vector multiplica-

tions based on discrete trigonometric transforms (see [291, Algorithm 3]).

Next we are interested in a nonsingular kernel function J# (x) = K (||x]|2) for
x € R?. For instance, the Gaussian function K (x) = e~ with fixed § > 0
generates such a nonsingular kernel function. Here a regularization of K near zero
is not necessary. Thus our computation does not require a near field correction. If
K (x) is very small near x = =, that is the case for the Gaussian function with
sufficiently large value 8, we also don’t need a regularization of K near 7. In this
case we set KR := K on [—, 7] and

K(lxll2)  [Ixll2 < 7,

7.68
K () x € [—m, 7] with | x|, > 7. (7.68)

JR(X) = {

Otherwise, if we need a regularization of K near . Therefore we choose the
two-point Taylor interpolation polynomial 73 € 5,1 with the interpolation
conditions (7.61) and use the function

K(xll2)  Ixl2 <7 —¢8,
JR(X) = { Te(l[x[2) 7 —ep < |x[2<m, (7.69)
Tg () x € [—m, 7]¢ with ||x], > 7.

Then Algorithm 7.15 can also be applied for the fast summation with a
nonsingular kernel function and it simplifies to its first three steps. Moreover we
will see that the lack of the “near field correction” implies that the sizen x ... x n
of the NFFT and NFFT " does not depend on the numbers M| and M, of the given
knots. Thus the Algorithm 7.15 with steps 1-3 requires for a nonsingular kernel
only ﬁ((pn)d log(pn) + m(M, + Mz)) = O(M| 4+ M;) arithmetic operations.
Applying Algorithm 7.15 to the Gaussian function K (x) = e~ with fixed § > 0,
we obtain the fast Gauss transform.

Algorithm 7.17 (Fast Gauss Transform)
Input: oy € Cfork=1,..., My,
xc € R fork = 1,..., My with ||x¢]l2 < } (7 — eB),
yi eRIfor j=1,....Mywith |yjl> < ) (x — ep).
Precomputation: Compute the polynomial Tg by Lemma 9.35.
Form R (X) by (7.68) or (7.69) for K (x) = e =%
Compute (bl)lel,;l by (7.63) using FFT of sizen x ... x n.
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1. Foreachl € I¢ compute

M,
a = Zak e i
k=1

using the d-variate NFFT" of size n x ... x n, see Algorithm 7.3.
2. Foreachl e I,fl compute the products dy := ay by.
3. For j =1, ..., My compute the far field sums

Fu) = fre(y)) = Z dye'lvi

lerd

using the d-variate NFFT of size n x ... x n, see Algorithm7.1.

Output: f(yj), j =1,..., My, approximate values of

M,
Fo = 3 et s

k=1

Computational cost: ﬁ(md (M1 + Mg)).

Remark 7.18 Fast algorithms for the discrete Gauss transforms have been intro-
duced in [23, 149, 150]. Error estimates for fast summation at nonequispaced knots
have been presented in [280, 281] and for the Gauss transform in [214]. The related
software is available from [199], where a variety of different kernels is implemented.
Furthermore there exists a MATLAB interface, see [199, ./matlab/fastsum].

7.6 Inverse Nonequispaced Discrete Transforms

Important examples of nonequispaced discrete transforms are the nonequispaced
discrete Fourier transform (NDFT) (see Sect.7.1) and the nonequispaced discrete
cosine transform (NDCT) (see Sect.7.4). As shown in Sects.7.1 and 7.4, fast
nonequispaced discrete transforms are efficient algorithms for the computation
of matrix—vector products A f, where A denotes the matrix of a nonequispaced
discrete transform and where f is an arbitrary given vector. The goal of this section
is to present algorithms for inverse nonequispaced discrete transforms. Inverse
nonequispaced discrete transform of a given vector f means the determination of
a vector f as (approximate) solution of the linear system

Af=f.
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First we present direct methods for inverse NDCT and inverse NDFT in the
one-dimensional case. Note that we compute the inverse nonequispaced discrete
transform without knowledge of a (generalized) inverse matrix of the nonequispaced
discrete transform. Instead of that, we first use a fast summation step and then the
inverse nonequispaced discrete transform can be realized as an inverse equispaced
discrete transform. Later we sketch iterative methods for inverse NDFT in the
multidimensional case.

7.6.1 Direct Methods for Inverse NDCT and Inverse NDFT

We consider the one-dimensional case and study direct methods for the inverse
NDCT first. We start with recalling the NDCT (7.48), where we have to evaluate
the polynomial

N
p(x) =Y fi Ti(x)

k=0

at arbitrary distinct nodes x; € [—1,1]. Here, Tx(x) = cos(k arccosx), x €
[—1, 1], denotes the kth Chebyshev polynomial (of first kind).
In Sect.6.2 we have already shown that using the Chebyshev extreme points

x(.N) 1= COS /X,T ,J =0,..., N, we can evaluate the polynomial p at the nodes x(.N),
j=0,..., N, with &(N log N) arithmetic operations employing a DCT-I(N + 1).
Vice versa, we can compute fk, k = 0,..., N, from samples p(x](N)), since the

DCT-1 is an orthogonal transform, see Lemma 3.46.
The inverse NDCT can be formulated as follows: Compute the coefficients f; €
R,k=0,..., N, from given values

N
P& =Y fi Tlxj)

k=0

at arbitrary distinct nodes x; € [-1, 1], j =0, ..., N. Taking the fast summation
technique in Sect. 7.5 we transfer the inverse NDCT into an inverse DCT-1. To derive
the inverse NDCT we will use the following result.

Theorem 7.19 For arbitrary distinct nodes x; € [—1,1], j =0,..., N, and fk S
R, k=0,...,N, let

N N
fi =Y fiTi(xj) = fu cos(k arccosx;), j=0,....N, (7.70)
k=0 k=0
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Le., ( fj)yzo is the NDCT of ( fk)ljcV:O' Further, for the Chebyshev extreme points

EN)—COS%,EZO,...,N,let
N N
ge=Y fT™M=>"f cos * €=0,...,N, (7.71)
k=0 k=0

ie., (gg)Z _o i8 the DCT-I(N +1) (up to normalization constants) of(fk),ivzo. Assume

that xN) # xi forall ¢, k =0, ..., N.
Then we have

d;

ge—CgZ (1{2 7 e=0,...,N, (7.72)

j=0 Xy Xj
where

N

co=J]x"-x). €¢=0.....N (1.73)
k=0
Voo

dj = i =0,...,N. (7.74)

J ng—xk J
k#j

Proof Let the polynomial p be defined by

N
P =Y fiTi(x).

k=0

Using the Lagrange interpolation formula at the points x ;, we rewrite p in the form

p) = Zp(xj) ﬂ * __);"k.

k#J
Thus for x # x; we obtain

N
P(x/) 1
p(x) = (x — xn) , (7.75)
,H) Z N H X Xk
k#j
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and hence

M)y _ 1igj
I’( Xy =8 =C Z Ny
j=0*¢ Xj

This completes the proof.

Remark 7.20 Formula (7.75) can be considered as a special case of the barycentric
formula, see Sect. 6.2 and [31, formula (8.1)].

Consequently, we can efficiently compute the values gy via (7 72) from the given
values f; by Algorithm 7.15 using the singular kernel functlon . Applying inverse

DCT-1, we then calculate the values fk, k=0,...,N, from gy, @ =0,...,N.We
summarize this procedure:

Algorithm 7.21 (Inverse NDCT)

Input: x; € [-1,1], fj eR, j=0,...,N
Precomputation: cy, £ =0, ..., N, by (7.73),
dj, j=0,...,N, by (7.74) or by Remark 7.22.

1. Compute the values g¢, £ =0, ..., N in (7.72) by Algorithm 7.15 with the kernel
1

o
2. Compute the values fi, k = 0,..., N in (7.71) by the inverse DCT-I(N + 1)
using Algorithm 6.28 or 6.35.

Output: fk, k=0,...,N.
Computational cost: (N log N).

Remark 7.22 The naive precomputation of ¢¢ and d; can be improved using the
relations

N

cezn( éN)—xk)—(sgn ce) exp Zln |x(N) xkl),
k=0 k=0
N

dj:l_[ k:(sgndj) exp(—Zln |xj—xk|)

k]
and applying Algorithm 7.15 with the singular kernel function In |x|.

Based on the same ideas, we will also develop a fast algorithm for the inverse
NDFT. In contrast to [96] we use the fast summation method of Algorithm 7.15

with the kernel cot x instead of the fast multipole method. Note that with the simple
modification in (7.60) we can handle odd singular kernels as well. Taking the fast
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summation technique we transfer the inverse NDFT into an inverse DFT. The inverse
NDFT is based on the following result, see [96, Theorem 2.3]:

Theorem 7.23 For N € 2N, let x; € [-m, ;) \ {5* + k= -%,.... 5 —1},
j = —g],..., » —lbedlstmctnodesandletfk eC k= g] .,g]—lbe
given. Let
N/2-1
A N N
Yoo st == =1, (7.76)
2 2
k=—N/2

ie. (f/ —N/2 is the NDFT of(fk)k_ N/2 Further, for equispaced nodes h(N) =

2;;‘,6_—1;,..., N —1, let
N/2—1 N/2—1
Z fkelkh() Z fkezmké/N’ Z:—];],...,Z;]—l,
k=—N/2 k=—N/2
(7.77)
N/2—-1
ie., (gg)z_ N/2 is the modified DFT of(fk)k_ N2
Then we have
N/2—-1 (N) oy
e Y frdi(cor he ) ) -i) (7.78)
]—7N/2
with
N/2—-1 (N)
h,” —x
coi= [] sin'‘ ) - (7.79)
k=—N/2
N/2—1 1
dj = G (7.80)
2

Proof We introduce the polynomial p by
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Using the Lagrange interpolation formula at the distinct nodes z; = e, k =
—g],..., g],werewritepintheform
N/2—1 N/2—1 1— 2
— %k
r@= Y pep [[ 7 7.
j=—N/2 k=—N/2 2j T %k
k#j

Then for z # z; we obtain

N/2—-1 N/2—-1 p(z) N/2—-1 1
r@= ] @-z >, 77 .
n=—N/2 je N2 TR i BT %K
k#j
. (N) .
The equispaced nodes w;,e = el = TN ¢ = —1;,, s g] are complex

Nth roots of unity which satisfy the condition w;,e # z; for all indices £ and j by
assumption. Hence for z = w;,e it follows that

N/2—1 N/2—1 N/2—1

_ _ p(z;) 1
pwyh = [] wy'-z Y. 57 (7.81)
. w —Zj Zj — 2k
n=—N/2 j=—N/2 ©N J k=-Nj %
k]
By (7.76) and (7.77) we have
—NJ2 ; —j . N N
fi=gz; Zpiep, g= (=D pwy’y, j=-_....., —1.
2 2
Using (7.79), we calculate
N/2—1 Np-to
1_[ (w;lk —zy) = 1_[ (elhk el )
n=—N/2 n=—N/2
N/2—1
= T1 o 0+ /2 (e M —x /2 _ e—i(hﬁ”’—xn)/z)
n=—N/2
N/2—1 _ h(N)—x
=@=nrep’ J] esint 5 "= =DV ac.
n=—N/2
with
N/2—1

a:= 1_[ el*n/2

n=—N/2
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Analogously with (7.80) we compute the product

N/2-1 N/2-1 o
l_[ (zj—zk) = Qi)N-lelxi N=D/2 l_[ el %/2 gin ATk
k=—N/2 k=—N/2 2
k#j k#j
_ (Zi)N—l i ¥ (N=2)/2 a .
dj
Then from (7.81) it follows that
N/2-1 fid;
pwy) = (=Dfg =2i(-Dfec, Y & IV
j=—N/2 Wy —Zj
With
ix —ix
cotx:ie. te ., xeR\(@@2),
el.x — e—l)(
we find
(N) .
COch XL 2iz;
2 wy' —z;

This implies the relation (7.78).

Consequently we can efficiently compute the values g; via (7.78) from the given
values f; using a univariate variant of Algorithm 7.15 with the odd kernel cotx.

. . A, _ _N N
Applying the m}(\)]dlﬁedNDFT, we can calculate the values fi, k = —5,... 5 — 1,
fromgg,ﬁz—z,... 2 — 1.
Algorithm 7.24 (Inverse NDFT)
Input: N € 2N, x; e [-m, )\ {&* k==, ... 0 -1}, fjeC j=
N N
— ey — L
Precomputation: cy, £ = — g’, e, g’ — 1, by (7.79),
dj, j=-5.....5 —1, by (7.80).

1. Compute the values (7.78) by a univariate variant of Algorithm 7.15 with the odd
kernel cotx.

2. Compute the values fk by the inverse modified DFT (7.77).

Output:ﬁ,k:—g],...,g]—l.

Computational cost: (N log N).

Remark 7.25 Algorithm 7.24 is part of the NFFT software, see [199, ./mat-
lab/infft1D].
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Remark 7.26 Formula (7.78) is closely related to the barycentric formula, see
Theorem 3.9. In (7.78) we apply the Lagrange polynomials at the nonequispaced
points xi. In Theorem 3.9 we used Lagrange polynomials at the equispaced points
héN). Note that interchanging w;,Z and z,, in (7.81) leads to the second barycentric
formula in Theorem 3.9.

7.6.2 Iterative Methods for Inverse NDFT

Now we explain the inversion of the multidimensional NDFT using iterative
methods. This approach can be applied to the mentioned NDFT variants as well.

Inversion of the NDFT means the computation of all coefficients fk cCkel d s
of the d-variate, 2 -periodic trigonometric polynomial

f =) fiue®™,

kel§

if function samples f; = f(x;), j = 0,..., M — 1, at arbitrary knots x; €
[—7, 7)? are given, see (7.2). In matrix—vector notation, this problem is equivalent
to solving the linear system

Af=¢ (7.82)

with the given vector f = (f /)2/1— _01 € CM and the unknown vector f = ( fk)ke 1d €
- N

cN d, where the nonequispaced Fourier matrix A is given in (7.19). This linear
system can be either overdetermined, if NY < M (this includes the quadratic
case), or underdetermined, if N? > M. Generally, this forces us to look for a
pseudo-inverse solution ft (see, e.g., [35, p. 15]). For this, we also require that the
nonequispaced Fourier matrix A has full rank. Eigenvalue estimates in [14, 106, 213]
indeed assert that this condition is satisfied, if the sampling set is uniformly dense
or uniformly separated with respect to the inverse bandwidth.

In the overdetermined case, we consider a weighted least squares problem, while
for the consistent underdetermined case, we look for a solution of an interpolation
problem. Both problems can be iteratively solved using NFFT (see Algorithm 7.1)
and adjoint NFFT (see Algorithm 7.3) to realize fast matrix—vector multiplications
involving A or AH.

If N9 < M, the linear system (7.82) is overdetermined which typically implies
that the given data f; € C, j =0,..., M — 1, can only be approximated up to a

residual r := f — A f. Therefore, we consider the weighted least squares problem

M—1
min > wjilfi = fxpI?
j=0
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with weights w; > 0. The weights might be used to compensate for clusters in
the sampling set. The weighted least squares problem is equivalent to solving the
weighted normal equations of first kind

AHWAT=AlWT

with the diagonal matrix W := diag (w j)ﬁ'lz Bl. This linear system can be solved
using the Landweber (or Richardson) iteration, the steepest descent method, or the
conjugate gradient method for least squares problems. In the NFFT library [199] all
three algorithms are implemented.

If N¢ > M, and if the linear system (7.82) is consistent, then the data f; €
C,j =0,...,M — 1, can be interpolated exactly. But since there exist multiple
solutions, we consider the constrained minimization problem

A2
min Z ljikl subject to Af= f,
f kell‘f, Wk
which incorporates “damping factors” wx > 0. A smooth solution, i.e., a solution
with rapid decay of Fourier coefficients fk, is favored, if the damping factors wy are
decreasing. The interpolation problem is equivalent to the damped normal equations
of second kind

AWAHf=f, f=wWAHf

with the diagonal matrix W= diag (ﬁ)k)k erd- The NFFT library [199] also contains
this scheme.
We summarize the inverse d-dimensional NFFT in the overdetermined case:

Algorithm 7.27 (Inverse Iterative NDFT Using the Conjugate Gradient
Method for Normal Equations of First Kind (CGNR))

Input: N € 2N, x; e [ -, TL’)d, feCM, f'o € (CNd.

1. Setrg := f—Af().
2. Compute 7o := AH Wry.
3. Set po = 7.
4. For{ =0, l, ... compute
AWPz
= (' Wvo) ! @} W)
fe+1 =/ + o Wt
Tg] =T¢ — g Ve
Zoy = AHWI‘@H
ﬁtz (Zg+1WZZ+1) Ll W i)
Pet1 = BePe + Zot1

Output: fg e CN uth approximation of the solution vector f
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Remark 7.28 The algorithms presented in this chapter are part of the NFFT
software [199]. The algorithmic details are described in [198]. The proposed
algorithms have been implemented on top of the well-optimized FFTW software
library [122, 123]. The implementation and numerical results of the multi-threaded
NFFT based on OpenMP are described in [365]. Furthermore there exist MATLAB
and Octave interfaces. We provide also windows binaries as DLL.

Implementations on GPU are presented in [211, 385]. Parallel NFFT algo-
rithms are developed in [272] and have been published in the PNFFT software
library [270]. The implementation of these algorithms is part of the publicly
available ScaFaCoS software library [9].



Chapter 8 )
High-Dimensional FFT Shethie

In this chapter, we discuss methods for the approximation of d-variate functions
in high dimension d € N based on sampling along rank-1 lattices and we
derive the corresponding fast algorithms. In contrast to Chap.4, our approach
to compute the Fourier coefficients of d-variate functions is no longer based on
tensor product methods. In Sect. 8.1, we introduce weighted subspaces of L1 (T%)
which are characterized by the decay properties of the Fourier coefficients. We
show that functions in these spaces can already be approximated well by d-variate
trigonometric polynomials on special frequency index sets. In Sect. 8.2, we study
the fast evaluation of d-variate trigonometric polynomials on finite frequency index
sets. We introduce the so-called rank-1 lattices and derive an algorithm for the
fast evaluation of these trigonometric polynomials at the lattice points. The special
structure of the rank-1 lattice enables us to perform this computation using only a
one-dimensional FFT. In order to reconstruct the Fourier coefficients of the d-variate
trigonometric polynomials from the polynomial values at the lattice points exactly,
the used rank-1 lattice needs to satisfy a special condition. Using the so-called
reconstructing rank-1 lattices, the stable computation of the Fourier coefficients of
a d-variate trigonometric polynomial can again be performed by employing only
a one-dimensional FFT, where the numerical effort depends on the lattice size. In
Sect. 8.3, we come back to the approximation of periodic functions in weighted
subspaces of L1(T9) on rank-1 lattices. Section 8.4 considers the construction
of rank-1 lattices. We present a constructive component-by-component algorithm
with less than |7]? lattice points, where I denotes the finite index set of nonzero
Fourier coefficients that have to be computed. In particular, this means that the
computational effort to reconstruct the Fourier coefficients depends only linearly on
the dimension and mainly on the size of the frequency index sets of the considered
trigonometric polynomials. In order to overcome the limitations of the single rank-1
lattice approach, we generalize the proposed methods to multiple rank-1 lattices in
Sect. 8.5.
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8.1 Fourier Partial Sums of Smooth Multivariate Functions

In order to ensure a good quality of the obtained approximations of d-variate
periodic functions, we need to assume that these functions satisfy certain smooth-
ness conditions, which are closely related to the decay properties of their Fourier
coefficients. As we have already seen for d = 1, the smoothness properties of
a function strongly influence the quality of a specific approximation method, for
example, see Theorem 1.39 of Bernstein.

We consider a d-variate periodic function f: T¢ — C with the Fourier series

f®) =" adf)er. (8.1)

kezd4

We will always assume that f € L;(T?) in order to guarantee the existence of all
Fourier coefficients ¢ (f), k € Z?. For the definition of function spaces L p(’]l‘d ),
1 < p < oo, we refer to Sect. 4.1.

The decay properties of Fourier coefficients can also be used to characterize the
smoothness of the function f, see Theorem 1.37 for d = 1 or Theorem 4.9 for
d > 1. For a detailed characterization of periodic functions and suitable function
spaces, in particular with respect to the decay properties of the Fourier coefficients,
we refer to [322, Chapter 3].

In this section, we consider the approximation of a d-variate periodic function
f € L1(T?) using Fourier partial sums Sy f,

(S1HX) =) alf)e*™, (82)

kel

where the finite index set I C Z< needs to be carefully chosen with respect to
the properties of the sequence of the Fourier coefficients (ck( f ))k ozd- Theset I is

called frequency index set of the Fourier partial sum. The operator Sy : L1(T%) —
C(T?) maps f to a trigonometric polynomial with frequencies supported on the
finite index set /. We call

M :=span {'**: k € I}

the space of trigonometric polynomials supported on 1. We will be interested in
frequency index sets of type

=18y = (k=o' €Z?: |k, < N}, 8.3)
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(@) (b) ©) d)
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Fig. 8.1 Two-dimensional frequency index sets 11%’16 for p € {é, 1, 2, oo}. (a) I? (b) 1%16.

116
2
(C) 122,16' (d) 1020,16

where ||K||, is the usual p-(quasi-)norm

d 1/p
(X lksl?) 0<p<oo,
Ikllp :==1{ s=1
maxd|k5| p=00.

Figure 8.1 illustrates the two-dimensional frequency index sets I[%’]G for p €

{5, 1, 2,00}, see also [185, 371, 372].

If the absolute values of the Fourier coefficients decrease sufficiently fast for
growing frequency index k, we can very well approximate the function f using only
afew terms ci(f) e ¥* k € I ¢ Z¢ with cardinality | /| < oo. In particular, we will
consider a periodic function f € L;(T?) whose sequence of Fourier coefficients
is absolutely summable. This implies by Theorem 4.9 that f has a continuous
representative within L 1(T9). We introduce the weighted subspace o (T of
L1(T9) of functions f : T¢ — C equipped with the norm

1f |y ray = D @@]ek(HI, (8.4)

kezd

if  has the Fourier expansion (8.1). Here w : Z¢ — [1, 00) is called weight function
and characterizes the decay of the Fourier coefficients. If w is increasing for |[k| , —
00, then the Fourier coefficients ¢ (f) of f € «7,(T%) have to decrease faster than
the weight function w increases with respect to k = (ks)zl:1 e 74

Example 8.1 Important examples for a weight function w are

w (k) = o} (k) := max {1, [k}
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for 0 < p < oo. Instead of the p-norm, one can also consider a weighted p-norm.
To characterize function spaces with dominating smoothness, also weight functions
of the form

d
oK) = [ [max (1, |k}

s=1

have been considered, see, e.g., [94, 184, 353].

Observe that w(k) > 1 for all k € Z?. Let w; be the special weight function
with wi(k) = 1 for all k € Z¢ and &/ (T?) := 7, (T?). The space .« (T?) is
called Wiener algebra. Further, we recall that C(T?) denotes the Banach space of
continuous d-variate 2mw-periodic functions. The norm of C (Td) coincides with
the norm of Lo (T?). The next lemma, see [184, Lemma 2.1], states that the
embeddings .7, (T%) C <7 (T?) ¢ C(T?) are true.

Lemma 8.2 Each function f € /(T has a continuous representative. In
particular, we obtain szw(Td) C M(Td) C C(T?) with the usual interpretation.

Proof Let f € /,(T¢) be given. Then the function f belongs to <7 (T%), since the
following estimate holds:

D le(HI < )Y o) [e(f)] < oo.

keZd keZd

Now let f € o (Td) be given. The summability of the sequence (|ck( f )|)keZd
of the absolute values of the Fourier coefficients implies the summability of the
sequence (|ck( D) |2) Kkezd of the squared absolute values of the Fourier coefficients
and, thus, the embedding &/ (T9) € Lo(T%) is proved using Parseval equation (4.4).

Clearly, the function g(x) = > 74 ck(f) e' KX is a representative of f in
L>(T?) and also in <7 (T9). We show that g is the continuous representative of
f. The absolute values of the Fourier coefficients of f € o7 (T¢) are summable. So,
for each & > 0 there exists a finite index set I C Z¢ with ZkeZd\I k()] < Z. For

afixed xg € T4, we estimate

18x0) — g®)| = | Y ak(f)e*¥ — 3 e (f)el*|

keZd keZd
ik- ik- 3
<D ane = alHe |+
kel kel

The trigonometric polynomial (S7 f)(X) = Y s Ck ¢ KX is a continuous function.
Accordingly, for e > 0 and x¢ € T4 there exists a 8y > 0 such that IXo — x|[1 < 8o
implies |(S7 f)(X0) — (S1 fH(X)| < g Then we obtain [g(xg) — g(x)| < ¢ for all x

with ||xo — x||1 < &o.



8.1 Fourier Partial Sums of Smooth Multivariate Functions 425

In particular for our further considerations on sampling methods, it is essential
that we identify each function f € .o7(T¢) with its continuous representative in
the following. Note that the definition of oy (T?) in (8.4) using the Fourier series
representation of f already comprises the continuity of the contained functions.

Considering Fourier partial sums, we will always call them exact Fourier partial
sums in contrast to approximate partial Fourier sums that will be introduced later.

Lemma 8.3 Let Iy = {k € Z¢ : w(k) < N}, N € R, be a frequency index set
defined by the weight function w. Assume that the cardinality |1y is finite.
Then the exact Fourier partial sum

Sy X =Y al(f)e*™ (8.5)

kely

approximates the function f € o, (T%) and we have
1 = Sty Fllpsgersy < N7HIf Nl ez -

Proof We follow the ideas of [184, Lemma 2.2]. Let f € .;sz('IFd). Obviously,
Siy f € Hyp(T¢) € C(T?) and we obtain

If = Sty fllLcrey = esssup [(f — Siy £)(X)| = ess sup | Z ex(f) eik.x|

d d
xeT xeT keZd\ Iy

1
< D lani=s o Y o®] (/)

keZd\Iy keZd\Iy keZA\Iy

1
< v 2 @® (Nl = N7 flLag,ro)-

keZd

Remark 8.4 For the weight function (k) = (max {1, k| ,})*/* with 0 < p < oo
and o > 0 we similarly obtain for the index set Iy = I;f N givenin (8.3)

/2

1f = Spa Flliemy < N7 30 (max (1 1K] ) lex ()

d
keZd\IpyN

—a/2
< N fll gy ey -
The error estimates can be also transferred to other norms. Let H%?(T%) denote the

periodic Sobolev space of isotropic smoothness consisting of all f € Ly(T¢) with
finite norm

1A W g pay ==Y, (max {1, [K,}) lex (I, (8.6)

keZd
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where f possesses the Fourier expansion (8.1) and where o > 0 is the smoothness
parameter. Using the Cauchy—Schwarz inequality, we obtain here

I =81 Flien < D lex(

keZd\I;{N
—a\1/2 1/2
<Y ) DD IKIgaHP)
keZN\I¢ keZN\1¢
—a\1/2
<Y 1K) 0 e -
keZd\I;"N

Note that this estimate is related to the estimates on the decay of Fourier
coefficients for functions f € C” (Td) in (4.1) and Theorem 4.9. For detailed
estimates of the approximation error of Fourier partial sums in these spaces, we
refer to [210].

As we will see later, for efficient approximation, other frequency index sets, as,
e.g., frequency index sets related to the hyperbolic crosses, are of special interest.
The corresponding approximation errors have been studied in [59, 190, 191].

Lemma 8.5 Let N € N and the frequency index set Iy == {k € Z¢ : 1 < w(k) <
N} with the cardinality 0 < |In| < 0o be given.

Then the norm of the operator Sy, that maps f € <, (T?) to its Fourier partial
sum Sy f on the index set Iy is bounded by

1 1

< s < o
)= ISty Il o7, (T4)— c(Tdy =< mingege (k) T N

ming 74 o (k

Proof

1. Since |Iy| is finite, there exists mingke s, w (k). The definition of Iy implies that
minycy¢ (K) = minge;, @ (k). To obtain the upper bound for the operator norm
we apply the triangle inequality and Lemma 8.3,

ISty 1oy, vy c(ray = sup Sty flie(ray
fE€(T?)

”f”{(,{w(']rd)zl

=< sup ISty f = flleray + sup I flleray
f € (T4 [ e (T

151y ey =1 1F 1L oy =1

< sup Z ek (N + N7 Ly )
[T \kezd
A1 oy pety =1
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w (k) _
< sup Z _ - lex(HI+N 1||f||;ziw(Td)
fE.Q/w(Td) ke7zd mlnﬁezd a)(k
171, )=
1 1

< + .
T mingcge (k) N

2. To prove the lower bound we construct a suitable example. Let k' € Iy be
a frequency index with w(k’) = ming .z« w(k). We choose the trigonometric
polynomial g(x) = w(lk,) ¢'¥* which is an element of <7, (T¢) with ||g|| o, (Td) =

1. Since Sy, g = g, we find

1 1

S d > S == d = 0 = = .
ISty Lz, 7ty 1y = IIS1y 8llc Ty = gl (mey = 8(0) (k) ll(nilnw(k)
ely

Our observations in this section imply that smooth functions with special decay
of their Fourier coefficients can be well approximated by d-variate trigonometric
polynomials on special index sets. In the next section we will therefore study the
efficient evaluation of d-variate trigonometric polynomials on special grids, as well
as the corresponding efficient computation of their Fourier coefficients.

8.2 Fast Evaluation of Multivariate Trigonometric
Polynomials

As we have seen in the last section, smooth functions in <7, (T¢) can be already well
approximated by d-variate trigonometric polynomials on index sets Iy = {k € Z¢ :
w(k) < N}. In Fig. 8.1, we have seen possible two-dimensional index sets, where
w(k) = max {1, [k]||,}. Therefore we study trigonometric polynomials p € I1; on
the d-dimensional torus T¢ = [0, 27‘[)d of the form

px) = pre (8.7)

kel

with Fourier coefficients py € C and with a fixed finite frequency index set I C Z¢
of cardinality |7|.

Let X C [0, 27)? be a finite set of sampling points with | X| elements. Now we
are interested in solving the following two problems:

(i) Evaluation of trigonometric polynomials. For given Fourier coefficients py,
k € I, how to compute the polynomial values p(x) for all x € X efficiently?
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(i) Evaluation of the Fourier coefficients. For given polynomial values p(x), X €
X, how to compute px for all k € I efficiently?

The second problem also involves the question, how the sampling set X has to be
chosen such that py for all k € I can be uniquely computed in a stable way.
Let us consider the | X|-by-|I| Fourier matrix A = A(X, I) defined by

A= AKX = (€Y gy € OV

as well as the two vectors p := (p(x)) x € CXl'and p := (ﬁ(k))ke[ e Cl. To

Xe
solve problem (i), we need to perform the matrix—vector multiplication

p=Ap. (8.8)

To compute p from p, we have to solve the inverse problem. For arbitrary
polynomial p € [I; this problem is only uniquely solvable, if |X| > |I| and if
A possesses full rank |/]|. In other words, the sampling set X needs to be large
enough and the obtained samples need to contain “enough information” about p.
Then AH A e C1>¥I!1 s invertible, and we have

p=A"A)"TAHp. (8.9)

In order to ensure stability of this procedure, we want to assume that the columns
of A are orthogonal, i.e., AHA =M I,;|, where 17 is the |/|-by-|/| unit matrix and
M = |X|. Then (8.9) simplifies to

1
p=_Alp.
p M p
In the following, we will consider very special sampling sets X, so-called rank-1
lattices.

8.2.1 Rank-1 Lattices

Initially, rank-1 lattices were introduced as sampling schemes for (equally weighted)
cubature formulas in the late 1950s and 1960s, see [206]. A summary of the early
work on cubature rules based on rank-1 lattice sampling can be found in [255]. The
recent increased interest in rank-1 lattices is particularly caused by new approaches
to describe lattice rules that allow optimal theoretical error estimates for cubature
formulas for specific function classes, see, e.g., [334]. We also refer to [332] for
a survey on lattice methods for numerical integration. Note that lattice rules are a
powerful and popular form of quasi-Monte Carlo rules [86].
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In contrast to general lattices which are spanned by several vectors, we consider
only sampling on the so-called rank-1 lattices. This simplifies the evaluation of
trigonometric polynomials essentially and allows to derive necessary and sufficient
conditions for unique or stable reconstruction.

For a given nonzero vector z € Z? and a positive integer M € N we define the
rank-1 lattice

2
X = Az M) =[x, := A;T(jzmodMl)e[O,Zn)d:jzo,...,M—l}
(8.10)

as spatial discretization in [0, 2m)¢. Here, 1 := (1)?’:1 e 7% and for z =
(zs)zl=1 € 74 the term jz mod M 1 denotes the vector (j z; mod M )fz . We call
z the generating vector and M the lattice size of the rank-1 lattice A(z, M). To
ensure that A(z, M) has exactly M distinct elements, we assume that M is coprime
with at least one component of z. Further, for a given rank-1 lattice A(z, M) with
generating vector z € Z¢ we call the set

Atz M):=keZ: k-z=0mod M} (8.11)

the integer dual lattice of A(z, M). The integer dual lattice At (z, M) will play an
important role, when we approximate the Fourier coefficients of a function f using
only samples of f on the rank-1 lattice A(z, M).

Example 8.6 Letd =2,z = (1, 3)—r and M = 11, then we obtain
2 0 1 2 3 4 5 6
AE M= <0>(3>(6)(9)(1)<4><7>
7 8 9 10 }
10/°\2/)°\5/)°\ 8 ’

and AL (z, M) contains all vectors k = (ky, k») " € Z? with ki + 3k» = 0 mod 11.
Figure 8.2 illustrates the construction of this two-dimensional rank-1 lattice.

A rank-1 lattice possesses the following important property:

Lemma 8.7 Let a frequency index set I C Z¢ of finite cardinality and a rank-1
lattice X = A(z, M) be given.

Then two distinct columns of the corresponding M-by-|1| Fourier matrix A are
either orthogonal or equal, i.e., the (h, K)th entry (A" A)p x € {0, M} for all h,
kel
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Fig. 8.2 Rank-1 lattice 27

A(z, M) of Example 8.6 }ZV[=_(1],]3)T é
T e
[ J
47/3 Py
[
[ J
2713 o
[ ]
z/M ®
0
0 2m/3 47/3 2w

Proof The matrix AH A contains all inner products of two columns of the Fourier
matrix A, i.e., the (h, k)th entry (AH A)p k is equal to the inner product of the kth
column and the hth column of A. Fork -z % h-z mod M we obtain

M—1 o2mi (k—h)yz _ |

H _ 27i [(k—h)-z]/M\J __
(A" A,k = Z (e ) = Q2mi[(k—h)zl/M _ |
j=0

=0,
sincek —h € Z9.

Fork-z=h-z mod M it follows immediately that the kth and hth column of
A are equal and that (A" A)p x = M.

8.2.2 Evaluation of Trigonometric Polynomials on Rank-1
Lattice

Let us now consider the efficient evaluation of a d-variate trigonometric polynomial
p supported on / on the sampling set X being a rank-1 lattice X = A(z, M). We
have to compute p(x;) for all M nodes x; € A(z, M), i.e.,

pxp) = pre™ =" pe? I ®AM =0 M1
kel kel

We observe that (k- zmod M : k e I} C {0, ..., M — 1} and consider the values

ge= > P €=0....M-—1. (8.12)

kel
£=k-z mod M
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Then, we can write

M—1
A 27ij(kz)/M A 27 jl/M
pxj) = @I KDM =N N py et
kel £=0 kel
{=k-z mod M

M—1 N
= ) gee?miM (8.13)
=0

for j =0, ..., M—1. Therefore, the right-hand side of (8.13) can be evaluated using
a one-dimensional FFT of length M with at most C - (M log M + d |I|) arithmetic
operations, where the constant C does not depend on the dimension d. Here we
assume that g¢, £ = 0, ..., M, can be computed with C d |I| arithmetic operations.
The fast realization of the matrix—vector product in (8.8) or equivalently of (8.13) is
presented in the following

Algorithm 8.8 (Lattice-Based FFT (LFFT))
Input: M € N lattice size of rank-1 lattice A(z, M),
z € 7 generating vector of A(z, M),
I C Z¢ finite frequency index set,
P = (Pk)ker Fourier coefficients of p € Ij.

1. Set g := (0)M L.

2. Foreachk € I do gk.z mod M := &k-zmod M + Pk-
3. Apply a one-dimensional FFT of length M in order to compute p :=

Fy (G0i)
4. Compute p := M p.
Output: p = A P vector of values of the trigonometric polynomial p € I1;.
Computational cost: O (M log M + d|I|).

We immediately obtain also a fast algorithm for the matrix—vector multiplication
with the adjoint Fourier matrix AH.

Algorithm 8.9 (Adjoint Single Lattice-Based FFT (aLFFT))
Input: M € N lattice size of rank-1 lattice A(z, M),
z € 7 generating vector of A(z, M),
I C Z¢ finite frequency index set,
p= (p(A{I Z))?/I:_Ol values of the trigonometric polynomial p € I1j.
1. Apply a one-dimensional FFT of length M in order to compute g := Fyr p.

2. Seta := (0)key-
3. Foreachk € I do ay := ax + &k.z mod M-

Output: 4 = AH p with the adjoint Fourier matrix AH.
Computational cost: O(M log M +d |I).
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8.2.3 Evaluation of the Fourier Coefficients

Our considerations of the Fourier matrix A = A(X, I) in (8.8) and (8.9) show that a
unique evaluation of all Fourier coefficients of an arbitrary d-variate trigonometric
polynomial p € [1; is only possible, if the | X |-by-|/| matrix A has full rank |/|. By
Lemma 8.7 we have seen that for a given frequency index set I and a rank-1 lattice
A(z, M), two distinct columns of A are either orthogonal or equal. Therefore, A has
full rank if and only if for all distinctk, h € I,

k-z#h-z mod M. (8.14)

If (8.14) holds, then the sums determining g, in (8.12) contain only one term for
each ¢ and no aliasing occurs. We define the difference set of the frequency index set
I as

92() ={k—-1k lel}. (8.15)
Then the condition (8.14) is equivalent to
k-z£0modM forallke 2(I)\ {0}. (8.16)

Therefore, we define a reconstructing rank-1 lattice to a given frequency index set
I as arank-1 lattice satisfying (8.14) or equivalently (8.16) and denote it by

Az, M, 1) = {xe Az, M) :ke )\ {0} with k~z¢0m0dM}.

The condition (8.16) ensures that the mapping of k € I to k- zmodM €
{0, ..., M — 1} is injective. Assuming that we have a reconstructing rank-1 lattice,
we will be able to evaluate the Fourier coefficients of p € I1; uniquely.

If condition (8.16) is satisfied, then Lemma 8.7 implies AP A = M1y for the
Fourier matrix A such that p = (px)kes = 1\11 AH p. Equivalently, for each Fourier
coefficient we have

1 '& y ] Ml N
=, S plxjye 2 ko M S p(xy) e 2miiUM
Jj=0 j=0

forallk € I and £ = k-z mod M. Algorithm 8.10 computes all Fourier coefficients
fk using only a one-dimensional FFT of length M and the inverse mapping of k —
k - z mod M, see also [184, Algorithm 3.2].

Algorithm 8.10 (Reconstruction via Reconstructing Rank-1 Lattice)
Input: I C Z¢ finite frequency index set,
M € N lattice size of reconstructing rank-1 lattice A(z, M, I),

z € 7 generating vector of reconstructing rank-1 lattice A(z, M, I),

p= (p(%‘f[’ (j z mod Ml)))?/lz_o1 values of p € M.
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1. Compute a := A p using Algorithm 8.9.
2. Setp:=M'a

Output: p = M~ 'AH p = (pr)kes Fourier coefficients supported on I.
Computational cost: O(M log M +d |I).

Example 8.11 Let Iglo’ n be the full grid defined by (8.3). Then straightforward
calculation shows that the rank-1 lattice A(z, M) with the generating vector z =
(1,2N + 2,...,2N + 24T and the lattice size M = (N + 2)¢ is a
reconstructing rank-1 lattice to the full grid Iglo’ ~- It provides a perfectly stable
spatial discretization. The resulting reconstruction algorithm is based on a one-
dimensional FFT of size (2N +2)?, and has similar computational cost as the usual
d-dimensional tensor product FFT, see Sect.5.3.5. Our goal is to construct smaller
reconstructing rank-1 lattices for special index sets, such that the computational cost
for the reconstruction of Fourier coefficients can be significantly reduced.

As a corollary of the observations above we show that a reconstructing rank-1
lattice implies the following important quadrature rule, see [333].

Theorem 8.12 For a given finite frequency index set I and a corresponding
reconstructing rank-1 lattice A(z, M, I) we have

M-1

1
/[02 Mp(x)dx: M Zp(xj)

j=0
for all trigonometric polynomials p € Iy, where 2(1) is defined by (8.15).
Proof Forx; = %{; (jz mod M 1) € A(z, M, I) it follows that

M—-1 M—-1 '
Z p(Xj) — Z ( Z Iak e2711/'(k~z)/M)
j=0 j=0 kez()
M—-1
— Z ﬁk ( Z e27rij(k~z)/M) .
ke2(I) j=0

According to (8.16) we have k - z £ 0 mod M for allk € Z(1) \ {0}. Therefore

M—1
Z rijkaym _ |0 ke Z(D\{0},
= M k=0,

and the equation above simplifies to

M-1

S p(x)) = M p(0) = M/ ) dx.
[0, 274

j=0
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8.3 Efficient Function Approximation on Rank-1 Lattices

Now we come back to the problem of approximation of a smooth d-variate periodic
function f by a Fourier series (8.1) or by a Fourier partial sum (8.2). Let f be an
arbitrary continuous function in .« (T?) N C(T?). Then we determine approximate
values fk of the Fourier coefficients cx(f) using only the sampling values on a
rank-1 lattice A(z, M) as given in (8.10) and obtain

| 2 -
o=, Z f(A’; (jzmod M 1))e2ri/ (kn/M (8.17)
J=0
1 M—1 )
_ ” Z Z n(f) o2l j [(h—k)zl/M
Jj=0 hezd
1 M—1 )
=D an(f) ) D I =R T (),
hez4 Jj=0 heAL(z,M)

where the integer dual lattice At (z, M) is defined by (8.11). Obviously we have
0 € AL(z, M) and hence

A=aH+ D ). (8.18)

he AL (z, M)\ {0}

The absolute convergence of the series of the Fourier coefficients of f ensures that
all terms in the calculation above are well-defined. We call fk the approximate
Fourier coefficients of f. The formula (8.18) can be understood as an aliasing
formula for the rank-1 lattice A(z, M). If the sum

> ekl

he AL (z, M)\ {0}

is sufficiently small, then fk is a convenient approximate value of ck(f).

Assume that f can be already well approximated by a trigonometric polynomial
p on a frequency index set /. Further, assume that we have a corresponding recon-
structing rank-1 lattice X = A(z, M, I). Then we can compute the approximative
Fourier coefficients fk with k € I using Algorithm 8.10 by employing M sample
values f ( (jzmod M 1)) instead of the corresponding polynomial values. In this

way, we obtain fx. k € I, with computational cost of (M log M + d |1|) flops.
Now we want to study the approximation error that occurs if the exact Fourier
coefficients ck(f) are replaced by the approximate Fourier coefficients fk in (8.18).
We consider the corresponding approximate Fourier partial sum on the frequency
index set Iy = {k € Z? : w(k) < N}.Let A(z, M, Iy) be a reconstructing rank-1
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lattice for Iy and AL(z, M, Iy) the corresponding integer dual lattice (8.11). By
definition of the reconstructing rank-1 lattice it follows that Iy N AJ‘(Z, M, Iy) =
{0}. Generally we can show the following result:

Lemma8.13 Let I C 7 be an arbitrary finite frequency index set and
let A(z, M, 1) be a reconstructing rank-1 lattice with the integer dual lattice
At(z, M, ).

Then we have

lk+h:kel,he Atz M, D\ {0}} czi\1I.

Proof Assume to the contrary that there existk € I andh € A+(z, M, I)\ {0} such
that k + h € I. Since A(z, M, I) is a reconstructing rank-1 lattice for 7, it follows
that0 £ h = (k+h) —k € 2(I). Thus,h € 2(I) N A+(z, M, I) \ {0}. But this is
a contradiction, since on the one hand (8.16) implies thath -z £ 0 mod M, and on
the other hand h -z =0 mod M by definition of Atz M, D).

Now we can estimate the error of the approximate Fourier sum of f as follows,
see [184, Theorem 3.11].

Theorem 8.14 Let f € @/,(T?) and let a frequency index set Iy = {k €
74 . w(k) < N} of finite cardinality be given. Further, let A(z, M, In) be a
reconstructing rank-1 lattice for Iy. Moreover, let the approximate Fourier partial
sum

(SHHE =Y fiuelk™ (8.19)
kely
of f be determined by
1M o y
fu= ), > f(, Gz mod M1))e T EAM ke Ty, (8.20)
j=0

that are computed using the values on the rank-1 lattice A(z, M, Iy).
Then we have

Lf = Siy Fllroerdy < 2N Nl cnay - (8.21)

Proof Using the triangle inequality, we find

ILf = Si flloeray < I = Siy fllcxay + 157 f = Sty fll oy c1a) -

For the first term, Lemma 8.3 yields

If = Sty fllpocray < N7UF gy (e -
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For the second term we obtain by using (8.18)

IS, S = Sty F e, = ess sup| 37 (i — () ]

xeT kely

< Z | Z ckin(f)]

kely heAt(z,M)\{0}

<> > (NI

kely heAl(z,M)\{0}
By Lemma 8.13 it follows that

ISP £ =Sty Flleomey < Y lew(H)I <

keZd\Iy

< NN F gy o7

> o) |l f)]

infhezd\IN C()(h) Kezd

and hence the assertion.

Theorem 8.14 states that the worst case error of the approximation SI/}V fin (8.19)
given by the approximate Fourier coefficients computed from samples on the
reconstructing rank-1 lattice A(z, M, Iy) is qualitatively as good as the worst
case error of the approximation Sj, f, see (8.5). Improved error estimates for the
approximation of functions in «7,(T?) with a special weight function  as in
Remark 8.4 can be similarly derived. The approximation error essentially depends
on the considered norms. In particular, we have focused on the Loo(T%)-norm on
the left-hand side and the weighted ¢ (Z4)-norm of the Fourier coefficients on the
right-hand side. Further results with different norms are given in [184, 366].

Remark 8.15 The idea to use special rank-1 lattices A(z, M) of Korobov type
as sampling schemes to approximate functions by trigonometric polynomials has
already been considered by Temlyakov [352]. Later, Li and Hickernell studied
a more general setting in [227]. They presented an approximation error using
an aliasing formula as (8.18) for the given rank-1 lattice A(z, M). But both
approaches did not lead to a constructive way to determine rank-1 lattices of high
quality. In contrast to their approach, we have constructed the frequency index
set Iy = {k € Z¢: w(k) < N} with [Iy| < 00 depending on the arbitrary
weight function w. The problem to find a reconstructing rank-1 lattice A(z, M, Iy)
which is well adapted to the frequency index set Iy will be studied in the next
section. Approximation properties of rank-1 lattices have been also investigated in
information-based complexity and applied analysis, see, e.g., [218, 248, 390].
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8.4 Reconstructing Rank-1 Lattices

As shown in the two last sections, we can use the so-called reconstructing rank-1
lattices in order to compute the Fourier coefficients of a d-variate trigonometric
polynomial in [1; in a stable way by applying a one-dimensional FFT. The
reconstructing rank-1 lattice A(z, M, I) for a frequency index set [ is determined as
arank-1 lattice A(z, M) in (8.10) satisfying the condition (8.14). The computational
cost to reconstruct the Fourier coefficients of the d-variate trigonometric polynomial
p from its sampling values of the given rank-1 lattice mainly depends on the
number M of needed sampling values. In this section we will present a deterministic
procedure to obtain reconstructing rank-1 lattices using a component-by-component
approach.

We start with considering the problem, how large the number M of sampling
values in A(z, M, I) needs to be, see also [185, 189]. For simplicity, we consider
only a symmetric frequency index set I C Z¢ satisfying the condition that for each
k € I also —k € [I. For example, all frequency index sets in Example 8.6 and
Fig. 8.1 are symmetric.

Theorem 8.16 Let I be a symmetric frequency index set with finite cardinality |1 |
such that I C [— lél, lél]d Nz,

Then there exists a reconstructing rank-1 lattice X = A(z, M, I) with prime
cardinality M, such that

Il <M <|2(D] < |IP = 1] +1, (8.22)

where (1) denotes the difference set (8.15).
Proof

1. The lower bound |I| < M is obvious, since we need a Fourier matrix A =
A(X, I) € CXIXII of full rank |71 in (8.9) to reconstruct p, and this property
follows from (8.14).

Recall that |2 ()] is the number of all pairwise distinct vectors k — 1 with k,
1 € 1. We can form at most |I| (|]I| — 1) 4+ 1 pairwise distinct vectors in Z(1).
Therefore we obtain the upper bound | Z(1)| < 1> —|I|+1.

2. In order to show that there exists a reconstructing rank-1 lattice with M <
|2(1)|, we choose M as a prime number satisfying |Z(I)|/2 < M < |2(])|
and show that there exists a generating vector z such that the condition (8.16)
is satisfied for X = A(z, M, I). The prime number M can be always chosen in
(12(1)|/2, |2(1)|] by Bertrand’s postulate.

For the special case d = 1 we have [ C [— ‘Q, ‘9] N Z. Taking z = z1 = 1,
each M > |I| + 1 satisfies the assumption k - z = k % Omod M for
k € 2(I) C [—]|I|,|I|]. In particular, we can take M as a prime number in
(2|2, |2()|], since we have |Z(I)| > 2 |I| in this case.
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Let us now assume that d > 2. We need to show that there exists a generating
vector z such that

k-z£Z0mod M forallk € Z(I)\ {0},

and want to use an induction argument with respect to the dimension d. We
consider the projection of Z(7) on the index set

Pa-) = k= (k)2 : k= (k)= € 2D},

such that each k € Z(I) can be written as (k' , kq) " withk € Z(I;_1). Assume
that we have found already a vector zZ € Z¢~! such that the condition

k-Z#0mod M forallk € 2(I;_1) \ {0} (8.23)

is satisfied. We show now that there exists a vector z = (Z', z4) " with z4 €
{1,..., M — 1} such that

k-z:ﬁ-i+kdzd¢0modM forallk € (1) \ {0}. (8.24)

For that purpose we will use a counting argument. We show that there are at most
(12(14-1)| — 1)/2 integers z4 € {1, ..., M — 1} with the property

k-z=Kk-Z+4+kjzg =0mod M for at leastone k € Z(I) \ {0}. (8.25)

Since (|Z2(1z-1)| — 1)/2 < (|2)| — 1)/2 < M — 1, we always find a z4
satisfying the desired condition (8.24).

3. We show now that for each pair of elements k, —k with k = (l~(T, kd)—r S
2(I) \ {0} and given Z satisfying (8.23), there is at most one z4 such that (8.25)
is satisfied.

If k; = 0, then (8.25) yields k-Z=0mod M contradicting (8.23). Thus in
this case no z4 is found to satisfy (8.25).

Ifk = 0 and k4 # 0, then (8.25) yields kyz4 = 0 mod M. Since |kg| < |I| <
M andz4 € {1,..., M — 1}, it follows that k;z4 and M are coprime such that no
z4 1s found to satisfy (8.25).

Ifk 0 and kg # 0, then (8.25) yields k- Z = —kgzy mod M. Since k-Z # 0
by assumption (8.23) and k4 and M are coprime, there exists one unique solution
zq of this equation. The same unique solution z4 is found, if we replace k =
k", kg)" by —k = (=k ", —kg) " in (8.25).

Taking into account that Z(I;—1) and Z(I) always contain the corresponding
zero vector, it follows that at most (|Z(I;—1)| — 1) /2 integers satisfy (8.25). Thus
the assertion is proved.

The idea of the proof of Theorem 8.16 leads us also to an algorithm, the so-
called component-by-component Algorithm 8.17. This algorithm computes for a
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known lattice size M the generating vector z of the reconstructing rank-1 lattice, see
also [185]. The component-by-component algorithm for numerical integration was
presented in [74, 217].

Algorithm 8.17 (Component-by-Component Lattice Search)
Input: M € N prime, cardinality of rank-1 lattice,
I C 72 finite frequency index set.

1. Setzy :=1.

2. Fors=2,...,ddo
form the set I; := {(kj)j.zlz k= (kj)‘/’.':l € I}
search for one z; € [1, M — 11N Z with

H(z1, ..., 25) " -kmod M : k e I;}| = |I].

Output: 7 = (zj)?l:1 e N4 generating vector.

The construction of the generating vector z € N? in Algorithm 8.17 requires
at most 2d |[I| M < 2d|I|? arithmetic operations. For each component z;, s €
{2,...,d}, of the generating vector z in the component-by-component step s, the
tests for the reconstruction property (8.13) for a given component z; in step 2 of
Algorithm 8.17 require at most s |/| multiplications, (s — 1) |/| additions, and |7|
modulo operations. Since each component zg5, s € {2,...,d}, of the generating
vector z can only take M — 1 possible values, the construction requires at most
d|I| (M — 1) <2d|I| M arithmetic operations in total.

Remark 8.18 The lower bound for the number M in Theorem 8.16 can be improved
for arbitrary frequency index sets, if we employ the exact cardinalities of the
projected index sets I, := {(k;)’_, : k = (kj)‘;:1 € I}, see also [185].

The assumption on the index set can be also relaxed. In particular, the complete
index set can be shifted in Z¢ without changing the results.

A drawback of Algorithm 8.17 is that the cardinality M needs to be known in
advance. As we have shown in Theorem 8.16, M can be always taken as a prime
number satisfying |Z(I)|/2 < M < |2(1)|. But this may be far away from an
optimal choice. Once we have discovered a reconstructing rank-1 lattice A(z, M, I)
satisfying for all distinctk, h € I,

k-z£h-zmod M,
we can ask for M’ < M such that for all distinctk, h € 1,
k-z#Zh-zmod M

is still true for the computed generating vector z. This leads to the following simple
algorithm for lattice size decreasing, see also [185].
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Algorithm 8.19 (Lattice Size Decreasing)
Input: M € N cardinality of rank-1 lattice,
I C Z2 finite frequency index set,
z € N generating vector of reconstructing rank-1 lattice A(z, M, I).

1. Forj=|I|,...,Mdo
if{k-zmod j: k € I}| = |I| then Mmin := j.

Output: Mmnin reduced lattice size.

There exist also other strategies to determine reconstructing rank-1 lattices for
given frequency index sets, where the lattice size M needs not to be known a
priori, see, e.g., [185, Algorithms 4 and 5]. These algorithms are also component-
by-component algorithms and compute complete reconstructing rank-1 lattices, i.e.,
the generating vectors z € N and the lattice sizes M € N, for a given frequency
index set /. The algorithms are applicable for arbitrary frequency index sets of finite
cardinality |/|.

As we have seen in Theorem 8.16 the sampling size M can be bounded by the
cardinality of the difference set Z(I). Interestingly, this cardinality strongly depends
on the structure of /.

Example 8.20 Let I = I;fN = {k € Z: |k||, < N}, N € N, be the £,(Z%)-
ball with 0 < p < oo and the size N € N, see Fig.8.1. The cardinality of the
frequency index set I;{N is bounded by ¢p 4 N < |I;1’N| < Cuap Nd, while the
cardinality of the difference set satisfies ¢, 4 N d < |9 1‘;' M= Cap 24 N9 with
the some constants 0 < ¢, 4 < Cy,p. Consequently, we can find a reconstructing
rank-1 lattice of size M < C’d, » |Il”,l1 | using a component-by-component strategy,

where the constant C’d, p > 0 only depends on p and d.

On the other hand, we obtain for p — 0 the frequency index set / := {k €
Z4: |k|l1 = |k|loo < N} with N € N, which is supported on the coordinate axes.
In this case we have |I| = 2d N + 1, while we obtain 2N + 1)?> < |2(])| <
d (2N + 1)2. Hence, there exists a positive constant ¢; € R with ¢4 |1 1> < |12()|
and the theoretical upper bound on M is quadratic in |/| for each fixed dimension
d. In fact, reconstructing rank-1 lattices for these specific frequency index sets need

at least ﬁ(Nz) nodes, see [188, Theorem 3.5] and [189].

Example 8.21 Important frequency index sets in higher dimensions d > 2 are the
so-called (energy-norm-based) hyperbolic crosses, see, e.g., [15, 55, 56, 389]. In
particular, we can consider a frequency index set of the form

d
1" = {k e 24 (max {1, [k D"/ TV [T max {1, k h/= < N},

s=1

with parameters T € [0, 1) and N € N, see Fig. 8.3 for illustration. The frequency
index set 110\1],0 for T = 0 is a symmetric hyperbolic cross, and the frequency index
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Fig. 8.3 Two-dimensional frequency index sets 132; for T € {0, i, ;}

set I;\j,’T, T € (0, 1), is called energy-norm-based hyperbolic cross. The cardinality
of I;\j,’T can be estimated by

cao N (log N ! <187 < Cao N (log )™, forT =0,

carN<gTI <Car N, forT e(0,1)

with some constants 0 < ¢4, 7 < Cg4.1, depending only on d and 7T, see [190,
Lemma 2.6]. Since the axis cross is a subset of the considered frequency index sets,
ie,{keZ: |kl = |klloo < N} C I]‘{,’T for T € [0, 1), it follows that 2N +
12 <12 (I]‘{,’T)l. On the other hand, we obtain upper bounds of the cardinality of
the difference set & (Ij‘é’T) of the form

o d.T CaoN?(logN)=2 T =0,
UV i < C2 N> Te©),

see, e.g., [183, Theorem 4.8]. Theorem 8.16 offers a constructive strategy to find
reconstructing rank-1 lattices for If\i,’T of cardinality M < |_@(II”\1,’T)|. For T €
(0, 1), these rank-1 lattices are of optimal order in N, see [183, Lemmata 2.1 and
2.3, and Corollary 2.4] and [184]. Reconstructing rank-1 lattices for these frequency
index sets are discussed in more detail in [184].

Summarizing, we can construct a reconstructing rank-1 lattice A(z, M, I) for
arbitrary finite frequency index set /. The choice of the frequency index set
always depends on the approximation properties of the considered function space.
The positive statement is that the size M of the reconstructing rank-1 lattice can
be always bounded by |/|?> being independent of the dimension d. However for
important index sets, such as the hyperbolic cross or thinner index sets, the lattice
size M is bounded from below by M > C N2. We overcome this disadvantage in
the following Sect. 8.5 by considering the union of several rank-1 lattices.

Remark 8.22 In [288, 290] a fast method for the evaluation of an arbitrary high-
dimensional multivariate algebraic polynomial in Chebyshev form at the nodes of
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an arbitrary rank-1 Chebyshev lattice is suggested. An algorithm for constructing
a suitable rank-1 Chebyshev lattice based on a component-by-component approach
is suggested. In the two-dimensional case, the sampling points of special rank-1
Chebyshev lattice coincide with Padua points, see [40].

8.5 Multiple Rank-1 Lattices

To overcome the limitations of the single rank-1 lattice approach, we consider now
multiple rank-1 lattices which are obtained by taking a union of rank-1 lattices. For
s rank-1 lattices A(z,, M;),r = 1,...,s as given in (8.10) we call the union

s
X = A(Z15M17Z25 M27-'-5ZS7MS) = UA(Zi’aMi’)

r=1

multiple rank-1 lattice.

In order to work with this multiple rank-1 lattices, we need to consider the
question, how many distinct points are contained in X. Assuming that for each r
the lattice size M, is coprime with at least one component of z,, the single rank-
1 lattice A(z,, M,) possesses exactly M, distinct points in [0, 271)”’ including 0.
Consequently, the number of distinct points in A(z1, M1, 22, M2, ..., z5, My) is
bounded from above by

N
|A(Z11 M11Z21 M21 "'7zS1 M&)' S 1 -9 +ZM}’"

r=1
In the special case s = 2, we obtain the following result, see also [187,
Lemma 2.1].

Lemma 8.23 Let A(z1, M) and A(z2, M3) be two rank-1 lattices with coprime
lattice sizes M1 and M>.

Then the multiple rank-1 lattice A(z1, M1, 22, M3) is a subset of the rank-1
lattice A(Myz1+ M2y, M1 M>3). Furthermore, if the cardinalities of the single rank-
1 lattices A(z1, M) and A(zy, My) are M| and M», then

|A(z1, My, 22, M2)| = My + My — 1.

Proof
1. We show that A(z, M) is a subset of A(Mz| + Mz, M1 M>). Let

2T .
Xj = M, (j z1 mod M1)
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be an arbitrary point of A(z1, M1). Since M and M, are coprime, there exists a
k €{0,..., M; — 1} such that k M = j mod M. Choose now £ = kM, then

2

= MMy (E(Mzzl + Miz,) mod M1M21)

Ye:
is a point of A(M>z1 + M1z, M1 M>). Further we find by

L (Myz1 + My 2o) mod M M1 = k(M22Z1 + M1 M> z>) mod M1 M>1

= kM22z1 mod M{M>1 =k Mz mod M1 = jz; mod M1

that x; = y,. Analogously, we conclude that A(zz, M2) C A(Mzz; +
Mizy, M\ M>).

2. Now we prove that A(z;, M1) N A(za, M>) = {0}. For this purpose it is sufficient
to show that the M1 M; points of A(M>z1 + M1z2, M1 M>) are distinct. Suppose
that thereis an £ € {0, ..., M M, — 1} such that

£ (Myzy + Mzp) = 0 mod M M>1.

Then there exist ji, k1 € {0,..., M; — 1} and jo, kp € {0, ..., My — 1} with
= jo My + ji1 = ki M> + ko, and we find

£ (Myz1 + Mizp) mod My M1 = j| Mazy + kp M1z, mod M{M>1.
Thus, we arrive at
Jj1 M2 21 = —ky My 2> mod M1 M>1.

Since M1 and M> are coprime, it follows that M is a divisor of each component
of j1 z1, and that M, is a divisor of each component of —k> z. But this can be
only true for j; = ko = 0, since we had assumed that A(z;, M) and A(z2, M>)
have the cardinalities M; and M>. This observation implies now £ = jo M =
k1 M3 which is only possible for j, = k; = 0, since M| and M, are coprime.
Thus ¢ = 0, and the assertion is proven.

Lemma 8.23 can be simply generalized to the union of more than two rank-1
lattices.

Corollary 8.24 Let the multiple rank-1 lattice A(zy, My, ..., Zs, M) with pair-
wise coprime lattice sizes M1, . .., Mg be given. Assume that | A(z,, M,)| = M, for
eachr =1,...,s.

Then we have

N
[A@ My, 2 M) =1 =5+ ) M,

r=1
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Further, let A(z, M) be the rank-1 lattice with the generating vector 7 and lattice
size M given by

N N N

2= ([[M)z.. M=]]M,.

r=1 (= r=1
=

oS
N —

Then
A(Zla Mla e 7ZS5 MS‘) C A(Z, M)

Proof The proof follows similarly as for Lemma 8.23.
As in Sect.8.2 we define now the Fourier matrix for the sampling set X =
A(z1, My,22, M2, ..., Zs, M) and the frequency index set 1,
A = A(A(z17 M17 z27 M27 ] ZS? MS)? I)

(ezmj (k~21)/M1)

(ezﬂij (kzz)/Mz) ]
— j=0,....Ma—1, kel (5.26)

j=0,....M1—1,kel

(627Tij (kzv)/Mv)
j=0,....Ms—1,kel

where we assume that the frequency indices k € [ are arranged in a fixed order.
Thus A has ) ;_; M, rows and |I| columns, where the first rows of the s partial
Fourier matrices coincide. We also introduce the reduced Fourier matrix

(ezmj (k~21)/M1)

(e2ﬂij (kzz)/Mz)
j=1,...,Mr—1,kel

j=0,....M1—1,kel

(627Tij (kzv)/Mv)
j=1,....Ms—1,kel

Z”i/'(k'zl)/Ml).

where we use beside (e J=0,. My—1, kel

only the partial matrices

(anj(kzr)/M) M1 kel * r=2,...,s,

such that A has Y +—1 M, —s + 1 rows and |I| columns. Obviously, A and A have
the same rank, since we have only removed redundant rows.

As in Sect. 8.2, we consider the fast evaluation of trigonometric polynomials
on multiple rank-1 lattices on the one hand and the evaluation of their Fourier
coefficients from samples on multiple rank-1 lattices on the other hand.
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(i) Evaluation of trigonometric polynomials. To evaluate a trigonometric polyno-
mial at all nodes of a multiple rank-1 lattice A(zy, My, ..., z;, M), we can
apply the ideas from Sect. 8.2 and compute the trigonometric polynomial on
s different rank-1 lattices A(zy, M1), ..., A(zg, M) separately. The corre-
sponding Algorithm 8.25 applies the known Algorithm 8.8 s-times, once for
each single rank-1 lattice. The computational cost of the fast evaluation at all
nodes of the whole multiple rank-1 lattice A(zy, My, ..., zs, My) is therefore
O _ M, logM, +sd |I).

Algorithm 8.25 (Evaluation at Multiple Rank-1 Lattices)

Input: My, ..., My € N lattice sizes of rank-1 lattices A(z¢, My), £ = 1,...,s,
Zl,...,2Zs € 74 generating vectors of A(zg, My), £ =1,...,5s,
I C 72 finite frequency index set,
p= (ﬁk)kel Fourier coefficients of p € Iy in (8.7).

1. Fort =1,...,sdobyAlgorithm 8.8

p¢ :=LFFT(My, z¢,1,P) .

2. Setp:= (p1(1),....p1(MD). p22), ..., p2(Ma), ... ps(2), ... ps (M) .

Output: p = Xf)polynomial values of p € Il .
Computational cost: O(Y y_; Mglog My + sd |1]).

The algorithm is a fast realization of the matrix—vector product with the Fourier
matrix A in (8.26). The fast computation of the matrix—vector product with the
adjoint Fourier matrix A" can be realized by employing Algorithm 8.9 separately
to each rank-1 lattice with a numerical effort of &'(}_)_; M¢log My + s d |1]).

(i) Evaluation of the Fourier coefficients. To solve the inverse problem, i.e., to
compute the Fourier coefficients of an arbitrary trigonometric polynomial p €
I1; as given in (8.7), we need to ensure that our Fourier matrix A in (8.26) has
full rank |7|. This means that p needs to be already completely determined by
the sampling set A(z1, My, ..., Zs, My). Then we can apply formula (8.9) for
reconstruction. We are especially interested in a fast and stable reconstruction
method.

We define a reconstructing multiple rank-1 lattice to a given frequency index set
I as a multiple rank-1 lattice satisfying that

APA = A(A@y, My, 20, My, ... 25, My), DV A(A@z1, My, 22, Ma, ..., 25, My), )

has full rank |/|.

In order to keep the needed number of sampling points |A(z1, My, ..., Zs, My)|
=Y 7_; M, —s+1 small, we do not longer assume that each single rank-1 lattice is
a reconstructing rank-1 lattice. But still, we can use Lemma 8.7 in order to compute
the matrix AHA in an efficient way.



446 8 High-Dimensional FFT

Lemma 8.26 Let A be the (}_)_, M,)-by-|I| Fourier matrix (8.26) for a frequency
index set |I| and a multiple rank-1 lattice A(z1, M1,2y, M>, ..., 75, My) with
cardinality 1 —s + > ) _

Then the entries ofAHA € (Clllxm have the form

N
A"A)px = Z M, 8(k—h)-z, mod M, »

r=1
where

5 _J1 k-z.=h-z, mod M,

(k—h)-z, mod M, -= 0 K- Z ¢ h- Z mod Mr .
Proof The assertion follows directly from Lemma 8.7. The entry (AHA)y k is the
inner product of the kth and the hth column of A. Thus we find

s M,—1

(AHA)h,k = Z Z (GZni [(k—h)-zr]/M,)j’

r=1 j=0
where the sums

M,—1

Y (@ [e—b)2,)/ My )]

j=0
can be simply computed as in Lemma 8.7.

Lemma 8.26 also shows that AHA can be sparse for suitably chosen rank-1
lattices. If the single rank-1 lattices are already reconstructing rank-1 lattices, then
it directly follows that AHA is a multiple of the identity matrix.

Now the question remains, how to choose the parameters s as well as z,
and M,, r = 1,...s, to ensure that AHA indeed possesses full rank |/|. The
following strategy given in Algorithm 8.27, see [186, Algorithm 1], yields with high
probability such a multiple rank-1 lattice. Here we take the lattice sizes M, := M for
allr = 1,...,s as a prime number and choose the generating vectors z, randomly
in the set [0, M — 119 N Z%. In order to determine the lattice size M large enough
for the index set I, we define the expansion of the frequency set I by

N; = max {maxk; —min¢;}, (8.27)
=l1,....d kel lel

where kK = (kj)‘;:1 and 1 = (Ej)‘;zl belong to I. The expansion N; can be
interpreted as the size of a d-dimensional cube we need to cover the index set /.



8.5 Multiple Rank-1 Lattices 447

Algorithm 8.27 (Determining Reconstructing Multiple Rank-1 Lattices)
Input: T € N upper bound of the cardinality of a frequency set I,

d € N dimension of the frequency set I,

N € N upper bound of the expansion Ny of the frequency set I,

8 € (0, 1) upper bound of failure probability,

¢ > 1 minimal oversampling factor.

1. Setc:=max{c, ;N }andr:=c(T — 1.

2. Sets :=1(,¢,) T,
3. Set M = argmin{p > A : p € N prime}.
4. Forr =1,...,s choose z, from [0, M — 1]d nzd uniformly at random.

Output: M lattice size of all rank-1 lattices,

71, ..., Zg generating vectors of rank-1 lattices such that

Az, M, ..., 25, M) is a reconstructing multiple rank-1 lattice for 1

with probability at least 1 — 6.
Computational cost: O(XInln A + ds) forc > 1, A ~ max{T, N}, ands ~InT —
Iné.

Due to [186, Theorem 3.4] the Algorithm 8.27 determines a reconstructing
sampling set for trigonometric polynomials supported on the given frequency set
I with probability at least 1 — 8, where

5, = T e~ (=D?/e (8.28)

is an upper bound on the probability that the approach fails. There are several other
strategies in the literature to find appropriate reconstructing multiple rank-1 lattices,
see [186, 187, 192]. Finally, if a reconstructing multiple rank-1 lattice is found, then
the Fourier coefficients of the trigonometric polynomial p € I1; in (8.7) can be
efficiently computed by solving the system

AHAp = AHp,

-
where p := (p(Xj)x;eA@.My): - - -» P(Xj)x;eA(.m,)) and AHp can be computed
using Algorithm 8.9 for the s partial vectors.

Remark 8.28 In [192, 289] the authors suggest approximate algorithms for the
reconstruction of sparse high-dimensional trigonometric polynomials, where the
support in frequency domain is unknown. The main idea is the construction of
the index set of frequencies belonging to the nonzero Fourier coefficients in a
dimension incremental way in combination with the approximation based on rank-
1 lattices. When one restricts the search space in frequency domain to a full grid
[—N, N1“NZ¢ of refinement N € N and assumes that the cardinality of the support
of the trigonometric polynomial in frequency domain is bounded by the sparsity
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s € N, the method requires &'(d s2N) samples and O(d 3+ dsleog(s N))
arithmetic operations in the case cjv/N < s < ¢oN?. The number of samples is
reduced to &(ds 4+ d N) and the number of arithmetic operations is &'(d s3) by
using a version of the Prony method.



Chapter 9 )
Numerical Applications of DFT Shethie

This chapter addresses numerical applications of DFTs. In Sect. 9.1, we describe a
powerful multidimensional approximation method, the so-called cardinal interpola-
tion by translates ¢ (- —k) withk € Z¢, where ¢ € C.(R?) is a compactly supported,
continuous function. In this approximation method, the cardinal Lagrange function
is of main interest. Applying this technique, we compute the multidimensional
Fourier transform by the method of attenuation factors. Then, in Sect.9.2, we
investigate the periodic interpolation by translates on a uniform mesh, where we
use the close connection between periodic and cardinal interpolation by translates.
The central notion is the periodic Lagrange function. Using the periodic Lagrange
function, we calculate the Fourier coefficients of a multivariate periodic function by
the method of attenuation factors.

Starting with the Euler—Maclaurin summation formula, we discuss the quadrature
of univariate periodic functions in Sect.9.3. In Sect. 9.4, we present two methods
for accelerating the convergence of Fourier series, namely the Krylov—Lanczos
method and the Fourier extension. Finally, in Sect.9.5, we deal with fast Poisson
solvers, more precisely, we solve the homogeneous Dirichlet boundary problem of
the Poisson equation on the unit square by a finite difference method, where the
related linear system is solved by a fast algorithm of the two-dimensional DST-I.

9.1 Cardinal Interpolation by Translates

In this section, we describe a powerful approximation method of d-variate functions
which can be efficiently solved by Fourier technique. The dimension d € N is fixed.
Let ¢ € C.(R?) be a given complex-valued continuous basis function with compact
support

supp ¢ := {x € R4 : p(x) # 0}.
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Further we assume that the d-dimensional Fourier transform
o(@) ;= / P(x) e X9 dx
]Rd

belongs to L1(R?). Note that x - @ := Zle x¢ w¢ denotes the inner product of
vectors X = (xg)g=1, w = (a)g)zl:1 € R?. Often used basis functions are cardinal
B-splines and box splines. Note that B-splines (i.e., basis splines) are splines with
the smallest possible support. Cardinal B-splines are B-splines with integer knots.

Example 9.1 In the univariate case d = 1, let m € N\ {1} be given. We choose
¢ = N, as the cardinal B-spline of order m which can be recursively defined by

1
N () := (N1 % N1 ) (x) = / Npoi(x —1)dt, xeR, 9.1)
0
with
1
Ni(x) :== ) (x, 1) + xp0, H(X)) ,

where x(o, 1] denotes the characteristic function of (0, 1]. Then Ny, is contained in
CT’2(R) and has the compact support supp N, = [0, m]. Inthe casesm = 2, 3, 4
we obtain the cardinal B-splines

X xel0, 1),
Mx)=32—-x xe€]l,2)),
0 x e R\ [0, 2),
x2/2 xel0, 1),
) (=2x2+6x—-3)/2 xell,2),
N3 =1 3_ 12 e 3,
0 x € R\ [0, 3),
x3/6 xel0, 1),
(=3x34+12x2 - 12x+4)/6  x €1, 2),
Ny(x) = { Bx3 —24x%2+60x —44)/6  x €2, 3),
4 —-x)3/6 x €3, 4,
0 x e R\ [0, 4)

Further we have N, | [k, k + 1) € £, foreach k € Z and m > 1, where
€ Pn—1 denotes the set of all algebraic polynomials up to degree m — 1. These
B-splines were introduced in [75]. The cardinal B-splines can be computed by the
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recurrence formula

X m—Xx
Nu() = " Nt NaoiGe= 1), m=2.3, ...

Obviously, we have
~ 1 . . w
Ni(w) = / e 0 dy = e71¥/2 ginc , @ eR.
0

By the convolution property of the Fourier transform (see Theorem 2.5) and by (9.1)
we obtain for all w € R and m € N that

N (@) = (K ()" = e71"/2 (sinc ‘g)’”. 9.2)
The centered cardinal B-spline of order m € N is defined by

m
My, (x) = Nm(x~|— 2), xeR.
Then M,, is an even function with supp M,, = [—-m /2, m/2]. Form = 2, 3, 4, the
centered cardinal B-splines read as follows:

1+x xe[-1,0)),
Myx)y=4{1—x x¢€l0,1),
0 x eR\[-1, 1),

(3+2x)%/8 xe[-3/2, —1/2),
B—4x)/4 xe[-1/2,1/2),

M3 =1 G028 xell/23/2).
0 x e R\ [=3/2, 3/2).
(x +2)3/6 xe[-2, -1,
(=3x3—6x24+4)/6 xe[-1,0)),
My(x) = Bx3—6x24+4)/6  x €0, 1),
2—-x)3/6 x e[l 2),
0 xeR\[-2,2)

Figure 9.1 shows the centered cardinal B-splines M», M3, and M4. Note that M,, is
a spline on an integer grid if m is even and on a half integer grid if m is odd. The
centered cardinal B-splines M, satisfy the recurrence formula

12
My (x) = (M1 % M) (x) = Mpy_1(x —0)dt, m=2,3,.... (9.3)
-1/2
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(a) (b) ()
A L T T B

Fig. 9.1 Centered cardinal B-splines (a) M, (b) M3, and (c) M4

By the convolution property of the Fourier transform and by (9.3), the Fourier
transform of M,,, reads as follows:

A

My (w) = (sinc @ym

2) , weR.

For further details see [79] or [68, pp. 1-13].

Example 9.2 A natural multivariate generalization of the univariate centered cardi-
nal B-spline is the so-called box spline introduced in [80]. For the theory of box
splines we refer to [81] and [68, pp. 15-25]. For simplicity, we restrict us to the
bivariate case d = 2. We choose the directions d; := (1, 0)" and dy := (0, 1)
with corresponding multiplicities k, £ € N. The tensor product B-spline M*:9 is
defined as the tensor product of the centered cardinal B-splines My and My, i.e.

M(k,é)(x) = Mi(x1) Me(x2), x=(x1, xz)T c R?,

Obviously, M%9 is supported on [—k/2, k/2] x [—£/2, £/2] and is a piece-
wise polynomial whose polynomial pieces are separated by a rectangular mesh.
Figure 9.2 shows the rectangular partitions of the supports of M>2 and MG,
The Fourier transform of M %-%) reads as follows:

M*D () = (sinc a;l )" (sinc Q;Z )Z, w= (01, ») €R>.
The tensor product B-spline can be generalized by addition of the third direction

d; :=(1, l)T. Then for k, £, m € N, we define the three-direction box spline

1/2
M&EEM (x) = MEEM=D (e e — 0 dt, x = (x1, x2)| € R?,
—-1/2

where we set M %60 := pr*.O Then the support of M &M jg
supp MEE™ —(x =11 kdy + 020y +13md3 : 11, 1, 13 € [—1/2, 1/2]},

which forms a hexagon with the center (0, 0)T whose sides are k, £, and V2m long
in direction d1, d2, and d3, respectively. The three-direction box spline M (k.tm) §g 4
piecewise polynomial, whose polynomial pieces are separated by a three-direction
mesh or type-1 triangulation. Each polynomial piece is a bivariate polynomial of
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(b)

(@)
1
2
1
Fig. 9.2 Rectangular partitions of the supports of (a) M2 and (b) M“*

b
(b) )

(@)

1
2

Fig. 9.3 Three-direction meshes of the supports of (a) M LD and (b) M 322

total degree up to k 4 £ + m — 2. Figure 9.3 shows the three-direction meshes of
the supports of M1 and M @22 Further M*¢™ possesses continuous partial
derivatives up to order r — 2 with

r:=k+4€+m—maxik, £, m}.

For example, M(:'D e C.(R?) is the piecewise linear hat function with
M1 0,0) = 1. The three-direction box spline M>21 e C!(R?) consists
of piecewise polynomials up to total degree 3 and M>>? e C 3 (R?) consists of
piecewise polynomials up to total degree 4. For multivariate box splines we refer to
the literature [68, 81].
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9.1.1 Cardinal Lagrange Function

Now we introduce some additional notations. Let N € N\ {1} be fixed. By Jy and
By we denote the following sets of grid points

Iv==G,€Z?:0<ji<N—1lfort=1,...,d},
. N -1 , N
By :={j= (ol ez?: —| , Il lfore=1,....d).
Further we set

On =10, N)Y,  Qar =10, 2m) .

By ¢1(Z?) we denote the Banach space of all complex, absolutely summable
sequences a = (ak)ycz¢ With the norm

lallg, zay = Y lal .

keZd

As usual we agree the sum of such a series by

Zak = lim Z ak .
N—o00

kezA4 keBy

Letgp € C, (Rd) be a fixed basis function. Then we form integer translates ¢ (- — K)
for k € Z¢. A linear subspace . of Li(R?) is called shift-invariant, if for each
f € & all integer translates f(- — k), k € Z?, are also contained in .Z. A special
shift-invariant space is the space .Z () of all functions s of the form

s= Y axg(-—k

keZd

with (ak)k czd € El(Zd). Obviously, the above series converges absolutely and
uniformly on R?. Hence we have s € L; ®RHNC (Rd), because

Isllz ) < Y lakl ol ggay < 00
kezd4

Now we study the cardinal interpolation problem in £ (¢) and the cardinal
interpolation by translates, respectively. For given data f := (fj)jeze € 0(Z%),
we determine a function s € £ (¢) with

s() = f; foralljez?. 9.4)
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In applications, one assumes often that fj = 0 forall j € 73\ Jy and j € Z \ By,
respectively. Thus for x = j € Z? we obtain the convolution-like equation

sG) = fi = Zsk(p(j—k), x e R?.

keZd

We are interested in an efficient solution of this interpolation problem by using
multidimensional DFTs.

A key role in the cardinal interpolation in .#(¢) plays the symbol o, which is
defined by

0p(®) == Z ok e K®  weRY. 9.5)
keZd

Since the basis function ¢ € C.(R?) is compactly supported, the symbol opisalm-
periodic, d-variate trigonometric polynomial. For the symbol we show a property
which is closely related to the Poisson summation formula (see Theorem 4.27).

Lemma 9.3 Let ¢ € C.(R?) be a given basis function. Assume that ¢ fulfills the
condition

Z sup{|@(@ +2km)| : @ € Qaz} < 0. (9.6)
keZ4

Then the symbol o, can be represented in the form

0p(@) = Z (@ + 2kn) .
keZ4
Proof By condition (9.6) we see that

191, gty = Z/ 6@+ 2k do

kezd Oor

IA

@m)® > sup {|¢(@ + 2kn)| : @ € Q2r) < 00
keZd

such that ¢ € Li(R?). By Theorem 4.21 we know that ¢ € Co(R%). Thus by (9.6)
the series of continuous functions

Z (@ + 2km)

kezA4
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converges uniformly on R? to a 2m-periodic function ¥ € C(T¢). The Fourier
coefficients ¢j(¥), j € 74, read by Theorem 4.22 as follows:

1 s 1 s
. . —ijw A —ijw
cj(y) = (2m)d /an Y(w)e do = (2m)d E /an ¢o(@+2km)e do

keZd
1 N i .

Since ¢ is compactly supported, the Fourier series of i has only finitely many
nonzero summands such that

Y =Y e(=)e®="Y" ok e =0, (w)

jezd keZd

forall w € RY,

Example 9.4 1In the case d = 1, the B-splines N, and M,, are contained in C,.(R)
form e N\ {1} and they fulfill the condition (9.6).
For the cardinal B-spline ¢ = N,,, the corresponding symbol reads as follows:

e lo m=2,
e 310/2 g 5 m=73,
el (2 4 cosw)/3 m=4.

op(w) =

For the centered cardinal B-spline ¢ = M,,, the corresponding symbol reads as
follows:

1 m=2,
op(w) =1 B+cosw)/4 m =3,
2+cosw)/3 m=4.

Thus the symbols of important (centered) cardinal B-splines are quite simple.

Example 9.5 In the case d = 2, the three-direction box spline ¢ = M%) with
k, £, m € N fulfills the condition (9.6). The corresponding symbol reads for @ =
(w1, )" € R? as follows:

1 (k,£,m)=(1,1,1),
Op(w) = (7 + 2coswi + 2coswy + cos(wy + a)z))/12 (k,l,m)=(2,2,1),
(3 4 cosw; + cos wy + cos(w) + 2))/6 (k,£,m) = (2,2,2).

The symbols of often used three-direction box splines are simple trigonometric
polynomials.
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A function A € Z(¢) which interpolates the Kronecker data (§k)icz« on the
integer grid Z<, i.e.

1 k=0,

Mk):‘s":{o kez\ {0},

is called cardinal Lagrange function. For a given basis function ¢ € C.(R%)
with corresponding nonvanishing symbol o,,, we can construct a cardinal Lagrange
function as follows:

Theorem 9.6 Let ¢ € C.(RY) be a given basis function. Assume that § fulfills the
condition (9.6) and that o,(w) # 0 for all w € Q2.
Then the function . € Z(¢) defined as

AX) = ! / ¢(@) ¢*dw, xeR?, 9.7)
Rd O'(p((l))

is a cardinal Lagrange function of the form

AX) = Z px—k), xeR?, 9.8)
kezd

with the coefficients

1 eicu-k

Ak do, keZ?, 9.9)

~ e Jg,, op@)

where ()\'k)kEZd € 01(Z%). The series (9.8) converges absolutely and uniformly
on R¢.

Proof

1. By Lemma 9.3 we know that for all @ € R?

0p(®) = Z P(w+2nm) £0.

neZd

Here the series

Z ¢(® + 2n7)

nezZ4
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converges uniformly on R¢ by condition (9.6). By (9.7) we obtain for each k €
74 that

Ak) = ! / 9@ ek de
R

@2r)d Jra 0p(®)
1 P(@ + 27j) ok 1 / ok
= . e dw = e “"dw = d.
(Zﬂ)d Jgj Oon ZneZd (,0((0 + Zﬂn) (2ﬂ)d Oo2n

2. Applying Lemma 9.3 to the shifted function v := ¢(- 4 x) for arbitrary fixed
x € RY, we obtain by Theorem 4.20

V() =e“*¢®), weR?,
such that for all @ € RY

oy (w) = Z ok +x)e ke = Z (@ + 2mj) el @X TIx
kezd4 jezd

By condition (9.6) the above series on the right-hand side converges uniformly
on R?. By definition (9.7) of the cardinal Lagrange function A we see that

o= | YO o gy
R

Q) Jri 0,(@)
1 1 : ,
— $(@ +2mj) el XX do
@m)? Jo,, 0p(@) jEZZ:d
1 1 :
= f D ok+xeMdo = > apx—k),
@M oz o (@) (T, keZd

where Ak is given by (9.9).

3. Since o, # 0 is a 2w-periodic, trigonometric polynomial, the 2 -periodic
function 1/0, € C*™ (T¢) possesses rapidly decreasing Fourier coefficients Ay
by Lemma 4.6, i.e., for each m € Ny it holds

lim (1 + [Kkl2)" [k =0.

[kll2—o0

Since by Lemma 4.8 we have

Y U+ k)™ <00

keZd
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we obtain that

> Ikl < o0

keZd

Hence the series (9.8) converges absolutely and uniformly on R?and A € . (p).

Theorem 9.7 Let ¢ € C.(R?) be a given basis function. Assume that § fulfills the
condition (9.6).

The cardinal interpolation problem (9.4) in £ (@) is uniquely solvable for
arbitrary given data f = (fk)kezd € €1(Z4) if and only if the symbol 0y satisfies
the condition o, (@) # 0 for all @ € Q2.

Proof

1. Assume that the cardinal interpolation problem (9.4) in Z(¢) is uniquely
solvable for each data f = ( fk)k ezd € (7). Especially for the Kronecker

data ((Sj)j e7d there exists a function A € .Z(¢) of the form

=Y to—k

keZd

with (Ak), e € €1(Z9) and

Si=ri) =Y oG-k, jezl. (9.10)
keZd

Multiplying (9.10) by e~'J® and summing then all equations over j, we obtain
with n := j — k that

l=1@) ) gne ™ =1(w)0y(w)

nezZ4

with

T(w) 1= Z A e ke

kezd4

Using Theorem 4.7, t is a 2m-periodic, continuous function by ()\'k)kEZd €
21(Z%). Hence the symbol o, cannot vanish.

2. Suppose that o, # 0. By Theorem 9.6 there exists a cardinal Lagrange function
A € Z(p) with the property A(j) = §j forall j € 7. For arbitrary data
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f= (fic)yega € £1(Z%) we form the function
5= Z fu (- —K). 9.11)
keZd

By
| fk M(x —K)| < | fil sup{a(w)| : u e R}

and by f € £1(Z%), the series in (9.11) converges absolutely and uniformly on
R?. Further it holds

Isliz, ey < Ifllg, zay 1AL, may < 00

Thus s € L (Rd) NncC (Rd) fulfills the interpolation condition s(j) = f; for all
jezl.

Now we show that s € Z(¢). By Theorem 9.6, the cardinal Lagrange
function A can be represented in the form

k= ket —J)
jezd
with ()\j)jezd € £1(Z%). Then it follows that for all k € Z¢
M=k =Y Ak —J).
jezd

Thus by (9.11) we obtain that

s = Zajk(~ )]
jezd
with the coefficients
aj ‘= ka)nj,k, jGZd.
keZd
By

> lajl < Wllgyzay Mgy zay < 00
jezd

we see that (aj)j czd € 21(Z%). Hence s € Z(¢) is a solution of the cardinal
interpolation problem (9.4).
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3. Finally we prove the unique solvability of the cardinal interpolation prob-
lem (9.4). Assume that 1 € Z(p) is also a solution of (9.4), where ¢ has the
form

ti= > bji(-—J)

jezd

with (bj); za € €1(Z%). Then the coefficients ¢j = aj — by, j € Z¢, with the
property (Cj)jezd € £1(Z%) fulfill the equation

0= ckp(—K

keZd

for each j € Z¢. Multiplying the above equation by e 7§, @ € R?, and summing
all equations over j € 74, we obtain

0=cwoy(®, weR?,
with the 2 -periodic continuous function

c(w) = Z cace ke weR?.
kezd4

Since oy(w) # O for all @ € Q; by assumption, the function ¢ € C (Td)
vanishes such that its Fourier coefficients ck vanish too. Thus it holds ax = bk
for all k € Z¢ and hence s = 1.

Remark 9.8 The proof of Theorem 9.7 is mainly based on a convolution in £ (Z%).
For arbitrary a = (ak)y_ga- b = (bk)yepa € £1(Z%), the convolution in £1(Z9) is
defined asa x b := (Cj)jezd with

Cj = Z akbjfka J € Zd.
kez4

By
lla*bllg, zay < llallg, za) Ibllg,z4)y < 00

we see that a x b € £1(Z9). One can easily show that the convolution in 0(Z%)
is a commutative, associative, and distributive operation with the unity (Sj)j ezd-
Forming the corresponding functions a, b € C(T%) by

a(w) = Z age K° p(w) = Z be K@

keZd kezd4
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then the convolution a x b := (Cj)j czd €01 (Z%) correlates to the product ab €
C(T9), i.e.

a@b@) =Y cje e,
jezd
Now we show that the cardinal interpolation problem (9.4) in .Z(¢) can be
numerically solved by multidimensional DFTs. From (9.11) and from the translation

property of the d-dimensional Fourier transform (see Theorem 4.20) it follows that
the Fourier transform § has the form

$(@) = A(w) Z fre ke,
keZd
Thus we can estimate
B(@)] < [h@)] Y |fil = 2@ Ifl¢, 20,
kezd

such that

151, ey < NAllL, ey IElle, 2y »

ie., S € Ll(Rd). Using the d-dimensional inverse Fourier transform of Theo-
rem 4.22, we obtain the formula

1 3 —ikw) Jixo
s(x):(zﬂ)d/ )\(w)(kae k )e do. 9.12)

d
R keZd

We suppose again that the basis function ¢ fulfills the assumptions of Theorem 9.6
and that fi = 0 for all k € Z¢ \ Jy with certain N € N. Replacing the domain
of integration in (9.12) by the hypercube [—ns, nw]¢ with certain n € N, instead
of (9.12) we compute the expression

1 N —ikw) Jixw
oy f[_mm]dx(w)(z feik )e do

keJy

2

by a simple d-dimensional quadrature rule with step size 7,

the integral (9.12) by the finite sum

wo T IO sy eriemn

meB, N keJy

i.e., we approximate
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with the complex Nth root of unity wy := ¢>* /. By Theorem 9.6 we know that
A = @/0,. Since the symbol o, # 0 is 27 -periodic, it holds

s 2mm o3 d
)”( N ):O_(p(erm’)7 m e Z°,
N

where m’ = (m;Z)Z=1 € Jn denotes the nonnegative residue of m = (mg)zzl ez
modulo N, i.e., it holds mj, = my (mod N) and0 < m) < N foreach£ =1,...,d.
We will use the notation m’ = m mod N.

Instead of the exact value s( ;'l ), Jj € Jun, on the uniform grid rll JuN we obtain

the approximate value

5j = ;d > X(Z’]Tvm)w,jj'v“‘j( > fwk™), e duv 9.13)

meB, N keJy

Now we summarize this method, where we repeat that the given basis function
¢ € Li(RY) N C(RY) with the corresponding symbol o, fulfills the assumptions
of Theorem 9.6.

Algorithm 9.9 (Cardinal Interpolation by Translates)
Input: n, N € N\ {1}, fx € Cwithk € Jy given data.

1. Forall j € Jy compute the d-dimensional DFT(N x ... x N)

f}:: Z fkw‘}'\}k.

keJy
2. For allm € B,y determine
A (2
P (p( yzrvm) f/
m -— ’ m
%(znm)

withm’ = m mod N.
3. Forallm € B,y set ux := tym, where K := m mod nN € J,y.
4. Forall j € J,N compute by d-dimensional DFT(nN x ... x nN)

1 ik
sJ.—Nd ZukwnN .
keJ,n

Output: sj, j € Jun, approximate value ofs(;il) on the uniform grid i JunN.
Computational cost: ﬁ((nN)d log(nN)).
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9.1.2 Computation of Fourier Transforms

This subsection is devoted to the computation of the d-dimensional Fourier trans-
form f of a given function f € Li(RYH N C(Rd), ie.

fw) = /d fXe *dw, weR?. (9.14)
R

We show that the standard method for computing of (9.14) can be essentially
improved without big additional work. The so-called method of attenuation factors
is based on the cardinal Lagrange function in the shift-invariant space .2 (¢), where
the basis function ¢ € C.(R?) with the symbol o, fulfills the assumptions of
Theorem 9.6.

Assume that |f(x)] < 1 for all x € R4 \ [—nm, nw]? with certain n € N.
Replacing the domain of integration in (9.14) by the hypercube [—nm, nr]?¢, we

calculate the integral

/ f(x)e X dw
[—nm, nw]d

by the simple tensor product quadrature rule with uniform step size zli,’ for certain
sufficiently large N € N. Then as approximate value of f (w) we preserve

271

N Z f 27”) 72n1Ja)/N weRd

JjeBun

where the index set B,y is equal to

. . nN —1
By ={i= (o €2 =1, <JZ<L Mtore=1,....a).
(9.15)
Especially for w = '; with k € Z4 we get
2
S 7” w¥ (9.16)

JjeBun

as approximate value of £ (), where w,y = e=27/N), Up to the factor (37 )d, the
expression (9.16) is a d-dimensional DFT(nN x ... x nN). Obviously, the values

fk, k € Z4, are nN- periodic, i.e., fk = fk+,,N j for all j, k € Z4 . Otherwise, the
Fourier transform f possesses the property (see Lemma 4.21)

i) =o.

lim
kl2—>00 ™ “n
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Thus only for k = (k¢){_, € Z4 with [ke| < ", € = 1,....d, the value fi

can be accepted as approximation of f (l;) Better approximations of f (l;) can be
obtained by the following method of attenuation factors which is mainly based on
the cardinal Lagrange function . € £ (¢), where ¢ € CC(Rd) is a convenient
compactly supported basis function and .2 (¢) is the related shift-invariant space.

Theorem 9.10 (Method of Attenuation Factors for Fourier Transform) Let n,
N € N be given. For f € L1(RY N CRY) set

P UG R
] 0 jEZd\BnN-

Let ¢ € C.(R?) be a given compactly supported basis function. Assume that ¢
Sulfills the condition (9.6) and that o,(®@) # 0 for all ® € Qay. Let A € ZL(¢p)
denote the cardinal Lagrange function (9.7).

Then the values of the Fourier transform of the function

N
s0= Y fjx(; —j). xeRrd, 9.17)

J€BuN

read as follows:
2. S / d
S(;) =4 ) fe kez,

where k' :=k mod nN and where fy is defined by (9.16). The values

A kez, (9.18)

271k)_ (Z)(znjg\}{)
nN oy ()

are called attenuation factors of Fourier transform.

Proof By Theorem 9.6 there exists the cardinal Lagrange function A € Z(¢).
Obviously, the function (9.17) interpolates the given data fj on the uniform grid
2w 7d

74, 1e.
N b b

27j

s("y) =15 jez’.

Further by Theorem 9.7 we know that s € Li(R?) N C(R?). Applying the d-
dimensional Fourier transform, we obtain

§(@) = (2]:;)”’ 3 Jge—zﬂij'“’/Ni(ZZIw), weR’.

jEBnN
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By Theorem 9.6 it holds A= ¢/0,. Forw = l;’ k € Z4, it follows that

5 =378 A=ACT ) e

where fy is defined by (9.16) and where k' = k mod nN. Since the symbol oy is
2m-periodic, we obtain the formula (9.18).

Thus we can use §(*) as approximate value of f(¥) for k € Z¢. The method
of attenuation factors performs two tasks. The computed values §(k) correct the
(nN )¢ coarse approximate values fi for k € B,y . Further the approximate values
fx for k € By are continued to whole Z< by the values s(k)

The essential step for computing the Fourier transform f on a uniform grid is the
d-dimensional DFT(nN x ... x nN) in formula (9.16) so that we recommend to
choose the positive integers n and N as powers of two.

Example 9.11 For the cardinal B-spline ¢ = N,, with certain m € N\ {1} the
attenuation factors result from

(sinc %’)2 m=2,
Mw) = § 3 (sinc ‘5)4 (2 +cosw)”! m=4,

60 (sinc ‘5)6 (33+26 cosw+cos2w)”! m=6

with @ = 2”" , k € Z. Note that N3 and N5 don’t fulfill the assumptions of
Theorem 9. 10 because the related symbols can vanish.

For the centered cardinal B-spline ¢ = M, with certain m € N\ {1} the
attenuation factors account for

(sinc %’)2 m=2,
Mw) = { 4 (sinc ‘5)3(3~|—cosa))_1 m=3,
3 (sinc ‘5)4 Q+cosw) ! m=4
2k
with w = nf\,,keZ

Example 9.12 For the three-direction box spline ¢ = M &.lm) \with k, 6, m € N
one obtains the attenuation factors by

(sinc 9') (sinc }) (sinc “'3?)  (k,&,m)=(1,1,1),
A 12 (sine 1) (sinc “2)° (sinc 132
Mw) = (7+2cozsa))1£2005w224)rc<§s(w1+w22) ) (k, €,m) = (2,2, 1),

osme )" (sne 2)" (e 52" 0,000)

3+cos w1 +cos wy+cos(w)+w3)

with® = (01, w) T = 7 k e Z2.
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In the univariate case with ¢ = N4, we obtain the following algorithm for
computing the Fourier transform of a function f € L{(R) N C(R) which fulfills
the condition | f(x)| <« 1 for all |x| > nx with certain n € N. Note that the Fourier
transform of the related cardinal Lagrange function A € .Z(¢) reads as follows:

~

Mw)=3 (sinc ;))4 2+ cosa))f1 .

Algorithm 9.13 (Computation of One-Dimensional Fourier Transform via At-
tenuation Factors) .

Input: n, N € N powers of two, f; = f(zg,/)forj = —L”Nz_lj, ey L"éVJ given
dataof f € L1(R) N C(R).

1. Form

e )
P fiean ="+ 1L N =1L

2. Fork =0,...,nN — 1 compute the DFT(nN)

nN—1
AL jk
8k = Z &j Wiy -
j=0

3. With h := 37 form

f__{hgk k=0,....["%].
ST hean k== -1
4. Fork = —L"Nz_lJ, o L”éVJ calculate
ks 2wk o
() =i
Output: §(ﬁ) approximate value off(ﬁ)fork = —L"N{lj, ce, L"évj

Computational cost: ﬁ(nN log(nN)).

The following example shows the performance of this method of attenuation
factors.

Example 9.14 We consider the even function f € L1(R) N C(R) given by f(x) =
e ¥l for x € R. Then the related Fourier transform reads as follows:

~ . 2
= [ e Mle ¥ de = eR.
f(w) /Re e w l+a?’ w
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Fig. 9.4 The crosses (k, | fk — f (k)|) for k = =20, ..., 20 illustrate the behavior for the classical
computation of f (k) in Example 9.14

We choose N = 16, n = 1, and ¢ = N4. Instead of the exact values f (k) we obtain
the coarse approximate values

The method of attenuation factors creates the improved approximate values

~ k- 3(sinc ”k)4 _
Sy =, ) f = 16 )
8 2 + cos ”8]‘

Figure 9.4 illustrates the errors for the classical computation of the values f (k). On
the other hand, the method of attenuation factors produces the small maximal error

max [§(k) — f(k)| = 0.070127 .
|k|<20

9.2 Periodic Interpolation by Translates

In this section, we investigate the periodic interpolation by translates on a uniform
mesh. Our approach is mainly based on Sect.9.1, since there exists a close
connection between periodic and cardinal interpolation by translates.

In the following, let N € N be fixed chosen. Let ¢ € C.(RY) be a compactly
supported basis function with the property (9.6). By

0*(x) = Z o(x+ NKk), xeR?, (9.19)
kezd4

we form an N-periodic function ¢* € Cy (R%), where Cy (R?) denotes the Banach
space of all N-periodic continuous functions f : R¢ — C with the uniform norm

If llcyray :=sup{lf®)] : x € Qn = [0, N)?}.
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Analogously, we can periodize the Fourier transform ¢, since condition (9.6) is
fulfilled. Thus we obtain the 27 -periodized Fourier transform

§@) =) ¢w+27k), weR!. (9.20)
keZd

By (9.6) it holds ¢ € C(T?).

By Zn(¢p*) we denote the space of all N-periodic continuous functions s :
R? — C of the form

s(X) == ch-go*(x—j), x e R?,

JeJIn
with arbitrary coefficients ¢j € C and the index set
In={=Gol_ €z 0<j,<N-—1fort=1,...,d}.

If we continue the coefficients cj by cjiyk := cj forall j € Jy and k € Z, then we
get the equation

s =) apx—m),

neZd

where for each x € RY the above sum contains only finitely many nonzero
summands.

9.2.1 Periodic Lagrange Function

The N-periodic interpolation in £n(¢*) on the uniform mesh Jy means that one
has to determine a function s € £y (¢*) which fulfills the interpolation condition

sG)=f forall je Jy, 9.21)

where fj € C, j € Jy, are arbitrary given data. A function A* € Cn (Rd) which

interpolates the N-periodic Kronecker data 81((N) on the uniform mesh Jy, i.e.,
1 k=0
(k) = o 0 keldy\{0}

is called an N-periodic Lagrange function. Now we construct an N-periodic La-
grange function in the space £y (¢*). Similarly as in Theorem 9.6, the construction
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of N-periodic Lagrange function in .Zy (¢*) is based on properties of the symbol

0p(®) = Z p(k)e ke,

keZd

Since ¢ is compactly supported, we observe that o, is a 27r-periodic trigonometric
polynomial. The symbol of the shifted function ¢ (- 4t) with fixed t € R¢ is denoted
by

0,(t, ) = Z pk+te K weRY. (9.22)
kezd
Obviously we have 0, (0, @) = 0y, (®).

Lemma 9.15 For eacht € R? and all j € Jy it holds

o, (t, 2]7\?) =) ¢*m+1) wi = > (/3(217\? + 27K) TN g2ikt
neJy keZd

(9.23)

Proof By Poisson summation formula (see Theorem 4.27) and by the translation
property of the d-dimensional Fourier transform (see Theorem 4.20) we conclude
that

Oy (t, w) = Z P(w + 27k) el @ikt
kezd4

The convergence of above series is ensured by condition (9.6). Especially for @ =

zﬁj with j € Jy we get one equation of (9.23).

Substituting k =n+ Nm withn € Jy andm € Z% in (9.22), we see that

21 i. i.
oy (t. v ) = Z Z pm+t+ Nm)w)' = Z P m+t)wh'.
neJy mezd nejy
Now we construct an N-periodic Lagrange function in Zy (¢*).
Theorem 9.16 Let N € N be fixed. Let ¢ € C.(R?) be a given basis function with
the property (9.6). Assume that the related symbol o, fulfills the condition

.
o(p(;']);ﬁo, jen. (9.24)

Then the N-periodic function * € Cy(R?) defined by the Fourier series

)= Y gl () ek (9.25)
keZd
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with the corresponding Fourier coefficients

o5

(N) (4
AT = s
W ODZ N g (2K

keZz?, (9.26)

is an N-periodic Lagrange function in £y (¢*) which can be represented in the
form

Z O'(p 27m)
Ax) = (9.27)
d 2
N nejN a‘ﬂ( ]7;[/“)
= Z Metx—j), xeR? (9.28)
jen

with the coefficients

R

M= > oo (T) jen. (9.29)

neJy Y\ N

Under the condition (9.24), the N-periodic Lagrange function in £y(¢*) is
uniquely determined.

Proof
1. By (9.6), (9.24), and (9.26) we see that
Z |cl({N)()L*)| < 00.

keZd

Hence the Fourier series (9.25) converges absolutely and uniformly on R? such
that \* € Cy (Rd) (see Theorem 4.7). Especially for x = j € Jy we obtain
by (9.25) and (9.26) that

. 1 o)
OES wy
N kgzd U‘P(%k) !

with wy = e~ 2"/ Substituting k = n + N m withn € Jy and m € Z¢ in the
above series, it follows from Lemma 9.3 that

E .2
Nd Z 27m) Z 90( Zn—i—an)

neJy <p N/ mezd

1 i ,
~ Nd Do wy =" ey

ne/y

0

Thus A* is an N-periodic Lagrange function on the uniform mesh Jy .
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2. Substitutingk =n+ Nmwithn € Jy andm € Z% in the Fourier series (9.25),
we receive the representation (9.27) from Lemma 9.15, since

A(x) = Nd Z ( Z (/3(2211 +27‘rm) e2minx/N e27rim~x)

neJy @ ( ) meZ4
B Z O“p( 27rn)
Nd neJy (ﬂ N )

Using Lemma 9.15, we preserve the formula (9.28) with the coefficients (9.29)
such that A* € &y (™).

3. Finally we show the uniqueness of the N-periodic Lagrange function A* in
LN (¢*). Assume that

wr(x) = Z te e (x—Kk), x e RY,
keJy

is another N-periodic Lagrange function in .Zy (¢*). Then for all j € Jy we find

Yk —upeti-k =0.

keJy

Multiplying the above equation by w " with n € Jy and adding all equations
over j € Jy, we obtain for eachn € JN

(Y oi—mpwk™) (X ¢ mywim) =

keJy meJy

Thus from (9.23) it follows that

2
(X 0= mpul) op(") =0

keJy

and hence by (9.24)

Y Gk —upwh®=0, nely.
keJy

Since the d-dimensional DFT(N x ... x N) is invertible (see Theorem 4.77),
we get Ay = uj for all k € Jy, ie., both N-periodic Lagrange functions
coincide.

The cardinal Lagrange function A in . (¢) and the N-periodic Lagrange function
A in Ly (¢*) are closely related.
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Lemma 9.17 Let N € N be fixed. Let ¢ € C.(R%) be a given basis function with
the property (9.6). Assume that the related symbol o, fulfills the condition

0p(@) #0, ®€ Q. (9.30)

Then the N-periodic function \* in Ln(¢™) coincides with the N-periodized
cardinal Lagrange function X, i.e.,

Mx)= Y Ax+Nk), xeR (9.31)
keZd

For the coefficients )»3*, J € Jn, of the N-periodic Lagrange function A* it holds

A= Z Aj+Nn, J€JIN, (9.32)
nez4
where Aj denote the coefficients (9.9) of the cardinal Lagrange function . € £ (¢).
Proof

1. From the assumption (9.30) it follows that (a(/,)’1 € C(TY). By (9.9), one can
interpret A; with j € 74 as (—j)th Fourier coefficient of (a(p)’l. As shown in
Theorem 9.6 it holds

> Ial < oo

jezd

The coefficients Af, j € Ju, can be represented in the form (9.29). Using the
aliasing formula (see Theorem 4.67), we conclude that (9.32) for each j € Jy.

2. For arbitrary x € RY, the N-periodic Lagrange function A* can be written
by (9.28) and (9.32) as

A(x) = Z Z Ajtnn @" (X — )

jeJn nezd

and hence by (9.19)

M= Y Y Aenn e —j+ Nm).

jeJn nezd mezd

Interchanging the order of summations and substituting p := j+ Nn with j € Jy
andn € Z4, we obtain (9.31). Note that the order of summations can be changed,
since only finitely many summands don’t vanish by the compact support
of p.
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Theorem 9.18 Ler N € N be fixed. Let ¢ € C.(RY) be a given basis function with
the property (9.6). The N -periodic interpolation problem (9.21) is uniquely solvable
in Ly (¢*) if and only if the symbol o, fulfills the condition (9.24).

Proof For given data fj € C with j € Jy, the N-periodic interpolation prob-
lem (9.21) possesses a unique solution s € £y (¢*) of the form

s =) k' x—k), xeR’,
keJy

with certain coefficients cx € C if and only if the system of linear equations

fi=> e G-k, jeln, (9.33)
keJy

is uniquely solvable. Note that the right-hand side of (9.33) is equal to the
jth component of a d-dimensional cyclic convolution. Therefore we determine
the coefficients ck, k € Jy, using d-dimensional DFT(N x ... x N). By the
definition (9.5) of the symbol o, and by (9.19) it holds for eachn € Jy

a(p(z;n) = Z(p(j) wj;\',n = Z Z ¢k + Nm) w];,‘"

jezd keJy mezd

=) e wi".

keJy

Thus we preserve by the convolution property of the d-dimensional DFT(N x ... x
N) in Theorem 4.77 that

27n

ﬂ:Q%(N),nem, (9.34)

with

Cn 1= Z ckw}f,‘", fai= Z fkw';i,'“.

keJy keJy

Thus the unique solvability of the linear system (9.33) is equivalent to the unique
solvability of (9.34). Obviously, (9.34) is uniquely solvable under the assump-
tion (9.24).

Finally we ask for an algorithm for N-periodic interpolation by translates. As
before let ¢ € C.(R?) be a given basis function which possesses the properties (9.6)
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and (9.24). Then the N-periodic interpolation problem (9.21) has the unique
solution

s =Y ArE-Kk) € LypH (9.35)
keJy

for arbitrary given data fx € C, k € Jy. Restricting the summation in the Fourier
series (9.25) to the finite index set (9.15) with certain n € N, then in (9.35) we
replace 1*(x — K) for k € Jy by its approximation

A(2Tm
1d Z ‘/’((zgm)) ik 2rimx/N

meB,y ¢\ N

Thus forx = ’Jl with j € J,n we obtain the approximate value
. 1 (/A) ( 2711\/m) —-m-j m-k
5= Nd Z - (an) Wan ( Z fuwy )
meB,y ¢\ N keJy

of the exact value s(fl) Note that this value coincides with the approximate
value (9.13) for the related cardinal interpolation problem. Thus we can use the
corresponding Algorithm 9.9 for N-periodic interpolation by translates too.

9.2.2 Computation of Fourier Coefficients

For fixed N € N, we calculate the Fourier coefficients
1 .
M(fy = / f(x)e 2MixK/Ngy  kezd, (9.36)
N4 Y

of an N-periodic function f € Cy(RY), where On = [0, N)4 denotes the d-
dimensional hypercube. Assume that the values fj := f(j) on the uniform grid

Jn are given. For a coarse computation of c]((N)( f) one can use the simple tensor
product quadrature rule. Then one obtains the approximate value

R
Ck ‘= Nd fk
with the d-dimensional DFT(N x ... x N)

A=) fiwh. ke, 9.37)

JeJn
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where wy = e >"/N means a primitive N-th root of unity. Extending fk onto Z4

by fktnj = fk forallk € Jy and j € Z%, we see that the sequence (5k)
N-periodically. Otherwise as shown in Lemma 4.6, we know that

kezd 18

lim ¢M(f)=0. (9.38)
Ik]l2— 00
Hence only in the case |K|2 < g’ , we can expect that Cx is a convenient

approximation of c]((N) (f) (see Corollary 3.4 ford = 1).
A better approximate value of cl&N) (f) with the correct asymptotic behavior for
k|l — oo can be preserved by the so-called method of attenuation factors for
Fourier coefficients. We choose a convenient compactly supported basis function
o € Ce (R9) and form the N -periodized function (9.19). Instead to calculate the
integral (9.36) directly, first we determine the N-periodic interpolating function s €

Zn(p*) interpolating the given data fj on the uniform grid Jx. Then we obtain the

exact Fourier coefficients cliN) (s) which are excellent approximations of the wanted
Fourier coefficients (9.36).

Theorem 9.19 (Method of Attenuation Factors for Fourier Coefficients) Let
N € N be fixed. Let ¢ € C.(R) be a given basis function with the property (9.6).
Assume that the related symbol o, fulfills the condition (9.30). For arbitrary given
function f € Cy(R?) let s € Ln(¢*) be the N-periodic function interpolating
sG)=fij=fQ) forallje Jy.

Then the Fourier coefficients of s read as follows:

1 .27k, .
M (s) = v i v ) hes keZd, (9.39)

where fkr is equal to (9.37) and where X' := k mod N € Jy is the nonnegative
residue of k € Z¢ modulo N. The values

271k) _ o)
N %(zjzrvk)

A

are called attenuation factors of the Fourier coefficients.

Proof By (9.35) the given data fj € C on the uniform grid Jy will be interpolated
by the N-periodic function s € £y (¢*) in the form

$(X) = ij)\*(x—j), x e R?,

jen

where A* € Zy(¢*) denotes the N-periodic Lagrange function. By the translation
property of the Fourier coefficients (cf. Lemma 4.1 for the period 27r) we obtain for



9.2 Periodic Interpolation by Translates 477
the kth Fourier coefficient of the N-periodic function s

N N j-k N A
a©) =05 Y [l =0 i
Jjen

From Theorem 9.16 it follows that

(N) 1 ~ 27k 1 (2)(27[]()
() = v A v )= v %(%k) ,

where A denotes the Fourier transform of the cardinal Lagrange function.

We emphasize that the attenuation factors are independent of the given data fj
on the uniform grid Jy, they are only special values of the Fourier transform of
the cardinal Lagrange function. Thus we can use c]((N) (s) as approximate values of
cl((N) (f) forallk e Z% . The method of attenuation factors for Fourier coefficients
performs two tasks. The computed Fourier coefficients cl((N) (s) correct the coarse
approximate values N ¢ fk for k € Jy. Further the approximate values N ~¢ fk for

k € Jy are continued to whole Z¢ by the values c]((N) (s).
The following example shows the performance of this method of attenuation
factors.

Example 9.20 We consider the even 2m-periodic function f € C(T) given by
f(x) := x? for x € [—7, 7). Then the related Fourier series

7 4
fx)= 3~ 4 cosx + cos(2x) — 9 cos(Bx) + ...

converges uniformly on R. We choose N = 16 and ¢ = Nj. Instead of the exact
Fourier coefficients

2
1 [~ . A k=0,
ol =, [ Feta=il keZ\ (0]
. .
k2 ’

we obtain the coarse approximate values

The method of attenuation factors creates the improved approximate values

1 ~ 7wk, 4
= o (g ) e
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+ 2 +

Fig. 9.5 The crosses (k, | 116 fk —cr(f)) fork =—15,..., 15 illustrate the error behavior for the
classical computation of ¢, (f) in Example 9.20

with the attenuation factors

X(nk) 3 (sinc 7§)4
87 24cos ”Sk

Figure 9.5 illustrates the errors for the classical computation of the Fourier
coefficients ¢, (f). On the other hand, the method of attenuation factors produces
the small maximal error

max |cx — ck(f)] = 0.026982.
|k|<15

Remark 9.21 The method of attenuation factors has a long history. Using a poly-
nomial spline ¢, the attenuation factors of Fourier coefficients were calculated first
by Eagle [97] and later by Quade and Collatz [301], see also [100, 133]. Gautschi
[126] presented a general theory of attenuation factors for Fourier coefficients. He
used a linear and translation invariant approximation process in order to interpolate
the given data on a uniform mesh, see also [230]. Later, Gutknecht [153] extended
Gautschi’s approach to multivariate periodic functions.

9.3 Quadrature of Periodic Functions

Now we consider the quadrature of univariate periodic functions. First we derive
the so-called Euler—-Maclaurin summation formula, which is based on an expansion
into Bernoulli polynomials. The Bernoulli polynomial B, of degree n is recursively
defined by Bp(x) := 1 and

B, (x) =nB,_1(x), neN, (9.40)
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with the condition
1
/ B,(x)dx =0, neN. 9.41)
0

The numbers B,,(0) are called Bernoulli numbers. Thus the first Bernoulli polyno-
mials read as follows:

1 1
Bo) =1, Bi(x)=x—,, Bz(x)=x2—x+6,

3 1 1
B3(x)=x3—2x2+2x, B4(x)=x4—2x3—|—x2—30.

Note that by (9.40) and (9.41) it holds B, (0) = B, (1) for all n € N\ {1}, since

1 1
B, (1) — By (0) = / B/(x)dx =n / By_1(x)dx = 0. (9.42)
0 0

Each Bernoulli polynomial B, has the following symmetry property
B, (x) = (=1)" B,(1 —x), (9.43)

since the polynomial (—1)" B, (1 — x) has the same properties (9.40) and (9.41) as
B,.Forn = 2k + 1,k € N, and x = 0 it follows that Byg+1(0) = —Bog+1(1).
Hence by (9.42) we conclude that

Boi+1(0) = Boy41(1) =0, keN. (9.44)

By b,, n € N\ {1}, we denote the 1-periodic Bernoulli function which is defined as
the 1-periodic continuation of Bernoulli polynomial B, restricted on [0, 1). Hence
it holds

by(x) = B,(x — [x]), x€R, (9.45)

where | x| denotes the largest integer smaller than or equal to x € R. Further b;
is defined as the 1-periodic continuation of Bj restricted on (0, 1) with b1(0) =
b1(1) := 0. Obviously, b is a 1-periodic sawtooth function.

Lemma 9.22 For each n € N, the 1-periodic Bernoulli function b, can be
represented as a convergent Fourier series

1 .
by (x) = —n! Z iy X ikx (9.46)
keZ\{0}



480 9 Numerical Applications of DFT

Proof First we remark that forall k € Z andn € N
1 .
b = B = [ B ar,
0

The condition (9.41) leads to c(()l)(Bn) = 0 for each n € N. Now we calculate the
Fourier coefficients c,(cl)(B,,) for k € Z \ {0}. For n = 1 we obtain

1

. 9.47
2rik ©47)

1
1 .
e (By) = f (1= )e mkdr =
0 2
By Lemma 1.6 and (9.40) we receive for n € N \ {0}
Vbl =27k V(B = n el (Byo1)

and hence the recursion

(B =, e (Buon)
such that by (9.47)
(1) N n'
% B == ik

For n € N\ {1}, the 1-periodic Bernoulli function b,, is contained in C {"_2) (R)
and its Fourier series (9.46) converges uniformly by Theorem 1.37. For n = 1,
the 1-periodic Bernoulli function b; is piecewise linear. By the Theorem 1.34 of
Dirichlet-Jordan, the related Fourier series converges pointwise and uniformly on
each closed interval contained in R \ Z.

Lemma 9.23 Forn € Nand x € [0, 1] it holds the inequality
(=1)" (Ban(x) — B2x(0)) = 0. (9.48)

Proof By Lemma 9.22 we know that for eachn € N and x € [0, 1]

o]

2 cos(2mkx)
B = (—D)" @2n)!
an(x) = (=" (2n) ]; P
and hence
(o)

By, (0) = (=)' 2m)! Y

o
P 2mk)""
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Thus it follows that

n 2\ 1 — cos(2mkx)
(=1 (BZn (x) — BZn(O)) =2(2n)! I; (k) >0.

This completes the proof.

Lemma 9.24 Leth € C™[0, 1], m € N, be given. Then h can be represented in the
Bernoulli polynomial expansion

m

. 1 1
hx) = B’j(‘x) fo h9 (1) dt — ni‘ fo b (x — 1) R (1) dt

j=0
1 m X ) ) 1
:/ h(t)dt+Z Bf_(x) (97D = rY=D ) - ! / b (x — 1) R (r) dt .
0 o m! Jo
(9.49)
In the case m = 2n + 2, n € Ny, it holds for certain t € (0, 1)
' 1 "\ B2 (0) o :
h(tydt = _ (h(0) + h(1)) — R (Al ¢ DI il (0
/O (1) 5 (1O) +h(D) ;(2])!( (1) 0))
_ BZn+2(0) (2n+2)
Gt 2! h (7). (9.50)

Proof

1. We show the Bernoulli polynomial expansion (9.49) by induction with respect to
m. By (9.45) for b1 we get

1 X 1
/bl(x—t)h/(t)dtzf (x—t—l)h/(t)dt—l—/ 1+ Y.
0 0 2 x 2

Then integration by parts leads to

1 1
fbl(x—t)h’(t)dz‘:/ h(r)dt + (h(1) — h(0)) B (x) — h(x)
0 0

such that (9.49) is shown for m = 1.

Assume that (9.49) is valid for some m € N. Let h € C™*tD[0, 1] be
given. By the definition of the 1-periodic Bernoulli function b,, we obtain for
the integral term in (9.49) that

1 X 1
/bm(x—t)h(’")(t)dtzf Bm(x—t)h(m)(t)dt—i—/ B (x—14+1) h™ () dr .
0 0

X
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Applying integration by parts, it follows by (9.40) and (9.42) that

1! Bont1(x)
_ oy pm) _ _ Dm+i m) 1y _ j,(m)
m!/o bp(x — ) K" (1) dr = (m 4+ D! (R (1) — K" (0))
1 : (m+1)
+ (m+ 1) /0 bpr1(x —t)h (t)de,

i.e., (9.49) is also true for m + 1.
2. Forx =0and m = 2n + 2, n € Ny, in (9.49) it follows by (9.44) and (9.43) that

1 ntl o
/ h()yde = | (h(O) + (D) =Y B2, ©) (R =D 1) — K% =D ()
0 2

o @
+ 1 /1 Bonia (1) 4" (1) de
en+2) Jo
1 " By (0 . ,
/:
1 1 )
T on+ o) /0 (Bant2(t) = Bans2(0) A2 (1) dr.

From h?"*2) e C[0, 1],(9.48), and (9.41) it follows by the extended mean value
theorem for integrals that there exists one T € (0, 1) with

1 1
/0 (Bang2(t) — Bop42(0) B2 (1) dr = h@ 2 (1) fo (Bans2(t) — Bop42(0)) dt
= —B2y42(0) R (1) .

Thus (9.50) is shown.

Corollary 9.25 (Euler—-Maclaurin Summation Formula) Letn € Noand N €
N\ {1} be given. Then for h € C*"*2[0, N1 it holds the Euler—Maclaurin summation
formula
/N h(t)dt = ! (h(0) + h(N)) + If hk) — Z B2, ©) (hR®=D(N) = h@=D ()
0 2 —l o @

_ N B2.42(0) RO (5 (9.51)
2n 4 2)!

with one o € (0, N).
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Proof Repeated application of Lemma 9.24 to the integrals
k+1
/ h()dt, k=0,...,N—1,
k

leads to

N N-1 gt
/ h(t)dt = Z/ h(t)dt
0 k=0 k

B;(0)

ot (h(zjfl)(N) _ h(2j*1)(0))

N—-1 n
1
=, (1) + (W) + NIGEDS
k=1

j=1

N—-1

BZn+2 0) (2n+2)

T 2n+2)! kz R )
=0

with 7 € (k, k+1). By the intermediate value theorem of h@t2 ¢ C[0, N] there
exists one o € (0, N) with

N—-1

1
N

=~

The Euler—Maclaurin summation formula (9.51) describes a powerful connection
between integrals and finite sums. By this formula, one can evaluate finite sums by
integrals which can be seen as follows:

Example 9.26 For arbitrary N € N\ {1}, we consider the function i(¢t) := 12 for
t € [0, N]. From (9.51) it follows that

N 1 N-—1 1
2 2 2
t“dt = N-+ E k“— N
/0 2 k=1 6
and hence

N

, 11,1 1
Zk = N+ N+ N= NIN+DHERN+1).
po 3 2 6 6

Now we apply the Euler—Maclaurin summation formula (9.51) to the quadrature
of a 2 -periodic smooth function g. Obviously, the trapezoidal rule with equidistant
nodes zlf,k ,k=20, ..., N—1,coincides with the related rectangular rule

N-—1
2 2wk
N Zg( N )
k=0
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We estimate the quadrature error for the rectangular rule with equidistant nodes. The
following lemma indicates that the simple rectangular rule with equidistant nodes
is very convenient for the quadrature of 2w -periodic, (2n + 2)-times continuously
differentiable functions.

Lemma 9.27 Let g € C?"*2(T) with n € Ny be given. Further let N € N\ {1}
be fixed.

Then the quadrature error in the rectangular rule with equidistant nodes 2]7\7/‘,
k=0, ..., N—1, can be estimated by

N-1

m 2 2k (27)%"*3 By, 12(0)
(2n+2)
|/0 Y %g( v I= n+ N 187 e

Proof We apply the Euler—-Maclaurin formula (9.51). The substitution x = 21\’,’ t e
[0, 2] fort € [0, N]leadsto h(t) := g(zﬁ t) fort € [0, N].From the assumption
g € CP"I(T) it follows that h € C"*2[0, N1] fulfills the conditions 2/ (0) =
hU)(N), j =0,...,2n +2. Thus by (9.51) we obtain that for certain & € (0, 27)

27 2 NN 2wk Q271)2"3 By, 42(0)
dr — __ @n+2) gy
/O sar= 0 S == e €7

For n = 0, Lemma 9.27 provides:

Corollary 9.28 For g € C*(T) the quadrature error in the rectangular rule with

equidistant nodes zljf,k, k=0, ..., N—1, can be estimated by
27 N-1 3
2 2wk 2m) P
dx — < .
| /0 g dr =" k}_o gy )=, 2 18"l

This result will now be used to estimate the error in the computation of the
Fourier coefficients

_ 1 o —il x
w(f)—zn A fxye"dx, (LeZ,

of a given function f € C 2(T). Setting g(x) := 2177 f(x)e ¥ we obtain

1 .
g =, e (f(x) =20l f1(x) — 2 f(x)).
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Denoting

N

I 2k 1

1
:N u)N

with wy = e 27i/N Corollary 9.28 leads to the estimate

. 2m)3
= Al = oy max (W12 701+ @) 05

Note that for £ = —g’ the upper bound of the quadrature error (9.52) is essentially
independent of N.

As known the Fourier coefficients c;(f) are well approximated by fg only
for £ = —g’ e, g’ — 1. This follows from the aliasing formula (3.6) and
Corollary 3.4. Summarizing we can say that both 27 -periodicity and smoothness
of the given function f are essentially for small quadrature errors |ce(f) — ﬂl for

_ N N
allﬁ_—z,..., ) —1.

9.4 Accelerating Convergence of Fourier Series

If a 2 -periodic function f is sufficiently smooth, then its Fourier series converges
rapidly to f and the related Fourier coefficients cx ( f) tend to zero as |k| — oo (see
Theorem 1.39). In this case, a Fourier partial sum S, f of low order n approximates
f quite accurately, since the approximation error

Lf = Suflicro.2m < D lee ()]

|k|>n

will be small if the Fourier coefficients tend to zero rapidly enough. Otherwise,
if a 2m-periodic function f is only piecewise smooth, then its Fourier partial
sums S, f oscillate near a jump discontinuity of f by the Gibbs phenomenon (see
Theorem 1.42) and converge very slowly to f. Can one find a rapidly convergent
Fourier expansion of f, if f is only piecewise smooth?

In this section we describe two methods to accelerate the convergence of a
Fourier series. In the first method we represent a 27 -periodic, piecewise smooth
function f as a sum of a polynomial trend 7}, f and a fast convergent Fourier series
of f — T, f,since f — T, f is sufficiently smooth by construction.

In the second method we consider a smooth function ¢ € C°°([) defined on
the interval / := [—1, 1]. Note that the 2-periodic extension of ¢|(_1, 1) is only
piecewise smooth in general. Therefore we extend ¢ to a 2T -periodic, sufficiently
smooth function f with certain 7 > 1 such that f possesses a 27 -periodic, rapidly
convergent Fourier expansion.
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9.4.1 Krylov-Lanczos Method

First we consider 2 -periodic, piecewise smooth functions. A 2 -periodic function
S is called piecewise r-times continuously differentiable or piecewise C"-smooth
with r € N, if there exist finitely many nodes x;, j = 1,...,n,with0 <x; < x2 <

. < xp < 2w and x,41 := x1 + 27 so that f restricted to (x;, x;+1) belongs
to C"[xj, xjy1] foreach j = 1,...,n. By C"[x}, x;41] we mean the set of all
functions f with the properties that £, f’, ..., ) are continuous on (x jr Xj+1)
and have continuous extensions on [x;, x;+1], i.e., there exist all one-sided finite
limits f©(x; +0) and f@(x;41 —0) for£ =0,...,r.

The Fourier series of a 2r-periodic, piecewise smooth function which is smooth
on the interval [0, 277) has usually slow convergence due to the fact that this function
has jumps at each point of 277 Z in general. If a 27 -periodic, piecewise C”-smooth
function with n = 1 and x; = 0O (see Fig. 9.6) is given, then the asymptotic behavior
of its Fourier coefficients

_ 1 o —ikt
)= | f@e . kel

and the rate of convergence of its Fourier series depends only on the largest positive
integer m < r which fulfills the condition

FfP0+0) =P -0y, j=0,....,m—1. (9.53)

As known a function f with condition (9.53) possesses a uniformly convergent
Fourier expansion.

Unfortunately, a 2w -periodic, piecewise C”-smooth function with n = 1 and
x1 = 0 does not fulfill (9.53) in general. The corresponding Fourier series converges
extremely slow. In such a case, it has been proposed by A.N. Krylov and later by
Lanczos [219] to determine a 2m-periodic, piecewise polynomial 7y, f such that
f — T, f satisfies the condition (9.53).

Figure 9.6 shows the 27 -periodic, piecewise smooth function f with f(x) :=
sin 3f for x € [0, 2m) as well as its 2m-periodic trend 77 f with (77 f)(x) =
; — 5. forx € (0, 27) and (T1 f)(0) := 0. Then we have f — T1 f € C(T) and
f=Tif ¢ ClD).

Fig. 9.6 Linear trend

Tif () = =bi(55) (red) of 1
the 2 -periodic, piecewise
smooth function f (blue)

defined by f(x) = sin 34x for *
x € [0,27) - 2
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Theorem 9.29 (Krylov-Lanczos Method of Convergence Acceleration) Forr,
m € Nwithm <, let f be a2m-periodic, piecewise C"-smooth function with only
one node x1 = 0 within [0, 21). Then f can be split into the sum f = Tyy f + Ry f
on R\ 27 Z, where

- (2n>
(Tn ) (x) := ;c o(f ) be( 2ﬂ) (9.54)
m—1 ¢
2m) X
— 0 —0)— FO
= Eo(f Qr —0)— fO0+0) (£+1)!b“1(2n) (9.55)
m—1 ?
Q2m) X
— @Do—0) — rO
=) (fY0-0-r90+0) (e+1)!b“1(2n) (9.56)

o~

=0
is the 2m -periodic trend of f and where

(zn)m—l
m!

o oox—t (m) m—1
(R )() = co(f) — /0 bu(*, ) M wa e el 057

possesses the uniformly convergent Fourier series

1 .
(Ru f)(x¥) =co(H)+ Y iy a(f™yetr (9.58)

keZ\ {0}

Proof

1. The Krylov-Lanczos method is mainly based on the Bernoulli polynomial ex-
pansion (9.49). Let g € C"[0, 27 ] denote the r-times continuously differentiable
continuation of f restricted on (0, 2). By substitution it follows from (9.49)
that g can be decomposed in the form g = Tng + Rn g with

m

2 4
T = Y eols®) 0 B(0).

v
=1
|

2
x—t+27
B (’")tdt>.
+/x o - )8

. Qo)™ Y x =t
(Rug)(x) = co(®) = (/0 Bu(", ) g™ di

Note that it holds co(g) = co(f), g(0) = fY(0 + 0) and g (27) =
fPOex -0 = f(/)(O —0) for j = 0,...,m. By 2w-periodic extension
of ¢ = Tug + Rpg restricted on (0, 2mw) we preserve the decomposition
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f =Tnf + Ryuf on R\ 27 Z, where T,, f and R, f are defined by (9.54)
and (9.57), respectively.

Obviously, T, f is a 2w -periodic, piecewise polynomial and R, f is equal to
the sum of co(f) and a convolution of 2 -periodic functions

(27‘[)"171 .

R f = co(f) = b, ) f. (9.59)

m!
2. Now we show that h := f — T, f restricted to (0, 27r) fulfills the conditions
RP20+0=hPQr-0), j=0,....m—1.
Since h = R,, f, simple calculation shows that

m—1 2
RO+ 0) = h(2r — 0) = co(f) — (2”)' / Bu(1) £y dr
m! 0 2

Differentiation of 7;, f yields by (9.40) that

m—1

(27.[)[71
£!

d
& TN =3 (F90r —0) = 00 +0)

=0

= co(f) + (Tn-1fH(x).

X

Be(, )

Thus repeated differentiation provides

d/ . .

b T D@ =co(f M)+ Ty fN@), j=2,om =1,
Therefore we obtain that
KD x) = FO%) = (Tuej FOYX) = Ru—j fOYX), j=0,...,m—1,

and hence foreach j =0,...,m — 1

m—j—1 2 _ X
B 040) = hD x—0) = co(£)— E" f By () Fr @ ar.
(m =N Jo 2r

This shows that h = R, f € C"™~1(T).
3. By the convolution property of the Fourier series (see Lemma 1.13) it follows
from (9.59) that

Q2m)™
— c
m!

k(R f) — co(f) = (b ( ;T))Ck(f(m)) k € Z\{0}.

2
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By Lemma 9.22 we know that

m!

c(bm(,, ) = - Qrikyn”’

k e Z\ {0},

with cg (bm(Zn)) = 0. Thus we receive the Fourier expansion (9.58) of R, f.
Since f — T, f is piecewise C"-smooth by assumption and since R, [ €
C™~1(T) by step 2, the Fourier series (9.58) of R,, f converges uniformly on
R by the Theorem 1.34 von Dirichlet-Jordan.

Example 9.30 Form =1

X
MHE = (fCr =0 = fO+0)bi(, )
is the 2m-periodic linear trend of f. For m = 2 we preserve the 2m-periodic

quadratic trend

1

() = Y (FO@r =0 = fO0+0)ben(, ).
£=0 T

Remark 9.31 Using the Krylov-Lanczos method, one can eliminate the influence
of the Gibbs phenomenon, since the jumps of f are correctly represented by
T f + Ry, f. This idea has been widely studied for modified Fourier expansions and
the rate of uniform convergence is estimated too (see [17, 349] and the references
therein). The same procedure can be also applied to a highly correct computation
of Fourier coefficients of a piecewise smooth function f, see [349]. The Krylov—
Lanczos method is readily adapted to multivariate Fourier series in [1, 349].

Theorem 9.29 can be extended to an arbitrary 277 -periodic, piecewise C"-smooth
function.

Theorem 9.32 Forr, m € Nwithm < r, let  be a 2r-periodic, piecewise C"-
smooth function with n distinct nodes x; € [0, 2r), j = 1,...,n. Then f can be
splitinto the sum f = Tiyn f + R f on R\ U?:l ({xj} + 27 Z), where

n m—1 )4
) X —X;
(T f)(x) = ; g (fOx;—0) = fO;; +0)) PR bena () 7y
(9.60)

is the 2m-periodic trend of f and where R, f € C" N(T) defined by (9.57)
possesses the uniformly convergent Fourier series (9.58).

For a proof see [19, 98].

Remark 9.33 The Krylov—-Lanczos method is also closely related to the recon-
struction of a 2m-periodic, piecewise C”-smooth function f from given Fourier
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coefficients ci(f) (see [19, 98]). This recovery is based on the fact that cx(f) =~
¢k (T n f) for large |k|, since the contribution of cx (R, f) to cx(f) is negligible for
large |k| by the smoothness of R, f. Using

e+ —ikx;
C— X - e i keZ\{0},
ck(besa ( . 7)) = !0 @ikt (—o

the Fourier coefficients c Ty, » f) fulfill the equations

n m—1
21 )" k(T f) =Y e F0 Y Gk (O +0) = fOx; —0)).

j=1 =0

Hence the distinct nodes x; and the associated jump magnitudes can be determined
by a Prony-like method (see Sect. 10.2).

9.4.2 Fourier Extension

Now we describe the second method for accelerating convergence of Fourier series.
Let ¢ € C*°(I) with I := [—1, 1] be given, i.e., ¢ is infinitely differentiable in
(—1, 1) and all one-sided limits

eP(—140)= lim o), ¢P1-0 = lim ¢V (x)
x—>—1+0 x—1-0

for each j € Ny exist and are finite. In general, such a function does not fulfill the
property

V(=140 =pP1-0), j=0,....,r—1,

for certain r € N. If o(—1 + 0) # ¢ (1 — 0), then the 2-periodic extension of the
function ¢ restricted on [—1, 1) is piecewise continuously differentiable with jump
discontinuities at odd points. Then by the Gibbs phenomenon (see Theorem 1.42)
the partial sums of the 2-periodic Fourier series oscillate near each odd point.
Further we observe a slow decay of the related Fourier coefficients and a slow
convergence of the 2-periodic Fourier series.

Remark 9.34 A simple method for accelerating convergence of Fourier series is
often used. Let f : R — C be the 4-periodic function defined on [—1, 3) by

e xe[-1,1],
f@%_{wQ—x) xed,3).
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Then f is continuous on whole R and piecewise continuously differentiable on
[—1, 3]. By Theorem 1.34 of Dirichlet-Jordan, the extended function f possesses
a uniformly convergent, 4-periodic Fourier series. The drawback of this method is
the fact that f is not continuously differentiable in general.

For fixed T > 1, let %(ZT) denote the linear span of the 2T -periodic exponentials

ekt /T k=_n, ... .n.
In the Fourier extension, one has to approximate a given function ¢ € C*°[—1, 1]
by a 2T-periodic trigonometric polynomial of f,,(zT). This Fourier extension
problem was studied in [171] and the references therein. We propose the following
fast Fourier extension.

In the first step we approximate the one-sided finite derivatives ¢/)(—1 + 0),
(p(/)(l —0) for j = 0,...,r — 1. Since these one-sided derivatives are very
often unknown, we compute these values by interpolation at Chebyshev extreme
points. Let N € N be a sufficiently large power of two. Using the Chebyshev
polynomials (6.1),we interpolate the given function ¢ € C*°([) at the Chebyshev
extreme points x;N) = Cos /1\7]1 ,J = 0,..., N. Then the interpolation polynomial
Y € Py can be expressed as

N—-1
1 1
lﬁzzco—i- E Cka+2CNTN 9.61)
k=1

with the coefficients

Jjkm

2 /1 Nl e 1
= (N) _
ck—N<2<P(1)+jX_;<P(xj ) cos N ~|—2<p(—1)>, k=0,...,N.

Since N is a power of two, the coefficients ¢, can be calculated by a fast algorithm
of DCT-I (N + 1) (by means of Algorithm 6.28 or 6.35). Then we set cy := 2 cp.
By Theorem 6.26, the coefficients dj of the derivative

o N—1
¥ =2do-l-zdka

k=1
can be recursively determined as
dy-1-k :=dny1-k +2(N—k)ey—k, k=0,...,.N—1,
with dy+1 = dy := 0. Then
N-1 N—-1

/ _1 re _1 _1\k
¢(1—0)_2d0+k§dk, v/( 1+0)_2d0+;( D dy
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are approximate one-sided derivatives of ¢ at the endpoints £1. Analogously, one
can calculate the higher order one-sided derivatives w(j ), j=2,...,r —1,atthe
endpoints 1.

In the second step we use two-point Taylor interpolation and we compute the
unique polynomial p € %, which fulfills the interpolation conditions

PP =y -0, pPeT-1D=yV(=1+0), j=0....r-1,

Now we describe briefly the two-point Taylor interpolation. Let a, b € R be given
distinct points. Further leta;, b; € R, j = 0,...,r — 1, be given values for fixed
r € N. We consider the special Hermite interpolation problem

pPa)y=a;, pP®)=b;, j=0,....,r—1, (9.62)

for a polynomial p € Z,_1. Then p is called two-point Taylor interpolation
polynomial , see [226, pp. 62—-67].

Lemma 9.35 The two-point Taylor interpolation polynomial of (9.62) is uniquely
determined and can be expressed as

r—1
p=y (aj k""" +b; i) € oy, 9.63)
j=0
where
P r—1—j
@by, . x—a) rx—>byr r—1+k\ /x —a\k . .
n e = (a_b) 3 h (b_a) L =01,

k=0

denote the two-point Taylor basis polynomials which fulfill the conditions

A @b A @b ,
(dxfh/ )(a):Sj,g, (dxfh/ )(b):O, j,£=0,...,r—1.
(9.64)

Proof First we show the uniqueness of the two-point Taylor interpolation poly-
nomial. Assume that ¢ € ?,_; is another solution of the two-point Taylor
interpolation problem (9.62). Then p — g € $72,_1 has two distinct zeros of order
r. By the fundamental theorem of algebra this implies that p = ¢.

From the structure of hﬁ.“’b’r) it follows immediately that

d¢ b
(dxghj” )(b)zo, =0, .r—1.
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By simple, but long calculations one can show that

d* .
(gY@ =00, job=0.r—1.
By (9.64) the polynomial (9.63) satisfies the interpolation conditions (9.62).

Example 9.36 For r = 1 we obtain that

—-b
p@b oy =
0 (x) a—b
and hence
—b _
P(x)=aox —l—box aec@l.
a—>b b—a

In the case r = 2, we receive the two-point Taylor basis polynomials

(a,b,2) o x—b 2 X —da (a,b,2) o x—b 2
h (x)_<a_b> (1+27, %) (x)_<a_b) (x — a)

such that the two-point Taylor interpolation polynomial reads as follows:

=0 02 T v (L
(30 e e (T e men

We apply the two-point Taylor interpolation in the case a := 1, b := 2T — 1 with
certain 7 > 1, and

aj =y V1 -0, bj=yY(=140), j=0,...,r—1.
Then we introduce the 27 -periodic extension of the function ¥ as

vx) xel-1 1],

p(x) xe(,2T —1). (9.65)

o= |

Obviously, the 27 -periodic function f is contained in C"~!(R). For » > 1, f can
be expressed by a rapidly convergent Fourier series.

In the third step we choose n > N as a power of two and use 27 -periodic
trigonometric interpolation at equidistant nodes y, := —1 + Tne A =0,...,2n—1,
(see Lemma 3.7) in order to approximate f by a trigonometric polynomial

n—1
B niwx
$n(X) = Z slin) e1k71'x/T_i_‘s,’(1n) cos ’ c eyn(2T)
k=1—n
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with the coefficients

2n—1
1 .
(n) . —mikl
sg = o ;_0 Fype ™ ™kn k=1 —n....n.

We summarize this method:

Algorithm 9.37 (Fast Fourier Extension)
Input: N € N\ {1}, n € N power of two withn > N,r e N, T > 1, ¢ € C®().

1. By interpolation at Chebyshev extreme points M) j = 0,..., N, determine
the interpolation polynomial v € Py in the form (9.61) by a fast algorithm
of DCT-1(N + 1), set cy = 2cn, and calculate the one-sided derivatives
YD (=140) and v (1 —0) for j =0, ..., r —1 recursively by Theorem 6.26.

2. Using two-point Taylor interpolation with the interpolation conditions

PP =yVa -0, pYer-n=yV-=140, j=0,....r-1,

calculate the interpolation polynomial p € £ defined on the interval
[1, 2T —1].

3. Form the 2T -periodic function (9.65) and use 2T -periodic trigonometric inter-
polation at equidistant nodes y, = —1 + Tne, £=0,...,2n — 1. Compute the
trigonometric polynomial s, € %QT) with the coefficients slgn), k=1-n,...,n,
by a fast algorithm of DFT (2n).

Output: s, € %QT) with the coefficients slgn), k=1—mn,...,n.
Computational cost: O'(n logn).

If we apply fast algorithms of DCT-I(N 4 1) and DFT(2n), then Algorithm 9.37 re-
quires only &'(n logn) arithmetic operations for the computation of 2n coefficients

s,ﬁ"). The following example shows the performance of this fast Fourier extension.

Example 9.38 We consider the smooth function ¢ (x) := x for x € I. Note that the
2-periodic extension of ¢ is a piecewise linear sawtooth function. Choosing 7' = 2,
N =10, and r = 5, the constructed 4-periodic Fourier extension f is contained in
C4(R). Forn =2t =5, ..., 13, we measure the error

logn
lo = snllcay = O( )

Figure 9.7 illustrates this method.
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10°
1
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-10
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Fig. 9.7 Left: ¢(x) = x for x € I := [—1, 1] in blue and the two-point Taylor interpolation
polynomial p € % on [l, 3] in red. Right: Maximum error ||¢ — s,||c(7). The observed

maximum error (with oversampling of 10) is in blue. The black dotted line illustrates the theoretical

convergence rate &( 1‘;%")

9.5 Fast Poisson Solvers

Numerous problems of mathematical physics can be described by partial differential
equations. Here we consider only elliptic partial differential equations for a bivariate
function u(x, y). If A denotes the Laplace operator or Laplacian

(Au)(x, y) i=uxx(x, y) +uyy(x,y),

then an important example is the Poisson equation

—(Au)(x, y) = f(x,y)

with given function f(x,y). The Poisson equation governs the steady state in
diffusion processes, electrostatics, and ideal fluid flow. In electrostatics, solving
the Poisson equation amounts to finding the electric potential u# for a given charge
density distribution f.

In the following, we want to solve the Dirichlet boundary value problem of the
Poisson equation in the open unit square Q := (0, 1)>. Thus we seek a function
u € C2(Q) N C(Q) with

—(Aw)(x,y) = f(x,y), (x,y) €0,
ux,y) =g,y), (x,y)e€dQ:=0\0, (9.66)

where f € C(Q) and ¢ € C(dQ) are given functions.
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We start our considerations with the one-dimensional boundary value problem
—u"(x)=fx), xe 1) (9.67)
with the boundary conditions #(0) = «, u(1) = g for given f € C[0, 1] and «,
B € R.For N € N\ {1}, we form the uniform grid {x; : j =0,..., N + 1} with

the grid points x; := j h and the grid width b := (N + 1)~!. Instead of (9.67) we
consider the discretization

—u”(x/~)=f(xj), j=1...,N (9.68)
with u(0) = «, u(l) = B. Setting fr = f(xx) and uy := u(xg) for k =

0,...,N + 1, we approximate u”(x;), j = 1,..., N, by the central difference
quotient of second order

1
2 (uj,1—2uj+uj+1).

Then the corresponding discretization error can be estimated as follows:

Lemma 9.39 Let u € C*[0, 1] be given. Then for each interior grid point Xj,
j=1,..., N, we have

1 h?
') =y (er = 2w +u) | < 1@l (9.69)

Proof By Taylor’s formula there exist &;, n; € (0, 1) such that

h? SR h*
wjor=ule =) =uj—h' () + ) G = u® (x;) + o u®(x; —£jh),

: o e W

ujpr =ulx;+h)=u;+hu(x;)+ ) u”(xj) + 6 u’(x;) + 24u (xj +mnjh).
Using the intermediate value theorem of u® e C [0, 1], we obtain

1

5 W@ x; —&h) +u®(xj +nih) = u®(x; +6;h)
with some 6; € (—1, 1). Summation of above expressions of «; 1 and u ;1 yields

h4
Wit Fujpr =2u; +h*u"(x;) + 0 u®(x; +6,h)

and hence (9.69).
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If we replace each second derivative u”(x;) by the corresponding central
difference quotient, we get the following system of linear difference equations

—Mj—1+2Mj—I/lj+1=h2fj, j=1...,N,

with ug = a, un4+1 = B. This is the so-called finite difference method. Introducing
the vectors u := (”j)7=1 andg := (h* f; + 81 + /381\;7]‘)7:1 as well as the
tridiagonal symmetric matrix

2 -1
-1 2 -1
Ay = ERNXN,
-1 2 -1
-1 2
we obtain the linear system
Ayu=g. (9.70)

Obviously, Ay is weak diagonally dominant. Now we show that Ay is positive
definite and therefore invertible.

Lemma 9.40 Let N € N\ {1} be given. Then for all x € R we have

0
Ans@) = 4 (sin ;)Zs(x) n 5 , 9.71)
0
sin(N + D)x
COosSXx
0
Ay c(x) = 4 (sin ;)2 c(x) + : , 9.72)
0
cos(Nx)

with the vectors s(x) := (sin(jx))j.\]:l and c(x) := (cos(kx))]i\:ol.

Proof Letx e Rand j € {1, ..., N} be given. From

sin (j — 1)x = (cosx) sin (jx) — (sinx) cos (jx),

sin (j + 1)x = (cosx) sin (jx) 4 (sinx) cos (jx)
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it follows that
—sin(j — 1)x +2(cosx) sin(jx) —sin(j+ 1)x =0
and hence
—sin(j — )x +2 sin(jx) —sin(j + 1)x = 2 (1 —cosx) sin(jx)
= 4 (sin ;)2 sin (jx). (9.73)
Especially for j = 1 and j = N, we obtain
. . .o XN2 .
2 sinx —sin(2x) =4 (sm 2) sinx ,
—sin (N — 1)x + 2 sin (Nx) = 4 (sin ;)2 sin (Nx) 4 sin (N + D)x .

Thus (9.73) indicates (9.71). Analogously, (9.72) can be shown.

Lemma 9.41 For N € N\ {1}, the tridiagonal matrix Ay is positive definite and
possesses the simple positive eigenvalues

. jT o2
=4 , =1,...,N, 9.74
9 (sz(N+1)) / ©-74)
which are ordered in the form 0 < o1 < ... < oy < 4. An eigenvector related to
ojis
g I _
sj._s(N+1), j=1,...,N.

Proof Forx = 1\{11’ j=1,...,N,itfollows from (9.71) that
ANSj =0jSj.

This completes the proof.

Since Ay € RV*V is symmetric and since the eigenvalues of Ay are simple, the
eigenvectors s; € RY are orthogonal. By

i (sin (kx))2 _N_ (cos (N 4 x) sin (Nx)
2

. , xeR\nZ,
2 sinx

k=1
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we obtain for x = N +1 the equation

N
ik N +1
Zsmjn 2N , =1,...,N,
— N + 1 2
such that
N+1 .
sj sk = 5 ik j k=1,...,N, (9.75)
where §; denotes the Kronecker symbol. With the eigenvectors s;, j = 1,..., N,
we form the orthogonal sine matrix of type 1
2 2 . Jkm N
s! :=\/ si|sy|... s =\/ ‘ e RVXN
vimy g Gl =y (i e
This matrix is symmetric and has by (9.75) the property
1\2
(Sy) =y (9.76)

such that (Sﬁv)_l = S}\,. We summarize:
Lemma 9.42 For N € N\ {1}, the tridiagonal matrix Ay can be diagonalized by
the sine matrix Sﬁv of type I in the form

S Ay S|, =Dy

with the invertible diagonal matrix Dy := diag (aj)?]:l

Applying Lemma 9.42 to the linear system (9.70), we obtain:
Theorem 9.43 The finite difference method of the boundary value problem (9.67)
leads to the linear system (9.70) which has the unique solution

u=S,D,'shg. (9.77)

Remark 9.44 For a real input vector f = (f;)Y )il € RY, the DST-I of length N can
be computed by DFT(2N + 2), see also Table 6 1 for a similar realisation. We want

to compute the vector f= ( fk) = SI f,ie.

2 ¥ ki
-  si . k=1,...,N.
fk \/N+1jz_:lijIHN+1
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For this purpose, we form the odd vector a = (a j)iil 0 I e R2V by

0 Jj=0,N+1,
aj = 7 i=1,...,N,
—fNt2-j j=N+2,...,2N -1
and calculate 4 = (&k)ii(;r - Fan .2 a. Simple calculation shows that Re a; = 0,
k=1,...,N,and
fo = — Imay, k=1,...,N.
== oy MM

Remark 9.45 The linear system (9.70) can be solved in &'(N) arithmetic operations
using the Cholesky factorization of the tridiagonal matrix Ay. Otherwise, the
solution u of (9.70) can be calculated by two DST-I of length N and scaling.
The DST-I of length N can be realized by FFT of length 2N + 2. Thus we need
O (N log N) arithmetic operations for the computation of (9.77).

A similar approach can be used for other boundary value problems of (9.67) (see
[362, pp. 247-253] and [346]).

After these preliminaries, we present a numerical solution of the boundary value
problem of the Poisson equation (9.66) in the open unit square Q = (0, 1)%.

Example 9.46 The Poisson equation —(Au)(x, y) = x2 4+ y? for (x, y) € Q with
the boundary conditions u(x,0) = 0, u(x, 1) = —;xz, u(0,y) =siny,u(l,y) =
esiny — ; y? for x, y € [0, 1] has the solution u(x, y) = e siny — éxz y2.

We use a uniform grid of Q with the grid points (x;, yx), j, k=0,..., N + 1,
where x; := jh, yv ;== kh,and h := (N + 1)’1. In the case j, k € {l,..., N},
we say that (x;, yx) € Q is an interior grid point. Figure 9.8 shows the (interior)

grid points in the unit square for N = 5. Now we discretize the problem (9.66) and
consider

—(Au)(xj, ye) = f(xj, i) » jok=1,...,N,
u@©, yr) = =0, ), u(l,y) =B =9, y), k=0,....,N+1,
ux;j,0) =u; =9x;,0), ulkx;,)=v;:=0kx;,1), jk=0,...,N+1.

Fig. 9.8 Grid points and
interior grid points in the unit 1
square
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Setting u; ; := u(xj, y¢) and fjx = f(xj, yr), we approximate (Au)(x;, yx) at
each interior grid point (x;, yx) by the discrete Laplacian

1 1
(Apu)(xj, yi) = B2 (wj—1k +ujpre —2ujx) + 2 (wjk—1 + ujhser —2ujr)

1
= o (jmk gk gt +uje —4ui) (9.78)

Obviously, the discrete Laplacian is the sum of two central partial difference
quotients of second order.

Lemma 9.47 Ifu € C*(Q), then for each interior grid point (xj, k) we have the
estimate

h? / 9%u dtu
a0 = @0l = 1 (15 3 le@ + | oyt lew)-

Similarly to the proof of Lemma 9.39, the above estimate can be shown by using
two-dimensional Taylor’s formula and intermediate value theorem. For shortness,
the proof is omitted here.

If we replace the Laplacian (Au)(x;, yx) by the discrete Laplacian (9.78), we
obtain the following equation at each interior grid point

Aujp—Uj 1 g—Ujr1 k—Ujh—1—Ujk+] = h? fiks, Jok=1...,N, (979

where we include the boundary conditions. For the interior grid point (x1, y1) this
means that

dupy —uz1 —urp=h* fir+on+ .
Setting
giki=h fix+axdj_1 4+ Brdn-j+ k-1 +vidn_k, jk=1,...,N,

and introducing the vectors

wi= (Ui1, .. ULN, - S UNT ...,uN,N)T e RV,

g:=(g11,..-, 81N, .-, EN.I, ~--,gN,N)T e RV,
and the Kronecker sum

My: == (Ay ®Iy) + (Iy @ Ay) € RV XN

where ® denotes the Kronecker product of matrices (see Sect. 3.4), from (9.79) we
obtain the linear system

Myu=g. (9.80)
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Then My is a symmetric, weak diagonally dominant band matrix with bandwidth
2N — 1, where at most five nonzero entries are in each row. The fast Poisson solver
is mainly based on the diagonalization of M2 by the Kronecker product Sg, ® S}V.

Lemma 9.48 The Kronecker sum Mpy2 can be diagonalized by the Kronecker
product S}V ®SL, ie.

(S @Sh) My (S ®S}) = ((Dy @ Iy) + (Iy @ D)) (9.81)
where

. T
(Dy ®Iy) + (Iy ® Dy) = diag (11,1, -« HINs oo s UN, Lo -y UN,N)
is an invertible diagonal matrix with the main diagonal elements

jm

jk=1,...,N.
2(N 41

Wik =4(sin ))2+4(sin

JjT )2
2N+

Proof Using the properties of the Kronecker product (see Theorem 3.42) and
Lemma 9.42, we obtain by (9.76) that

(S @Sh) (An @ 1) (S @ k) = (S Av Sh) © Ty =Dy 1.
Analogously, we see that
(Sy ®Sy) (Iv ® Ax) (S ® Siy) =1y @Dy .

Hence the formula (9.81) is shown. By Lemma 9.42 we know that

Dy = diag (o)}, -

From (9.74) we conclude that

jm 2

2 . km —

Wjk =0j 4 or =4 (sin

Obviously, all 1« positive and fulfill 0 < w11 < pjx < 8.

By Lemma 9.48, the matrix M, is invertible and its inverse reads by (9.81) as
follows:

M} = (S ®SY) diag (17}, ... .uy'y) T (Sh @ SY). (9.82)

Thus the linear system (9.80) is uniquely solvable.
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Theorem 9.49 The finite difference method of the boundary value problem (9.66)
leads to the linear system (9.80) which has the unique solution

w=M; g = (shoSk) diag (u} . uiy) (Shoshe.  ©8)

Remark 9.50 The vector u can be computed by two transforms with Sg, ® S}V and
scaling. We consider the transform

hi=(Sy ®Sy)g= (hits o hine o chnge . hvy) € RV
Then we receive by the definition of the Kronecker product Sﬁv ® S}\, in Sect. 3.4
2 VX . jmm | knm
hmn = N+ ;;gﬁk SmN—i—l smN+1, m,n=1,...,N,

i.e., the matrix (hm,,,)z’n=1 is equal to the two-dimensional DST-I with size N x
N which can be realized by a fast algorithm of the two-dimensional DFT of size
(2N +2) x (2N +2),if N 4 1 is a power of two. Thus the computation requires
only &(N? log N) arithmetic operations. This is now the fastest way to solve the

linear system (9.80).
We summarize:

Algorithm 9.51 (Fast Poisson Solver)

Input: N € N\ {1}, N + 1 power of two, h = (N + 1)~1,

xj=jh yk=kh, fjr:=f(j,y)forj, k=1,...,N,

ok = @0, yi), Bk == @1, yi) fork=1,..., N, _

wj = ox;,0), v; == @x;,1) for j =1,...,N, where f € C(Q) and ¢ €
C0).

1. Precompute the values
1 .omm 2 . nm 2)
— (4 4 , ,n=1,...,N.
[T ( (s1n2(N+1)) + (31n2(N+1)) m, n
2 Form the values
gk =h fix+axdi—1+Bxdn—j+pjSk—1+vidnk, Jjk=1,...,N.

3. Using a fast algorithm of the two-dimensional DST-1 with size N x N, compute
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4. Calculate

.
hm,n.zum’ngm,,,, m,n=1,...,N.

5. Using a fast algorithm of the two-dimensional DST-1 with size N x N, compute

2 N jmm knm
ﬁj’k:=N+1Zth’nSin sin , L, k=1,...,N.

Output: it j ;. approximate value of u(x;, yi) for j, k=1,..., N.
Computational cost: O(N? log N).

Remark 9.52 This method can be extended to a rectangular domain with different
step sizes in x- and y-direction. A similar approach can be used for other boundary
value problems of (9.66), see [346] and [362, pp. 247-253].

Under the assumption u € C*(Q), we present an error analysis for this method.
The local discretization error at an interior grid point (x;, y¢), j, k =1,..., N, is
defined as

djk = —(Apu)(xj, yo) — fik-
By Lemma 9.47, the local discretization error d x can be estimated by
ldjxl <ch*, j,k=1,...,N, (9.84)

with the constant

= (1 e + 104
= Ugpallc@ Tl c@))‘

Now we explore the error
ejk =ulxj,y)—tjr, Jj k=0,...,N+1,

where i ; ; means the approximate value of u(x;, y;). By the boundary conditions
in (9.66) we have

eok =en+1,k =¢€¢jo=¢ejN+1 =0, j k=0,...,N+1.
From the definition of d; x it follows that

—h? (Apu)(xj, o) —h? fix=h2djgx, j k=1,...,N.
Further we have by (9.79) that

- ~ - ~ ~ 2 .
Aujp—Uj i, —Ujprk —Ujk—1 —Ujks1 —h" fjk=0, j k=1,...,N.
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Subtracting of both equations yields

dejr—ej_1k—€jtlk—€jk—1— €jktl = h? djx, j.k=1,...,N.
Introducing the error vectors

T N2
e .= (81,1,...,61,1\/, ...,eN,l,...,eN,N) eR ,

T 2
d:=(di1,....din, ....dy1,....dyn) €RY,

we obtain the linear system

My e =hd, (9.85)
which has the unique solution
e = h? M;/i d (9.86)
= 1 (S} @ Sly) ding (1}, - uz'y) T (Sy@Sh)a.

Theorem 9.53 For a solution u € C*(Q) of the boundary value problem (9.66),
the weighted Euclidean norm of the error vector e can be estimated by

1 h? 9%u d%u
w e = oo (Hale + 1 e lew):

-1

Proof If ||M7§ H2 denotes the spectral norm of M, ,

. we receive by (9.86) that

lell2 < 2> M3, dlla -

Since S}V is orthogonal and since 0 < u11 < pj forall j, k =1,..., N, we
conclude that

T

| 1
< (N+1D)*= hn2.
2(N+1)) SgWHD =

ML= = L.
M2y = py s = 8 (Sm
By (9.84) we have ||d|| < N ¢ h? and thus we obtain that

el = € 0
e .
NP =g
Remark 9.54 The fast Poisson solver of Algorithm 9.51 was derived from the finite
difference method. A different approach to an efficient numerical solution of (9.66)
with homogeneous boundary conditions, i.e., ¢ = 0, follows from the spectral
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method, since the functions sin(mjx) sin(wky) for j, k € N are eigenfunctions
of the eigenvalue problem

—(Auw)(x,y) =Arux,y) (x,y)eQ,
ux,y)=0, (x,y)€aQ.

Thus we construct a numerical solution u of (9.66) with ¢ = 0 in the form
N N
u(x,y) = Z Z it j i sin(jx) sin(rky)
j=1k=1
such that
N N
— (Au)(x,y) = Z Z ik w2 (j2 4 k%) sin(jix) sin(rky) . (9.87)
j=1k=1
Assume that f € C(Q) with vanishing values on 8 Q is approximated by
N N
D3 fiu sin(rjx) sin(rky) (9.88)
j=1k=1

where the coefficients f/ x are determined by the interpolation conditions

N N .
. Tmkn
fQom, yn) = fmn—ZZ SIHN+1 Sin N4l m,n=1,...,N.

. . . N .
Using the orthogonal sine matrix S§, = \/ Nil (sin ij +”1) we obtain

=1’

N+l
(fm’n)z,n=1 = 2 S%V (ijk);\,,k=1 S}V

and hence

N 2
(fj’k);\,]k=1 = N +1 ng (fm’")z,n=l ng :

Comparing (9.87) and (9.88), we set

R Sk

RS a2 2 gy
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Finally we obtain the values u,, , at all interior grid points (x,,, yn) as

N N +1 f’,k N
(um’")m,n=1 = 272 }V (J2 fl_kz)j,k=1 SiV .

See [369] for a discussion of the different eigenvalue solution.

A similar method based on a pseudospectral Fourier approximation and a
polynomial subtraction technique is presented in [12]. Fast Poisson solvers for
spectral methods based on the alternating direction implicit method are given in
[116].

9.6 Spherical Fourier Transforms

The Fourier analysis on the unit sphere S* := {x € R® : ||x|» = 1} has practical
significance, for example in tomography, geophysics, seismology, meteorology, and
crystallography. Spherical Fourier series are often used for numerical computations.
They have similar remarkable properties as the Fourier series on the torus T. Many
solution methods used in numerical meteorology for partial differential equations
are based on Fourier methods. The major part of the computation time is required
by the calculation of the partial sums of spherical Fourier series [43, p. 402].
Numerically stable, fast algorithms for discrete spherical Fourier transforms are
therefore of great interest.
Using spherical coordinates, each point x € S? can be represented as

X = (sinf cos¢, sinf sing, cos@)T,
where 0 € [0, m] is the polar angle and ¢ € [0, 2r) is the azimuthal angle of
X. In other words, 6 is the angle between the unit vectors (0, O, 1)T and x =
(x1, x2, x3)T and ¢ is the angle between the vectors (1, 0, O)T and (x1, x2, O)T.
Thus any function f : S? — C can be written in the form f(@, ¢) with (0, ¢) €

[0, 7] x [0, 27). By LZ(SZ) we denote the Hilbert space of square integrable
functions f defined on S?, with

1 2 b4 '
1By i= g [ ([ 1@ 00 singa0)as < oo,

The inner product of f, g € L»(S?) is given by

1 2 T
(fs 8y = A /0 (/o f6, )8®, ¢) sinf do)dg .
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First we introduce some special functions. For k € Ny, the kth Legendre polynomial
is defined as

k

1 2 k
B N

Pr(x) :=

Further the associated Legendre function P! forn € No and k > n is given by

noo k= n) L d
Pl(x) = \/(k—i—n)! (1 —xH"/? o P, x e =110 (9.89)

Then the spherical harmonics Y;! of degree k € N and order n € [—k, k] N Z are
of the form

Y/ (0, ) := P" (cos0) e ? . (9.90)

Note that associated Legendre functions and spherical harmonics are not uniformly
defined in the literature. The set {Y;' : k € No, n € [k, k] N Z} forms an
orthogonal basis of L>(S?), where we have

1
Y Y e = Sk—t Bn—m -
2 2k + 1

An expansion of f € L»(S?) into a Fourier series with respect to the orthogonal
basis of spherical harmonics is called a spherical Fourier series. We say that a
function f € Lo(S?) has the bandwidth N € N, if f is equal to the partial sum
of the spherical Fourier series

N k
@9 =) > a(NHYO, ). (9.91)

k=0 n=—k

The spherical Fourier coefficients of f are given by

A () = Y e (V0 Y e) !

_ 2k+1

2 T
/ ([ O, ) Y0, ) sinfdd)dp  (9.92)
4r 0 0

with respect to the orthogonal basis of the spherical harmonics. Sometimes, the
finite expansion in (9.91) is called a spherical polynomial of degree N.

We assume that f is given in the form (9.91). We are interested in a fast and
numerically stable algorithm for the evaluation of

N k

fOL =) Y a(HY O p0), €=0,....M—1, (9.93)

k=0 n=—k
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at arbitrary points (6¢, ¢¢) € [0, #] x [0, 27r) with given spherical Fourier
coefficients a}! (f) € C. Furthermore we are interested in the “adjoint problem,”
in the computation of

M—1
an = ngY,f(@g, b)), k=0,...,N; n=—k,... k, (9.94)
£=0

for given data f; € C.

First, we develop a fast algorithm for the problem (9.93). Then we obtain
immediately a fast algorithm for the adjoint problem (9.94) by writing the algorithm
in matrix—vector form and forming the conjugate transpose of this matrix product.
A fast algorithm for the adjoint problem will be needed for computing the spherical
Fourier coefficients (9.92) of the function f by a quadrature rule, see Sect. 9.6.4.

The direct computation of the M function values f (6, ¢,) in (9.93) at arbitrarily
distributed points (6¢, ¢¢) on the unit sphere S? needs ¢ (N M ) arithmetical
operations and is denoted by discrete spherical Fourier transform, abbreviated as
DSFT. For special grids of the form

STt
(T’ T)e [0, 7] x [0, 2r), s=0,...,T; t=0,...,2T —1, (9.95)
with2N+1 < T < 2M0e2WV+D1 there exist fast realizations of the DSFT, which we
denote by fast spherical Fourier transforms, abbreviated as FSFT. The first FSFT
has been developed by Driscoll and Healy [88], where the computational cost has
been reduced from &(N3) to O(N? log2 N) flops. Further fast algorithms for that
purpose can be found in [43, 161, 242, 292, 345].

Remark 9.55 The essential drawback of the grid in (9.95) is the fact that the
corresponding points on S? are clustered near the north pole (0, 0, 1) and the
south pole (0, 0, —1)T. For many applications, such a restriction is not realistic.
Therefore it is necessary to develop algorithms for arbitrarily distributed points on
the unit sphere.

In the essential case of arbitrarily distributed points (6¢, ¢¢) € [0, 7] x [0, 27),
£ =0,...,M — 1, we speak about a nonequispaced discrete spherical Fourier
transform, abbreviated as NDSFT. The main idea is to combine the computation of
NDSFT with the NFFT, see Chap.7. We will suggest a fast algorithm for NDSFT,
where the computational cost amounts to &' (N 2 (logN )2+ M) flops. We denote
such an algorithm as nonequispaced fast spherical Fourier transform, abbreviated
as NFSFT. We have the following relations to the transforms and algorithms on the
torus:
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Torus T Unit sphere S?
DFT (see Chap. 3) DSFT

FFT (see Chap. 5) FSFT

NDFT (see Chap.7) NDSFT
NFFT (see Chap.7) NFESFT

The fundamental idea is the fast realization of a basis exchange, such that the
function in (9.91) can be approximately written in the form

N N
fO.0)~ Y D cpelitleln? (9.96)

n=—N k=—N

with certain coefficients ¢} € C. In the second step we compute f at arbitrary points
O¢, ¢¢) €[0,7] x [0, 27), £ =0, ..., M — 1, by using a two-dimensional NFFT,
see Algorithm 7.1.

In the following Sect.9.6.1 we sketch a simple realization for an NDSFT. In
Sect.9.6.2 we present an FSFT on a special grid. Then we describe an algorithm
for the fast and approximate evaluation of an NDSFT in Sect.9.6.3. Finally in
Sect.9.6.4, some results of fast quadrature and approximation on the unit sphere
are sketched.

9.6.1 Discrete Spherical Fourier Transforms

We follow the same lines as in [212]. For given spherical Fourier coefficients
a,’;(f) € Cwithk =0,...,Nandn = —k, ...,k in (9.91), we are interested
in the computation of M function values f(6¢, ¢¢), £ =0, ..., M — 1. To this end,
we interchange the order of summation in (9.91). Using (9.90) and the function

N
ha(x) =Y al(f)P"(x), n=-N,....N, (9.97)
k=|n|
we obtain the sum
N k N )
O =" af(H) YO, de) = Y hnlcosp) e . (9.98)
k=0 n=—k n=—N

We immediately find a first algorithm for an NDSFT, i.e., for the evaluation of f
in (9.91) at arbitrarily distributed points (8¢, ¢¢) on the unit sphere S2.
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Algorithm 9.56 (NDSFT)
Input: N, M e N, aj(f) e Cfork=0,...,Nandn = —k, ... Kk,
@, ¢) €10, ] x [0, 27) for £ =0,..., M — 1.

1. Compute the values

N

ha(cos6y) =Y al'(f) P"(cosbp), €=0,....M—1,
k=|n|

foralln = —N, ..., N by the Clenshaw Algorithm 6.19.
2. Compute the values

N
[, @) := Z hn(cosOp)el® ., ¢=0,...,.M—1.
n=—N

Output: f(0p,p¢) € C, £ =0,..., M — 1, function values of (9.91).
Computational cost: O(M N?).

9.6.2 Fast Spherical Fourier Transforms

In order to use the tensor product structure of the spherical harmonics Y}’ (60, ¢)
in (9.90), we develop a fast method for the computation of the discrete spherical
Fourier transform on special grid (DSFT). If we apply fast one-dimensional algo-
rithms with respect to 6 and ¢ and the row—column method (see Algorithm 5.23),
then we obtain an FSFT.

We start with the task to compute the function in (9.91) for given spherical
Fourier coefficients a,’{'(f) fork = 0,...,N and n = —k, ...,k on the special
grid in (9.95). Considering 4, in (9.97) we compute the values

ST

hgn = hn(cos T)’ s=0,...,T, (9.99)

forn = —N, ..., N and rewrite f in (9.91) as

N
STt . int/@2T) .
f(T’ZT)_ Zhs,nel" , 1t=0,...,2T — 1. (9.100)
n=—N
for all s = 0,...,T. The computation of the function values in (9.100) can be

realized by T 4+ 1 DFT(2T), and the obtained DSFT has a computational cost of
O(N?).

In order to speed up the computation for the DSFT, we compute for each
n = —N,...,N the sum in (9.99) with a fast Legendre function transform,
abbreviated as FLT. The idea for an FLT was proposed by Driscoll and Healy [88].
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The associated Legendre functions P} fulfill the three-term recurrence relation
Pl =vix PP(x) +wy P (x), k=n,n+1,..., (9.101)

with the initial conditions

. 212 . V(@2n)!
Ply@):=0, Pl =2 (=220 2= T 0 0,
and with the coefficients
N 2%k +1 . vk —n)(k +n)
Uk = ) wk = .
Vk—n+Dk+n+1) Jk—n+Dk+n+1)
(9.102)
A useful idea is to define the associated Legendre functions P,? alsofork =0,...,n
by means of the modified three-term recurrence relation
Pl () = (o x + BY) P (x) +y By (x) (9.103)

for k € Ny with

1 n=0, il B
ol =10  nodd, o= 1 D k=1,....n—1,
° g vy k=n,n+1, ...
—1 n#0even, k ’ ’ )

w1 k=0....on—1, . [0 k=0 ...n—1,
“l0 k=nn+1,..., Ve := wl k=n,n+1,....
(9.104)

Here we set P"; (x) := 0, and Pg (x) := A, forevenn and Py (x) := A, (1 —xH1/2
for odd n. For k > n, this definition coincides with the recurrence (9.101). It can be
easily verified by (9.89) that P}’ is a polynomial of degree k, if n is even. Further,
(1 —x>~1/2 P} is a polynomial of degree k — 1, if n is odd. Using the recurrence
coefficients from (9.104) and introducing a shift parameter ¢ € Ng, we define the
associated Legendre polynomials P,? (x, ¢), see (6.88), by

P (x,c):=0, Pjx,c):=1,

Pl o) = (o x+ B ) PL(x, o)+ v Pl(x,¢), keNp.
(9.105)

Now we can apply the discrete polynomial transform, see Sect.6.5 and Al-
gorithm 6.61. Note that a straightforward implementation of this transform is
numerically unstable for large bandwidth. Therefore some stabilization steps are
necessary. Stabilized versions have been suggested in [195, 292, 293]. For further
approaches see [4, 155, 161, 173, 194, 242, 311, 345, 358, 359].
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The stabilization method presented in [293] requires & (N 2 (log N )2) arithmetical
operations. For the computation of the sum in (9.100) we need foreachs =0, ..., T
an FFT of length 27. The proposed method is summarized in the following
algorithm.

Algorithm 9.57 (FSFT on the Special Grid in (9.95))
Input: N e N, a(f) e Cfork =0,...,Nandn = —k, ...k
2N +1 < T < 2floea (N+DT,

1. Using FLT, compute the values

N

hsn =y at(f) P"(cos S;T)

k=|n|

foralls =0,...,Tandn = —N, ... N.
2. Applying FFT, computefor alls =0,. — 1 the values

sc T o) Zh e/ - p=0,... 2T 1.

Output: f( T 2T)for s=0,...,Tandt =0,...,2T — 1 function values of f
in (9.91) on the grid in (9.95).
Computational cost: ﬁ(N2 (log N)2).

9.6.3 Fast Spherical Fourier Transforms for Nonequispaced
Data

In this subsection we develop a fast algorithm for the NDSFT improving Algo-
rithm 9.56. The fast algorithm is denoted by NFSFT. We will start again with
the fast Legendre transform (FLT) in order to compute the basis exchange. Then
we will apply the two-dimensional NFFT, see Algorithm 7.1, in order to evaluate
the trigonometric polynomial at arbitrarily distributed points (6¢, ¢¢) € [0, w] X
[0, 27),£=0,...,M — 1.

The spherical polynomial in (9.91) can be written for arbitrary (8, ¢) € [0, 7] x
[0, 27) in the form

N
fO.¢)= > ha(cost)e"?, (9.106)

n=—N
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where £, is given in (9.97). For even |n|, we define the polynomial g, of degree N
by

N

gn(x) ==Y al(f) Pl"(x) € Pu. (9.107)
k=In

For odd |n|, we introduce the polynomial g, of degree N — 1 by

N

Y ai(H P x) e Py (9.108)
k=|n|

(x) = :
gn L \/

— %2

As usual, we denote by &y the set of all polynomials of degree less or equal to N.
The relation to %, in (9.97) is given by

9 9
hy(cos§) = 4 8n(€0s9) neven (9.109)
(sin®) g, (cos ) n odd.
As in step 1 of Algorithm 9.57, we compute the data
k¥4
8s.n :=g,,(cos T)’ s=0,...,T; n=—N,...,N, (9.110)

with 2N + 1 < T < 2M1°&W+DT ysing an FLT. Then we compute the Chebyshev
coefficients @; € C in

N ~n
> —oa) Tr(cos0) neven,
gn(cosf) = : =0k

9.111)
=0 a; Ti(cos0) n odd,

using the DCT-I Algorithm 6.28. We take into account that g, are trigonometric
polynomials of degree N or rather N — 1.
Applying the known relation

1 . )
Ti(cos6) = cos(k ) = 2(e1k0 ~|—e71k0),

for even n we obtain the trigonometric polynomial

N
gn(cosh) = Z b,’je”‘e
k=—N

with the Fourier coefficients

ag k=0,
=1, (9.112)
Yar,  k#0.
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For odd n it follows that g, (cos 6) is a trigonometric polynomial of degree N — 1,
since

N—1
hp(cosO) = (sinf) Z bl elk?
k=—N+1
1. ' N-1 ' N '
— . (el0 _ e—10) Z bZ elk0 — Z bZ elk0
k=—N+1 k=—N
with
—b} k=—-N,—N+1,
2ib) =1 b, k=N-—-1,N, (9.113)

bp_,—bl,, k=-N+2.. N-2.

Then we can write the trigonometric polynomial in (9.109) in the form

N
hy(cosf) = Z ch etk? 9.114)
=—N
with the Fourier coefficients
by n even,
=1 9.115)
by nodd.

Inserting the sum in (9.114) into (9.106), we arrive at the representation

N N
fO.¢)= > > cpetfeln? (9.116)

n=—N k=—N

with complex coefficients ¢; € C. We stress again that we have computed the dis-
crete Fourier coefficients ¢; in (9.116) from the given spherical Fourier coefficients
ay (f) in (9.91) with an exact algorithm that requires & (N 2 (log N )2) arithmetic
operations independently of the chosen points (6¢, ¢¢) € [0, m] x [0, 27).

Geometrically, this transform maps the sphere S to the “outer half” of the ring
torus given by

x = ((r +sin6) cos$, (r +sinf) sing, cos8)', (@, ¢) € [0, 7] x [0, 27)
with fixed r > 1. The “inner half” of the ring torus with the parameters (6, ¢) €

[, 2r) x [0, 2m) is continued smoothly, see Fig.9.9. We decompose f into an
even and odd function and construct the even—odd continuation, see Fig.9.10 for
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Fig. 9.9 Topography of the earth (left) and the “outer half” of the ring torus (right), cf. Figure 5.1

in [212]
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Fig. 9.10 The normalized spherical harmonic Y; 2(9, ¢), top: real part (left) and imaginary

part (right) of this normalized spherical harmonic on S?, down: Normalized spherical harmonic

Y3_2(6, ¢) on a ring torus
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the normalized spherical harmonic

VY520, ¢) = \/125 (sin®)% (cos @) e 2? .

On the ring torus we illustrate this normalized spherical harmonic for (0, ¢) €
[0, 277)2.

In the final step we compute f at arbitrary points by using a two-dimensional
NFFT, see Algorithm 7.1. We summarize:

Algorithm 9.58 (NFSFT)

Input: N, M e N, aj(f) e Cfork=0,...,Nandn = —k, ... Kk,
(@¢, ¢¢) € [0, w] x [0, 27) for £ =0, ..., M — 1,
2N +1 < T < 2floea (N+DT,

1. Using FLT, compute the data

N
Za,'('(f)P,lnl(cos s;r) n even,
ST k=
n n
sinS;f kglglak(f) P, (cos T) n odd

foralln =—N,....Nands =0,...,T.

2. Compute the Chebyshev coefficients a; in (9.111) forn = —N, ..., N, by a fast
DCT-1 algorithm, see Algorithm 6.28 or 6.35.

3. Determine the Fourier coefficients CZ by (9.112), (9.113), and (9.115) for k =
—N,...,Nandn=—N, ..., N.

4. Compute the function values

N N
f(Oe, @) = Z Z ol i (KOetn go)

n=—N k=—N

using a two-dimensional NFFT, see Algorithm 7.1.
Output: f(0¢, ¢¢) fort =0,..., M — 1.
Computational cost: ﬁ(N2 (log N)? + M)
Remark 9.59
1. Often we are interested in a real representation of real-valued function f €

Lz(Sz) instead of (9.91). The real spherical Fourier series of a real-valued
function f € L,(S?) with bandwidth N is given by

N k

fO.6)=> (a,? Pi(cos®) + Y _ (af cos(ng) + b} sin(ng)) P{ (cos) )
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with real coefficients a; and b}. For the fast evaluation for this function in real
arithmetic one can develop similar algorithms. Instead of the NFFT one can use
the NFCT, see Algorithm 7.10 and the NFST, see Algorithm 7.12.

2. The algorithms of this section are part of the NFFT software, see [199, ... /nfsft].
Furthermore there exists a MATLAB interface, see [199, ... matlab/nfsft].

9.6.4 Fast Quadrature and Approximation on S*

Finally we sketch some methods for the fast quadrature and approximation of
functions defined on the unit sphere S? being relevant for solving partial differential
equations on the sphere, [43, Section 18.7]. In particular, partial sums (9.91)
of spherical Fourier series are used in applications. The bandwidth grows by
manipulating these series, e.g. by integration or multiplication.

An important subproblem is the projection onto a space of spherical polynomials
of smaller bandwidth. This task is known as spherical filtering, see [178]. Since the
computational cost of spherical filtering amounts to &'(N?) flops for ¢(N?) points
on S?, fast algorithms are of great interest. Jakob—Chien and Alpert [178] presented
a first fast algorithm for spherical filtering based on the fast multipole method,
which requires ¢(N? log N) flops. Later this approach was improved by Yarvin
and Rokhlin [386]. Bohme and Potts suggested a method for spherical filtering
based on the fast summation method, see Algorithm 7.15 with the kernel 1/x, see
[37, 38]. This approach is easy to implement, it is based on the NFFT and requires
O(N? log N) arithmetic operations. Furthermore, this method can be used for the
fast calculation of wavelet decompositions on S?, see [37, 38].

In order to compute the spherical Fourier coefficients (9.92) by a quadrature
rule on S2, we need to solve the adjoint problem, i.e., the fast evaluation of sums
in (9.94) for given function values fy = (8¢, ¢¢) € C,£ =0, ..., M—1. Note that
the obtained values @ in (9.94) do not exactly coincide with the spherical Fourier
coefficients a,’{' (f) from (9.91) which are given in (9.92). Good approximations of
the spherical Fourier coefficients a;/(f) can be obtained from sampled function
values f(6¢, ¢¢), £ =0,..., M — 1, atpoints (8¢, ¢¢) € [0, w] x [0, 27) provided
that a quadrature rule with weights w, and sufficiently high degree of exactness is
available, see also [121, 240, 241]. Then the sum (9.94) changes to

M
ap(f) =Y we fOr. ¢0) Y] Or. b0) - 9.117)

=1

The computation of spherical Fourier coefficients from discrete sampled data has
major importance in the field of data analysis on the sphere S?. For special grids
on the sphere one can use the Clenshaw—Curtis quadrature with respect to cos6,
see Sect. 6.4.2, and equidistant points with respect to ¢. Such quadrature rules have
been suggested in [88, 292].
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Theorem 9.60 Let f € Ly(S?) be a bandlimited function of the form (9.91). Then

we can compute the spherical Fourier coefficients a;(f) for k = 0,..., N and
n = —k, ..., k by the quadrature rule
T T-1
1 s 2wt ws 2wt
n _ —n
ak(f>—2j+1§§sstf<r ; )Yk (T, , ) (9.118)

with2N < T, gy =¢7 := 2-1 esi=1;,5s=1,...,T —1, and with the Clenshaw—
Curtis weights, see Sect. 6.4.2,

T/2
1 -2 2sum
wszzTuZ_;)suMz_lcos T s=0,...,T.

Proof By definition of f in (9.91), it suffices to consider the basis functions
f@,¢) = Ylm(O, ¢),l =0,...,N;m = —I[,...,l. Their Fourier coefficients
can be written as

1 ! 1 [
al(f) = 2/ P )P (x) dx - ) / elm=me g 9.119)
—1 T 0
Now it follows form, n = —N, ..., N that
O T LR —
J— 1(im—n — Ti(m—n)t
S = /0 e dg = zz—;e . (9.120)

Hence, for m # n, the Fourier coefficients a;/ (f) vanish. For m = n, we verify that

Plln| Pk‘"‘ is an algebraic polynomial of degree < 2N < T such that Clenshaw—Curtis
quadrature gives

1! a
2/1 P @ P! o) dx = Y e web" eos ) P (cos )
- s=0

with the Chebyshev nodes cos ”TS . Together with (9.119) and (9.120) this completes
the proof.

In many applications however, the distribution of the available data on the
sphere is predetermined by the underlying measurement process or by data storage
and access considerations. This often requires the use of techniques like spherical
hyperinterpolation, see [335], or approximate quadrature rules that differ from
classical quadrature formulas.

The implementation of the algorithm for computing a;/ (f) in (9.118), which is
the adjoint problem of the NFSFT in Algorithm 9.58, follows by writing the steps of
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Algorithm 9.58 in matrix—vector form and forming the conjugate transpose of this
matrix product, see [195]. In this way, one obtains a fast algorithm for the adjoint
problem which allows the efficient use of new quadrature schemes, see also [144].

Spherical t-Designs A spherical 7-design is a finite point set on S* which provides
a quadrature rule on S with equal weights being exact for spherical polynomials
up to degree ¢. Note that quadrature rules with equal weights are also known as
quasi-Monte Carlo rules. Based on the NFSFT and the algorithm of the adjoint
problem, we are able to evaluate spherical 7-designs on S* for high polynomial
degreet € N, see [140, 143]. The approach is based on computing local minimizers
of a certain quadrature error. This quadrature error was also used for a variational
characterization of spherical #-designs in [336].

It is commonly conjectured that there exist spherical #-designs with M =~ ;
points, but a proof is unknown up to now. Recently, a weaker conjecture was
proved in [39], where the authors showed the existence of spherical #-designs with
M > ct? points for some unknown constant ¢ > 0. Moreover, in [64] it was
verified that fort = 1, ..., 100, spherical #-designs with (r + 1)2 points exist, using
the characterization of fundamental spherical #-designs and interval arithmetic. For
further recent developments regarding spherical ¢-designs and related topics, we
refer to the very nice survey article [13].

The construction of spherical ¢-designs is a serious challenge even for small
polynomial degrees 7. For the minimization problem one can use several nonlinear
optimization methods on manifolds, like Newton and conjugate gradient methods.
By means of the NFSFT, evaluations of the approximate gradient and Hessian can
be performed by & (t2 logt + M (log 6)2) arithmetic operations, where € > 0 is
a prescribed accuracy. Using these approaches, approximate spherical ¢-designs for
t < 1000, even in the case M ~ ;t2 have been presented in [141]. This method
has been also generalized to Gauss-type quadratures on S%, where one does not
require a quadrature with equal weights, but can optimize the weights as well. In
this way, quadrature rules with a higher degree of exactness have been obtained
using the same number of sampling points. These nonlinear optimization methods
have been further generalized in order to approximate global extrema, see [142] and
to halftoning and dithering, see [145].

2

Scattered Data Approximation on S* Since the data collected on the surface of
the earth are available as scattered nodes only, least squares approximations and
interpolation of such data have attracted much attention, see, e.g., [43, 105, 121].
If we reconstruct a spherical polynomial of degree N € N from sample values,
we can set up a linear system with M = (N + 1)? interpolation constraints which
has to be solved for the unknown vector of Fourier coefficients of length (N + 1)2.
If the nodes for interpolation are chosen such that the interpolation problem has
always a unique solution, the sampling set is called a fundamental system. We can
relax the condition that the number of equations M coincides with the number of
unknowns (N + 1)2. Considering the overdetermined case M > (N + )2 or the
underdetermined case M < (N + 1)? leads to better distributed singular values of
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the system matrix. Results using fast algorithms in combination with an iterative
solver were presented in [197]. For stability results see also [41, 249]. Scattered
data approximation using kernels is described in [121]. Employing radial kernels in
combination with the presented fast algorithms leads to a fast summation method
on the sphere as well, see [196].

FFT on the Rotation Group The theory of spherical Fourier transforms can be
extended to fast Fourier transforms on the rotation group SO(3). As known, SO(3)
is the group of all rotations about the origin of R3. During the past years, several
different techniques have been proposed for computing Fourier transforms on the
rotation group SO(3) motivated by a variety of applications, like protein—protein
docking [62] or texture analysis [57, 232, 320]. The spherical Fourier methods can
be generalized to Fourier methods on SO(3), see [207]. The algorithm to compute
an SO(3) Fourier synthesis is based on evaluating the Wigner-D functions D;"",
which yield an orthogonal basis of L(SO(3)). Using these Wigner-D functions, we
expand N-bandlimited functions f € L(SO(3)) into the sum

N k 14
=33 S . (9.121)

k=0 m=—k n=—¢

An algorithm for efficient and accurate evaluation of such N-bandlimited function
f € L2(SO(3)) at arbitrary samples in SO(3) has been presented in [297].
For the scattered data approximation see [139] and for quadrature rules see
[140, 141]. These algorithms are also part of the freely available NFFT software
[199, .Jexamples/nfsoft]. Furthermore there exists a MATLAB interface, see [199,
/matlab/nfsoft].



Chapter 10 )
Prony Method for Reconstruction Shethie
of Structured Functions

The recovery of a structured function from sampled data is a fundamental problem
in applied mathematics and signal processing. In Sect.10.1, we consider the
parameter estimation problem, where the classical Prony method and its relatives
are described. In Sect. 10.2, we study frequently used methods for solving the
parameter estimation problem, namely MUSIC (MUltiple SIgnal Classification),
APM (Approximate Prony Method), and ESPRIT (Estimation of Signal Parameters
by Rotational Invariance Technique). The algorithms for reconstructing exponential
sums will be derived for noiseless data and then extended to the case of noisy
data. The effectiveness the algorithms for noisy data depends in particular on the
condition of the involved Vandermonde matrices. We will deal with these stability
issues in Sect. 10.3.

In Sects. 10.4 and 10.5, we consider different applications of the Prony method.
We present an algorithm to recover spline functions from given samples of its
Fourier transform. Finally, we study a phase retrieval problem and investigate
the question whether a complex-valued function f can be reconstructed from the
modulus | f | of its Fourier transform.

10.1 Prony Method

The following problem arises quite often in electrical engineering, signal process-
ing, and mathematical physics and is known as parameter estimation problem (see
[264, 284] or [235, Chapter 9]):

Recover the positive integer M, distinct parameters ¢; € C with Im¢; €
[—m, ), and complex coefficients ¢; # 0, j = 1, ..., M, in the exponential sum
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of order M

M
h(x) :=Zc,~e¢ﬂ‘, xeR, (10.1)
j=1

if noisy sampled data hy := h(k) + ek, k =0,..., N — 1, with N > 2 M are given,
where e € C are small error terms. If Re¢; = 0 for all j, then this problem is
called frequency analysis problem. In many applications, A (x) is an expansion into
damped exponentials, where Re ¢; € [—a, 0] for small & > 0. Then the negative
real part of f; is the damping factor and the imaginary part of ¢; is the angular
frequency of the exponential e® *.

In this problem, we have to detect the significant exponentials e?/ of the signal
h. The classical Prony method works for noiseless sampled data of the exponential
sum (10.1) in the case of known order M. Following an idea of G.R. de Prony from
1795 (see [82]), we recover all parameters of the exponential sum (10.1), if sampled

data
M M
hk) = cjefih=>"¢c;2%, k=0.....2M -1, (10.2)
j=1 j=1
are given, where z; = e?/ are distinct points in C. We introduce the Prony
polynomial
M M—1
p(2) = H(z—Zj)=Zpkzk+zM, ze€C, (10.3)
j=1 k=0

with corresponding coefficients px € C. Further we define the companion matrix
Cu(p) € CM*M of the Prony polynomial (10.3) by

00...0 —po
10...0 —p;

Cu(p):=]01...0 —p2 || (10.4)
00...1 —py—1
It is known that the companion matrix Cys(p) has the property

det (zIy — Cu(p)) = p(2),

where Iy € CM*M denotes the identity matrix. Hence the zeros of the Prony
polynomial (10.3) coincide with the eigenvalues of the companion matrix Cps(p).
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Setting pys := 1, we observe the following relation for all m € No,

M M M
S pehtetm =Y pe (D)
k=0 j=1

k=0
M M M
= ZCJ Z?’ (Zpkzlj-) = ZC/' z?’ p(zj) =0. (10.5)
j=1 k=0 j=1

Using the known values h(k), k = 0,...,2M — 1, the formula (10.5) implies that
the homogeneous linear difference equation

M—1
> pihtc+m)=—h(M+m), m=0,... . M-1, (10.6)
k=0

is satisfied. In matrix—vector notation, we obtain the linear system

Hy 0) (pr)py = —(h(M +m)"—) (10.7)

with the square Hankel matrix

hO)  h(D) ... k(M 1)
W) hQ) ... k(M) .

: : : = (htk+m), 1 (10.8)
h(M = 1) h(M) ... hQM —2)

The matrix Hys(0) is invertible, since the special structure (10.2) of the values & (k)
leads to the factorization

Hy; (0) = Vi (z) (diage) Vi (2) ",

where the diagonal matrix diag ¢ with ¢ := (c; )ﬁ/’: | contains the nonzero coefficients
of (10.1) in the main diagonal, and where

1 1 1
) 21 22 ... IM
X j—I\M
Vu (@) = (g} )j’k:1 =
k41 ! zg’[_l . ZM_1

denotes the Vandermonde matrix generated by the vector z := (z j)M: 1+ Since all z,
j=1,..., M, are distinct, the Vandermonde matrix V(z) is invertible. Note that
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by (10.2) we have
M—1
V(@) e = (h(k))kzo . (10.9)

We summarize:

Algorithm 10.1 (Classical Prony Method)
Input: M € N, sampled values h(k), k =0,...,2M — 1.

1. Solve the linear system (10.7).

2. Compute all zeros zj € C, j = 1,..., M, of the Prony polynomial (10.3), i.e.,
calculate all eigenvalues z; of the associated companion matrix (10.4). Form
rj = zj/lzj| and Re¢; = In|zj|, Im¢; := Im(log r;) € [-m, 7), j =
1, ..., M, where log is the principal value of the complex logarithm.

3. Solve the Vandermonde system (10.9).

Output: ¢j € R+i[—7, 7), ¢ = (cj)j!i1 eCM j=1,...,M.

As shown, Prony’s idea is mainly based on the separation of the unknown param-
eters ¢; from the unknown coefficients ¢ ;. The main problem is the determination of
@, since the coefficients ¢; are uniquely determined by the linear system (10.9). The
following remarks explain some extensions of the Prony method and connections to
related methods.

Remark 10.2 The Prony method can be also applied to the recovery of an extended
exponential sum

M
h(x) = cj(x)e?™, x>0,
j=1

where ¢ (x) are polynomials of low degree. For simplicity, we sketch only the case
of linear polynomials c;(x) = ¢ + ¢j1x. With distinct z; = e?i, j=1,....M,
the corresponding Prony polynomial reads as follows:

M 2M—1
@ =[]c-2p*= > m+". (10.10)
j=1 k=0
Assuming that the sampled values h(k), k =0, ...,4M — 1, are given, we can again
derive a relation
2M

> prhlk+m) =0
k=0
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for m € 7Z using that p(z;) = p'(zj) = 0forz; = e?i. Thus, we have to solve the
linear system

2M—1
> pkhtk+0=-h@M+0), €=0,....2M -1,
k=0

and to compute all double zeros z; of the corresponding Prony polynomial in
(10.10). Introducing the confluent Vandermonde matrix

1 0 o1 0
21 1 . M 1
Sm (@) = 2 271 2% 2zm ,

2NN oM - )BME 2N oy - 1)
we finally have to solve the confluent Vandermonde system

T 2M—1
Vi@ (co1. z1ci 1y -0 eam0. 21em1) | = (h(k)),

Remark 10.3 The Prony method is closely related to Padé approximation (see
[370]). Let (fi)ken, be a complex sequence with p := lim sup;_, |fk|1/k < Q.
The z-transform of such a sequence is the Laurent series Y oo fi 7% which
converges in the neighborhood {z € C : |z| > p} of z = oco. Thus the z-transform

of each sequence (ZI;)keNo is equal to z—zz S j=1,..., M. Since the z-transform is
J
linear, the z-transform maps the data sequence (h (k)) satisfying (10.2) for all

k € Ny into the rational function

kENO

[} M (2)

Yotz k=Y e, =9 (10.11)

k=0 =1 LT P@)
where p is the Prony polynomial (10.3) and a(z) := ap zM + ...+ a; z. Now we
substitute z for z~! in (10.11) and form the reverse Prony polynomial rev p(z) =
M p(z71) of degree M with rev p(0) = 1 as well as the reverse polynomial
rev a(z) := 724 a(z~Y) of degree at least M — 1. Then we obtain

> K Tev a(z)
;}h(k)z = rov p(2) (10.12)

converging in a neighborhood of z = 0. In other words, the rational function on the
right-hand side of (10.12) is an (M — 1, M) Padé approximant of the power series
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Z,fozo h(k) z* with vanishing &'(z") term and we have

(Zh(k) zk> rev p(z) =rev a(z)

k=0

in a neighborhood of z = 0. Comparison of the coefficients of powers of z yields

M
> phtk+m—M)=ay ., m=0,... . M—1,
=M

—m

k

Zpkh(k—l—m):O, meNp. (10.13)
k=0

Now Eq. (10.13) for m = 0,..., M — 1 coincide with (10.6). Hence the Prony
method may also be regarded as a Padé approximation.

Remark 10.4 In signal processing, the Prony method is also known as the annihi-
lating filter method, or a method to recover signals with finite rate of innovation
(FRD), see, e.g., [87, 364]. For distinct z; = e? and complex coefficients c; # 0,
j=1,..., M, we consider the discrete signal h = (h")nez with

M
hni=) cjz% nel. (10.14)

For simplicity, we assume that M is known. Then a discrete signal a = (a,),ez is
called an annihilating filter of the signal h, if the discrete convolution of the signals
a and h vanishes, i.e.,

(axh), ZZZaghn_g =0, neZ.
Lel

For the construction of an annihilating filter a we consider

M M
Cl(Z)::l_[(l_ijil)ZZanzins ZE(C\{O},

j=1

then a = (a,)pez witha, = 0,n € Z \ {0, ..., M} is an annihilating filter of h in
(10.14). Note that a(z) is the z-transform of the annihilating filter a. Furthermore,
a(z) and the Prony polynomial (10.3) have the same zeros z; € D, j =1,..., M,
since z™ a(z) = p(z) forall z € C\{0}. Hence the Prony method and the method of
annihilating filters are equivalent. For details, see, e.g., [364]. Within the last years,
finite rate of innovation methods have found many applications, see, e.g., [29, 261].
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Remark 10.5 Prony methods arise also from problems of science and engineering,
where one is interested in predicting future information from previous ones using a
linear model. Let h = (h,,),cN, be a discrete signal. The linear prediction method,
see, e.g., [22], aims at finding suitable predictor parameters p; € C such that the
signal value hy4 37 can be expressed as a linear combination of the previous signal
valueshj, j=4¢€,...., £+ M —1,ie.

M—1

herm =) (=pjyherj, €eNp.
j=0

Therefore these equations are also called linear prediction equations. Setting
pm =1, we observe that this representation is equivalent to the homogeneous
linear difference equation (10.6). Assuming that

M
hy ZZCjZk, keNp,
J
j=1

we obtain the parameter estimation problem, i.e., the Prony polynomial (10.3) co-
incides with the negative value of the forward predictor polynomial. The associated
companion matrix Cps(p) in (10.4) is hence equal to the forward predictor matrix.
Thus the linear prediction method can also be considered as a Prony method.

Unfortunately, the classical Prony method has some numerical drawbacks. Often
the order M of the exponential sum (10.1) is unknown. Further the classical Prony
method is known to perform poorly, when noisy sampled data are given, since
the Hankel matrix Hjys(0) and the Vandermonde matrix Vs(z) are usually badly
conditioned. We will see that one can attenuate these problems by using more
sampled data. But then one has to deal with rectangular matrices.

10.2 Recovery of Exponential Sums

In this section, we present three efficient algorithms to solve the parameter
estimation problem. Let N € N with N > 2M be given, where M € N denotes
the (unknown) order of the exponential sum in (10.1). For simplicity, we restrict
ourselves to the frequency analysis problem, where ¢; = ip; with ¢; € [—m, 7).
We introduce the nonequispaced Fourier matrix, see Chap. 7,

Al = ()

Note that A; y coincides with the rectangular Vandermonde matrix

Vi@ = (&L
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with the vector z := (zj)g’lzl, where z; = el j =1,..., M, are distinct nodes
on the unit circle. Then the equations in (10.1) can be formulated in the following
matrix—vector form

Vi@ e= (h)py - (10.15)

where ¢ = (¢ j)§’1= | is the vector of complex coefficients.

In practice, the order M of the exponential sum (10.1) is often unknown. Assume
that L € N is a convenient upper bound of M and M < L < N—-M + 1. In
applications, such an upper bound L of M is usually known a priori. If this is not

the case, then one can choose L ~ g’ . Later we will see that the choice L ~ g] is
optimal in some sense. Often the sequence {hg, h1, ..., hAy—_1} of (noisy) sampled

data is called a time series of length N. We form the L-trajectory matrix of this time
series

L—-1,N-L _
Hy n-r41:= (hevm) g € CHXVTEHD (10.16)

with window length L € {M, ..., N—M+1}. Obviously H;, y_r 41 is arectangular
Hankel matrix.

We consider this rectangular Hankel matrix first for noiseless data hy = h(k),
k=0,...,N—1,ie.,

L—1,N-L _
Hy v-r+1 = (hE€+m), "0 € CLxWN=L+D) (10.17)

The main step in the solution of the parameter estimation problem is to determine
the order M and to compute the parameters ¢; or alternatively the pairwise distinct
nodes z; = el j=1,..., M. Afterwards one can calculate the coefficient vector
¢ € CM as the solution of the least squares problem

. N-1
min |V y(2) ¢ — (h),_y Il2 -
ceCM

By (10.2) the L-trajectory matrix (10.17) can be factorized in the following form:
Hy v—r+1 = Vi m@) (diage) Vy_r11,m @) " . (10.18)

We denote square matrices with only one index. Additionally we introduce the
rectangular Hankel matrices

Hn1(s) = (hopesm)g oy - s €{0, 1}, (10.19)

forL e {M,...,N—M},ie.,HL y_1(0)is obtained by removing the last column
of Hy y—r+1 and Hy y_1 (1) by removing the first column of Hy, y_141.
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Lemma 10.6 Let N > 2M be given. For each window length L € {M, ..., N —
M + 1}, the rank of the L-trajectory matrix (10.17) of noiseless data is M. The
related Hankel matrices Hy, y—1.(s), s € {0, 1}, possess the same rank M for each
window length L € {M, ..., N — M}.

Proof

1. As known, the square Vandermonde matrix V(z) is invertible. Further we have
rankVy y(z) =M, Le{M,...,N—M+1}, (10.20)

since rank Vy, »(z) < min{L, M} = M and since the submatrix (ziil)j/[kzl of
V1.m(z) is invertible.
For L € {M, ..., N — M + 1}, we see by (10.20) that

rankVy y(z) =rankVy_p11,m(2Z) =M.

Thus the rank of the matrix (diage) Vy_r+1, u@)" is equal to M. Hence we
conclude that

rank Hp v—r 1 = rank (V2,2 ((diage) Vn-+1.u @) )
=rankVr y(z) =M.
2. By construction of the matrices Hy, y—1,(s) for s = 0, 1, the assumption follows
now from the corresponding factorizations

Hy v-1(0) = Vi m(2) (diage) V- m(@) ",

Hy nv-r(1) = Vi u(2) (diage) (diagz) Vy-r.m (@) " .

Consequently, the order M of the exponential sum (10.1) coincides with the rank
of the Hankel matrices in (10.17) and (10.19). Therefore, M can be computed as the
numerical rank of Hy, y_r 1 if it is not known beforehand.

In the next two subsections, we will derive the most well-known methods to

solve the parameter estimation problem, MUSIC, approximate Prony method, and
ESPRIT.

10.2.1 MUSIC and Approximate Prony Method

MUSIC [323] and the approximate Prony method [282] are both based on a
singular value decomposition of the given Hankel matrix H;, y_;41. The following
observations also show the close connections between these approaches.
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The ranges of Hy, y—1.+1 and V[, 5/ (z) coincide in the noiseless case with M <
L < N—M+1by (10.18). If L > M, then the range of V1 p(z) is a proper
subspace of CL. This subspace is called signal space .7y . The signal space .7 is
of dimension M and is generated by the M columns e; (¢;), j =1,..., M, where

ep) = ('), gel-m 1.

Note that ||ez. (¢)|l» = /L for each ¢ € [—7, ). The noise space A7 is defined as
the orthogonal complement of .7 in C%. The dimension of .47 is equal to L — M.

By Q; we denote the orthogonal projection of CX onto the noise space .47 .
Sinceer (¢j) € S, j=1,...,M,and A7 L ¥, we obtain that

Qrer(pj)) =0, j=1,....M.
For ¢ € [—m, m) \ {¢1, ..., 9um)}, the vectors e. (¢1), ..., er(pn), er(p) € CE

are linearly independent, since the (M + 1) x (M + 1) Vandermonde matrix obtained
by taking the first M + 1 rows of

(er(@n) | ... leL(om) leL(@))

is invertible for each L > M +1. Hence er () ¢ .7 =span{er(¢1), ..., eL(om)},
i, Qrer(p) #0.

Thus, once the orthogonal projection Q. is known, the parameters ¢; can be
determined via the zeros of the noise-space correlation function

1
Np(p) = JL 1QreL@l2, ¢€l-m, n),

since N.(¢;) =0foreachj =1,...,Mand0 < Np(p) < 1forallg € [—-m, m)\
{o1, ..., om}. Alternatively, one can seek the peaks of the imaging function

Ji@) =vLIQrerpll;', ¢el-m 7).

In this approach, we prefer the zeros or rather the lowest local minima of the noise-
space correlation function Ny, (¢).

We determine the orthogonal projection Q7 of CL onto the noise space .47 using
the singular value decomposition (SVD) of the L-trajectory matrix Hy y—r+1, 1.€.,

Hy n 111 =UrDrn 1 Wh_p . (10.21)
where

UL=(111| ...|llL)€(CL><L,

Wy_rt1=(Wil...|Wy_r41) € CWNLADx(N=L+D)



10.2  Recovery of Exponential Sums 533

are unitary and where

Dy n-r+1 = diag (01, ..., Omin (L, N—1+1)) € REXNTEFD

is a rectangular diagonal matrix. The diagonal entries of D, y_; 41 are arranged in
nonincreasing order

01> ...20M >0M41 =...=Omin{L,N—L+1} =0.

The columns of Uy are the left singular vectors of Hy y_j+1, the columns of

Wy _pr+1 are the right singular vectors of Hy, y_j+1. The nonnegative numbers

oy are called singular values of Hy y_p+1. The rank of H; y_;1 is equal to

the number of positive singular values. Thus we can determine the order M of the

exponential sum (10.1) by the number of positive singular values o ;. Practically, for

noisy input data we will have to determine the numerical rank M of Hy y_141.
From (10.21) it follows that

H T
Hi No1+1 WN-r41 =U D v, Hp vy 11U =WNn_r41Dp v 14y

Comparing the columns in above equations, foreachk = 1, ..., min{L, N—L+1}
we obtain

H
Hi N-r+1We =okwe, Hp y ;.U =0k Wi

Introducing the matrices

1
UE,)M = (ll1 | ... |uM) c LM ’
2 —
U(L,)LfM o= (Upg1] ... Jug) e CEXEM

we see that the columns of U(LI)M form an orthonormal basis of .7 and that

the columns of U(Lz)Lf  form an orthonormal basis of 7. Hence the orthogonal
projection onto the noise space .47, has the form

2 2
QL= U(L,)LfM (U(L,)LfM)H :
Consequently, we obtain

1QLeL(@)3 = (Qrer(p), QreL(e)) = (QL)*eL (), eL(9))
= (QreL(p). eL(p)) = (UY,_,, (U, )P er(p). eL(9))

= (UZ,_ )M er(@). U, _per) = 107, _ )" eL@)ll3.
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Hence the noise-space correlation function can be represented by

1
A&(¢)=/JLIKUfQ_Mf{w(¢Nb
L
1 1/2
=, (X wlewr)” ¢etmn.
L k=M+1

In MUSIC, one determines the locations of the lowest local minima of the noise-
space correlation function to achieve approximations of the parameters ¢;, see, e.g.,
[104, 202, 235, 323].
Algorithm 10.7 (MUSIC via SVD)
Input: N e Nwith N >2M, L ~ g] window length,

hy = hk) +ex € C,k=0,..., N — 1, noisy sampled values in (10.1),

0 < & « 1 tolerance.

1. Compute the singular value decomposition
H =0.D wh
LN—L+1 =ULDr N+ 1 Wy_ 11

of the rectangular Hankel matrix (10.16), where the singular values 6, are
arranged in nonincreasing order. Determine the numerical rank M of (10.16)
such that 6y > € 61 and 6yp41 < €61. Form the matrix

U7,y = (@] .. i)

from the last L — M columns of U;.
2. Calculate the squared noise-space correlation function

L
- 1 5
mwﬁ:L > lufles(o)
k=M+1

on the equispaced grid { (ZkES)n ck=0,...,8— 1} for sufficiently large S € N
by FFT. )
3. The M lowest local minima of NL((2kES)”), k

= 0,...,5 — 1, yield the
frequencies ¢y, ..., oy. Set Zj = el¥i, j=1,....M

4. Compute the coefficient vector ¢ = (5j)§/1:1 e CM as solution of the least
squares problem

. ~\ o~ ~ \N—1
min ”VN,M(Z)C - (hk)k:() ”2 B
geCM
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where Z .= (Z ,-)j.”:l denotes the vector of computed nodes.
Output: M e N, ¢; € [-m, m),¢; €C, j=1,..., M.

The approximate Prony method (APM) can be immediately derived from the
MUSIC method. We start with the squared noise-space correlation function

1 2
NL@? = | 102" el
1 L 2
=, 2 W@l ¢el-nm.
For noiseless data, all frequencies ¢, j = 1,..., M, are zeros of N ((,o)2 and hence
especially zeros of
2
luj e (o).

Thus we obtain ulz e (pj) = 0for j = 1,..., M. Note that ull:l er(¢) can have

additional zeros. For noisy data we observe small values |uI]:l e ((p)|2 near ¢;.
Finally we determine the order M of the exponential sum (10.1) by the number
of sufficiently large coefficients in the reconstructed exponential sum.

Algorithm 10.8 (Approximate Prony Method (APM))
Input: N e Nwith N >2M, L ~ g’ window length,
ﬁk =hk)+e €C k=0,..., N — 1, noisy sampled values of (10.1),
& > 0 lower bound with |cj| > 2¢, j=1,..., M.
1. Compute the singular vector up = (ug)é‘:_ol € CF of the rectangular Hankel
matrix (10.16).
2. Calculate

L1
H Y
ules(p) =) iige?

(=0

on the equispaced grid { (Zkgs)" 1 k=0,...,8— 1} for sufficiently large S € N
by FFT. 5
3. Determine the lowest local minima j, j = ~1, ..., M, of |u>'L< eL((zk;S)”)P,

k=0,...,8—1Setw; :=eVi, j=1,... M.
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4. Compute the coefficients Jj € C as least squares solution of the overdetermined
linear system

it
Y djwj=h. k=0,....N—1.
j=1

Delete all the Wy with |dy| < & and denote the remaining nodes by Zj, J =
1,...,M.

5. Compute the coefficients ¢; € C as least squares solution of the overdetermined
linear system

M
Y &izj=h. k=0.. N-1.
j=1

Output: M e N, ¢; e [-m, m),¢; €C, j=1,..., M.

10.2.2 ESPRIT

Finally we sketch the frequently used ESPRIT method (see [284, 312]) which is also
based on singular value decomposition of the rectangular Hankel matrix. First we
assume that noiseless data ﬁk =h(k),k=0, ..., N—1,0f (10.1) are given. The
set of all matrices of the form

zHL N-£(0) —Hp y—r(1), z€C, (10.22)
with Hy, y—7(0) and Hy y—7 (1) in (10.19) is called a rectangular matrix pencil. If
a scalar zg € C and a nonzero vector v e CV~F satisfy

20HL N—2O)v=Hy y_ (1) Vv,

then zg is called an eigenvalue of the matrix pencil and v is called eigenvector. Note
that a rectangular matrix pencil may not have eigenvalues in general. The ESPRIT
method is based on the following result:

Lemma 10.9 Assume that N € N with N > 2M and L € {M,...,N — M}
are given. In the case of noiseless data, the matrix pencil (10.22) has the nodes
Zj = e, j =1,..., M, as eigenvalues. Further, zero is an eigenvalue of (10.22)
with N — L — M linearly independent eigenvectors.
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Proof Let p denote the Prony polynomial (10.3) and let g(z) := N -t=M

Then the companion matrix of g reads

p(2).

Cyv—r(@) = (erlex]| ... ley——1]—q)

with q := (0, ..., 0, po, p1, ..., pM_l)T, where py are the coefficients of p(z) in
(10.3). Here e; = (Sk_g)évz_ol‘_l denote the canonical basis vectors of CN =L, By
(10.5) and (10.19) we obtain that

Hy y-1(0)q= —(h(e))jzv;z\}—L

and hence

Hy v 10 Cy_r(g) =Hr n_r(1). (10.23)

Thus it follows by (10.23) that the rectangular matrix pencil in (10.22) coincides
with the square matrix pencil zIy_; — Cy—_r (g) up to a matrix factor,

tHL N—2(0) —Hr (1) =HL y-£0) (zIn-L — Cn-L(9)).

Now we have to determine the eigenvalues of the companion matrix Cy_z (q). By

M
det (zIn-1 = Cy-1(@) =@ =" "M [Tz - 2))
j=1

the eigenvalues of Cy_1(q) are zero and z;, j = 1,..., M. Obviously, z = 0 is
an eigenvalue of the rectangular matrix pencil (10.22), which has L — M linearly
independent eigenvectors, since rank Hy y_;(0) = M by Lemma 10.6. For each
z = zj, j = 1,..., M, we can compute an eigenvector v = (vk),](v:_oL_1 of
Cn-L(q),if weset vy_r | = z;. Thus we obtain

(zjHp,n—2(0) —Hz y—£(1))v=0.

We have shown that the generalized eigenvalue problem of the rectangular matrix
pencil (10.22) can be reduced to the classical eigenvalue problem of the square
matrix Cy_r(q).

We start the ESPRIT method by taking the singular value decomposition (10.21)
of the L-trajectory matrix H; y—r+1 with a window length L € {M,..., N — M}.
Restricting the matrices Uy and Wy_y 41 to

Upyi= | ... Juy) e CEM 0 Wy_ppy o= (wi| ... [wy) e CV-EFDXM
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with orthonormal columns as well as the diagonal matrix Dy, := diag (o j)ﬁ!’lz 1> We
obtain

H
Hi v-1+1=UruDuWy_1 -

Let now Wx_1 »(0) be obtained by removing the last row, and Wy_r. (1) by
removing the first row of Wy_r 1 ». Then, by (10.19), the two Hankel matrices
H; y-1r(0) and Hy n—7 (1) in (10.19) can be simultaneously factorized in the form

Hy n-2(6) = U uDuWy_z.u()F, seio, 1}. (10.24)

Since Uy, p has orthonormal columns and since Dy, is invertible, the generalized
eigenvalue problem of the matrix pencil

Wy O =Wy (DB, zecC, (10.25)

has the same nonzero eigenvalues z;, j = 1, ..., M, as the matrix pencil in (10.22)
except for additional zero eigenvalues. Therefore, we determine the nodes z;, j =
1,..., M, as eigenvalues of the matrix

F3'P = Wy (D (Wy_ i (@) e CMM (10.26)

where (WN_ L, M(O)H)+ denotes the Moore—Penrose pseudoinverse of the matrix
Wy_r,m (0. 3

Analogously, we can handle the general case of noisy data iy = h(k) + ex € C,
k = 0,...,N — 1, with small error terms ¢, € C, where |ex] < & and 0 <
&1 « 1. For the Hankel matrix in (10.21) with the singular values 61 > ... >
Omin{L,N—L+1} = 0, we calculate the numerical rank M of Hy y_r41 in (10.16)
taking o)y > €61 and 6741 < € 61 with convenient chosen tolerance ¢. Using the
IEEE double precision arithmetic, one can choose ¢ = 1070 for given noiseless
data. In the case of noisy data, one has to use a larger tolerance & > 0.

For the rectangular Hankel matrix in (10.16) with noisy entries, we use its
singular value decomposition

5 < H
Hy v-r+1=UrDr N-1+1 Wy_1 1

and define as above the matrices fJL,M, ﬁM := diag (6j)M and WN,LH,M. Then

j=1’
S
UruDuWy_ri1m

is a low-rank approximation of (10.16). Analogously to Wy _r, »(0), Wy_r m(1)
and (10.26), we introduce corresponding matrices Wxy_r p(s), s € {0, 1} and
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F,Sw\/D . Note that
Ko nv-2() :==UruDy Wy m(", s€{0, 1) (10.27)

is a low-rank approximation of H L .N—L(s). Thus the SVD-based ESPRIT algorithm
reads as follows:

Algorithm 10.10 (ESPRIT via SVD)

Input: N e NwithN > I, M <L<N-M,L~ IZ M unknown order of (10.1),
hy =hk)+e €C k=0,..., N — 1, noisy sampled values of (10.1),
0 < ¢ « 1 tolerance.

1. Compute the singular value decomposition of the rectangular Hankel matrix
Hy n—r+1 in (10.16). Determine the numerical rank M of Hy, n—r.+1 such that
op > €01 and 64+ < €61. Form the matrices VNVN_L,M(S), s € {0, 1}.

2. Calculate the square matrix FEXD as in (10.26) and compute all eigenvalues 7 j,

j=1...,M, ofﬁﬁ,}/D. Replace 7 by the corrected value I?:I’ j=1....M,
J

andset ¢j :=logz;, j =1,..., M, where log denotes the principal value of the
complex logarithm.
3. Compute the coefficient vector ¢ = (5j)§’1:1 e CM as solution of the least
squares problem
N-1

élélérﬂl/l IVn,m(Z) ¢ — (hk)k=0 12

~ ~ \M
where 7 := (z j) _ denotes the vector of computed nodes.

j=
Output: M e N, ¢; € [-m,m),c; €eCforj=1,..., M.

Remark 10.11 One can avoid the computation of the Moore—Penrose pseudoinverse
in (10.26). Then the second step of Algorithm 10.10 reads as follows (see [286,
Algorithm 4.2]):

2/, Calculate the matrix products
Ay =Wxn_L O "Wy_r 1©0), By :=Wy_r ()" Wy_L 4(0)

and compute all eigenvalues z;, j =1, ..., M, of the square matrix pencil z A M —
By, z € C, by the QZ-Algorithm (see [134, pp. 384-385]). Set @;j = logz;,
j=1,..., M.

The computational cost of ESPRIT is governed by the SVD of the Hankel matrix
in the first step. For L =~ g], the SVD costs about 281 N3 + M?Q2IN + 931 M)
operations. In [286], a partial singular value decomposition of the Hankel matrix
based on Lanczos bidiagonalization is proposed that reduces the computational cost
to 185N log, N + S2(20N + 308) + M3(N + éM) operations. Here S denotes the
number of bidiagonalization steps.
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Remark 10.12 For various numerical examples as well as for a comparison between
Algorithm 10.10 and a further Prony-like method, see [266]. Algorithm 10.10 is
very similar to the Algorithm 3.2 in [285]. Note that one can also use the QR
decomposition of the rectangular Hankel matrix (10.16) instead of the singular
value decomposition. In that case one obtains an algorithm that is similar to the
matrix pencil method [170, 318], see also Algorithm 3.1 in [285]. The matrix pencil
method has been also applied to reconstruction of shapes from moments, see, e.g.,
[135]. In order to obtain a consistent estimation method, one can rewrite the problem
of parameter estimation in exponential sums as a nonlinear eigenvalue problem,
see, e.g., [45, 259] or the survey [391] and the references therein. The obtained
modification of the Prony method aims at solving the minimization problem

2
ccjeCojel-nmm, j=1,....M

N-1 M
arg min Z ‘hk - ch e'vi
k=0 j=1

A slightly different approach has been taken in [331], where the 1-norm of errors
SNy — ij:l cj €'%i| is minimized instead of the Euclidean norm.

Remark 10.13 The numerical stability of the considered numerical methods
strongly depends on the condition number of the involved Vandermonde matrix
Vn.m(z) = (z];_l),i\{}zl with z; = el that appears in the factorization of the
rectangular Hankel matrices Hy, y—r+1 in (10.18). Moreover Vi p also occurs
as the coefficient matrix in the overdetermined equation system to compute the
coefficient vector, see Step 4 in Algorithm 10.7, Step 5 in Algorithm 10.8 or Step
3 in Algorithm 10.10. In [21, 244, 287], the condition number of a rectangular
Vandermonde matrix with nodes on the unit circle is estimated. It has been shown
that this matrix is well conditioned, provided that the nodes z; are not extremely
close to each other and provided N is large enough. Stability issues are discussed in
a more detailed manner in Sect. 10.3.

Remark 10.14 The algorithms given in this section can be simply transferred to the
general parameter estimation problem (10.1), where we only assume that ¢; € C
with Im¢; € [-Cm, Crr) with some constant C > 0. Often, one has Reg; €
[—c, 0] with small ¢ > 0. Rescaling of i(x) in (10.1) leads to Ac(x) := h(é),
where the wanted parameters ¢; = ¢;/C satisfy Im¢; € [—m, ). This implies
that one has to change the sampling stepsize, i.e., we have to employ the data h; =
hc(k)=hk/C),k=0,...,N — 1.

Remark 10.15 The given data sequence {ho, k1, ..., hy—1} can be also interpreted
as time series. A powerful tool of time series analysis is the singular spectrum
analysis (see [136, 137]). Similarly as step 1 of Algorithm 10.10, this technique
is based on the singular value decomposition of a rectangular Hankel matrix
constructed upon the given time series /. By this method, the original time
series can be decomposed into a sum of interpretable components such as trend,
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oscillatory components, and noise. For further details and numerous applications,
see [136, 137].

Remark 10.16 The considered Prony-like method can also be interpreted as a model
reduction based on low-rank approximation of Hankel matrices, see [236, 237]. The
structured low-rank approximation problem reads as follows: For a given structure
specification . : CK — CL*N with L < N, a parameter vector h € CX and an
integer M with 0 < M < L, find a vector

h* = arg min {||h — k|l : h e CK with rank. (h) < M] ,

where || - || denotes a suitable norm in CX. In the special case of a Hankel matrix
structure, the Hankel matrix . (h) = (hZJrk)gL 7(1:(1)\’ ~!is rank-deficient of order M

if there exists a nonzero vector p = ( pk),iv[: _01 so that

M—1
> pih(m+k) = —h(M +m)
k=0

forallm =0,..., N+ L — M — 1. Equivalently, the values & (k) can be interpreted
as function values of an exponential sum of order M in (10.1). The special kernel
structure of rank-deficient Hankel matrices can already be found in [165].

Remark 10.17 The d-dimensional parameter estimation problem with fixed d €
N\ {1} reads as follows:

Recover the positive integer M, distinct parameter vector ¢ ; € [—, )%, and
complex coefficients ¢; # 0, j = 0, ..., M, in the d-variate exponential sum of
order M

M
h(x) = ch e'?i X,
j=1

if noisy sampling values iy := h(k) + ek, k € I, are given, where ex € C are small
error terms and / is a suitable finite subset of Z.

Up to now, there exist different approaches to the numerical solution of the d-
dimensional parameter estimation problem. In [76, 276, 283, 330], this problem
is reduced by projections to several one-dimensional frequency analysis problems.
The reconstruction of multivariate trigonometric polynomials of large sparsity is
described in [298], where sampling data are given on a convenient rank-1 lattice.
Direct numerical methods to solve the multivariate Prony problem are subject of
very active ongoing research, see, e.g., [5, 99, 215, 216, 267, 316, 319, 330]. These
approaches are, for example, based on a direct generalization of the Prony method
leading to the problem of finding intersections of zero sets of multivariate polyno-
mials, see [215, 267], or exploit the relationship between polynomial interpolation,



542 10 Prony Method for Reconstruction of Structured Functions

normal forms modulo ideals and H-bases [216, 319]. Other ideas can be understood
as direct generalization of ESPRIT or matrix pencil methods [5, 99], or are related
to low-rank decomposition of Hankel matrices [316].

10.3 Stability of Exponentials

In the last section we have derived three methods for recovery of exponential sums,
namely MUSIC, approximate Prony method, and ESPRIT. These methods work
exactly for noiseless data. Fortunately, they can be also applied for noisy data h; =
h(k) + ex, k = 0,..., N — 1, with error terms e¢; € C provided that the bound
€1 > 0 of all |ex| is small enough. This property is based on the perturbation theory
of the singular value decomposition of a rectangular Hankel matrix. Here we have
to assume that the frequencies ¢; € [—m, 7), j = 1,..., M, are not too close to
each other, that the number N of given samples is sufficiently large with N > 2 M,
and that the window length L ~ g] . We start with the following stability result, see
[172], [388, pp. 162-164] or [204, pp. 59-66].

Lemma 10.18 Let M € Nand T > 0 be given. If the ordered frequencies ¢; € R,
j=1,..., M, satisfy the gap condition

T
Qit1—¢izq> . j=L....M-1, (10.28)

then the exponentials elvi, j =1,..., M, are Riesz stable in L,[0, 2T], i.e., for
all vectors ¢ = (c j)j!”: 1 € CM we have the Ingham inequalities

M
a(T) llell3 < 1Y cj e 117,0.2 < BT liel3 (10.29)
j=1

with positive constants

2 2 42 2
()= (1- T’;qz), B(T) = vV .

where || f || L,0,21) is given by

1 2T 172
I £lzai02r1 = ( fo [FoPdr) . f e L0, 271,
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Proof
1. For arbitrary ¢ = (cj)j!’lzl e CM Jet
M .
h(x):=Y cje*, xel0,2T]. (10.30)
j=1

Substitutingt = x — T € [T, T], we obtain

M
fO =) d;je¥", te[-T, Tl
j=1
withd; :=c;e%T, j=1,..., M. Note that |d;| = |c;| and
| f N Laot=7, 11 = 1Al Lyf0, 277 -

For simplicity, we assume that 7 = z. If T # m, then we substitute s = ’; te
[—m, ] fort € [T, T] such that

T M
— — . iI/ij _
f(t)_f(f[ S)_;:ldje s SE[ T, T[]a

with ¢ := ; ¢; and conclude from the gap condition (10.28) that

v v T( ) = "1
ol — e — > 1.
j+1 Jj - Pj+1 — @) _J'L’q

2. For a fixed function k € L{(R) and its Fourier transform

k(w) :=/k(t)e*iw’dt, weR,
R

we see that
M M .
/k<r>|f<t>|2dtzz 34 Jg/k(t)efl(wflﬁj)tdt
R j=1 t=1 R
M M
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If we choose

cos! tel[-m 7],
k() = {0 : ti}[R([—nn], .,
then we obtain the Fourier transform
By = T80T py= LTy (10.31)
1-4w? 2 2
with /2(:&%) = 7 and hence
/ﬂ cost |f(t)|2dt=§:f:dﬂglz(i/fg—i/r). (10.32)
- 2 j=1 =1 ' '

3. From (10.32) it follows immediately that

T M M
[If(t)lzdtzzzd de k(e — ) .

j=1 ¢=1

Let S; denote that part of the above double sum for which j = £ and let S be
the remaining part. Clearly, by k(0) = 4 we get

M
Si=4) ld;I*. (10.33)

Since k is even and since 2 |d; dg| < |dj|2 + |dg|?, there are constants 0jeeC
with |0 ¢| < 1and 6; ¢ = 0, ; such that

o |d|+|dz| A e A
ZZ 0.0 Ik =)l = Y 1 (D2 Re e lhwe — vl

=1 =1
i / 6]

Consequently, there exists a constant 6 € [—1, 1] such that

Sp=16 Z 14 ( Z lkwe —v)l). (10.34)

=1
t#j
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Since ¢ — ¥j| = [£ — jlg > 1for £ # j by (10.28), we obtain by (10.31) that

M M

. 4 8 — |
PR AIED DYV D DI

=1 =1 q n=1
t#£j #j

_4i< 1 1 )_4
_qzn:1 2n—1 2n+1/) g%

Hence from (10.33)—(10.35) it follows that

P M
2; L |fOFdt > alr) Y 1d;l?

j=1

with a() = 7% (1- qlz). In the case T # 7, we obtain a(T) = i (1-

the substitution in step 1 and hence

M
7117 510,271 = @(T) Y lejl* = (T [lell3 -
j=1

4. From (10.32)—(10.35) we conclude on the one hand
-7 —7{/2 —.T[ 2
and on the other hand
. ; M M
2 Nd:d
| cosyirrar = Z > k= v

M

(10.35)

ngIZ) by

b4 /2
f cos;|f(r)|2dtzf cosglf(t)lzdt>\/ If(t)lzdt

a3+ P =4 (14 L) Il
= = E =

Thus we obtain

M

12 442 1
ﬁf |f(O)P dr < ;/ (1+q2)ZIdj|2-

—r/2 j=1

(10.36)
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5. Now we consider the function

T T

M
._ _ W20t .
g i=fan=3 d;t, re[-7. 0]

j=1
where the ordered frequencies 2 v; satisfy the gap condition
2%y —2¢%;>2q, j=1,....M—1.
Applying (10.36) to the function g, we receive

1 [T 5 12 A2 1y,
HlFdr = HlFdr < 1 dj|”.
p [ irwrar= [ gmpa =Y +4q2);| i

- —m/2

Hence B(r) = *¥2 (1 + a2 and B(T) = W2y
in step 1. Thus we obtain

2 . .
4;72(12) by the substitution

M
11117 510,27y < BT D 1djI* = B(T) el
j=1

This completes the proof.

Remark 10.19 The Ingham inequalities (10.29) can be considered as far-reaching
generalization of the Parseval equality for Fourier series. The constants «(7") and
B(T) are not optimal in general. Note that these constants do not depend on M. The
assumption g > 7 is necessary for the existence of positive a (7). Compare also

with [66, Theorems 9.8.5 and 9.8.6] and [216].

In the following, we present a discrete version of the Ingham inequalities (10.29)
(see [11, 228, 243]). For sufficiently large integer P > M, we consider the
rectangular Vandermonde matrix

1 1 1
L -N\PM 21 22 ... M
Ve (@ = (27) i = : .
P—1 _P-1 P—1
21 %, Iy
with z = (zj)le, where z; = ei‘pf', j = 1,..., M, are distinct nodes on the
unit circle. Setting ¢; = 2w ¢, j = 1,..., M, we measure the distance between

distinct frequencies ¥ ;, ¥¢ by d(¥; — ¥¢), where d(x) denotes the distance of
x € R to the nearest integer, i.e.,

1
d(x) := min |x — 0, 1.
(x) min lx —n| e[ 2]
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Our aim is a good estimation of the spectral condition number of Vp y(z).
Therefore we assume that y;, j = 1,..., M, satisfy the gap condition

min{d(y; —ye): job=1,....,M, j £ >A>0. (10.37)

The following discussion is mainly based on a generalization of Hilbert’s inequality
(see [11, 243]). Note that the Hilbert’s inequality reads originally as follows:

Lemma 10.20 Forall x = (xj)?’l':1 € CM we have Hilbert’s inequality

M XiXg
DI

jie=1

J#
Proof For an arbitrary vector X = (x j)f”: 1 € CM, we form the trigonometric
polynomial

M .
p) =) el
k=1
such that
M .
PO = Y xpxpel E07
k=1
Using
I i 0 n=0
—ne'"'dt = K
2;11/0 (w—=1) {31 neZ\ {0},
we obtain
2 M
2 Xk X¢
T —t H-dr = .
ari J, @0 IPO k;k—ﬁ
kA

Note that |7 —¢t| < 7 fort € [0, 27 ]. From the triangle inequality and the Parseval
equality in L, (T) it follows that

1 2 ) 1 2 ) M 5 5
27T| A (r —0)|p]*di| < 2/0 lp@)|~dt =7 E lxj1* = lIxl3 -
j=1
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The proof of generalized Hilbert’s inequality applies the following result:
Lemma 10.21 Forall x € R\ Z we have

cot(mwx) - 3

. -2
(sin(m)) " +2 | sin(mwx) | ~ w2d@x)?’

(10.38)

Proof 1Tt suffices to show (10.38) for all x € (0, ;]. Substituting t = wx € (0, ’2’],
(10.38) means

3(sint)? > 12 (142 cost).

This inequality is equivalent to

3(sincr)®> > 1+2cost, el ’;],

which is true by the behaviors of the concave functions 3 (sinc )% and 1 + 2 cost
on the interval [0, 7 ].

Theorem 10.22 (See [245, Theorem 1]) Assume that the distinct values ¥; € R,
Jj=1,..., M, satisfy the gap condition (10.37) with a constant A > 0.
Then the generalized Hilbert inequality

M

x/' Xy 1 2
| J@Z;l sin (7[ W — w))| = A 1112 (10.39)
J#t

holds for all x = ()cj)ﬁ!"':1 e CM,

Proof
1. Setting
. -1 .
Sip = [sin (7 (¥j — ¥o))] J#L,
” 0 j=t
for all j, ¢ = 1,..., M, we form the matrix § = —i (s/?f)?/[e:l which is

Hermitian. Let the eigenvalues of S be arranged in increasing order —oco < A <
. < Ay < oo. By the Rayleigh—Ritz theorem (see [169, pp. 234-235]) we have
for all x € CM with ||x|l> = 1,

A fXstf)nM.
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Suppose that 1 € R is such an eigenvalue of S with || = max {|X1], ||} Then
we have the sharp inequality

M
H
XISxI =] Y xjxesje] < 1)
je=1

for all normed vectors x = ()c/~)§!4':1 € CM. Now we show that A < i.
2. Related to the eigenvalue A of S, there exists a normed eigenvectory = (y;) ;"1: | €
CM with Sy = Ay, ie.,

M
Y oyisje=iiye, L=1,....M. (10.40)

Thus we have yH Sy = Ay"y = A. Applying the Cauchy—Schwarz inequality,
we estimate

M M
ly Sy|2—|Zy] Zyzsje < Iy (1Y vesicl?)

= = j=1 =1
M M M M
2
=3 vesiel =00 D yevmsiesim
=1 =1 j=1 £, m=1

<

M
¢ Ym ZS/,@ Sjim =81+ 82
1 j=1

X

¢
with the partial sums

M M
S ::Zb’“zzs?,[s Z YeYm Zsjis]m-
=1 j=1

¢, m=1
{#m

3. For distinct «, 8 € R\ (7 Z) we have

1 cota —cot

(sine) (sinf)  sin(B — @)

such that for all indices with j £ ¢, j # m, and £ # m we find

Sj6 Sjm = Se.m [ cot (T(Yrj — Pe)) — cot (T (W — ¥m))] .
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Now we split the sum S, in the following way:

M M

2= Yeym Y. Sem[cot(T(j — ) —cot (T(j — Ym))]
£, m=1 j=1
L#Em J#L, j#Em

=983 — S4+2Re S;5

with

M M
Sy:i= D > yeImSem cot (T — o)),

tm
M
Sy 1= Z Z Yo Ym Se.m cot (T(Wj — Ym))

tm=1 j=1
t#m  j#m

M
Ssi= Y yeyjsie cot(m(¥; — ve)).
Y
Note that 2 Re S5 is the correction sum, since S3 contains the additional terms for
Jj = m and S contains the additional terms for j = £.
4. First we show that S35 = S4. From (10.40) it follows that

M M M

S3=Y ye (D ymsem) cot (T — ) =—ir Y yel? cot (m(yj — Yp)).
¢, j=1 m=1 ¢, j=1
U£] t#£j

Analogously, we see that

M M M

Sa= Y ym (D vesem) ot (TWj —Ym)) =—ir Y |yml* cot (T(¥; — ¥m)).
Jjym=1 =1 Jjym=1
J#m j#m

Hence we obtain the estimate

A> = |y"Syl> =51 4+ S = S +2Re S5 < S1 +21S5].
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Using 2 |y, ;| < |yel> + |y;|?, we estimate

M

21851 < Y 210y villsje cot (w(rj — o))l
j=1
J#t

M

<2 ) Ayl Isje cot (w(w — vo))|
jol=1
J#t

such that
M
S1+21851 < Y lyel® [, +21sj.e cot (x(Wr; — v))l].

jot=1
J#t

By Lemma 10.21 we obtain
3 M M 3 M
S1+21850 = 2y Y lvel® Y dy =0 =7, Y v
=1 j=1

jot=1
J#t J#t

By assumption, the values ¥;, j = 1, ..., M, are spaced from each other by at
least A, so that

M 00 7_[2
YA -y <2) (kA=
j=1

- 2
. k=1 34
Jj#t
and hence
AP =Si+S<si+2185 <,
With the natural assumption that the nodes z; = e2miv; j=1,...,M, are

well-separated on the unit circle, it can be shown that the rectangular Vandermonde
matrix Vp p(z) is well conditioned for sufficiently large P > M.

Theorem 10.23 (See [11, 228, 243, 278]) Let P € N with P > max{M, i} be
given. Assume that the frequencies y; € R, j = 1,..., M, satisfy the gap condition
(10.37) with a constant A > Q.

Then for all ¢ € CM, the rectangular Vandermonde matrix V p_p(z) with z =
(z j)jy[: | satisfies the inequalities

1 1
=) lell3 < IVpm@ ell3 < (P + A) llell3 - (10.41)
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Further the rectangular Vandermonde matrix V p p(z) has a uniformly bounded
spectral norm condition number

PA+1

dV < .
condp P,M(Z)_\/PA_I

Proof

1. Simple computation shows that

P-1 M P-1 M '
Voumei= 3D e P =Y 3 et

k=0 j=1 k=0 j, ¢=1
P-1 M M '
=2 (e 3 cjeeemI0h)
k=0 j=1 J. =1
J#t
M P-1
= Pllel; + Z cjee( Z i ky
Joe=1 k=0
j#
Determining the sum
Pl _Q2mi(—v) P
3 itk 1 — =t
— 1 — 27 i(Yj—ve)
1 — e2mi(¥j—ve) P e TiWi—ve) _ omi(¥j—vr) 2P-1)
C20em ViV sin (w (Y — ) 2i sin (7 (¥ — ¥0)) ’
we obtain
IVem@ el = Pllels — 21+ 2> (10.42)

with the sums

cjce e TiWi—ve) cjce e 1 (=¥ 2P—1)

= Z 2i sin (7 (Y — ) o f; 2isin (w (95 = ¥0)

j. =1
J#e j#e
The nodes z; = e2mivj j = 1,..., M, are distinct, since we have (10.37)

by assumption. Applying the generalized Hilbert inequality in (10.39) first with
Xpi=cpe TV k=1,..., M, yields

M
1 iz 1
(Zil= ) D e = el (10.43)

24T
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and then with x; 1= ¢ e™ ¥« CP-D k=1 .. . M, resultsin
| M R |
Tiy (QP—1)|2 _ 2
RIS kE_l |cx ™V |”= 5 el (10.44)

From (10.42)-(10.44) the assertion (10.41) follows by the triangle inequality.

2. Let w1 > ... > uy > 0 be the ordered eigenvalues of Vp,M(z)H Ve u(z) €
CMxM Using the Raleigh—Ritz theorem (see [169, pp. 234-235]) and (10.41),
we obtain that for all ¢ € CM

1 1
(P - A) lell3 < mu llell < Ve u@ el < i lell3 < (P + A) llell3
and hence

1 1
0<P—AS)»MSMSP+A<OO. (10.45)

Thus Vp u %A p.m(z) is positive definite and

751 PA+1
dV = < .
condy Vp y(z) \/MM _\/PA—l

The inequalities (10.41) can be interpreted as discrete versions of the Ingham
inequalities (10.29). Now the exponentials e 1 Vi * are replaced by their discretiza-
tions

vk P—1 .
eP(wj):(ezn“/jjk)kz()’ ]:1’.‘.,M’

with sufficiently large integer P > max{M, i }. Thus the rectangular Vandermonde
matrix can be written as

Vem(@ = (ep(¥1) lep(¥2) | ... [ep(¥m))

withz = (Zj)yzl, where z; = e2mivj j=1,..., M, are distinct nodes on the unit
circle. Then (10.41) provides the discrete Ingham inequalities

M

1
) llell3 < ||Zlcj er(9p)l3 < (P + A) llell3 (10.46)
/:

1
(°=

forall ¢ = (cj)ﬁ!”=1 € CM. In other words, (10.46) means that the vectors ep(¢;),
j=1,..., M, are also Riesz stable.
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Corollary 10.24 With the assumptions of Theorem 10.23, the inequalities
1 1
(P= )dI3 < IVeu@Tdi3 < (P+ ) ldI3 (10.47)

hold for alld € CP.

Proof The matrices Vp y(z) and Vp, u@ T’ possess the same singular values u ,
j=1,..., M. By the Rayleigh—-Ritz theorem we obtain that

A dl3 < Ve u@ T dl3 < 2 11d13

for all d € CP. Applying (10.45), we obtain the inequalities in (10.47).

Remark 10.25 In[11,21], the authors derive bounds on the extremal singular values
and the condition number of the rectangular Vandermonde matrix Vp j(z) with
P > M and z = (zj)le € CM where the nodes are inside the unit disk, i.e.,

|zl < 1for j = 1,..., M. In [278] it is investigated how the condition of the
Vandermonde matrix can be improved using a single shift parameter o that transfers
Yjtooy; for j =1,..., M. This result is in turn applied to improve the stability

of an algorithm for the fast sparse Fourier transform.

Employing the Vandermonde decomposition of the Hankel matrix Hy, y 41 we
obtain

Hy v_r+1 = Vi m(@) (diage) (Vy_r11,1(2) " . (10.48)

Therefore, we can also derive the condition of the Hankel matrix Hz, y—r+1.

Theorem 10.26 Let L, N e NwithM <L < N—M+1andmin{L, N—L+1} >
i be given. Assume that the frequencies j € R, j =1, ..., M, are well-separated
at least by a constant A > 0 and that the nonzero coefficients cj, j =1,..., M, of
the exponential sum (10.1) satisfy the condition
O<yi<lcjl<yp<oo, j=1,....M. (10.49)
Then for ally € CN=L+1 ywe have
2 2 2 2 2

yiai(L, N, A)|lyllz < IHz N—2+1 Y115 < v ea(L, N, A) |lyll5. (10.50)

with

1 1
ar(L, N, A)::(L—A)(N—L—i-l—A),

(L, N, A):=(L+ 1)(N—L+1+ 1)
ar(L, N, = A Al
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Further, the lowest (nonzero), respectively, largest singular value of Hy, y—r+1 can
be estimated by

0<nvai(L, N, A) <oy < a1 < pyar(L, N, A). (10.51)

The spectral norm condition number of Hy n_p 1 is bounded by

cond Hy y—r+41 < (10.52)

v2 [aa(L, N, A)
viVai(L, N, A)°

Proof By the Vandermonde decomposition (10.48) of the Hankel matrix
H; y_71, we obtain that for all y € CN—L+1

IHL N—1+1 Y15 = IVL,m(2) (diage) Vi_r11.m@) " yl5.

The estimates in (10.41) and the assumption (10.49) imply
2 1 T o112 2
141 (L - A) IVN—L+1,M @) yII5 < IHL N—L+1Y]3

1
<y (L+ A) IVN_r+1,m(@) T yI3.

Using the inequalities in (10.47), we obtain (10.50). Finally, the estimates of the
extremal singular values and the spectral norm condition number of Hy y_y 41 are
a consequence of (10.50) and the Rayleigh—Ritz theorem.

Remark 10.27 For fixed N, the positive singular values as well as the spectral
norm condition number of the Hankel matrix H; y_;1 depend strongly on L €
{M,..., N — M + 1}. A good criterion for the choice of an optimal window length
L is to maximize the lowest positive singular value oy of Hy ny_7 1. It was shown
in [287, Lemma 3.1 and Remark 3.3] that the squared singular values increase
almost monotonously for L = M, .. ., [g] ] and decrease almost monotonously for
L= [g]l, ..., N—M + 1. Note that the lower bound (10.51) of the lowest positive

singular value oy is maximal for L = 2’ . Further the upper bound (10.52) of the
spectral norm condition number of the exact Hankel matrix H; x_z+1 is minimal
for L =~ 1;’ . Therefore we prefer to choose L ~ 1;’ as optimal window length.
Then we can ensure that o3y > 0 is not too small. This observation is essential for
the correct detection of the order M in the first step of the MUSIC Algorithm and

ESPRIT Algorithm.
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10.4 Recovery of Structured Functions

The reconstruction of a compactly supported, structured function from the knowl-
edge of samples of its Fourier transform is a common problem in several scientific
areas such as radio astronomy, computerized tomography, and magnetic resonance
imaging.

10.4.1 Recovery from Fourier Data

Let us start with the problem of reconstruction of spline functions with arbitrary
knots.

For given m, n € N, lett; € R, j = 1,...,m + n, be distinct knots with
—00 <t <t < ... < tpysn < 00. A function s : R — R with compact
support supp s < [t1, tmtn] is a spline of order m, if s restricted on [z, tj11) is
a polynomial of degree m — 1 foreach j = 1,...,m +n — 1, if s(x) = 0 for all
x € R\ [#1, tugn], andif s € C m’2(R). The points ¢; are called spline knots. Note
that CO(R) := C(R) and that C~!(R) is the set of piecewise continuous functions.

Denoting with .%,[t1, .. ., ty 4] the linear space of all splines of order m relative
to the fixed spline knots ¢;, then dim .7, (11, ..., tm4n] = n. For m = 1, splines of
Alt, ..., the1] are step functions of the form
n
S() =) ¢j Xipupn®), x €R, (10.53)
j=1
where ¢; are real coefficients with ¢; # cjy1, j = 1,...,n — 1, and where

Xitj ti41) denotes the characteristic function of the interval [}, ¢;11). Obviously, the
piecewise constant splines

Bj(X) = Xitypen@) . j=1,..00n
have minimal support in .#[f1, ..., t,+1] and form a basis of the spline space

At - - -, tht1]- Therefore B} are called B-spline or basis spline of order 1.
Forming the Fourier transform

S(w) :=/s(x)e_i“"dx, w € R\ {0},
R
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of s(x) in (10.53) we obtain the exponential sum

n+1
]’l(a)) = 1a)§(a)) = Z(Cj _ cjil)efiwtj
=1
n+1 )
=D e, weR\{0}, (10.54)
j=1
with co = ¢41 := 0, C}. =cj — ijlyj —1,....,n+1,and h(0) := 0. First we

consider the recovery of a real step function (10.53) by given Fourier samples (see
[276]).

Lemma 10.28 Assume that a constant T > 0 satisfies the condition tjt € [—m, )
forj=1,...,n+1. Thenthe real step function (10.53) can be completely recovered
by given Fourier samples §(¢t), £ =1,...,Nwith N > n + 1.

Proof By (10.54), the function % is an exponential sum of order n+-1. Since s is real,
we have h(w) = h(—w). For given samples §(¢7), £ =1,..., N with N > n + 1,
we can apply the reconstruction methods for the exponential sum % as described in
Sect. 9.2, where the 2N + 1 values

iltsr)y £=1,...,N,
h(ft) = § h(—t7) ¢=-N,...,—1,
0 £=0
are given. In this way, we determine all spline knots #; and coefficients chj =
1,...,n+ 1. Finally, the coefficients c¢; of the step function (10.53) are obtained by

the recursionc; = ¢j_1 + c}, j=2,...,n,withcy = c%. Hence, the step function
in (10.53) can be completely reconstructed.

Remark 10.29 A similar technique can be applied, if the support [#1, #,4+1] of the
step function (10.53) is contained in [—7, 7] and some Fourier coefficients

1 T .
cr(s) = / s(x)e " dx, kez,
2

-7
are given. For the step function (10.53) we obtain

n+1
2rici(s) =) (cj—cj_ne ik keZ\ {0},
j=1

n
27 co(s) = ch (tjv1 — 1)) .
j=1
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Thus one can determine the breakpoints ¢; and the coefficients ¢; by a method of
Sect. 10.2 using only the Fourier coefficients cx(s), k =0,...,n + 1.

This approach can be easily transferred to higher order spline functions of the
form

n

s(x) := ch B'(x), xeR, (10.55)
j=1
where B, j = 1,...,n, is the B-spline of order m with arbitrary knots
tj, ..., tjym. The B-splines B;”, see [79, p. 90], satisfy the recurrence relation
Bray= U pnlgy g UHITE pmoi
! igm—1 —1j 7 tim —tjp1 !
with initial condition le. x) = Xitj 1) 4+ (x). The support of B;” is the interval

[#, tj+m]. In the case m = 2, we obtain the hat function as the linear B-spline

X ,jil_ijtj x € [tj, tjp1),

P
Bj x) = lji;itjil X € [tj-q—l, tj+2) ,

0 xER\[tj,tj+2).
As known, the linear B-splines sz., j = 1,...,n form a basis of the spline space
At ..., the2]. For m > 3, the first derivative of B;” can be computed by
B;”_l(x) B;"gll (x)
(B o) = m = 1) ( - ): (10.56)

Livm—1 =1t ljym —1j41

see [79, p. 115]. The formula (10.56) can be also applied for m = 2, if we replace
the derivative by the right-hand derivative. Then we obtain for the kth derivative of
s(x)in (10.55)withk=1,...,m — 1

n n+k
s = "e;BHP ) = Zc;’“" B;”*"(x), (10.57)
j=1 j=1

where the real coefficients ¢ ¥ can be recursively evaluated from c; using (10.56).
Hence the (m — 1)th derivative of s(x) in (10.55) is a real step function

n+m—1 n+m—1

sV = D0 GBI = Y ¢ K ().

j=1 j=1
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Application of the Fourier transform yields

n+m—1 Cl<
. m—1 4 J —iwt; —iwt;
iw S(w) = (e I —e J+l 10.58
()" §(w) Zl o ) (10.58)
j:
1 n—+m
_ 0 —iwt;
= > herien, (10.59)
j=l1
where 0 = c} — cjl;l, j =1,...,n+ m, with the convention Cé = c}l+m = 0.

Thus we obtain the exponential sum of order n + m

n+m

()" §(w) = Z cle el (10.60)
j=1

Hence we can recover a real spline function (10.55) by given Fourier samples.

Theorem 10.30 Assume that s(x) possesses the form (10.55) with unknown coef-
ficients ¢c; € R\ {0} and an unknown knot sequence —00 < t; < th < ... <
them < 00. Assume that there is a given constant T > 0 satisfying the condition
titrel-n, m)forj=1,....,n+m.

Then the real spline function s(x) in (10.55) of order m can be completely
recovered by given Fourier samples s(¢t), £ = 1,..., N with N > n + m.

Proof The Fourier transform of (10.55) satisfies Eq. (10.60) such that h(w) :=
(iw)™ §(w) is an exponential sum of order n + m. Using a reconstruction method of
Sect. 10.2, we compute the knots 7; and the coefficients Y for j=1...,n+m.
Applying the formulas (10.56) and (10.57), we obtain the following recursion for
the coefficients clj‘.

0 .1 P B
TS Ry k=0, j=1,...,n+m—1,

J tm+”ll—_kk_tjclj{.+clj~i_% k:l”m_l’le”n+m_k_1
with the convention clg = 0,k = 1,...,m. Then c;”,j = 1,...,n, are the

reconstructed coefficients ¢; of (10.55).

Remark 10.31 The above proof of Theorem 10.30 is constructive. In particular, if
n is unknown, but we have an upper bound of n, then the reconstruction method in
Sect. 10.2 will also find the correct knots #; and the corresponding coefficients c;
from N Fourier samples with N > n +m, and the numerical procedure will be more
stable, see, e.g., [112, 266, 282].

In the above proof we rely on the fact that C(} #0forj=1,...,n+m.If we have

the situation that ¢¢ = 0 for an index jo € {1,...,n+ m}, then we will not be able
to reconstruct the knot ;. But this situation will only occur, if the representation
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(10.55) is redundant, i.e., if the spline in (10.55) can be represented by less than n
summands, so we will still be able to recover the exact function s. Observe that the
above recovery procedure always results in the simplest representation of s so that
the reconstructed representation of s of the form (10.55) does not possess redundant
terms.

Now we generalize this method and recover linear combinations of translates of
a fixed real function @ € C(R) N L1 (R)

n

f(x) :=chq>(x+tj), xeR, (10.61)

j=1
with real coefficients ¢; # 0, j = 1, ..., n, and shift parameters ¢; with —co <
< ... < tp < oo.Assume that @ is a low-pass filter function with a Fourier

transform @ that is bounded away from zero, i.e. |<§ (w)| > Coforw € (=T, T) for
some positive constants Cy and 7.

Example 10.32 As a low-pass filter function @ we can take the centered cardinal
B-spline ® = M, of order m, see Example 9.1 with

My (0) = (sinc (;))m #0, e (=2 2n1),

. . 272 . .
the Gaussian function @(x) = e™~* /°° x € R, with ¢ > 0, where the Fourier
transform reads as follows:

Bw)=Jroe 9t 50, weR,

the Meyer window ® with T = % and the corresponding Fourier transform

1 o] < 1,
D) ={cos(ZBlol—1) L <ol <2,
0 weR\[-3, %],

. ol . -
or a real-valued Gabor function @ (x) = e™**" cos(fx) with positive constants o
and g, where

b () = / 4” (ef(ﬁfw)z/(%r) + ef(w+ﬂ)2/(4a)) ~0. weR.
o

The Fourier transform of (10.61) yields

f@)=®@) Y c;e®, weR. (10.62)
j=1
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Theorem 10.33 Let @ € C(R) N L1 (R) be a given function with |<3(a))| > Cp
forall w € (—T, T) with some Co > 0 Assume that f(x) is of the form (10.61)
with unknown coefficients c; € R\ {0}, j = 1, ..., n and unknown shift parameters
—00 < ] < ... < ly <00 Leth > 0 be a given constant satisfying |ht;| <
min{r, T} forall j=1,...,n.

Then the function f can be uniquely recovered by the Fourier samples f (€h),
£=0,..., Nwith N > n.

Proof Using the assumption on @, it follows from (10.62) that the function

n
hw) =~ = ZC/ el we (=T, T),
w ;
j=1
is an exponential sum of order n. Hence we can compute all shift parameters 7; and
coefficients ¢;, j = 1, ..., n, by a reconstruction method given in Sect. 10.2.

10.4.2 Recovery from Function Samples

In this section we want to study the question, how to recover periodic structured
functions directly from given function values.

Let ¢ € C(T) be an even, nonnegative function with uniformly convergent
Fourier expansion. Assume that all Fourier coefficients

1 T . 1 (7
cr(p) = - / p(x)e ¥ dy = . / @(x) cos(tkx)dx, keZ,
0

-7

are nonnegative and that cx(¢) > Ofork =0, ..., g], where N € 2 N is fixed. Such
a function g is called a 27 -periodic window function.
Example 10.34 A well-known 2m-periodic window function is the 2n-

periodization

o(x) = Z @(x +27k), xeR, (10.63)
keZ

of the Gaussian function

1
D(x) = e~ (Mb ¢ R,

Vb

with some n € N and b > 1, where the Fourier coefficients are

1
e HRE | per,

ck (@) = 2n
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Another window function is the 2w -periodization (10.63) of the centered cardinal
B-spline of order 2m

D (x) = Ma(nx), x€R,

with some m, n € N, where the Fourier coefficients are

1 . 2m
= , kelkZ.
cx (@) o (smc 2n)

Further, a possible 2 -periodic window function is the 2 -periodization (10.63) of
the Kaiser—Bessel function , see [250, p. 80].

sinh(b /m2—n2x2)

m
nx/mzfnzxz |x| = n’
d(x)=1"t x=x",
sin(b /n2x2—m?) | = ™
n\/nzxzfmz

n

with fixedm,n e Nand b =1 — 2L , a > 1, where the Fourier coefficients read as
follows:

1 212/,
Io(m /B> — k2/n%) |kl <nb,
Ck((P)—_!;jm

k| > nb.
Here I denotes the modified Bessel function of order zero defined by

o 2%
Ip(x) := Z s <€ R.
k=0
Now we consider a linear combination
M
f&) =) cjpkx+1)) (10.64)
j=1

of translates (- +¢;) with nonzero coefficients c¢; € C and distinct shift parameters

—T<h<h<...<ty=<m.

Then we have f € C(T). Let N € 2N with N > 2M + 1 be given. We introduce

an oversampling factor @ > 1 such that n = o N is a power of two. Assume that
perturbed, uniformly sampled data of (10.64)

2nd
fz=f( " )+€z, £=0,...,n—1,

(10.65)
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are given, where the error terms ¢, € C are bounded by |e;| < &1 with0 < ] < 1.
Further we suppose that [c;| > ¢ forall j =1,..., M.

Then we consider the following reconstruction problem, see [266]:

Determine the shift parameters ¢; € [—m, ), the complex coefficients ¢; # 0,
and the number M of translates in such a way that

A 27l
fZ%Z:lcj'(/)(n +lj), £=0,....,n—1.
j:

Note that all reconstructed values of ¢, ¢;, and M depend on &1 and n.

This problem can be numerically solved in two steps. First we convert the given
problem into a frequency analysis problem (10.2) for an exponential sum by using
Fourier technique. Then the parameters of the exponential sum are recovered by the
methods of Sect. 10.2.

For the 2w -periodic function in (10.64), we compute the corresponding Fourier
coefficients

M

1 2 . )
() = f F@e e = (Y ¢j ety erlp) = k) celp)  (10.66)
2w 0 =l
with the exponential sum
M .
h(x) := ch e*li . xeR. (10.67)
j=1

In applications, the Fourier coefficients cx(¢) of the chosen 2w -periodic window
function ¢ are often explicitly known (see Example 10.34), where cx(¢) > 0 for
alk =0,..., N Further the function (10.64) is sampled on a fine grid, i.e., we
are given noisy sampled data (10.65) on the fine grid {ZZZ :€=0,....,n—1}of
[0, 27]. Then we can approximately compute the Fourier coefficients cx(f), k =

— g] e g] , by discrete Fourier transform

1 2me ikt
~ - /n
ck(f) n;:()f( " )e

1

1 n
—2mikl/n
¢ € .
g 2

For shortness we set

k= k=—_,..., .. (10.68)
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Then we obtain the following estimate of the error |ﬁk — h(k)|:

Lemma 10.35 Let ¢ be a 2w -periodic window function. Further let ¢ = (q)ﬁylzl S

CM and let (10.65) be the given noisy sampled data. 3
For each k = — 2] R, g’ , the computed approximate value hy of h(k) satisfies
the error estimate

~ £ Cjten(p)
|hi — h(k)| < + llelli  max E .
k(@) J=0. N2 ()
1£0

Proof The 2m-periodic function (10.64) has a uniformly convergent Fourier expan-
sion. Let k € {—%,..., %} be an arbitrary fixed index. By the aliasing formula
(3.6) or the discrete Poisson summation formula (see [46, pp. 181-182]) we have

n—1 .

1 2 ikj E

! Zf( :J)ef2n1k]/n —a(H) =Y crren( ).
j=0 LeZ

00

Using the simple estimate

1 n—1 1 n—1
|Zej'6727”'”/"|5 Z|€j|581
n n
j=0 j=0
we conclude

G —c(H <er+ Y. lersen(HI-

£eZ)\{0}
From (10.66) and (10.68) it follows that
-k = (@ —e)
ck (@)
and hence
- 1
|hy — h(k)| = &1+ ) lck+en () -
k(@) ( ; +en ()
(0
With (10.66) and

M
Ik +en)| < lejl = leli, €eZ,
j=1
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we obtain for all £ € Z that

lckren ()] = [h(k + Ln)| cryen(@) < llellt Crten(@) -

Thus we receive the estimates

~ €1 Chten (@)
hr — hk)| < [
|7k ()|_C ~|-||||1E

k(@) ~ ale)
(40
€ ci
< 'l ~ max Z j+tn(#) .
ck(p) J==N/2...N/2 £~ cj()

00

Since the Fourier coefficients of ¢ are even, we obtain the error estimate of
Lemma 10.35.

Example 10.36 For a fixed 27 -periodic window function ¢ of Example 10.34, one
can estimate the expression

s Zc,~+en(<p) (10.69)
=0, N2 S cj(g)
££0

more precisely. Let n = a N be a power of two, where o > 1 is the oversampling
factor. For the 2 -periodized Gaussian function of Example 10.34,

—br? (1-1/a) [1 o ~2b7’fa (1 o ]
© T ou—1ypr2 ¢ ( +(2a+1)bn2)

is an upper bound of (10.69), see [338]. For the 2 -periodized centered cardinal
B-spline of Example 10.34,

dm
@2m —1) Qa — 1)2m

is an upper bound of (10.69) (see [338]).
For the 2 -periodized Kaiser—Bessel function of Example 10.34, the expression
(10.69) vanishes, since cx(¢) = 0 for all |k| > n.

Starting from the~given noisy sampled data fy, £ = 0,...,n — 1, we calculate
approximate values hy, k = — g’ e 1;’ , of the exponential sum (10.67). In the next

step we use the ESPRIT Algorithm 10.10 in order to determine the “frequencies”
tj (which coincide with the shift parameters of (10.64)) and the coefficients ¢; of
(10.67).
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Algorithm 10.37 (Recovery of Linear Combination of Translates)

Input: N € 2N with N > 2M + 1, M unknown number of translates in (10.64),
L~ ];/, n = a N power of two with o > 1,
feeC £=0,...,n— 1, noisy sampled data (10.65),

2m -periodic window function ¢ with cx(¢) > 0,k =0, ..., ]g
_ N N
1. Apply FFT to compute fork = —75, ..., 5

—1 ~

- 15 i ~ Ck

Gp = Z fZ e2711k£/n . hg o= .
no— ck (@)

2. Apply Algorithm 10.10 to the rectangular Hankel matrix

~ ~ L—1,N-L
Hy vorv1 = (hkre-np2)g oo s

compute M e N, t; € [-m, w), andc; € C for j =0,..., M.
Output: M e N, tj e [-m, m), c; €C, j=0,..., M.

Remark 10.38 1f the 2 -periodic window function ¢ is well-localized, i.e., if there
exists m € N with 2m <« n such that the values ¢ (x) are very small for all x €
R\ (I, + 27 Z) with I, := [-2a m/n, 27 m/n], then ¢ can be approximated
by a 2z -periodic function v which is supported on I,,, + 27 Z. For a 2 -periodic
window function of Example 10.34, we form its truncated version

V(x) = Zq)(x +27k) 1, (x +27k), x €R,
keZ

where x, denotes the characteristic function of I,,. For the 2 -periodized centered
cardinal B-spline of Example 10.34, we see that ¢ = ¢. Foreach ¢ € {0, ..., n—1},
we define the index set

Jun(© :=1{j e{l,...,M}: 2n (€ —m) <nt; <27 (£ +m)}.

Thus we can replace the 2m-periodic window function ¢ by its truncated version v
in Algorithm 10.37. Consequently we have only to solve the sparse linear system

270
2 cjw(’; 1) =fe, £=0,...,n—1

JE€Imn(€)

in order to determine the coefficients c;. For further details and examples, see [266].
For other approaches to recover special structured functions by a small number
of function values, we refer to [265, 277].
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10.5 Phase Reconstruction

In this last section, we consider the following one-dimensional phase retrieval
problem. We assume that a signal f is either of the form

N
fO =Y cjst—1)). 1eR, (10.70)
j=1
withc; e Cfor j =1,..., N andreal knots | < 1 < ... < ty, where § denotes

the Dirac distribution (see Example 4.36), or

N
fO =) cjd@—1). teR, (10.71)
j=1

as in (10.64), where @ is a known piecewise continuous function in L1 (R). Observe
that a spline function of the form (10.55) with m > 1 can also be written in the form
(10.71) with N + m instead of N terms using the truncated power function.

We want to study the question whether f can be reconstructed from the modulus
of its Fourier transform. In other words, for given |.% (f)(w)| = | f (w)], € R,
we aim at reconstructing all parameters ¢; and c;, j = 1, ..., N, determining f.
Applications of the phase retrieval problem occur in electron microscopy, wave front
sensing, laser optics [326, 327] as well as in crystallography and speckle imaging
[305].

Unfortunately, the recovery of f is hampered by the well-known ambiguousness
of the phase retrieval problem. We summarize the trivial, always occurring ambigu-
ities, see also [25, 26].

Lemma 10.39 Let f be a signal of the form (10.70) or (10.71). Then

(i) the rotated signal e'® f for a € R,
(i) the time shifted signal f(- — to) for to € R, and
(iii) the conjugated and reflected signal f(—-)

have the same Fourier intensity |.% (f)| as f.

Proof For (i) we observe
|7 @ N @) =16 | /(@] =1f (@)
Assertion (ii) follows from Theorem 2.5, since

|Z(f(- — 1) (@)] = [e0°] | f()] = | f(w)].
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Finally,
|Z (f (=) ()| = |/Rf(—t) e 10l dr| = | f(w)]

implies (iii).
We want to derive a constructive procedure to recover f from | f | up to the

trivial ambiguities mentioned in Lemma 10.39. We observe that f in (10.70) has
the Fourier transform

N
flw) = ch e 1ol eR,
Jj=l1
and the known squared Fourier intensity | f | is of the form

N N '
IF@P =" cjepe @t (10.72)

j=1 k=1

Similarly, for f in (10.71), the squared Fourier intensity is a product of the
exponential sum in (10.72) and |d3(a))|2.

The recovery procedure consists now of two steps. First, we will employ the
Prony method to determine the parameters of the exponential sum | f ()|, i.e., the
knot differences ¢; — # and the corresponding products c; ck. Then, in the second
step, we recover the parameters t; and ¢;, j = 1,..., N, to obtain f. In order to
be able to solve this problem uniquely, we need to assume that all knot differences
tj — t are pairwise different for j # k and that |c1| # [cn].

First Step: Recovery of the Autocorrelation Function | f (w)]?.

Since t; — 1 are distinct for j # k, the function | f (w)|? can be written in the form

N(N-1)/2 N(N—1)/2
|f(w)|* = Z yee T =y + Z (yee T 4y, ef@m),
(=—N(N—-1)/2 =l
(10.73)
where 0 < 71 < 72 < ... < Tyw-1)2 and 7y = —7¢. Then, each 7, £ > 0,

corresponds to one difference t; — # for j > k and y; = ¢ cx. For £ = 0 we have
0 =0and y = Z;v:l c; |2. Thus, |j?(a))|2 is an exponential sum with N(N —1)+1
terms, and all parameters 7¢, y¢ can be reconstructed from the equidistant samples
|[ftkh)],k=0,...,2(N — 1)N + 1, with sampling step 0 < h < TN(N’:)/Z using
one of the algorithms in Sect. 10.2.



10.5 Phase Reconstruction 569

As shown in [26], we can exploit the knowledge that 7o = 0, 7, = —7_, and that
ye =y_pforl =1,..., N(N — 1)/2. Therefore, instead of N(N — 1) 4 1 real
values 7y and N(N — 1)+ 1 complex values y;, we only need to recover N(N —1)/2
real values ty and complex values y, for £ = 1,..., N(N — 1)/2 as well as the real
value yp. This can be already done using only the 3N (N — 1)/2 + 1 intensity values
| f (kh)|,k=0,...,3(N —1)N/2. However, if more intensity values are available,
these should be used to stabilize the Prony method.

Second Step: Unique Signal Recovery.

Having determined the knot differences 7, as well as the corresponding coefficients
ye in (10.73), we aim at reconstructing the parameters f; and c;, j = 1,..., N in
the second step, see [20].

Theorem 10.40 Let f be a signal of the form (10.70) or (10.71). Assume that the
knot differences t; — t are distinct for j # k and that the coefficients satisfy |c1| #
lcn|. Further, let h be a step size satisfying 0 < h < 7 /(tj — t;) forall j # k.

Then f can be uniquely recovered from its Fourier intensities |f(k h)| for all
k=0,...,2(N — 1)N + 1 up to trivial ambiguities.

Proof We follow the idea in [26]. In the first step described above, we already have
obtained all parameters 1y and y;, £ = 0,..., N(N — 1)/2, to represent |f(a))|2
in (10.73). We denote by .7 := {ty : £ = 1,..., N(N — 1)/2} the list of positive
differences ordered by size. We need to recover the mapping £ — (j, k) such that
¢ = tj — 1t and y¢ = cj ¢ and then extract the wanted parameters ¢; and c;,
J =1,..., N. This is done iteratively. Obviously, the maximal distance Ty (n—_1)/2
equals to ty — #1. Due to the shift ambiguity in Lemma 10.39 (ii), we can assume
that 1 = O and ty = ty(nv—1),2. Next, the second largest distance Tyn-1)/2-1
corresponds either to ty — t or to ty—1 — t1. Due to the trivial reflection and
conjugation ambiguity in Lemma 10.39 (iii), we can just fix ty_1 — 1] = ty—1 =
TN(N—1)/2—1. Thus, there exist a value 7¢+ = ty — ty—1 > 0 in .7 such that
T+ + TN(N=1)/2-1 = Tn(N-1)/2- Considering the corresponding coefficients, we
obtain

CNCl =YN(N-1)/2, CN—-1C1 =YN(N-1)/2—1, CNCN—1 = V¢*
and thus

s YNIN=D2VNWN-1)/2—1 YN(N=1)/2 YN(N=1)/2—1
lce1]” = , CN = , CN—1= .

Yex 1 1

By Lemma 10.39 (i), f can be only recovered up to multiplication with a factor
with modulus 1. Therefore, we can assume that c; is real and positive, then the
above equations allow us to recover c1, cy—1, and cy in a unique way.

We proceed by considering the next largest distance Ty (y—1)/2—2 and notice that
it corresponds either to ty — f2 or to ty_2» — t; = ty—2. In any case there exists a
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Tg= such that o« + Ty(v—1),2-2 = TN(N—1),2 = tn. We study the two cases more
closely and show that they cannot be true both at the same time.

Case 1 If ty(nv—1)—2 =ty — 12, then Ty = tp — t1 and ygx = c2 c1. Further, using

YN(N—1)/2—2 = cN c2 we arrive at the condition

ver  VN(N-1)/2-2
Cc1 CN '

¢ = (10.74)

Case 2 If ty(v—1)—2 = tn—2 — 11, then 74+ = ty — ty—2 with coefficient yp+ =
cN cy—2. With YN(N-1)/2—2 = CN-2C] W€ thus find the condition

ves  YNWN—-1)/2-2
cN 1 ’

CN_2 = (10.75)

If both conditions (10.74) and (10.75) were true, then it follows that

|CN| — |7/N(N—1)/2—2| | &) |
C1l Yex CN

contradicting the assumption |c1| # |cy|. Therefore, only one of the equalities
(10.74) and (10.75) can be true, and we can determine either 7, and ¢y or ty_3
and cy_».

We remove now all differences 1y from the set .7 that correspond to recovered
knots and repeat the approach to determine the remaining knots and coefficients.

Remark 10.41

1. The assumptions needed for unique recovery can be checked during the algo-
rithm. If the number N of terms in f is known beforehand, then the assumption
that #; — #; are pairwise different for j # k is not satisfied, if the Prony method
yields |]"\(a))|2 with less than N(N — 1) + 1 terms. The second assumption
|c1] # |en| can be simply checked after having determined these two values.

2. The problem of recovery of the sequence of knots ¢; from an unlabeled set
of differences is the so-called turnpike problem that requires a backtracking
algorithm with exponential complexity in worst case [225] and is not always
uniquely solvable, see [305].

We summarize the recovery of f from its Fourier intensities as follows:

Algorithm 10.42 (Phase Recovery from Fourier Intensities)

Input: Upper bound L € N of the number N of terms, step size h > 0,
Fourier intensities fr = |f(hk)| € [0, 00) for k = 0,...,2M,
M > N(N — 1), accuracy € > Q.

1. Set hy = |f(h k)%, if f is of the form (10.70) and hj = |f(h k)@ (h k)2, if f
is of the form (10.71). Apply Algorithm 10.8 to determine the knot distances t;
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for{ = —N(N — 1)/2,...N(N — 1)/2 in (10.73) in increasing order and the
corresponding coefficients yy.
Update the reconstructed distances and coefficients by

1 1
Ty = z(rg—t_g), Ve = 2()/[+]/_Z), £=0,...., N(N —1)/2.

2. 8ett; :=0, ty = TN(N-1)/2> IN—-1 = TN(N-1)/2—1- Find the index £* with
|Tex — tn +tn—1| < € and compute

|VN(N71)/2 YN(N=1)/2—11/2

c1 =
Ve
___YN(N-1)/2 . YN(N-1/2-1
CN = s CN—-1 = .
] C1
Initialize the list of recovered knots and coefficients T = {t1, ty—1, ty} and
C = {c1, cN—1, cN} and remove the used distances from J = {1y : £ =

I,...,N(N —1)/2}.
3. For the maximal remaining distance T+ € 7 determine €* with |t + Tex — ty|
<e.

3.1. If |tex — 10| > €, then compute di = yx+/c1, do = ye</c1. If
len di — yer| < len do — v s

then T := T U {)(t» + ty — 1ex)} and C := CU{d} else T := T U
{5(tes + 1ty — )} and C == C U {dy}.

3.2, If|tex —tex| < €, then the knot distance belongs to the center of the interval.
SetT :=T U{tn/2}, C := C U {ypx/c1}.

Remove all distances between the new knot and the knots being recovered already
from 7 and repeat step 3 until T is empty.

Output: knots tj and coefficients c; of the signal f in (10.70) or (10.71).
Note that this algorithm is very expensive for larger N. The computational costs

are governed by Algorithm 10.8 in Step 1, which is here applied to an exponential
sum of the form (10.73) with N(N — 1) 4+ 1 terms.

Example 10.43 We consider a toy example to illustrate the method. We want to
recover the signal

f@O=280)+GB—-1D8G¢—-3)+ T+ —5)
with the Fourier transform f(a)) =24+ -Dedi®4 (7T+1i)e 9, je., we have to

recover the knots 11 = 0, t, = 3, t3 = 5 and the coefficients c; = 2, ¢» =5 — 1, and
¢3 =7+1. Thus N = 3 and max |t; — #x| = 5. We can choose a step size h < 7/5.
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Let us take here # = 7 /6. Note the considered signal is already “normalized” in
sense that 11 = 0 and ¢ is positive. Each other signal of the form el f(t —tp) with
o, to € R has the same Fourier intensity.

We assume that the Fourier intensities | f (km/6)| fork =0,...,L with L > 13
are given. Exploiting symmetry properties, also the intensities | f (km/6)| for k =
0, ..., 9 would be sufficient. The autocorrelation function | f (w)|? is of the form

@) = (14 = 21) ¥ + (10 + 20) ' + (34 — 121) ¥
18+ (34 + 12i)e M@+ (10 — 2i) e M 4 (14 + 2i) e 1.

In the first step, we recover the frequencies 7o = 0, 11 = 2, 70 = 3 and 13 = 5 as
well as the coefficients yp = 18, y1 = 34 4 121, y» = 10 — 21, y3 = 14 + 21 from
the given samples using the Prony method.

In the second step, we conclude from the largest difference 73 = 5 that #; = 0
and t3 = 5. Here, we have already fixed the support of f. Indeed, any other solution
with 11 = g, 13 = fo + 5 is also correct by Lemma 10.39 (ii). Next, from 15 = 3 we
conclude that 7, is either 3 or 2. Both solutions are possible, and indeed 71 + 172 =
73 =t3 — 1. For tp = 3, we find

Pr2pe_ |(14+21)(10~|—21)|1/2=2
" 34+ 12i
14 + 2
oSSl o=

c3 =
c1 2 cl 2

This solution recovers f.
For t =2, we find c3 ¢1 = 3, c2 ¢1 = y1, and ¢3 ¢2 = y»2, and thus

o |y3y1|_|(14~|—21)(34—12i)
! »o 10— 2i

Thus we find in this case

v 34+ 12i vi  14+2i
= c3 = = .

c :«/50, c) = ,
' T a7 Jso e /50

Howeyver, this second solution

4+ 12i 14+ 2i
St —2)+ §(t—5
V50 =2 V50 =3

is indeed the conjugated and reflected signal of f, translated by 5 and multiplied

: i _ T—1
with the factor e'* = J50° i.e.,

Ft) =/508() + 3

7—1
f(=t+5).

L) = /50
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Remark 10.44 Within the last years, phase retrieval problems have been extensively
studied. There exist many very different problem statements that are summarized
under the term “phase retrieval” but may be quite different in nature. The applica-
tions in physics usually require a signal or image recovery from Fourier or Fresnel
intensities. The problem is ill-posed because of many ambiguities and can only
be solved with a suitable amount of a priori knowledge about the solution signal.
Often, support properties, positivity or interference measurements can be used to
reduce the solution set. For the one-dimensional discrete phase retrieval problem,
we refer to the recent survey [25]. The two-dimensional case remains to be not
completely understood in general. Numerically, iterative projection algorithms are
mainly applied in practice, see [20, 231].



Appendix A

List of Symbols and Abbreviations

A.1 Table of Some Fourier Series

In this table all functions f : T — R are piecewise continuously differentiable.
In the left column, the 27 -periodic functions f are defined either on (—m, ) or
(0, 27). If xq is a point of jump discontinuity of f, then f(xg) := ; ( f(xo+0)+
fxo — 0)). In the right column the related Fourier series of f are listed. For the
main properties of Fourier series, see Lemmas 1.6 and 1.13. For the convergence of
the Fourier series, we refer to Theorem 1.34 of Dirichlet—Jordan.

Function f: T — R
f@)=x,x € (=m, m)

f&) =lx|,x € (=7, 7)

] 0 xe(-m 0),
f(x)_{x x € (0, m)

f(x)=x,x€ (0, 27)
flx) = x2,xe (—m, )

f@) =x (@ —Ix]), x € (=7, m)

Fourier series of f

2 Z,?L(—I)HH sinflnx)

T 4 oo cos(2n—1)x
2 Zn*l

(2n—1)2
2 oo cos(2n—1)x oo +1 sm(nx)
Z T n=1  (2p—1)2 + Zn* (="

=2 chfl sin(nx)

n

% +4 Zn l( 1)" cos(nx)

8 sin 2n—1)x
g Zn:l (2n—1)3

-1 xe(-m 0), 4 P
fx) = { ! x e . 7) 4 ;olil sm(zanI )x

0 xe(-m 0,
To= { 1 xe @, m) 2 + Zn— sm(zznll b
f)=7""x¢€(0, 2m) Iyoo, Sin)(lnx)
f0) =, x € (-, ) T T M a e R\(0)

(continued)
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576 A List of Symbols and Abbreviations

Function f: T — R Fourier series of f
- 21171_1 00 1 :
fx) =e™,x € (0, 2m) s =00 a—in €7»  a € R\ {0}
e 2 4 oo cos(2nx)
f(x) =|sinx|,x € (—m, m) T on 2on=l 4
_ 2 4 oo (—1)" cos(2nx)
f(x) =lcosx|,x € (—m, m) D DT

0 xe(-m0), | 2 oo cosnx) | 1 o
fx) = sinx x €@ ) T nel gy o sinx
f(x)=xcosx,x € (—m, m) —é sinx + Z;ﬁz(—l)" )122'11 sin(nx)

f(x) =xsinx,x € (—m, w) 1-— é cosx —2 ZZO:Z(—I)” n2]—1 cos(nx)

A.2 Table of Some Chebyshev Series

In this table all functions f : I — R are contained in L3 ., (1), where [ :=[—1, 1]
and w(x) := (1 — x2)~ Y2 for x € (—1, 1). In the left column, the functions f
are listed. In the right column the related Chebyshev series are listed. The basic
properties of Chebyshev coefficients are described in Theorem 6.15. For the uniform
convergence of Chebyshev series, see Theorems 6.12 and 6.16. Note that for m €
Ny, the mth Bessel function and the mth modified Bessel function of first kind are
defined on R by

o0

(=D% X\ ok = 1 X\ m+2k
Jn(x) := ( ) , L,(x):= ( ) .
gk!(m—l-k)! 2 I;)k!(m—l—k)! 2

Furthera € R\ {0} and b € R are arbitrary constants.

Function f: I - R Chebyshev series é aol f1+ Z;ozl ayl f17T,(x)

f@) = x| — 3T 5 T
f(x) =sgn x ,‘i o G i ()
F@) =1 +x AR DA A1)
@) =V1-x W2 _ayee ) T
f@) =vV1-x2 2-1 :°1 anry T2 ()
f(x) = arcsin x MDD | TE))
£ (@) = cos(ax) Jo(@) +2 33 (= 1) Sy (@) To (x)
f(x) = sin(ax) 23 (=D Dy_i (@) Top—1(x)

f(x) = cos(ax + b) Jo(a) cosb +2 Y 02 cos (b+"T) Ju(a) T (x)
f(x) =sin(ax + b) Jo(a) sinb +2 3% sin (b + "g) Ju(a) T, (x)

(continued)
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Function f: I - R
fx) =e¥

f(x) = cosh(ax)

f(x) = sinh(ax)

) =e

f(x) =cos(av/1 — x2)

fx) =1 +a2x®)!

Chebyshev series é aol f14+ 202 anl f1T(x)
Io(@) +2 302 In(a) Ty (x)

Io(@) +2 3702 Ton(a) Ton (x)

2302 bu—1(@) Tap—1(x)

e Ip(3) + 262 021 n($) Tan ()

Jo(@) +2 Y021 Jan(@a) Tan(x)

1 2 o0 (=" a®
+ _ Ton(x
Va2 e T e 1ad) 20(%)

A.3 Table of Some Fourier Transforms

In this table all functions f : R — C are contained either in L{(R) or in Ly (R).
In the left column, the functions f are listed. In the right column the related
Fourier transforms are listed. For the main properties of Fourier transforms, see
Theorems 2.5 and 2.15. See Theorems 2.10 and 2.23 for Fourier inversion formulas
of functions in L1(R) and L, (R), respectively. By N,,, Hy, and h, we denote the
cardinal B-spline of order m, the Hermite polynomial of degree n, and the nth
Hermite function, respectively.

Function f : R - C

Fourier transform f (w) = I]R f(x) e—iox gy

fx) = { (1) xﬂf (=L, D), 2L sinc(Lw), L >0
otherwise
1- P xe(-L, L), L2
fx) = { 0 L otherwise L(sinc’y)”, L>0
fa)=e Vam e
d _ 1 —x2/(202) —o2?)2
fy= 4 e e , 0>0
—(a—i 2 —(—i 2
fx) =e @i \/afib exp 4(&2171);;)) » a>0beR\{0)
fx) =eall azi_“wz, a>0
Ni(x) = { (1) xt;: (O’. D e iw/2 sinc‘g
otherwise

Np(x) = (Njp—1 * N1)(x)
My (x) = Ny (x + );)
ha(x) = Hy(x) e/

e /2 (sinc §)", m e N\ ({1}
(sinc ‘i’)m, meN
V27 (=) hy (@), n €Ny

(continued)
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Function f : R — C Fourier transform f(w) = Jr f e~iox gy
R 1 we (=L, L),
f) =% sine(Lx) f) = L>0
0 otherwise
) e cos(bx) x>0, atio
fo= 0 otherwise @tioppre 4> 0020

3 _ a —a|w|
f(x) - n(x2+a2) e

A.4 Table of Some Discrete Fourier Transforms

In the left column of this table, the components of N-dimensional vectors a =
(a j)7;01 € CV are presented. In the right column the components of the related

discrete Fourier transforms a = (&k),]y:_ol = Fy aof even length N € 2N are listed,
where

N—1

o ik

ak=Zajw{V, k=0,...,.N—1.
j=0

For the main properties of DFTs, see Theorem 3.26. By Remark 3.12 the DFT(N)
of the N-periodic sequences (a;) jez is equal to the N-periodic sequences (ax)iez.-
In this table, n € Z denotes an arbitrary fixed integer.

Jjth component a; € C kth component a; of related DFT(N)

ajzaj mod N a =1

aj =1 ar = N 8 mod N

4} = 8(j—ny mod N ay = why = e~ 2mkn/N

aj =} (8¢i+n modN + 8-y modn) @ = cos 7k

aj = (84 modN — 8Gi—m modn)  dk =i sin 7k

aj=wl ar = N 8(t4n) mod N

aj = (=1’ ar = N 8¢+N/2) mod N

aj = cos 7" ar =5 (8k+n) mod N + S(k—n) mod N

aj = sin 77" =" (S4m) mod N — S(k—n) mod V)
0 j=o, . 0 k=0,

YTV =g = v=1 0 T slcot™ k=1, N1

(continued)
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jth component a; € C kth component day, of related DFT(N)
1 s N _
ai=12 J=0, a=12 k=0,
! Loj=1...,N—-1 Jeot™ k=1, N—1
J i =0,....8 -1
u = 6\/ j_]\; L) ) El 3 0 k=0,
N T= Tlienf et ™ k=1, N—1
vyl Jj=5+1L...,N—1
0 Jjefo ¥y
! { 2}N . 0 k=02,...,N—-2,
aj=q1 j=L....5 -1 ag = R
’ N —21cotN k=1,3,...,N—1
-1 j=5+1....,N-1

A.5 Table of Some Fourier Transforms of Tempered
Distributions

In the left column, some tempered distributions T € .7/ (R¢) are listed. In the right
column, one can see the related Fourier transforms T =T € .7 (Rd). The
main properties of the Fourier transforms of tempered distributions are described
in Theorem 4.49. For the inverse Fourier transform .#'T e .7/(RY), see
Theorem 4.47. In this table we use the following notations xo € R, wy € Rd,
and ¢ € Ng . If the Dirac distribution § acts on functions with variable x, then we
write §(x) € RY. Analogously, § () acts on functions with variable ® € RY.

Tempered distribution 7' € .7 (R%) Fourier transform .Z7T € .#” (R9)

8(x) 1

8y (X) i= 8(X — Xo) e~i@Xo

(D% §)(x) ilel e

(D% 8)(x — Xq) il g g—i@Xo

1 Q2m)? (@)

x® @m)? il (D% 8)(w)

eleox @2m)! (@ — o)

X g @ox @m)d i (D% §) (@ — wp)
cos(@o - X) e (5w — wo) + 8(@ + wp))
sin(@o - X) 2" (5w — wo) — (@ + wp))
e—lIxl3/2 (2)d/2 g~ llell3/2

—a x|} 7\d/2 —l|lwl3/@a)
e~ ¢ Ixliz (u) e lelz/Ga) g 5 0
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Numbers and Related Notations

N

Td
[a, b]
[x]

e

i

arg a
lal

a

Re a
Im a
wWnN -
@n)
3
j mod N

5j mod N
7

(Z/p Z)*

Iy, Jn

k= (ki-1, ..

p (k)
N
Iy

— e—2n1/N

., ko)2

Set of positive integers

Set of nonnegative integers

Set of integers

Set of real numbers

Set of nonnegative numbers

Set of complex numbers

Torus of length 27

d-Dimensional torus of length 27

Closed interval in R

Largest integer < x for givenx € R

Euler’s number

Imaginary unit

Argument of a € C\ {0}

Magnitude of a € C

Conjugate complex number of a € C

Real partofa € C

Imaginary part of a € C

Primitive N-th root of unity

Euler totient function of n € N

Kronecker symbol with o =1and§; =0, j € Z \ {0}
Nonnegative residue modulo N

N-periodic Kronecker symbol

Landau symbol

Multiplicative group of integers modulo a prime p

Set of binary floating point numbers

Floating point number of a

Unit roundoff in F

Precomputed value of wljv

Natural logarithm of @ > 0 to the base e

Binary logarithm of N > O to the base 2

Scaling factors with ey (0) = ex(N) = «éz and ey (k) = 1
fork=1,...,N —1

Signofa € R

Number of real additions required for an FFT for DFT(2")
Number of nontrivial real multiplications required for an
FFT for DFT(2")

Index set {0, ..., N — 1} if not defined differently

t-Digit binary number k € Jy with N =2" and k; € {0, 1}
Bit-reversed number of k € Jy with N = 2!

Perfect shuffle of Jy with N = 2!

Multivariate index set {n = (nj)‘/’.':1 conj € Iy, j =
1,...,d}
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n:= (nj)‘/’.':l
1(1

k mod N
koN

Az, M)
At(z, M)

Multivariate index

Vector of ones, 14 = a,..., 1)T ez
Nonnegative residue modulo N defined entrywise
Entrywise multiplicationk o N = (k; N J-)j‘lz1
Rank-1 lattice generated by z € Z¢ and M € Z
Integer dual lattice of A(z, M)

Periodic Functions and Related Notations

f:T—>C
f(r)

C(T)
C'(T)

CT(T9)
L,(T)
L, (T%)

Ly (T)
ei kx

T

%(ZT)
ck(f)
ck(f)

()
ce(f)
Sn f
ax(f), be(f)
fxg

D,

F,

onf

V2n

Xla, b]
V2(p)
Suf
Sfxo+0)
cas

P27r

Complex-valued 27 -periodic function

rth derivative of f

Banach space of continuous functions f : T — C

Banach space of r-times continuously differentiable functions
f:T—>C

Banach space of d-variate r-times continuously differentiable func-
tions f : T — C

Banach space of measurable functions f : T — C with integrable
If17.p =1

Banach space of d-variate measurable functions f : T¢ — C with
integrable | f|?, p > 1

Hilbert space of absolutely square-integrable functions f : T — C
kth complex exponential with k € Z

Set of 2 -periodic trigonometric polynomials up to degree n

Set of 2T -periodic trigonometric polynomials up to degree n

kth Fourier coefficient of f € L1(T) or f € L,(T)

kth Fourier coefficient of a d-variate function f € L(T%) or f €
Lo(T?)

kth Fourier coefficient of an L-periodic function f

Approximate value of ¢, (f)

nth partial sum of the Fourier series of f € Lo(T) or f € L>(T9)
kth real Fourier coefficients of f : T — R

Convolution of f, g € L1 (T) or f, g € L1(T%)

nth Dirichlet kernel

nth Fejér kernel

nth Fejér sum

nth de la Vallée Poussin kernel

Characteristic function of the interval [a, b]

Total variation of the function ¢ : [a, b] — C

nth partial sum of the conjugate Fourier series of f

One-sided limits of the function f : T — C at the point xp
Cosine-and-sine function cos + sin

2m-Periodization operator
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Sif
I

o/ (T9)
H*P(T9)
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d-Variate Fourier partial sum of f € L;(T%) with regard to
frequency index set /

span {e
als supported on

Weighted subspace of L (T%)

Periodic Sobolev space of isotropic smoothness

ikXx . k e I} space of multivariate trigonometric polynomi-

Sequences and Related Notations

X = (Xk)kez
Loo(Z)
Ly (Z)

6 (Z)

Vx

v-lx

M

8 = (8i)kez
h=HS
h*xx

H(w)

Sequence with complex entries xj

Banach space of bounded sequences

Banach space of sequences x = (xi)rez With ZkeZ [xg|P < o0,
p=1

Hilbert space of sequences x = (xi)kez With ZkeZ |xk|2 < 0
Forward shift of x

Backward shift of x

Modulation filter

Pulse sequence

Impulse response of linear, time-invariant filter H

Discrete convolution of sequences £ and x

Transfer function of linear, time-invariant filter H

Nonperiodic Functions Defined on R or R? and Related

Notations

f:R—>C
Co(R)

Co(RY)
C(R)
C"(R)
Ly(R)
Ly(RY)

L(R)

Complex-valued function

Banach space of continuous functions f : R — C with
lim\x\%oo Sfx)=0

Banach space of d-variate continuous functions f : R — C
with limx|— 00 f(X) =0

Subspace of compactly supported, continuous functions f :
R—C

Subspace of r-times continuously differentiable functions f :
R—C

Banach space of measurable functions f : R — C such that
| f1? is integrable over R for p > 1

Banach space of d-variate measurable functions f : R¢ — C
such that | f|? is integrable over R for p > 1

Hilbert space of absolutely square integrable functions f :
R—C
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Ly(RY)

Z(RY)
S (RY)
S2

Ly(S?)
£
f=7f

)

Hf

Au

supp f

Axo [,

Awy |

(Fy )b, w)

(Fy )b, w))?
T f

NS

Hilbert space of d-variate absolutely square integrable functions
f:RI—C

Schwartz space of d-variate rapidly decreasing functions

Space of tempered distributions on .7 (R¥)

Unit sphere S = {x e R3 : ||x]| = 1}

Hilbert space of square integrable functions f on S?

Energy of f € La(R)

Fourier transform of f € Li(R) or f € L»(R) and f € Li(R%)
or f € Ly(RY)

Inverse Fourier transform of f € L1(R) or f € Ly(R) and
feLi®)orf e LR

Convolution of f, g € Li(R) or f, g € L1(R%)

Cardinal sine function

Sine integral

Cardinal B-spline of order m

Centered cardinal B-spline of order m

Tensor product of B-splines MO (x1, x2) = My(x1) My(x2)
B-spline of order m with arbitrary knots —o0 < t; < ... <
tiym < OO

Hermite polynomial of degree n

nth Hermite function

kth Legendre polynomial

Associated Legendre function

Spherical harmonics

Bessel function of order v

Dirac distribution

Hankel transform of f € L, ((0, 00))

Laplace operator applied to a function u

Supportof f: R - C

Dispersion of f € L>(R) about the time xg € R

Dispersion of f € L>(R) about the frequency wp € R
Windowed Fourier transform of f with respect to the window
function

Spectrogram of f with respect to the window function ¥
Fractional Fourier transform for f € Ly(R) witha € R

Linear canonical transform for f € Ly(R) with a 2-by-2
matrix A

Vectors, Matrices, and Related Notations

(CN

N—1
a—= (aj)jzo
aT

Vector space of complex column vectors a = (a;) ?]:_01
Column vector with complex components a
Transposed vector of a



My

aob

circ a

(@ ... lan-1)
diag a

M—-1,N—-1
Ayn = (aj,k)j,k:()

Aun®Bp o
a®b
Py(L)

Py (2)
col AM,N

1
CN+1

A List of Symbols and Abbreviations

Conjugate complex vector of a

Transposed conjugate complex vector of a

Inner products of a, b € CV

Euclidean norm of a € CV

Standard basis vectors of CN fork =0,..., N — 1

Exponential vectors of CNfork=0,...,N —1
N-by-N matrix with complex entries a;
Transposed matrix of Ay

Complex conjugate matrix of Ay
Transposed complex conjugate matrix of Ay
Inverse matrix of Ay

Moore—Penrose pseudo-inverse of Ay
N-by-N identity matrix

Zero vector and zero matrix, respectively
N-by-N Fourier matrix with wy = e~ >7/N
Unitary Fourier matrix

Discrete Fourier transform ofa € CV,ie,a=Fya
N-by-N flip matrix

N-by-N counter-diagonal matrix

Determinant of the matrix Ay

Trace of the matrix Ay

Cyclic convolution of a, b € CV

Pulse vector

N-by-N forward-shift matrix

N-by-N backward-shift matrix

N-by-N cyclic difference matrix

Impulse response vector of a shift-invariant, linear map

Hy

N-by-N modulation matrix
Componentwise product of a, b € CV
N-by-N circulant matrix of a € CV
N-by-N matrix with the columns a; € CV

N-by-N diagonal matrix with the diagonal entries a;,

N—1
where a = (@j)j=o
M-by-N matrix with complex entries a; ¢

Kronecker product of Ay, vy and Bp ¢
Kronecker product of a € CM and b € CV

L-stride permutation matrix with N = L M for integers

L.M=>?2

Even-odd permutation matrix for even integer N
Vectorization of the matrix Ay n

(N + 1)-by-(N + 1) cosine matrix of type I
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ch.cy. ¢y
Sk
Sy, Si. S
Hy
Ry
Py
Dy

Wy /2
diag (Ay, By)

a®
A =Fy, AFy,

Xl = (Ix; D)=
Al = (lajD g™
IA]lg
AxB
AoB
ADB
n-x
d
FN
AX, D)

1]
Cu(p)
Vu(z)

Vou(@)
Ve m(z)

H (0)
Hp m
condy Ap m

N-by-N cosine matrix of type IL, III, and IV, respectively
(N — 1)-by-(N — 1) sine matrix of type |

N-by-N sine matrix of type II, III, and IV, respectively
N-by-N Hartley matrix

Bit-reversed permutation matrix for N = 2/

Perfect shuffle permutation matrix with N = 27
Diagonal sign matrix diag ((—1)/) 7:701

Diagonal matrix diag (w{v)jvz/ (2)_1 for even integer N

2N-by-2N block diagonal matrix with diagonal entries
AN and BN

Periodization ofa € CN with N = 2" and ¢ € {0, . .., 1}
Two-dimensional discrete Fourier transform of A €
(CNI X Np

Modulus of a vector x € CV

Modulus of matrix A € CN1>*N2

Frobenius norm of matrix A

Cyclic convolution of A, B € CN1*M

Entrywise product of matrices of A, B € CN1*M2
Block diagonal matrix diag (A, B)

Inner product of n € Z¢ and x € R?

: : e d _ (a—2mikj/N
d-Variate Fourier matrix F§, = (e ) jkerd

Multivariate Fourier matrix A(X, I) = (e%¥®)y¢ X kel €
CIXIx|

Cardinality of finite index set /

Companion matrix to the polynomial p of degree M

Vandermonde matrix Vs (z) = (zljfl)?/[kzl generated

byz = (zk),i"lzl.

2M-by-2M confluent Vandermonde matrix

Rectangular P-by-M Vandermonde matrix Vp y(z) =
j—1\P.M

@ )=t

M-by-M Hankel matrix

Rectangular L-by-M Hankel matrix

Spectral norm condition of an L-by-M matrix Az m

Real-Valued Functions Defined on [—1, 1] and Related

Notations
c) Banach space of continuous functions f : I — R
cr () Banach space of r-times continuously differentiable functions f :

I —->R

C>®(I) Set of infinitely differentiable functions f : I — R
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1 Closed interval [—1, 1]

L even(T)  Subspace of even, real-valued functions of L2 (T)

Py Set of real algebraic polynomials up to degree n

T kth Chebyshev polynomial (of first kind)

Uk kth Chebyshev polynomial of second kind

w(x) Weight function (1 — x2)~12 for x € (-1, 1) (if not defined
differently)

Ly (1) Real weighted Hilbert space of functions f : I — R, where w | f RED
integrable over /

arl f] kth Chebyshev coefficient of f € L2 ,,(1)

Cn f nth partial sum of the Chebyshev series of f € L (1)

Tk[“’b] kth Chebyshev polynomial with respect to the compact interval [a, b]

xj(.N) Chebyshev extreme points for fixed N and j =0, ..., N

Z;N) Chebyshev zero points for fixed N and j =0,..., N — 1

Lk kth Lagrange basis polynomial

a,(CN)[ f] kth coefficient of the interpolating polynomial of f € C(I) at
Chebyshev extreme points x;N) forj=0,...,N

By, Bernoulli polynomial of degree m

by £th 1-periodic Bernoulli function

h?’h’r Two-point Taylor basis polynomials for the interval [a, b] and j =
0,...,r—1

AN Lebesgue constant for polynomial interpolation at Chebyshev extreme
points xﬁ.N) forj=0,...,N

Abbreviations

APM Approximate Prony method, 535

DCT Discrete cosine transform, 151

DFT Discrete Fourier transform, 118

DFT(N) Discrete Fourier transform of length N, 120

DHT Discrete Hartley transform, 157

DSFT Discrete spherical Fourier transform, 510

DST Discrete sine transform, 151

ESPRIT Estimation of signal parameters via rotational invariance techniques, 536

FFT Fast Fourier transform, 231

FIR Finite impulse response system, 55

FLT Fast Legendre transform, 512

FRFT Fractional Fourier transform, 101

FSFT Fast spherical Fourier transform, 513

LFFT Lattice based FFT, 431

LTI Linear, time-invariant system, 53
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MUSIC
NDCT
NDSFT
NDST
NFCT
NFFT
NEFT "
NFSFT
NFST
NNFFT

SO(3)
STFT
SVD

Multiple signal classification, 531

Nonequispaced discrete cosine transform, 397
Nonequispaced discrete spherical Fourier transform, 511
Nonequispaced discrete sine transform, 397
Nonequispaced fast cosine transform, 399
Nonequispaced fast Fourier transform, 380
Nonequispaced fast Fourier transform transposed, 382
Nonequispaced fast spherical Fourier transform, 517
Nonequispaced fast sine transform, 402

Nonequispaced FFT with nonequispaced knots in time and frequency
domain, 396

Group of all rotations about the origin of R3, 521

Short time Fourier transform, 96

Singular value decomposition, 532
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Accumulator, 53
Aliasing, 88
Aliasing error, 385
Aliasing formula

for Chebyshev coefficients, 349

for Fourier coefficients, 111

for multivariate Fourier coefficients, 215
Analytic signal, 208

amplitude, 208

instantaneous phase, 208

phase, 208
Annihilating filter method, 528
Approximate identity, 24, 74
Approximate Prony method, 535
Approximation error, 385
Approximation theorem

of Fejér, 25

of Weierstrass, 8, 26
Array

even, 229

odd, 229
Associated Legendre function, 508
Associated orthogonal polynomials, 370
Attenuation factors

of Fourier coefficients, 476

of Fourier transform, 465
Average frequency, 93
Average time, 93
Azimuthal angle, 507

Backward shift, 52

Banach algebra, 74

Bandlimited function, 86
spherical, 508
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Bandwidth, 86, 508
Barycentric formula, 117, 413, 417
for interpolating polynomial, 326
for interpolating trigonometric polynomial,
117
Basis function, 449
Bernoulli function
1-periodic, 479
Bernoulli numbers, 479
Bernoulli polynomial expansion, 478, 481
Bernstein inequality, 26
Bessel function
of order v, 182
of order zero, 181
Bessel window, 394
Best approximation error, 354
Binary floating point number system, 296
Binary number, 238
Bit reversal permutation, 238
Blackman window sequence, 58
Block circulant matrix with circulant blocks,
148
Block diagonal matrix, 143
Bluestein FFT, 275
Bounded filter, 52
Bounded variation, 32
Box spline, 452
B-spline
of order m, 558
of order 1, 556

Cardinal B-spline, 73, 388, 450, 560
centered, 451
Cardinal interpolation by translates, 454, 463
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Cardinal interpolation problem, 454
Cardinal Lagrange function, 457
Cardinal sine function, 63
Cascade summation, 237
Cauchy principal value, 69
Central difference quotient of second order,
496

Cesaro sum, 23
Characteristic function, 62
Characteristic polynomial, 251
Chebyshev coefficients, 314

decay, 319
Chebyshev extreme points, 310
Chebyshev polynomial

of first kind, 306

of second kind, 310
Chebyshev series, 315
Chebyshev zero points, 310
Chinese remainder theorem, 254, 274, 296
Circulant matrix, 137

basic, 139
Clenshaw algorithm, 322, 323
Clenshaw—Curtis quadrature, 358
Comb filter, 55
Commutation property

of the Kronecker product, 146
Companion matrix, 524
Complex exponential

multivariate, 160

univariate, 7
Componentwise product of vectors, 134
Computational cost, 232
Computation of Fourier coefficients

via attenuation factors, 476
Computation of Fourier transform

via attenuation factors, 467
Computation of two-dimensional DFT

via one-dimensional transforms, 225
Confluent Vandermonde matrix, 527
Constrained minimization problem, 418
Convergence in . RY, 167
Convergence in .7’ (RY), 183
Convergence theorem of Dirichlet-Jordan, 38
Convolution

of functions, 71

in £,(Z9), 461

multivariate, 175

multivariate periodic, 162

at nonequispaced knots, 404

of periodic functions, 16

univariate, 71

univariate periodic, 16
Convolution property

of DFT, 134

Index

of Fourier series, 20
of Fourier transform, 72
Cooley-Tukey FFT, 239
Cosine matrix
nonequispaced, 397
of type I, 151
of type I, 153
of type III, 153
of type 1V, 154
Cosine vectors
of type I, 151
of type II, 152
of type III, 153
of type IV, 154
Counter-identity matrix, 125
Cyclic convolution
multidimensional, 228
one-dimensional, 130
two-dimensional, 220
Cyclic convolution property
of multidimensional DFT, 229
of one-dimensional DFT, 134
of two-dimensional DFT, 222
Cyclic correlation
of two vectors, 273

Damped normal equation of second kind, 418
Decimation-in-frequency FFT, 241
Decimation-in-time FFT, 241
Degree of multivariate trigonometric
polynomial, 161
Digital filter, 52
Digital image, 217
Dirac comb, 199
Dirac distribution, 185
Dirichlet kernel, 163
modified, 116
Discrete convolution, 53
Discrete cosine transform
nonequispaced, 397
of type I, 152
of type 11, 153
of type 11, 153
of type IV, 155
Discrete Fourier transform
multidimensional, 214, 227
one-dimensional, 108
spherical, 509
two-dimensional, 217
Discrete Hartley transform, 157
Discrete Ingham inequalities, 553
Discrete Laplacian, 501
Discrete polynomial transform, 368
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Discrete signal, 52 Fourier matrix, 119, 428
Discrete sine transform for multiple rank-1 lattice and index set 7,
nonequispaced, 402 444
of type I, 156 nonequispaced, 383
of type II, 156 Fourier partial sum, 9
of type III, 156 Fourier—Plancherel transform, 178
of type IV, 156 Fourier series
Discrete trigonometric transform, 334 of L-periodic function, 11
Dispersion of a function, 89 of 2z -periodic function, 11
Distance of x € R to the nearest integer, 546 real, 14
Distribution spherical, 508
pv(]lc ), 190, 196 Fourier transform, 62, 66, 79, 170, 176
Divide-and-conquer technique, 233 discrete, 120
inverse multivariate, 173
kernel, 102
Energy of a signal, 89 on Ly(R%), 178
Entrywise product modulus, 62
of matrices, 220 phase, 62
multidimensional, 228 properties, 64
Euler-Maclaurin summation formula, 482 spectral decomposition, 102
Even matrix, 224 spherical, 507
Exponential matrix, 220 of tempered distribution, 193
Exponential sequence, 52 Fractional Fourier transform, 102
Exponential sum, 394, 524 properties, 105
Extension Frequency analysis problem, 524
of bounded linear operator, 177 Frequency domain, 62

of two-dimensional DFT, 219
Frequency index set, 422

Far field sum, 406 difference set, 432

Fast Fourier extension, 491, 494 Iy (Zd) ball, 440

Fast Fourier transform, 231 Frequency variance, 93
nonequispaced, 377, 380 Frobenius norm, 219
nonequispaced transposed, 382 Function
on the rotation group, 521 of bounded variation, 32
spherical, 513 Holder continuous, 41

Fast Gauss transform, 409 Lipschitz continuous, 41

Fast Poisson solver, 502, 503 piecewise continuously differentiable, 71

Fejér sum, 23 piecewise C"-smooth, 486

Fejér summation, 50 piecewise r-times continuously

Filon—Clenshaw—Curtis quadrature, 364 differentiable, 486

Filter coefficients, 53 rapidly decreasing, 167

Finite difference method, 497 slowly increasing, 184

Finite rate of innovation, 528
FIR filter, 55

Forward shift, 52 Gabor function, 560
Fourier coefficients, 9 Gabor transform, 96
approximate, 434 Gamma function, 211
decay, 45 Gap condition, 547
spherical, 508 Gaussian chirp, 66
Fourier extension, 491 Gaussian filter
Fourier inversion formula, 68, 80, 173, 177 discrete, 221

of tempered distribution, 194 Gaussian function, 65, 390, 404, 560
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Gaussian window, 95 multidimensional, 227
Gegenbauer polynomial, 366 Inverse Fourier transform
Gelfand triple, 198 of tempered distribution, 194
Generating vector Inverse multiquadrix, 404
of rank-1 lattice, 429 Inverse NDCT, 411
Gentleman—Sande FFT, 257 Inverse NDFT, 413
Gibbs phenomenon, 49 Inverse nonequispaced discrete transform, 410

Gram-Schmidt orthogonalization, 365

Jacobi polynomial, 311, 365

Hamming window, 96 Jordan’s decomposition theorem, 33
Hamming window sequence, 58 Jump discontinuity, 30
Hankel matrix, 525, 530 Jump sequence, 52

Hankel transform, 182
Hanning window, 95

Hann window sequence, 57 Kaiser—Bessel function, 393

Hartley matrix, 157 Kernel, 20

Hat function, 64 de la Vallée Poussin kernel, 23, 25

Heaviside function, 189 Dirichlet kernel, 20, 25

Heisenberg box, 98 Fejér kernel, 22, 25

Heisenberg’s uncertainty principle, 91 summation kernel, 24

Hermite function, 81, 101 Kronecker product, 142

Hermite interpolation problem, 492 Kronecker sum, 148

Hermite polynomial, 80 Kronecker symbol, 110

Hilbert’s inequality, 547 multidimensional, 214
generalized, 548 N-periodic, 110

Hilbert transform, 206 Krylov-Lanczos method of convergence

Horner scheme, 321 acceleration, 487

Hyperbolic cross
energy-norm based, 441
symmetric, 440 Lagrange basis polynomial, 326
Lanczos smoothing, 50
Laplace operator, 495

Ideal high-pass filter, 57 Laplacian filter
Ideal low-pass filter, 56 discrete, 221
Imaging function, 532 Largest integer smaller than or equal to n, 257
Impulse response, 53 Lattice
Inequality integer dual, 429
Bernstein, 26 Lattice size
Bessel, 10 of rank-1 lattice, 429
generalized Hilbert, 548 Lebesgue constant, 21
Heisenberg, 91 for polynomial interpolation, 355
Hilbert, 547 Left singular vectors, 533
Ingham, 542 Legendre function transform
Nikolsky, 26 fast, 511
Young, 17,71 Legendre polynomial, 366, 508
Inner product associated, 512
in CNixM2 219 Leibniz product rule, 172
of multidimensional arrays, 227 Lemma of Riemann—Lebesgue, 30
In-place algorithm, 233 Linear canonical transform, 106
Integral Linear difference equation with constant
highly oscillatory, 364 coefficients, 251
Interior grid point, 500 Linear filter, 52

Inverse discrete Fourier transform Linear phase, 56
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Linear prediction equations, 529
Linear prediction method, 529
Local discretization error, 504
L-periodic function, 11

LTI filter, 53

Magnitude response, 55
Matrix pencil, 536

eigenvalue, 536

eigenvector, 536
Matrix representation of FFT, 234
Mean value of 2 -periodic function, 11
Mehler’s formula, 103
Method of attenuation factors

for Fourier coefficients, 476

for Fourier transform, 465
Metric of . (R%), 169
Meyer window, 560
Modified Dirichlet kernel, 355
Modulus, 12
Moiré effect, 88
Monic polynomial, 310
Monogenic signal, 212

amplitude, 212
Monte Carlo rule, 428, 520
Moore—Penrose pseudo-inverse, 141
Moving avering, 52
Multiquadrix, 404
Multivariate periodic function, 159
Multivariate trigonometric polynomial, 161

n—cycle, 244
Near field correction, 405
Near field sum, 406
Nesting method
for two-dimensional DFT, 279
NFFTT, 382
Nikolsky inequality, 26
Node polynomial, 326
Noise space, 532
Noise-space correlation function, 532
Nonequispaced FFT
spherical, 517
Nonharmonic bandwidth, 394
Nonnegative residue modulo N, 110, 257, 463
of an integer vector, 215
Nonsingular kernel function, 403
Normwise backward stability, 297
Normwise forward stability, 298
Nyquist rate, 88
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Odd matrix, 224
Oversampling, 88
Oversampling factor, 562

Padé approximant, 527
Padua points, 442
Parameter estimation problem, 523
multidimensional, 541
Parseval equality, 10, 78, 80, 164, 177
for Chebyshev coefficients, 315
for DFT, 134
for multidimensional DFT, 229
for two-dimensional DFT, 222
Partial sum of conjugate Fourier series, 44
Partition of unity, 116
Perfect shuffle, 242
Periodic function
of bounded variation, 34
piecewise continuously differentiable, 30
Periodic interpolation on uniform mesh, 469
Periodic Lagrange function, 469
Periodic signal, 52
Periodic Sobolev space
of isotropic smoothness, 425
Periodic tempered distribution, 199
Fourier coefficients, 202
Fourier series, 203
Periodic window function, 561
Periodization
of a function, 84
of multivariate function, 178
operator, 197
of a vector, 284
Periodized centered cardinal B-spline, 562
Periodized Gaussian function, 561
Periodized Kaiser—Bessel function, 562
Permutation
bit-reversed, 238
even-odd, 144
L-stride, 144

matrix, 143
2-stride, 144
Phase, 12

Phase recovery, 570

Phase response, 55

Pixel, 217

Poisson equation, 495

Poisson summation formula, 84, 179, 180
of Dirac comb, 200

Polar angle, 507

Polynomial representation of FFT, 234
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Power of sinc function, 392
Primitive Nth root of unity, 108
Principle value, 190

Pulse sequence, 52

Quadratic Gauss sum, 128
Quadrature error, 358, 484
Quadrature rule

on the unit sphere, 518
Quadrature weights, 359
Quasi-Monte Carlo rule, 428, 520

Rader FFT, 271
Radial function, 180
Radix-2 FFT, 235
Radix-4 FFT, 264
Rank-1 Chebyshev lattices, 442
Rank-1 lattice, 429

multiple, 442

reconstructing, 432
Reconstructing multiple rank-1 lattice, 445
Rectangle function, 63
Rectangular pulse function, 16
Rectangular rule, 483
Rectangular window, 95
Rectangular window sequence, 57
Recursion, 233
Regularization procedure, 405
Restricted isometry constant, 384, 403
Restricted isometry property, 384, 403
Reverse Prony polynomial, 527
Riemann’s localization principle, 31, 70
Riesz stability

of exponentials, 542
Riesz transform, 211
Right singular vectors, 533
Row—column method

of multidimensional DFT, 281

of two-dimensional DFT, 226, 278

Sampling operator
uniform, 198
Sampling period, 86
Sampling rate, 86
Sampling theorem of Shannon—Whittaker—
Kotelnikov, 86
Sande-Tukey FFT, 236
Sawtooth function, 15
Schwartz space, 167
convergence, 167
metric, 169

Index

Sequence of orthogonal polynomials, 365
Sequence of orthonormal polynomials, 365
Shifted Chebyshev polynomial, 322
Shift-invariant filter, 52
Shift-invariant space, 454
Short-time Fourier transform, 96
Signal compression, 100
Signal flow graph, 234
Signal space, 532
Sign function, 196
Simultaneous approximation, 357
Sinc function, 63, 389
Sine integral, 47
Sine matrix
of type 1, 499
of type I, 155
of type II, 156
of type III, 156
of type IV, 156
Sine vectors, 155
Singular kernel function, 403
Singular spectrum analysis, 540
Singular value decomposition, 532
Singular values, 533
Software
discrete polynomial transform, 376
fast Fourier transform on SO(3), 521
fast summation, 410
FFTW, 250
inverse NFFT, 416
NFFT, 419
parallel FFT, 250
parallel NFFT, 419
spherical Fourier transform, 518
Space domain, 62
of two-dimensional DFT, 219
Sparse FFT, 447
Sparse vector, 384
Spectrogram, 96
Spectrum, 12, 62
Spherical design, 520
Spherical filtering, 518
Spherical Fourier transform, 507
fast, 509
nonequispaced discrete, 509
Spherical harmonics, 508
Spherical polynomial, 508
Spline, 556
Split-radix FFT, 266
Step function, 556
Stop band, 56
Sufficiently uniformly distributed points,
406
Sum representation of FFT, 234
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Support length of a vector, 286
Symbol of cardinal interpolation, 455

Tempered distribution, 183
derivative, 188
periodic, 199
product with smooth function, 187
reflection, 187
regular, 185
scaling, 186
translation, 186
Temporal variance, 93
Tensor product B-spline, 452
Theorem
aliasing formula, 111
of Banach—Steinhaus, 28
of Bedrosian, 210
of Bernstein, 41
Chinese remainder theorem, 254
of Dirichlet-Jordan, 38
of Fejér, 25
Fourier inversion, 177
Fourier inversion formula, 68
of Gibbs, 49
Heisenberg’s uncertainty principle, 91
Jordan decomposition, 33
of Krylov—Lanczos, 487
of Plancherel, 80, 178
Poisson summation formula, 84
of Riemann-Lebesque, 30
Riemann’s localization principle, 70
of Shannon-Whittaker—Kotelnikov, 86
of Weierstrass, 26
Thin-plate spline, 404
Three-direction box spline, 452
Three-direction mesh, 452
Three-term recurrence relation, 366
Time domain, 62
of two-dimensional DFT, 219
Time-frequency analysis, 95
Time-frequency atom, 96
Time-invariant filter, 52
Time series, 530, 540
Toeplitz matrix, 137, 141
Torus, 6, 378
Total variation, 32
Trace, 127
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Trajectory matrix, 530
Transfer function, 54
Transmission band, 56

Transposed discrete polynomial transform, 368

Triangular window, 95
Trigonometric Lagrange polynomial, 115
Trigonometric polynomial, 8, 378
supported on 7, 422
Truncation error, 386
2m-periodic function, 6
27 -periodic trend, 487
Two-point Taylor
interpolation, 405
interpolation polynomial, 492
Type-1 triangulation, 452

Ultraspherical polynomial, 366
Undersampling, 88

Vandermonde-like matrix, 368
Vandermonde matrix, 525, 529
Vector
with frequency band of short support, 286
M -sparse, 289
1-sparse, 283
Vectorization
of a d-dimensional array, 230
of a matrix, 145, 226

Weighted least squares problem, 417
Weighted normal equation of first kind, 418
Weight function, 423

Wiener algebra, 424

Windowed Fourier transform, 96

‘Window function, 95

Window length, 530

Winograd FFT, 275

Young inequality, 17, 71
generalized, 17, 72

z-transform, 527
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