Chapter 1

Complex Numbers and Functions

1.1 Definition

We have learned several systems of numbers. They are
1. N={1,2,3,...}, natural numbers.
2. Z=1{0,1,-1,2,-2,3,-3,... }, integers.
3. Q={p/q:p € Z,q € N}, rational numbers.
4. R = {rationals and irrationals}, real numbers.

Their relations are N C Z C Q € R. Among them Q and R are called fields. This means that
there are operations in these sets a+b, a —b, a-b, a/b (if b # 0), and there are special numbers
Oand 1 suchthat 0+a=aand 1-a = a.

We will learn a new field of numbers:

5 C={z+vyi:x,y€ R}, complex numbers,
which extends R. The symbol 7 stands for a square root of —1, i.e.,
i? = —1.

Since 2 > 0 for every z € R, i cannot be a real number. For z = x + yi € C, x is called the
real part of z, and y is called the imaginary part of z. We write z = Rez and y = Im 2.
There are several reasons why we need complex numbers

1. Fundamental theorem of algebra: every nonconstant complex polynomial has at least one
complex root. This is not true for real polynomial, e.g., 2 + 1 = 0 has no real root.

2. Linear algebra: every complex matrix has a complex eigenvalue.

3. The properties of familiar functions such as polynomials, e*, log(x), sin(z), cos(z).



4. Compute definite integral and series such as fooo Sinx(x) and > 07, #

5. Harmonic functions in two dimensions.

6. The definition of Fourier transform.

7. The oscillation phenomena in differential equations.

We identify « + 0¢ € C with € R. In this way, we have

RcC.

The operations + and - on C are defined as follows.

L. (1 +y18) + (w2 + y2i) = (z1 + 22) + (y1 + y2)i.

2. (z1 +w19) - (z2+y2t) = (2122 — Y1Y2) + (T1Y2 + 2241 )1.
To understand the product formula, we may expand it and use i = —1:

(a1 + agi) - (by + bai) = a1by + a1bai + agiby + agibyi = (a1by — azbe) + (a1by + agby )i.
Note that when z1 + y1¢2 € R, i.e., y; = 0, we have a scalar product
z1(w2 + y2t) = T122 + T1Y21.

The summation and multiplication satisfy commutative law, associative law, and distributive
law:

1. 21+ 20 = 20 + 21, (21+22)+Z3221+(2’2+Z3);
2. 2172 = 22%1, (2122)2’3 = 21(2’223);
3. (21 + 22)23 = 2123 + 2223.

Because of the commutative law, the complex number = + yi may also be written as x + iy or
yt + x. The two complex numbers 0,1 € R C C are special in the sense that 0 + z = z and
lz =z For z=x+vyi, —z:= (—z) + (—y)i = (—1)z. Then z + (—z) = 0. The subtraction is
defined to be z —w = z + (—w).

Let z = x + yi € C. We define Z to be z — yi, i.e., z + (—y)i. It is called the conjugate of
z. There are several simple properties:
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2. Zz =z if and only if z € R;

i
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+zZ=2Rez, z—zZ=142Imz;

4. z+w =7+ w;



5. ZW =7 -W.
6. For z = x + yi, 22 = 2> + y°.
For z = a + yi € C, the absolute value of z is
2| = V22 +y2 e R
So we have |0] = 0, |z| > 0 if 2z # 0. A useful formula is 2z = |z|?. Thus,
|zw|? = (zw)ZW = 2wzw = |2*|w|*.

Taking square root, we get

|zw| = |z[[w].
Since —z = (—1)z, we get | — z| = | — 1||z| = |z|. Since 22, y? < 2%+ 2, taking square root, we
get
|Rez|, | Im z| < |z].
Because (—)? = y?, we have |z| = |z|.
To define the division, we first need to find 27! = 1/z = % with zz=! = 1 for every
z € C\ {0}. Since 2z = |2|? > 0, we see that
z_lzifz;(x—yi): A - —
2‘2 2 +y2 2 +y2 22 +y2

The division z/w = £ is defined to be zw™! for w # 0. Since z = (z/w)w, we have |Z| = %
Now we define the integer power of a complex number. First, let 20 = 1 for all z € C. This
includes 0° = 1. Second, for n € N, let 2" = z--- z for all z € C. Third, for n € Z with n < 0,

n

let 2" = ﬁ be defined for z € C\ {0}. It is clear that |2"| = |z|" whenever 2" is defined.

Now we come to the geometry. We may identify each complex number z = x + yi with a
point with coordinate (z,y) in the plane. Then the z-axis is composed of real numbers, and the
y-axis is composed of pure imaginary numbers: iy, y € R. The conjugate is a reflection about
the z-axis. The addition follows the parallelogram rule. The distance between z = x + yi and
0is \/(z —0)2+ (y — 0)2 = |z|. The distance between z,w € C is then |z — w|. From plane
geometry, we have the triangle inequality:

|z +w| < 2] + [w].
Now we give a new proof using complex numbers:
lz4+wP=C+w)zFw=(2+w)(Z+T) = 2%+ Wl + wZ + 2@
= |22 + |w]* + wz + wz = |2)? + |w|? + 2Re(wZ) < |2|? + |w|? + 2|wZ|
= |2 + [w]® + 2fw|[z] = [2* + [w]* + 2[wl|2| = (2] + |w])*.
Using induction, we get
|21+ 4 20| < 2]+ 2l

Homework. I, §1: 2 (c,f), 8, 10 (b,d,f,h).



1.2 Polar Form

For a complex number z, the expression z = x + iy with x,y € R is called the rectangular form
of z. Now we introduce the polar form of a complex number. A point (z,y) that corresponds
to z = = + yi can be represented by polar coordinates (r,6) such that » > 0, § € R, and

T =1cosb, y = rsinf.

Since cos? 0 + sin? 6 = 1, we see
r=+z2+y? =zl

Now we find 6. The trivial case is z = 0, in which case » = 0 and 6 can be any real number.
Now we assume that z # 0. Then r = |z| > 0. The 6 satisfies

cosﬂzi, sinf = —.
] ]

Such € exists but is not unique because cos(z) and sin(z) both have period 2. We call 6 an
argument of z and write arg z = 6. This expression is not accurate because if 8 is an argument
of z, then for every n € Z, 6 4+ 2nm is also an argument of z. So arg z is a multivalued function.
One may understand that arg z belongs to the quotient group R/(27Z).

Examples. argl =0, arg(—1) = 7, argi = 5, arg(—i) = 3T, arg(—1 + i) = 2.

Now we introduce the principal argument Arg z of a complex number z # 0. There are two
different definitions in the literature:

1. Argz is the unique argument of z that lies in the interval [0, 27).
2. Argz is the unique argument of z that lies in the interval (—m, .

Lang’s book uses the first definition. The second definition is also frequently used.
We use e as a shorthand for cos@ + isinf. The polar form of a complex number is

zzrew, r>0, 60ekR
The polar form is useful because
1. Give a geometric explanation of complex multiplication.
2. Simplify the computations of powers and power roots.

3. Introduce the exponential function of complex numbers.

Theorem 1.2.1. For 61,605 € R,
ei91 ei92 — ei(91+92).



Proof.
e = (cos @) + isin 0y )(cos By + isin o)

= (cos 01 cos O3 — sin 0y sin ) + i(cos 01 sin O + sin O cos O2)
= cos(01 + 03) + isin(6) + Oy) = ' O1+02),
]

Thus, (r1€1)(r2e%?) = (r173)e’(?1192)  This means that arg(z12p) = arg z; + arg zo. Since
arg(l) = 0, we have arg(z1/z2) = arg(z1) — arg(z2). The addition and subtraction can be
understood as the operation in the group R/(27Z).

Now we consider the power function and power roots. Induction shows that arg(z") = narg z
for any n € Z. This gives a method to quickly compute 2™ in some cases because

Pr ‘Z‘neinargz.
We may also use the polar form to find the n-th root of a complex number z, i.e., w € C such
that w™ = z. If z = 0, then w has to be 0. Now suppose z # 0 and § = argz. First, we
have |w| = |2|"/". Second, let § be an argument of z. If ¢ is an argument of w, then n¢ is an
argument of z, which means that

ng =0+ 2kw, keZ.
Thus, we get a sequence of roots:
wy, = |Z|1/n6i(9+2k7r)/n’ kel

This does not mean that we have infinitely many n-th roots of z. In fact, it is clear that
Wgtn = Wg. S0 there are totally n roots: wg,wr, ..., wy—1. They lie on the circle centered at
0 with radius |z|'/”, and the angle between any two of them is 27/n. So these roots are the
vertices of a regular n-polygon.

At the end of this section, we introduce the exponential function:

exp:C—C
such that, for z = x 4+ yi € C,
exp(z) = e%e¥ = e”(cosy + isiny) = e® cosy + ie® siny.
The exp(z) is also written as e®. It has the following properties:

1. exp extends the real exponential function, i.e., if z = x € R, then the value of exp(z)
agrees with that of exp(z) for real exponential function.

2. e*le*? = #1722 This follows from the previous theorem, and extends the similar equality
for real numbers.



3. |e*] = e > 0, which implies that e* # 0.
4. Im z is an argument of e?.

5. For any w € C\ {0}, there exists z € C such that w = e*. In fact, expressing w = re'

with r > 0, we may choose z = logr + 6.

6. exp has period 27i, i.e., exp(z + 2nmi) = exp(z) for any n € Z. This means that the z
such that e* = w is not unique.

We now define the logarithm function log z for every z € C\ {0} such that log z is the set
of w € C with e” = z. From the above observation, we see that

log z = log |z| + i arg 2.
We may define the principal logarithm function by

Logz =log|z| + i Arg z.

The exact value depends on the choice of Argz. Then Log z € log z, and so €8 = 2.

Example. The principal value of log(1 — i) has two possibilities:

log(1 — i) = log(v/2) + zgﬂ, log(1 — 1) = log(v/2) — Z%ﬂ,

depending on which definition we choose.

Homework. Chapter I, §1: 7; §2: 1 (a,c,d,h), 2 (b,c,f,g), 8, 11, 12
Additional problems

1. Compute the following principal logarithms using Argz € [0,27) and Argz € (—m, x|,

respectively:
Log(—i), Log(V3+41i), Log(—1—i).

2. Find all z € C in the rectangular form which solve 264+1 = 0. The trigonometric functions
must be evaluated.

3. Let n € N with n > 2 and zy € C\ {0}. Let wy,...,w, be the distinct n-th roots of z.
Prove that ), _; wy = 0.

4. Let z1,29,23,24 € C be distinct. State conditions in terms of computation of complex
numbers, which make z1, 2o, 23, z4 vertices of a square in the counterclockwise direction.



1.3 Complex Valued Functions
Let S € C. A complex valued function defined on S is a function
f:8—=C.

We have seen a number of complex valued functions such as Re z, Im z, Z, |z|, 2", n € N, and
exp(z), which are all defined on C. The function z~! and 2=, n € N, are defined on C \ {0}.
A complex valued function can be written in the rectangular form:

f(z +yi) = u(x,y) +iv(x,y),

where v and v are real valued functions. For example,

L f(z) =Imz: u(z,y) =y, v(z,y) = 0.

2. f(z) =% u(z,y) =z, v(z,y) = —y.

3. f(2) = 2% u(z,y) = 2® — 2, v(z, y) = 2zy.

4. f(2) = e u(z,y) = € cosy, v(z,y) = e* siny.
5. f2) =27 u(e,y) = i, v(w,y) = — =

6. f(z) = Logz: u(z,y) = log|z +iy| = 3log(z? +y?) and v(z,y) = Arg(z + iy). Recall
that there are two definitions of the principal argument. If y > 0, then in both definitions
we have v(x,y) = arccot(z/y) = § — arctan(z/y).

Now we define the complex hyperbolic functions. Recall that for x € R,

X —T X —T 3
et +e . et —e sinh z cosh z
coshr = ———, sinhx=———, tanhz = , cothx = — .
2 2 cosh x sinh

So we define for z € C,

z —Zz V4 —Z 3
e +e . e —e sinh z cosh z
coshz=———, sinhxr=———, tanhz= , cothz=— .
2 2 cosh z sinh 2

Surprisingly, we will also use complex exponential functions to define complex trigonometric
functions. First, we observe that, for § € R,

e + e % = (cos @ + isinf) + (cosf — isinh) = 2cos b,

e — e = (cosO +isinf) — (cosf — isinf) = 2isin 6.

0 —10 . 60 __ ,—1i60 .
So cosf = % and sinf) = <=7 for 6 € R. This suggests us to define for z € C,
eF 4 et . e* —et® sin z CcoS 2
cCOSz = ———, Slnz=———, tanz = , cotz=—.
2 24 Cos 2 sin z



Most of the trigonometric identities still hold for these complex trigonometric functions. For
example,
9 (eiz + e—iz)Q (eiz _ e—iz)? eZiz 24 e—2iz 621'2 — 24 6—21'2

2 .
— = — =1.
cos” z +sin” z 1 + ) 1 1

But we may not use this equality to conclude that |cosz| <1 and |sinz| < 1. In fact, cos and
sin are unbounded functions.

Homework. I, §3: 4 ( Add (c): The set of z with |z| > 100.); II, §3: 4.
Additional problems.

1. Express sin z and cos z in the rectangular form.

1.4 Topology of Complex Numbers

In this section, we review some topology concepts on C.
The distance between z; = x1 + iy; and zo = x9 + iys is

d(z1,29) = |21 — 22| = V(21 — 22)2 + (y1 — y2)2.
One may easily check the triangle inequality:
d(21,22) + d(22,2’3) = |2:1 — ZQ’ -+ |2’2 — 23| Z |2:1 — 23| = d(21,2’3).

So this distance is a metric space distance. The topology on C is generated by this distance.
Note that the distance agrees with the Euclidean distance on R2. So the topology on C is the
same as the topology on R2.

An open disc of radius r > 0 centered at zg € C is the set

D(zp,7) :={2€C: |z — 2| <r}.

The closed disc is

D(zp,7) :={2€C:|z— 2| <r}.

In this course, a disc is always an open disc.
Let U C C. We say that U is open if for every o € U, there is r > 0 such that

D(a,r) C U.
In general, r depends on a. We have the following examples.
1. C is open because we may always choose r = 1.

2. The empty set () is open because there is nothing to check.



3. The half plane H = {z € C: Rez > 0} is open. For a € H, we choose r = Rea. Note
that, if |z — a| < r, then |[Rez — Rea| < |z —a| <7, so Rez > Rea — r = 0. Similarly,
the half planes {Rez < 0}, {Imz > 0}, and {Im 2z < 0} are also open.

4. The open disc D(zp, R) is open. For o € D(zy, R), we choose r = R — | — zy|. Note that,
if |z —a| <r, then |z — 29| < |20 — | + |2 — ] < |a— 20| +7 =R, so z € D(20, R).

5. For any R > 0, the set S = {z € C: |z — 29| > R} is open. For a € S, we may choose
r=|a— 20| — R.

The open sets satisfy the following properties:
L. If Uy, A € A, is a family of open sets, then (J,c, Uy is also open.
2. If Uy, ..., U, are open sets, then ();_, Uy is also open.

For example, the first quadrant {Rez > 0,Im z > 0} is the intersection of two half planes
{Re > 0} and {Im z > 0}, both of which are open, so it is open.

Let S € C. A boundary point of S is a point o (may or may not lie in .S) such that for any
r > 0, D(a,r) intersects both S and C\ S. We use 95 to denote the set of boundary points of
S. For example, 0{Imz > 0} =R, dD(z,7) ={z € C: |z — 2| =7}.

The closure of S, denoted by S, is the union of S and 8S. S is called closed if S C 9, i.e.,
S = S. We have the following facts:

1. z € S if and only if for every r > 0, D(2,7) NS # 0.

2. S is closed for every S C C.

3. S is closed if and only if S¢:=C\ S is open.

4. If Fx, A € A, is a family of closed sets, then (., F) is also closed.
5. If F, ..., F, are closed sets, then J;_, F} is also closed.

We see that the whole plane C, empty set (), closed half plane {Rez > 0}, and closed disc

D(zp, R) are closed because their complements are open. The same is true for a single point

set {20} = D(20,0). Using a finite union, we see that any finite set {z1,...,2,} is closed.
We say that S is dense in C if its closure S equals to C, i.e., for every z € C and r > 0,
D(z,r)NS #0.

If z,, n € N, is a sequence of complex numbers, and w € C. We say that w is the limit of
Zp, Or zp tends to w, and write

w= lim z,, or z,—w
n—oo

if |z, —w| — 0, that is, for any € > 0, there is N € N such that if n > N, then |z, —w| <e. In
this case, we say that (z,) is a convergent sequence.



For a nonempty S C C, every w € S can be expressed as a limit of a sequence, which is
contained in S, and vice versa. Thus, S is closed if and only if it contains the limits of all
convergent sequences in S.

Since the topology on C is the same as the topology on R”, we have the following theorem.

Theorem 1.4.1. z, — w if and only if Re z, = Rew and Im z, — Imw.

Using the theorem, it is easy to check that z, — 29 and w,, — wg imply that z, + w, —
20 & wo, zZpWy — 2owp, and z, /w, — zo/wo if w, and wy are not zero.

For example, if z,, = z,,+iy, and wy, = u,+ivy, then z,w, = (TpUn —Ynvn) +i(TnUn+Ynty).
Since Tply — YnVn — ToUp — Yoo and Tpv, + Ynly — Tovo + YolUo, We get zpwy, — (Toug —
Yovo) + i(xovo + Youo) = zowo.

A sequence of complex numbers (zy,) is said to be a Cauchy sequence if, given ¢ > 0, there
exists N such that, if m,n > N, then |z, — 2z,| < . The triangle inequality implies that a
convergent sequence is Cauchy. On the other hand, if (2,) is a Cauchy sequence, then (Re z,)
and (Im z,) are two real Cauchy sequences because, e.g., |Rez,, — Rez,| = |Re(zm — 2)| <
|2m — 2zn|. From real analysis, they converge to two real numbers, say v and v. From the
previous theorem, w = u+ i is the limit of (z,). Thus, a Cauchy sequence of complex numbers
is convergent.

We say S C C is bounded if there is R > 0 such that S C D(0, R), i.e., |z] < Rforall z € S.
Theorem 1.4.2. Fvery convergent sequence is bounded.

Proof. If (zy,) is convergent, then (Re z,) and (Im z,,) are convergent sequences of real numbers,
which have to be bounded. Since |z,| < |Rez,| + |Im z,|, (z,) is bounded as well. O

The theorem below is a special case of a similar theorem for R™.

Theorem 1.4.3. [Bolzano-Weierstrass| Every bounded sequence of complex numbers con-
tains a convergent subsequence.

Proof. Let (z,) be a bounded sequence of complex numbers. Let z, = Rez, and y, = Im z,,
n € N. Since |Rez|,|Imz| < |z|, (z,) and (yn) are two bounded sequences of real numbers.
Apply the B-W theorem for real numbers to (x,). We find a convergent subsequence (z, ) of
(). We now look at the subsequence (yy, ), which may not be convergent, but is still bounded.
Apply the theorem again to (yy,). We find a convergent subsequence (ynkl) of (yn, ). Then we
come back to the z-sequence. As a subsequence of the convergent sequence (zy, ), (xnkl) is also
convergent. Thus, (2, ) is a convergent subsequence of (2y). O

Now we recall the definition of compact sets. There are three equivalent definitions.

Definition 1.4.1. A set S C C is said to be compact if the following is true. If {Uy a € A}
is a family of open sets such that S C |J,c 4 Ua, then there exists ai,..., o, € A such that
S C Uiy Uay-

10



Definition 1.4.2. A set S C C is said to be compact if every sequence in S contains a conver-
gent subsequence, whose limit lies in S.

Definition 1.4.3. A set S C C is said to be compact if it is bounded and closed.

The three definitions are equivalent for compact subsets of C. The first definition works for
all topology spaces, the second definition works for all metric spaces, and the third definition
only works for the finite dimensional Euclidean spaces R™. Proving the equivalence between
these definitions require some work. We omit the proof here.

Theorem 1.4.4. Let (S,)22, be a sequence of nonempty compact subsets of C with Sy, D Sp41
for any n € N. Then the intersection of all S, is not empty.

Proof. Choose z, € S,, n € N.Then (z,) is a sequence in (S7). Since S; is compact, (z,)
contains a convergent subsequence (2, ). Call the limit v. Then v € S;. Fix any m € N. If
kE > m, then ng, > k > m, so z,, € Sy, C Spm. Thus, the subsequence (zy, )g>nm is contained in
Sm. Since v is also the limit of this sequence, and S, is closed, we have v € S,,,. Since this is
true for any m € N, we find that v € (,,cr Sm- O

Let A and B be nonempty subsets of C, the distance between A and B is defined to be
dist(A, B) :=inf{|z —w| : 2 € A,w € B}.

Since |z — w| is always nonnegative, dist(A4,B) > 0. If AN B # 0, then dist(A,B) = 0.
But dist(A, B) = 0 does not imply that AN B # (. For example, A = {Rez > 0} and
B = {Rez < 0}.

Theorem 1.4.5. Let A and B be nonempty subsets of C. Suppose A is compact and B is
closed. Then there exist zg € A and wo € B such that |zg — wo| = dist(A, B). In other words,
the minimum of the set {|z —w|: z € A,w € B} exists.

Proof. From the definition of dist(A, B), we may find a sequence (z,) in A and a sequence
(wy) in B such that |z, — wy| — dist(A, B). Since A is compact, it is bounded. So (z,) is
a bounded sequence. Since (|z, — wy|) is convergent, it is also a bounded sequence. From
|wn| < |zn| + |2n — wp| we see that (wy,) is also a bounded sequence. Since A is compact, (zy,)
contains a convergent subsequence (zy, ), whose limit, say zp € A. Applying B-W Theorem to
the bounded sequence (wp,), we find a convergent subsequence (wy, ). Let wo be the limit.
Since (wnkl) is a sequence in B, and B is closed, we have wy € B. Since (an,) is a subsequence
of (zpn,), we know that Zny,, — 20 Finally, from Zny, = 20 and Wny,, — wo We claim that
|20 — wol| = lim |2y, — wp,, | = dist(A, B), which finishes the proof. To prove the claim, we use
the triangle inequalities

|2y, — Wny, | — |20 — wo| < |z, — 20| + [wo — wny |,
‘20 - 'w()‘ - ‘znkl - wnkl’ < ’ZU - anl‘ + ‘wnkl - 'UJ()‘,

which imply that ||z, — wn,, | = [20 — wol| < |2n,, — 20| + [wn,, — wo| — 0. O

11



The above theorem implies that if A is compact, B is closed, and dist(A4, B) = 0, then
AN B # (. The theorem is not true if A and B are both closed. For example, A = N and
B={n+1/n%?:n e N}, dist(4,B) =0 but ANB = 0.

Homework.

[e.e]

1. Prove that, for z € C, the sequence (2™)9°; converges if and only if |z| < 1 or z = 1.

2. Let K be a nonempty compact subset of an open set U C C. Show that there is r > 0
such that D(z,7) C U for any z € K. Note that the r does not depend on z € K.

3. Let S C C. We say that zg is an accumulation point of S if for every r > 0, the intersection
D(zp,r) N S is an infinite set. Let U C C be an open set such that S C U. Suppose that
S does not have any accumulation point contained in U. Prove that for any compact set
K C U, the intersection S N K is finite.

Let SCCand a€S. Let f: S — C. We say that

w = lim f(z).
zes

if for every sequence z, in S that converges to «, we have f(z,) — w. Equivalently, for every
e > 0, there is § > 0 such that if z € S and |z — | < 9, then |f(2) — w| < . Here o may or
may not lie in S. If & € S, then f(«) is defined. We say that f is continuous at « if

f(a) = lim f(2).

Z—Q
z€eS

We say that f is continuous on §' if it is continuous at every a € S. The following theorem
obviously holds.

Theorem 1.4.6. 1. Let SCC. Let f: S — C and g: S — C be continuous. Then f+ g,
f—g, and fg are continuous on S. If g # 0 on S, then f/g is continuous on S.

2. Let ST CC. Let f: S — C and g: T — C be continuous such that f(S) C T. Then
go f is continuous on S.

Here are some examples.

1. Let C € C. The function f(z) = C for all z € C is called constant. It is continuous
because the if z, = C for all n, then 2z, — C. The function f(z) = z for all z € C is
continuous because z, — « implies that f(z,) = z, = a = f(«).

2. Let ag,...,a, € C. The function

n
P(z) = Zakzk =ag+a1z+---a,z2"
k=0
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is called a complex polynomial, which is continuous from the above theorem. If all aj are
zero, then P is constant zero. Other wise, there is a biggest ng such that a,, # 0. Then
we only need to sum up k£ from 0 to ng. In this case, we say that the degree of P is ng,
and write deg(P) = ny.

3. 2z — Rez and 2z — Imz are continuous. For example, let o € C and fix € > 0. Let
d=e>0.If |z —a|] <J, then |[Rez —Rea|] =|Re(z —a)| < |z —a| < d ==

Homework. Let zp € C and f(z) = |z — 2¢|. Show that f is continuous on C.
Theorem 1.4.7. Let S C C be a compact. Let f : S — C be continuous. Then

(1) f(S) :={f(2):z€ S} is also compact.

(i1) f is bounded on S, i.e., there exists R < 0o such that |f(z)| < R for all z € S.

Proof. (i) Let (wy) be a sequence in f(S). Then there is a sequence (z,) in S such that
wp = f(zn), n € N. Since S is compact, (z,) contains a convergent subsequence (2, ), whose
limit, say zp, lies in S. Since f is continuous at zp, we have wy,, = f(zn,) — f(20). Thus,
(wn,,) is a convergent subsequence of (wy), whose limit is f(zp) € f(S). This shows that f(.5)
is compact.

(ii) This follows immediately from (i) since the compact set f(S) is bounded. O

Definition 1.4.4. Let U C S C C. We say that U is relatively open in S if for every zy € U,
there is r > 0 such that
D(zp,r)NS CU.

Equivalently, U 1is relatively open in S if there is an open set V. C C such that U =V NS. We
say that K C S is relatively closed in S if S\ K is relatively open in S.

Note that, if S is open, then U is relatively open in S iff U C S and U is open. We have
the following theorem.

Theorem 1.4.8. Let S C Cand f: S — T C C. Then f is continuous iff for any relatively
open set U in T, f~1(U) :={z € S : f(z) € U} is relatively open in S.

Note that an open real interval is a relatively open subset of R. So we get another way to
show that {z : |z — 20| < r} and {2z : |z — 29| > 7} is open. This follows from that f(z) = |z — 2|
is continuous, {2 : [z — 2| <7} = f71((—00,7)) and {z : |z — 20| > r} = f~((r,00)). Similarly,
to show that the half-plane {z : Imz > 0} is open, we may consider f(z) = Im z.

Note that @ and S are relatively both open and closed in S.

Definition 1.4.5. A set S C C is called connected if the only relatively open and closed sets in
S are () and S.

Definition 1.4.6. A set S C C is called path connected if for any zg,wg € S there ezists a
continuous function vy : [0,1] — S with v(0) = 2o and y(1) = wo.

13



Remark. A path connected set must be connected. The converse may not be true. However,
if S is open, then S is connected also implies that .S is path connected.

Definition 1.4.7. A nonempty connected open set S C C is called a (complex) domain.

Examples of domains include discs, open half planes, and annulus {z € C : r < |z—29| < R},
where 25 € C and R > r > 0. If two discs are disjoint, then the union of them is not a domain.

1.5 Branch of the Complex Logarithm

Definition 1.5.1. A branch of log z in an open set U C C\ {0} is a continuous function L(z)
defined on U such that L(z) € log z, i.e., e/?) = 2 for every z € U.

Suppose L(z) = u(z) +iv(z) is branch of logz in U C C\ {0}. Then we have u(z) = log |z],
which is continuous, and v(z) € arg z. This means that, finding a branch of log z is equivalent
to finding a (continuous) branch of arg z.

Now we consider the principal argument Argz for z # 0. If Argz € [0,27), then Arg is
continuous on Uy := C\ {x € R : z > 0}. If Argz € (—m, 7|, then Arg is continuous on
U_:=C\{z € R:x <0}. So the principal arguments give branches of logz in Uy and U_.
Similarly, we may define branches of log z in C \ {ze'® : 2 > 0} for some fixed 6y € R. Here we
may choose v(z) to lie in [fy, O + 27). The half line {ze? : 2 > 0} is called a branch cut. We
may also have a branch cut other than a half line. It is impossible to find a branch of log z in
C\ {0}.

Once a branch is fixed, it may be denoted “logz” if no confusion can result. Then log z
becomes a single valued function. Different branches can give different values for the logarithm
of a particular complex number, however, so a branch must be fixed in advance in order for
“log z” to have a precise unambiguous meaning. For a fixed determination of the log on U and
a fixed o € C, we may define the complex power function

2% =exp(alogz), zeU.
Homework III, §6: 1(d,e)&2 (d,e).

1.6 Complex Differentiability
Let U be an open set, and let zg € U. Let f: U — C. We say that f is complex differentiable

at zg if the limit
L 1)~ £
Z—20 zZ— 20
exists. The limit is denoted by f’(z¢) or df/dz(zy). The symbol z — zy means that z stays
in U\ {20} and tends to zp. Note that if z = 29, the fractal has no meaning. An equivalent
definition is
f(z0 + 1) — f(20)

i T
F(z0) = lim h ’
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if the limit exists. If f is differentiable at every z € U, then we say that f is differentiable on U.
In this case, we also say that f is holomorphic on U. If S C C is not open, when we say that f
is holomorphic on S, it means that there is an open set U O S such that f is holomorphic on
U. We say that f is an entire function if it is holomorphic on C.

Examples.

1. Let wy € C. Let f(z) = wy for all z € C. Since %ﬁém) =0 for any z # z9 € C, we see
that f’(z) =0 for all z € C.

2. Let f(z) = z for all z € C. Since %ﬁézo) =1 for any z # zp € C, we see that f/'(z) =1
for all z € C.

The basic properties for derivatives of real valued functions still hold here. The proofs are
similar. Suppose f and g are both differentiable at zy. Then

1. f and g are also continuous at zg.
2. Sum Rule. f + g is also differentiable at zg and (f + g)'(20) = f'(20) + ¢'(20)-

3. Product Rule. fg is also differentiable at 2g and (fg)'(20) = f'(20)9(20) + f(20)g'(20)-
A special case is when g is constant C, and we get (C'f) (z0) = C'f'(20).

4. Quotient Rule. If g(zp) # 0, then f/g is differentiable at zp, and

(i)/(zo) — f/(ZO)g(ZD) _ f(ZU)g/(ZO) )
g 9(20)?
A special case is when f is constant 1, and we get (é)’ (20) = ;*‘(];gz)%).

In addition, we have the Chain Rule. If f is differentiable at zy and g is differentiable at
f(20), then g o f is differentiable at zp, and

(g0 f)(20) = g'(f(20)) f'(20)-

Thus, if f and g are holomorphic on U, and a € C then f+g, af, and fg are also holomorphic
on U. If in addition, g # 0 on U, then f/g is holomorphic on U. If f is holomorphic on U, g is
holomorphic on V', and f(U) C V, then g o f is holomorphic on U.

If f is holomorphic on U, then f’ is a well-defined function on U. If f’ is also holomorphic
on U, then we define f” = (f’). Similarly, we define f” = (f”) if f” is holomorphic on U.
Another set of symbols is f(O) = f and f+1) = () if £ is well defined and is holomorphic
onU.

Examples.

1. Using induction, we see that d%z" =nz""! for any n € N.
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2. Every polynomial P(z) = Y"}'_;a,2" is an entire function, and we have

n

P'(2) = Z apkz1,

k=1

which is also a polynomial. If deg(P) = n > 1, then deg(P’) = n—1. If deg(P) = 0, then
P’ =0. Thus, Pt =0 if n = deg(P).

3. Since 2" # 0 if z # 0, we see that f(z) = 27" = % is holomorphic on C \ {0}. Using the

quotient rule, we get

—’I’LG_l

fl(z) = —— = —nz "L

()2

Thus, the formula £ 2" = nz"~! holds for any n € Z and 2 € C\ {0}.

1.7 The Cauchy-Riemann Equations

Let U be an open set, and let zg = xg +1iyg € U. Let f : U — C. Write f(x + iy) =
u(z,y) + iv(z,y). It is not always efficient to use the definition and the derivative rules to
determine whether f is complex differentiable at z5. We now introduce a new method.

Theorem 1.7.1. f is complex differentiable at zg if and only if the following two conditions
hold.

(i) Both u and v are totally differentiable at (xo,yo);

(i) The partial derivatives of u and v satisfy the Cauchy-Riemann equation at (zg, o), i.e.,
u:l,’(x(hy()) = vy(CCanO)a Uy(fﬂo,y()) = _vl‘(anyO)'

In addition, we have f'(z0) = uz(xo,yo) + v (0, yo)-

Recall that we say that u is totally differentiable at (xq,yo) if there exist a,b € R such that

i U@ y) —u(zo,90) — alw —x0) — by — yo)

=0,
(z,y)—(z0,y0) \/(95 —20)% 4+ (y — y0)?

where (z,y) — (20, y0) means that \/(z — 2¢)2 + (y — y0)2 — 0. The formula means that, near
(z0,Y0), u(z,y) can be approximated by the function h(z,y) = u(xg, yo) + a(x — x¢) + b(y — yo).

The graph of h is a plane that passes through the point (x¢, yo, u(x0,%0)), which is a tangent

u(z,yo)—u(zo,y0)—a(r—zo) __ 0
|x—xo| -

which implies that ug(xo,y0) = a. Similarly, u,(xo,y0) = b. In general, the existence of the
partial derivatives does not imply the totally differentiability. Recall the following proposition
in multi-variable calculus, which can help us to check the totally differentiability.

plane of the graph of u. Setting y = yo, we see that lim, ,,,
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Proposition 1.7.1. Let U be an open set in R?, and u be a real valued function defined on U.
Suppose u, and u, exist everywhere on U, and are continuous. Then u is totally differentiable
everywhere on U.

Proof of Theorem 1.7.1. First, we note that f is differentiable at zg and wy = f’(2¢) if and only

if
lim f(z) = f(20) —wo(z — 20)

Z—20 zZ — 20

= 0.
Since z, — 0 if and only if |z,| — 0, the above formula is equivalent to

lim f(2) = f(20) —wo(z — 20)

= 0.
z—20 |z — 2o

Writing z = z + yi and wo = a + bi, we find that z — 2z is the same as (z,y) — (x0,%0), and

f(z) = f(20) —wo(z — 20) _ u(®,y) — ulzo,y0) — alz — z0) + b(y — vo)

|2 = 0] V(@ = 20)% + (y — y0)?

HU(»’U, y) — v(wo,yo) — b(x — x0) — a(y — yo)
V(@ —x0)%+ (y — v0)?
Thus, f'(z0) = a + bi if and only if

u(z,y) — u(wo, Yo) — a(x — xo) + b(y — yo)

lim
(z,y)—(z0,y0) \/(3? —20)2 + (y — yo)?
i Y@y) —v(@o,ye) —blx —20) —aly —wo) _
(2.5)~@0,30) V(@ —20)2 + (y — v0)? ’
which is equivalent to that u and v are totally differentiable at (zg, o), and uy(zo,yo) =
vy(x0,Y0) = a and —uy(xo,y0) = vz(z0,y0) = b. This finishes the proof. O

Corollary 1.7.1. Suppose Uz, Uy, Vg, vy are all continuous on U, and the Cauchy-Riemann
equation u; = vy and uy = —vg holds throughout U. Then f is holomorphic on U, and
f=uz +iv,.

Examples.

1. If f is an entire function (U = C) that satisfies f’ = 0, then we can conclude that f is
constant. The reason is: from f' = wu, +iv, = vy — iy, we see that u, = uy = v, = v, = 0.
From Real Analysis, we see that both u and v are constant. So f is constant. If U # C,
whether f/ = 0 implies that f is constant depends on the connectedness of U.
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2. Recall the exponential function exp(x + yi) = e*(cosy + isiny) defined on C. We have
u(x,y) = e* cosy and v(zx,y) = e*siny. Computing their partial derivatives, we get

Uy = e’ cosy, uy=—e’siny, v, =e"siny, e’ cosy.

All of these functions are continuous on R?. Thus, v and v are totally differentiable at
every (z,y) € R? Since u and v satisfy the C-R equation everywhere, exp is holomorphic
on C. Moreover, we have

exp’(2) = ug + iv, = €” cosy + ie” siny = exp(z).

. iz —iz . iz__ ,—1z .
3. Since cos z = % and sin z = &—=5—, they are both holomorphic on C, and
, Z'ezz _ ,L'e—zz . . Z'ezz _ (_Z’)e—zz
cos z= ———— = —¢inz, sinz=—"—"— =cosz.
2 21

Similarly, cosh’ z = sinh z and sinh’ z = cosh z.

4. Since tanz = S22 and cot z = $22 tan 2 is holomorphic on C\ {n7 +1/27 : n € Z}, and

cot z is holomorphic on C\ {n7 : n € Z}. From the quotient rule,

, sin’ zcosz —sinzcos' 2 cos? z + sin? z 1
tan' z = 3 = 3 = 575
cos? z cos? z cos? z
I ) .9 2
, cos’ zsinz —coszsin’ 2 —sin® 2z — cos? z 1
cot' z = — = — =——=
sin® z sin® z sin” z

5. We will prove later that any branch of log z is holomorphic. In the homework, we will
consider the principal logarithm.

Homework.

1. Let Logz be the principal logarithm function defined using Argz € (—m, 7]. Prove that
Log is holomorphic on C\ {z € R : =z < 0}, and %Logz = % Hint: Apply the C-R
equations to Uy = {Imz > 0}, Uz = {Rez > 0}, and Uz = {Im z < 0} separately.

2. (i) Let f and g be two entire functions such that f/(z) = ¢/(z) for all z € C. Show that
there is a constant C' € C such that f = g+ C. (ii) Let f be an entire function and n € N.
Suppose that £ = 0. Show that f is a polynomial of degree no more than n — 1.

3. Let f be an entire function. Suppose that |f| is constant. Prove that f is constant. Hint:
f = C implies that u? + v?> = C?. Take partial derivatives and apply the C-R equations.

4. Let f be an entire function. Suppose that f'(z) = f(z) for all z € C. Prove that there is
a constant C' € C such that f(z) = Ce®.
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Chapter 2

Power Series

Let (an)2, be a sequence of complex numbers, we will study the following power series

[e.9] n

E anz" := lim E ap?® = ap + a1z + ag2® +az® + - .
n—oo

n=0 k=0

Recall that 0° = 1. Since 0" = 0 for n > 1, the series always converge at 0, and the sum is aj.
We are interested in two questions:

1. For what z € C does the series converge/diverge?
2. If we define f(z) = >, ;a,2", what property does f have?
The following two theorems answer these questions.

Theorem 2.0.2. [Main Theorem 1] Let
1

= . 2.1
lim SUPp 00 |aﬂ|1/n ( )

Then the series converges if |z| < R, and diverges if |z| > R.

Such R is called the radius of convergence, or simply radius. Since limsup takes value in
[0,00], R € [0,00] as well. Here we use the convention that = co and = = 0. If R = 0, the
series converges only at z = 0. If R = oo, the series converges for all z € C. If R € (0,00), the
series may converge or diverge when |z| = R.

We may use (2.1) to calculate the radius of convergence. Here are some tests, which work
for particular cases.

Root Test. If lim|a,|"/" exists, then limsup, .. |a,|"/" equals to this limit, so R is the
reciprocal of the limit.

Ratio Test. If lim 2. exists, then R equals the limit.

lan+1]
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The ratio test is valid because for a sequence of positive numbers (ry,), if lim 7,41 /7, exists,
then lim r,l/ " also exists, and the two limits are equal. This is a result in real analysis.
In the following examples, we will compute the radius of convergence of some power series.

Recall that R = 1/lim |a,|"/™ or R = lim |a,|/|any1| if either limit exists.

Examples.

1
11—z

1. The radius of > 2™ is 1 because 11" — 1. From a homework problem, the limit is

2. The radius of Y nlz" is 0 because n!/(n+ 1) =1/(n+1) — 0.

3. The radius of > %Y,l is 0o because %/m =n+1— 0.
4. The radius of 3 22" is e because n/(rfiﬁln)il = (2t e,

5. For a € C, consider the binomial series > o (¢)2", where (3) =1 and

<a> _ale—Do(a-ntl)

i

n n!
The radius is oo if @ € Z and a > 0 because in this case (7) = 0 for n > a + 1. If
o ¢ {0,1,2,...}, then () never vanishes, and [(7)/(,%;)| = ]"‘H] — 1, which implies

that R = 1.

Remark. The binomial series in the last example converges to the complex power function
(14 2)®, where the branch of log(1 + z) in U = {|z| < 1} is chosen such that log(1) = 0.

Homework. II, §2: 4 (a,c,f,g), 10
Additional Problem:
Let Y a,2™ be a power series with radius R. Answer the following questions with explanation.

(i) If the series diverges at z = 3 — 4i, what can you say about R?

i e series converges for every z € ,1), what can you say about R?

ii) If th i f D(0,1 h b R?
(iii) What is the radius of 3 a,2*"?

Theorem 2.0.3. [Main Theorem 2] Suppose R € (0,00]. Then f(z) := > o7 janz" is
holomorphic on D(0, R). Moreover, f'(z) = oo na,z""1, whose radius is also R.

Note that since f’ is also the sum of a power series in D(0, R), it is also holomorphic and
f" is still the sum of a power series. Repeating this argument, we find that f is infinitely many
times complex differentiable.

One important example is the power series



We have seen that R = co. Applying Theorem 2.0.3, we see that f(z) = .°° 27 is an entire

n=0 n!
function, and
e n—1 & n—1 x  _k
ron nz _ z _ 2
ey = nzzl ! nzzl (n—1)! kzo i)

From a homework problem, we see that f(z) = Ce? for some C' € C. Since f(0) =ag=1= ¢,
we see C' = 1. Thus, the function e* has a power series expansion:

-3

For any r € C, the function e also has a power series expansion:

z z
=ldz4+ -+ = +—+- z €C.

'rL 22 3 4
n! 2 6 ' 24

n

—Z Z;'z”, z € C.

n=0

From the definition of cos z an sin z, we get

COSZ:%(Zn‘ +Z n‘ )_il—’_g_l)n nf il

Nv

n=0 n=0 k:O
22 28
=1l—-=+4+——-— eC.
SR YRE
The third “=" holds because (1 + (—1)")/2 = 0 when n is odd, = 1 when n is even, and

we change the index using n = 2k. Since the series converges for every z € C, its radius of
convergence is co. In this case, we can not use the ratio test because a,, = 0 if n is odd.
Similarly,

: S A N G ) LA N B G ) A S S W
sz:?i<ZHZ 2 Z):Z 2 al” :Z(2k+1)!z
n=0 n=0 n=0 k=0
)k L2kl 2 2° 27
B N S LA E eC.
kzo 2k + 1)! T R T

Here we change the index using n = 2k + 1. The radius of convergence of this power series is
also oo, and a,, = 0 if n is even.

2.1 Series of Complex Numbers

Let (z,) be a sequence of complex numbers. Consider the series
[e.9]
>
n=1
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We define the partial sum

n
sn:sz:zl+---+zn.
k=1
We say that the series converges if there is w € C such that

lim s, = w,
n—oo

in which case we say that w is equal to the sum of the series, that is

oo
w = g Zn-
n=1

If (s,,) diverges, we say that the series diverges.
If > a, and ) S, are two convergent series, and C' € C, then > Ca,, and ) (o, + 5) also

converge, and
Z Cay =C Z Qp;

If a series ) | z, converges, then z, — 0. In fact, let (s,) be the partial sum sequence. Then
(sn) and (s,—1) both converge to the same limit, which implies that z, = s, — s,—1 converges
to 0. This means that, if (z,) diverges or does not tend to 0, then >_ z, diverges.

Let > oy, be a series of complex numbers. We say that this series converges absolutely if
the non-negative series

Z ||

converges. We claim that if a series converges absolutely, then it converges in the usual sense.
Indeed, let s, = Y p_; o and t, = > p_; |ag|, n € N. For m < n we have

Sp = Sm = Qm41 + -+ Qp.

Hence
|5n - Sm‘ < |am+1| + - ’an| =tn — tm.

Assuming the absolute convergence, () is a Cauchy sequence, which implies that (s,) is also
a Cauchy sequence from the above inequality. Thus, (s,) converges.
From calculus, we have the comparison test for convergence.

Comparison Test. Let ) «, be a series of complex numbers. Let > ¢, be a convergent series
of nonnegative real numbers. If |a,| < ¢, for all n, then the series } «,, converges absolutely.
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2.2 Sequence and Series of functions

Let S ¢ C. Let f, : S — C, n € N. We say that the sequence (f,) converges pointwise on
S if for every z € S, the sequence of numbers (f,(z)) converges. We now define uniformly
convergence. For f:.S5 — C, the Sup norm of f on S is defined to be

1flls = [If]l = sup [f(2)].
zeS

We see that || f|| > 0; ||f]| = 0 if and only if f is constant 0; for any C' € C, [|Cf] = |C|||f]l;
and the following triangle inequality holds:

1f +gll < 11+ 1lgll-

To prove the triangle inequality, note that for every z € S,

[F(2) +9()| < [f(2)] +|g()] < IfII+ llgll;

and then take the supremum over z € S.
We say that (f,) converges uniformly on S if there is f : S — C such that

lim || f, — flls = 0.
n— 00

An equivalent definition is: for every € > 0, there is N € N, such that if n > N, then
| fn — flls < e. Since for each z € S, |fn(2) — f(2)| < ||fn — flls, We see that the uniformly
convergence implies the pointwise convergence.

Theorem 2.2.1. Let (f,) be a sequence of continuous functions on S, which converges uni-
formly to f on S. Then f is also continuous on S.

Proof. We will use the so-called £/3-argument. Let zp € S. Let € > 0. Since || f, — f|ls — 0,
there is N € N such that || fy — f|ls < ¢/3. Since fx is continuous on S, there is 6 > 0 such
that if z € S and |z — 29| < 0, then |fn(z) — fn(20)| < €/3, which then implies that

1f(2) = f(20)| < [f(2) = In(2)] + |fn(2) = Fn(z0)| + [fn(20) — f(20)| <e/3+e/3+e/3=¢.
So f is continuous at zg. This shows that f is continuous on S. O

We say that (f,,) is a uniformly Cauchy sequence, if given € > 0 there exists N such that if
m,n > N, then ||f, — fm| <e.

Theorem 2.2.2. A sequence of functions (fy,) on S is uniformly Cauchy on S if and only if it
converges uniformly on S.
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Proof. First, suppose f, — f uniformly on S. Let € > 0. There is N such that n > N implies
that || fn, — flls <e&/2. If n,m > N, then

[ = Sl S W = Fl+ 1 fm = fll <e/24 /2 =€

Thus, (f,) is uniformly Cauchy on S.

Now suppose that (f,,) is uniformly Cauchy on S. Then it converges pointwise on S because
for each z € S, |fn(2) = fin(2)| < || fn — [l < € if myn > N, which implies that (f,(z)) is a
Cauchy sequence of complex numbers. Let f : S — C be the pointwise limit of (f,). There
exists N such that if m,n > N, then || f, — fm|| < /2, which implies that |f,(2) — fin(2)| < &/2
for all z € S. From triangle inequality, we get

[fn(2) = fR)| S fu(2) = fn(2)] + [fm(2) = F(2)] < €/2+ [fm(2) = f(2)].

Fix n > N and let m — oo. Since f,(2) — f(2), we get |fn(2) — f(2)| < &/2 < e. This holds
for any z € S and n > N. So (f,) converges to f uniformly on S. O

Consider a series of functions, > fy, where each f, is defined on S. Let s, = >} fr: S —
C be the partial sum. We say that the series converges pointwise/uniformly if the sequence of
functions (s,) converges pointwise/uniformly. A series »_ f, is said to converge absolutely if
the series >_ | fn| converges pointwise. For example, if > f,, converges uniformly to f on S, and
each f, is continuous on f, then the partial sums s,, are all continuous, so f is also continuous.
We have the following comparison test.

Theorem 2.2.3. Let (¢,,) be a sequence of nonnegative real numbers, and assume that »_ ¢,
converges. Let (fy,) be a sequence of functions on S such that ||f|| < ¢ for all m. Then > fy
converges uniformly and absolutely.

Proof. To prove that > f,, converges absolutely, note that for each z € S, |f,(2)| < ||fnll < cn.
So we can apply the comparison test for the series of complex numbers. To prove that ) f,
converges uniformly, it suffices to show that the partial sum sequence s, = > ;_; fx, n € N, is
a uniformly Cauchy sequence. In fact, for n > m,

n n m
lsn =smll =1 D Sl < D Al < DY o
k=m-+1 k=m+1 k=n+1
which tends to 0 as n,m — oo. Thus, (s,) is a uniformly Cauchy sequence. ]

2.3 Radius of Power series

Now we come back to the power series
oo
E a,z",
n=0
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where (a,)0%, is a sequence of complex numbers. Before proving Main Theorem 1, let’s recall
the definition of lim sup.
The limsup of a sequence of real numbers (x,,) is defined to be the infimum of the following
decreasing sequence:
Uy, =sup{zy : k>n}, neN

If L > limsupx,, then there is some U, such that L > U,, which implies that x; < L for
k > n. If L < limsup z,, then U, > L for each n, which implies that for every n € N there is
k > n such that z; > L.

We are now ready to prove Main Theorem 1. In fact, we can prove a little bit more.

Theorem 2.3.1. Consider the power series > a,z". Suppose % = limsup |a,|"/". Then
(i) The series diverges for |z| > R.
(1) The series converges absolutely for |z| < R.

(111) If R > r > 0, then the series converges uniformly on {|z| < r}.

Proof. (i) Suppose |z| > R. Then 1/|z| < 1/R = limsup |a,|"/". Thus, for every n € N there
is k > n such that |ai|"/* > 1/|z|, which then implies that |azz*| > 1. Thus the sequence
(anz™) does not converge to 0, and the series Y a,2z" must diverge. This finishes the proof of
(i). If R = 0 then (ii) and (iii) must hold because there is nothing to check. Suppose R > 0.
Let r € (0,R), and let L € (r,R). Since L < R, 1/L > 1/R = limsup |a,|'/™. So there is
N € N such that for n > N, |a,|'/™ < 1/L, which implies that |a,,L"| < 1. Thus, the sequence
(anL™)7% is bounded. Suppose for some C < oo, |ap, L™ < C for all n. Let z =r/L € (0,1).
Then
lan|r" = |a, L"|z" < Cz™, n>0.

From real analysis, | 2" converges. Thus, > |a,|r"™ converges from the comparison test. Since
for |z| < 7, |apz" < lan|r™, From the previous theorem, » a,z" converges absolutely and
uniformly on {|z| < r}. This finishes the proof of (iii). Finally, since ) |a,2"| converges
pointwise on {|z| < r} for every r € (0, R), it must converge pointwise on {|z| < R}. This
finishes the proof of (ii). O

If R > 0, and we define f(z) =Y .7 anz", then from (iii) we conclude that f is continuous
on {|z| < r} for any 0 < r < R, which then implies that f is continuous on {|z| < R}. In
general, the series may or may not converge uniformly on {|z| < R}.

Homework.

1. Prove that the series Y - ;2" does not converge uniformly on D(0,1).
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2.4 Differentiation of Power Series

We now come to the proof of Main Theorem 2. Although we know that %ZO =0 and d%z" =

nz"" 1! for n > 1, we can not conclude immediately that d% > panz" =3 0% nayz" "t

Lemma 2.4.1. The series S >0 a,z" and S °° ., na,z" ! have the same radius of convergence.
n=0 n=1

Proof. Since > 00 nanz""! and > 00 | na,z™ converge for the same z, they have the same
radius of convergence. Since limn!/™ =1 € (0, 00), we get

lim sup |na, "™ = lim n'/™ lim sup |a, |/ = lim sup |a,|"/™.
So >0 nayz™ and Y7 anz™ have the same radius of convergence. O

Proof of Main Theorem 2. Let f(z) = Yo% janz" and g(z) = o2 na,z"~ ' on D(0, R). We
will show that f’(z9) = g(z0) for every zy € D(0,R). Fix zp € D(0, R). We need to show that

%ﬁézg) —g(z0) = 0 as z — zp. We find that
f(Z) — f(ZO) . - (Zn — Zg n71>
z — 20 9(20) =3 _an Pz 0
n=1
(o]
::j{:fhxz”_l—%z"_on—F---+—zz§‘2+—zg_1—-nzg—l)
n=1

o0

n—1
_E:anE:Z_ZOnlk Z_ZOE:anE: 1k§:zjk1]

o) n—1k—1

— (z—zO)ZanZszzg_Q_j.

n=2  k=1;=0
Choose L € (|z0|, R). Let e = L — |zg]. If |2 — 29| < &, then |z|, |2z0| < L, and so

[e's) n—1k—1 n—1k—1
ol
PEOBHIE j\ > ol Yoy
n=2 k=1 j=0 n=2 k=1 j=0

_Z‘an’ 2)Ln2

Applying the previous lemma twice, we find that Y _,an(n — 1)(n — 2)2"2 has the same

radius of convergence as Y oo a,2". Since L € (0, R), the series > o, an(n — 1)(n — 2)L"2

nln?)an

converges absolutely. Thus, C := 3 >, |a,| < 00. So we get the inequality

M—g(z()) < Clz— 2z, |z—20|<c¢e/2.
z— 20
This shows that lim,_, %ﬁzo) — g(20) = 0 as desired. O
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We now see that, if f is the sum of a power series with radius R > 0, then f is holomorphic,
and f’ is the sum of another power series, which also have radius R. We may further differentiate
f’. So we see that f is infinitely many times complex differentiable.

On the other hand, the Main Theorem 2 also gives a method to find a holomorphic function
F on D(0, R), whose derivative is f(z) = > 2 anz". Such F is expressed by a power series:

F(z) = C+ Y02 222"+, which also have radius R.

Differentiating the power series m times, we get

f(m :< ) ian i n=1)---(n—m+ L)ayz""".

Since the value of £("™)(0) is the coefficients of the constant term, we get f(™(0) = m!a,,. Thus,

F™(0)

n!

an = , n=0,1,2,....

This means that we can recover the coefficients a,, from the n-th derivative of f at 0.
We will often consider series of the form

00
Z an(z - ZO)n
n=0

We call it a power series centered at zg. If % = lim sup |an\1/ ™ then the series converges for
|z — 20| < R and diverges for |z — zp| > R. If R > 0, then the series converges to a holomorphic
function f on D(zg, R), which is infinity times complex differentiable, and we have

f(")(zo)

=, n=0,1,2,.... (2.2)
n.

Ay =

This means that we may rewrite the series as

> £(n)
= ! n('zo) (2 = 20)".
n=0 ’

Homework. II, §5: 1, 4, 6(a).

2.5 Analytic Functions and Uniqueness Theorem

Definition 2.5.1. Let U be an open set and f : U — C. We say that f is analytic on U if for
every zg € U, there isr > 0 and a sequence of complex numbers (a,)5>, such that D(zg,r) C U

and f(z) =Y " gan(z — 20)" on D(zg,T).
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From the differentiability of power series we see that, if f is analytic on U, then it is
holomorphic on U, and its derivative is still analytic on U. So such f is infinitely many times
complex differentiable on U. Moreover, at every zy € U, the coefficients a,, of the power series

expansion of f centered at zg can be calculated using a,, = ! (n:lgzo), n=0,1,2,---.

In the next chapter, we will show that a holomorphic function is also analytic. Thus, if
a function is complex differentiable on an open set, then it is infinitely many times complex
differentiable. There is no such phenomena in real analysis.

Let f be analytic in U. A zero of f is some z € U such that f(z) =0. Fix zp € U. Let a,,
n > 0, be the coefficients of the power series expansion of f at zg. This means that for some
r >0, D(zp,7) CU and f(z) = > 77 ;an(z — 20)" on D(zp,r). There are three cases about the

behavior of the zeros of f near zg.

1. If ap # 0, then f(z9) # 0. Since f is continuous, there is r; € (0,7) such that D(zg,r1)
contains no zero of f.

2. If ag = 0 but not all a,’s are 0, then there is some smallest m € N such that a,, # 0.
Then there is 7 > 0 such that f(z) = (z — 20)™g(2) and g(z) = Y>35 ak+m(z — 20)* on
D(zp,r). Since g(z0) = am # 0, there is r1 € (0,r) such that D(zg,r1) contains no zero
of g. Since (z — 2z9)™ = 0 if and only if z = 2, we find that D(zg,r1) contains only one
zero of f, which is zg.

3. If all a,’s are 0, then f is constant 0 on D(zp,7). In this case, every z € D(zp,r) is a zero

of f.

Let S C C and zyp € C. Recall that zg is an accumulation point of S if for every r > 0,
D(zp,r) contains infinitely many elements in S. Note that this implies that zj lies in the closure
of S: S. However, zy € S may not be an accumulation point of S. For example, any finite set is
closed, but has no accumulation point; the set {1/n : n € N} has only one accumulation point,
which is 0.

Lemma 2.5.1. zy is an accumulation point of S if and only if there is a sequence (z) in
S\ {z0} such that z, — zp.

Proof. If ) is an accumulation point of S, then for any n € N, there is z, € SN (D(z0, 1)\ {20}).
Then (z,) is a sequence in S\ {z0}. From |z, — 29| < 1 we see that z, — 2. This proves the
“only if” part. On the other hand, suppose (z,) is a sequence in S\ {zp}, which tends to z.
If zp is not an accumulation point of S, then there exists r > 0 such that D(zp,7) N S is finite,
which then implies that D(zo,7) N {2, : n € N} is finite. This shows that inf,en |25, — 20| > 0,
which contradicts that z,, — zg. This proves the “if” part. ]

Theorem 2.5.1 (Uniqueness Theorem). Let U be a domain.

(i) Suppose f is analytic in U, and is not constant 0. Then the set of zeros of f has no
accumulation point in U.
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(ii) Suppose both f and g are analytic on U, and there is S C U with an accumulation point
in U such that f(z) = g(2) for z€ S, then f=g inU.

Proof. (i) Let Z denote the zeros of f. Let A denote the set of accumulation points of Z that
lie in U. Since Z is a relatively closed subset of U, and f is not constantly zero, we have
AcCZ ; U. First we show that A is relatively closed in U. Suppose (z,) is a sequence in A
that tends to zp € U. If zy equals some z,, then zy € A; if z, # zp for any n, then (z,) is a
sequence in Z \ {2} that tends to zp, which implies that zy is an accumulation point of Z, i.e.,
zg € A. Thus, A is relatively closed in U. Now we prove that A is open. Recall that for any
zp € U, there is 7 > 0 such that one of the following three cases occur: 1. D(zp,r) contains
no zero; 2. D(zp,r) contains only one zero, which is zp; 3. every point in D(zg,r) is a zero.
In the first two cases zp is not an accumulation point of the zeros. Thus, if z5 € A, then the
third case happens for some r > 0, which then implies that every point in D(zp,r) is also an
accumulation point of the zeros, i.e., D(zp,r7) C A. Thus A is an open set. So A is relatively
open in U. Since U is connected and A G U, we must have A = ). The proof is done.

(ii) Let h = f — g. Then h is analytic in U, and S is a subset of the zeros of h. Since S has
an accumulation point in U, from (i) we see that h is constant 0, so f = g on U. O

Remarks.

1. We will show later that a holomorphic function is also analytic. So the above theorem
also works for holomorphic functions.

2. Uniqueness theorem tells us that if f is analytic on a domain U, and S is a subset of U
that contains an accumulation point in U, then the values of f on .S determine the whole

f

3. The theorem shows that there is only one way to extend the function e” from R to C such
that the new function is holomorphic. Let f(z) = e*. Suppose g is another holomorphic
function on C that satisfies g(z) = e* for x € R. Then f = g on R. Since R has an
accumulation point in C, the theorem implies that f = g on C.

4. The above argument also works for the trigonometric functions such as sin z and cos z.
If a trigonometric equality holds for real numbers, then it usually also holds for complex
numbers. For example, we now have another method to show that cos? z + sin? z = 1.
Note that f(z) := cos? z + sin? z is an entire function, and equals g(z) := 1 for z € R.
The theorem shows that f =g on C.

Homework.

1. Let f be an analytic function in an open set U. Let V = {z € C: z € U}. Define g on
V by g(z) = f(Z). Show that g is analytic on V. Note: So far it is not sufficient to show
that ¢ is holomorphic because we haven’t proved that holomorphic implies analytic.

29



2. Let U be a nonempty connected open set such that for every z € U, Z € U. (i) Show that
U NR contains an open interval. (ii) Let f be analytic on U. Suppose f(x) € R for every
x € UNR. Prove that f(Z) = f(z) for any z € U.

3. Prove that there does not exist a function f, which is analytic in C, and satisfies f (%) =
| for any n € Z\ {0}.
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Chapter 3

Cauchy’s Theorem

3.1 Curves

A curve 7 is a continuous function 7 : [a,b] — C, where [a,b] is a real interval. We call v(a)
the beginning point, and ~(b) the end point of the curve. The set {y(¢) : a < t < b} is called
the image of 7. Sometimes a curve may refer to its image set. The reverse of v is a curve
v~ : [a,b] — C defined by v (t) = 7(a + b — t), which has the same image as 7, but the
beginning point and end point are swapped. A curve is called closed if its beginning point is
the same as its end point.

We say that a curve v is C' if its real part Rey and imaginary part Im « both have continuous
derivatives (at the endpoints of the interval we consider one-sided derivatives). The derivative
of v is defined by

Y (t) = (Ren)' (1) + i(Im ) (2).

A curve v defined on [a, b] is called piecewise C! if there is a partitiona = 2o < 21 < --- <z, = b
such that the restriction of v to every subinterval [zy_1,7x], 1 < k < n, is C!. At the partition
points, v has one-sided derivatives in both directions, which may not agree.

From now on, a curve is always assumed to be piecewise C'! unless otherwise stated. Let
be a (piecewise C!) curve. The length of v is defined by

b .
)= [ h =3 /

The Riemann integral is well defined although |7/| may not be defined at the partition points.
We have L(y~) = L(v) since

Tk
[/ (8)]dt.

k—1

b b b
Liy) = / |~ (a+b—t)|dt = / 7 (a+b— t)]dt = / Y (t)]dt = L().

Examples.
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1. Let zg,wp € C. Let y(t) = (1 — t)z0 + twg, 0 < t < 1. The beginning point is v(0) = zo,
and the end point is (1) = wg. We have 7/(t) = wg — 29, 0 < t < 1. The image of v is
a line segment connecting zp and wg. The length of v is fol |7/ (t)|dt = Jwo — 2| We use
[20, wo] to denote this curve. Its reverse is [wy, 2p].

2. For g € C and r > 0, define () = 29 + re®, 0 < ¢t < 2. It is a closed curve since
7(0) = v(27) = 20 + r. We have /() = iret, 0 < t < 27. The image of « is a circle:
{]z — 20| = r}. The length of v is f027r |7/ (t)|dt = 27r. Later when we view {|z — 29| = r}
as a curve, it always means the above 7.

Suppose two (piecewise C'') curves v : [a,b] — C and 7 : [¢,d] — C satisfy that the endpoint
of v agrees with the initial point of n, i.e., y(b) = n(c). Define v @ n on [a + ¢, b + d] such that
yont)=qt—c),a+c<t<b+candy®dnt) =nt—->0),b+c<t<b+d Theny®n
is also a (piecewise C!) curve. The beginning point of v @ 7 is the beginning point of 7; the
end point of v @ 7 is the end point of n; the image of v @ n is the union of the two images; and
the length of v @ n is the sum of the two lengths. The composition satisfies the associative law,
so we may define v; @ v2 & - - - & 7, if the endpoint of v;, agrees with the initial point of 541,
1<k<n-1.

Example.

1. If two curves v and n have the same beginning point and the same end point, then v@&n~
is a closed curve.

2. Let zp,21,...,2n € C. Then [29, 21] @ [21,22] -+ @ [2n—1, 2n] 1S & curve called a polygonal
curve. It is closed if z, = zg.

Let v be a curve defined on [a,b]. Let ¢ : [c,d] — [a,b] be continuously differentiable such
that ¢’ > 0, ¢¥(¢) = a, and ¥ (d) = b. Then y o is also a curve, and

(o) (t) =~ (V)Y (2).

We say that v o 1) is a reparametrization of 7. Note that v o and v have the same beginning
point, the same end point, the same image, and the same length. Indeed,

/wo £)ldt = /w I (t)|dt = /w )ldt.

For example, there are different definitions of v & 7 in the literature, but they are just
reparametrization of each other.

Finally, suppose v lies in an open set U, and f is holomorphic on U, then f o~ : [a,b] — C
is also a curve, and

(fon)' @) = f (v (®).

Recall that a domain D is a nonempty connected open set, and every two points z,w € D
can be connected by a continuous curve in D. This result can be improved. It is not hard to
prove that there is a C' curve in D, whose beginning point is z, and whose end point is w.
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Theorem 3.1.1. Suppose f is holomorphic on a domain U such that f' =0 on U. Then f is
a constant.

Proof. 1t suffices to show that for any zo, wo € U, f(z0) = f(wo). Since U is connected, there is a
C' curve v : [a,b] — U, which starts from zg and ends at wg. Then (fov) (t) = f'(7(t))y'(t) =0
for a <t <b, which implies that f(z9) = f(v(a)) = f(v(b)) = f(wp). O

If f is a function on an open set U and g is a holomorphic function on U such that ¢’ = f,
then we say that g is a primitive of f on U. The above theorem implies that, if U is connected,
a primitive of f is unique up to a constant. That is, if g; and go are both primitives of f, then
g1 — g2 is a constant because (g1 — ¢g2)' = ¢} — g5 = 0.

3.2 Integrals over curves

Let F': [a,b] — C be continuous. Write F'(t) = u(t) + iv(t), where u(t) and v(t) are real valued
functions. The integral of F' on [a, b] is defined by

/:F(t)dt _ /abu(t)dt —i—z'/abv(t)dt,

where the integrals on the righthand side are the usual Riemann integral for real functions.
One may also use the limit of Riemann sums to define the integral of F.

It is easy to check the linear property of the above integral. Suppose F' and G are complex
valued continuous function on [a, b], and C' € C. Then

/a(F+G t)dt = /F dt+/G
/C’F t)dt = C/

Let L = f; F(t)dt. Writing L in its polar form, we can find C' € C with |C| = 1 such that
L = |L|, which implies that ff CF(t)dt = |L|. Thus,

|L]:/bCF(t)dt:Re/bCF(t)dt:/bRe(C’F(t))dtg/b|CF(t)|dt:/b\F(t)|dt.

This implies that
b b
‘/ P (t)d] g/ (1) dt.

Let f be a continuous function on an open set U. Let 7 : [a,b] — U be a (piecewise C!)
curve. We define the integral of f over v to be

[£= [ sz [ sty ar = Z -

33



There a = x9 < 1 < --- < x, = b are partition points such that v is C'! on [Tr_1,zk].

Example.

1. Compute [ _, %
Recall that {|z| = r} is the curve y(¢) = re', 0 <t < 27, and +/(t) = ire'. Thus,

2r 27 . )
/ zZ = / y()Y (t)dt = / re” *iretdt = 2mir?.
{lz|=r} 0 0

2. Compute f[l 144 1dz.
Recall that [1,1+ ] is the curve y(t) = 1 +it, 0 <t < 1, and +/(¢) = i. So we have

1 b Vit
/[1,1+i] z & /0 1+Zt A 1+t2
1

1 1
: 1 1 N
:/0 dt—l—z/o mdt:§log(1—|—t )’O—l—zarctan(t)’O

1
= 5 log(2) + zg.

At this moment we can not write f[l 1] ldz = log(2)|1 1 because log is multi-valued.
We have the following two simple facts.

1. The integral over a curve does not change if the curve is reparameterized. Suppose v is
defined on [a,b] and v : [¢,d] — [a,b] is a C! function with (c) = a and v(d) = b. Then

d
/’f:/fwwmwwwﬁw
Yo c

d b
= [ @ @i = [ 1)y eds= [ f
c a N

2. The integral over the reversal of a curve is the opposite of the original integral. In fact,

b b
= B Y (t)dt = a+b— —'(a+b—t))d
[yf /af(v ) (™) t)dt /af(’v( +b=1))(=r(a+b—1t))dt

a b
:/b F(v(s)) (s)ds = —/a F(r(s))y' (s)ds = —Af'
3. f’ﬂEB’YQ@'“GB’Yn f= ZZ:I ‘/"Yk' I

Theorem 3.2.1. Let f be continuous on an open set U, and suppose that f has a primitive g
in U. Let v be a curve in U, which starts from a and ends at 5. Then
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Proof. Suppose + is defined on [a, b]. Then
b b b
= / dt = ! / dt = ° ! d
[ 1= [ 0w = [ du@wi= [ go

= (g07)() = (go)(a) = g(B) — g(a).
O
This theorem provides a simpler way to calculate the integral if a premitive is known. In

particular, if a premitive exists, then f7 f = 0 whenever ~ is closed. If the premitive does not
exist, or is unknown, we still have to use the definition to compute the integral.

Examples.
1. Let U = C\ {0}, v(t) ={|]z] =1} C U, and f(z2) = 2", n € Z. If n # —1, then f has a
primitive in U, which is i:_rll Since 7 is a closed curve in U, we get fy f=0.Ifn=-1,

we calculate
2m 1 ) 2
/f:/ .tz‘e”dtz/ idt = 2mi # 0.
y o ¢ 0
So 1 has no primitive in C \ {0}.
Theorem 3.2.2. Let f be continuous on a domain U. Then the following are equivalent.
(i) f has a primitive in U.
(ii) If v1 and o are curves in U that have the same beginning point and the same end point,
then f% f= fw f.
(11i) If 7y is a closed curve in U, then fvf =0.

Proof. That (i) implies (iii) follows from the above theorem. Now we show that (iii) implies
(ii). Note that v, @5 is a closed curve in U. So

[ =L

Y1Bvy 7 Yo 7 72

Finally, we show that (ii) implies (i). Fix zp € U. Since U is connected, for every z € U we
may find a curve v, in U from 2y to z. Define g on U by

9g(z)= [ f,

Yz

From (ii) we know that the value of g(z) does not depend on the choice of v,. Suppose [z,w] C U.
Let v, be a curve in U from zg to z. Then 7, & [z, w] is a curve in U from zp to w. So we get

g(w) — g(z) = / e / g

The proof is finished by the following lemma. O
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Lemma 3.2.1. Let f and g be defined on an open set U. Suppose f is continuous, and
f[z w] f=g(w)—g(z) whenever [z,w] CU. Then g is a primitive of f in U.

[ =] fe ot — 2)) (w2t

which implies that, if w # z, then

Proof. If [w, z] C U, we have

w—z

g(w) —g(2) — f(2) :/0 [f(z 4+ t(w — 2)) — f(z)]dt.

Fix z € U. Since U is open, there is R > 0 such that D(z, R) C U. Since f is continuous at
z, for any € > 0, there is § € (0, R) such that if |w — z| < §, then |f(w) — f(2)| < e. Now if
|lw—z| <0 and t € [0,1], then |z + t(w — 2) — z| = tjw — z| < |w — z| < J, which implies that
|f(z+t(w—2)) — f(z)| <e, and so

]/‘ Pl tw = 2)) — F(2))dt] < /yfz+t _ ) = f()|dt <e.

This implies that lim,,_,, % = f(2). O
Recall the sup norm of f on v is || f|ly = sup,e, | f(2)]-
Lemma 3.2.2. If f is continuous on a curve vy, then ’f"/f‘ < || flII7L()-

Proof. We have

A=l o) ] < / 7 (1 < / Il Ol = 11,26,

Remark. For the f in the lemma, we do not have | [ f| < [ |f|. In fact, [ |f| may not even

be a real number. Also do not confuse this lemma with the inequality | ff ft)dt| < ff |£(#)|dt,
where f is a continuous complex function defined on [a, b].

O]

Theorem 3.2.3. (i) Let (f,) be a sequence of continuous functions on U converging uniformly
to f. Let~ be a curve in U. Then

lim m:/f

(i) If Y fn is a series of continuous functions converging uniformly on U, then

[ze-x s
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Proof. (i) First, f is continuous because it is the uniform limit of continuous functions. So f7 f
makes sense. The first statement is immediate from the inequality

[ 5= [l =1 [Un= 0] < V= S1a26) < U= Ao

Note that L(y) is a finite real number. From |[f, — f[| — 0, we get [ fo — [ f. (i) This
clearly follows from (i) because now the partial sum sequence converges unlformly O

Now we get another proof of the differentiability of a power series. Suppose Y > a,2" has
radius R > 0. Define f and g on D(0, R) such that

[oe) oo
= E anz", g(z) = E nanp 2"~
n=0 n=1

Let fn(2) = a,2™ and g, = f for n > 0. Note that go = 0 and g,(2) = na,z" ! for n > 1.
Fix r € (0, R). Let zp,wo € D(0,r), and v be a curve in D(0,r) from zy to wy. Then

[on=futw0) = fulzo), nz0
Y

Since > f, and ) g, converge to f and g, respectively, uniformly on D(0,r), applying the
above theorem, we get fvg = f(wo) — f(20). Since this holds for any zg,wo € D(0,r), we
conclude that f’ = g on D(0,r). Since this holds for any r € (0, R), we see that f' = g on
D(0,R).

Homework. III, §2: 4 (b,c), 6
Additional problems:

1. Let a,b € C and ¢ € [a,b]. Let f be continuous on [a, b]. Use the definition to show that

~/[ab /[ac Ab]

Note: You should stick to the definition, which gives, e.g., f[a 0] f= fol fla+tb—a))-
(b — a)dt.
3.3 Goursat’s Theorem and Local Primitives
Let S C C be nonempty. We define the diameter of S to be
diam(S) :=sup{|z —w| : z,w € S} > 0.

Note that diam(S) < oo if S is bounded.
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In the theorem below, if A is a triangle with vertices A, B, C such that ABC'A surrounds
A in the counterclockwise direction, then we write

[ P R
on  Jiam Jipeo Jioa

Theorem 3.3.1. [Goursat’s Theorem)] Let f be holomorphic on a closed triangle A. This
means that f is holomorphic on an open set U that contains A. Then faA f=0.

Proof. Decompose A into four triangles of similar shape: Aj;, 1 < j < 4, using the middle

points of its sides. Then we have
4
=y
/m Jz::l aA;

Let C' = [, f| > 0. From triangle inequality, there is jo € {1,2,3,4} such that

TR IR

Let A denote this triangle. Similarly, we may decompose A(Y) into four triangles of the
similar shape: Ag-l), 1 < j < 4, using the middle points of the sides of A(). One of them must

satisfy ' |
2
‘ /8A§-1> f‘ 41 Joam / 42

Let this triangle be denoted by A, Repeating this sequence, we obtain a sequence of triangles
(A2 such that

1. ADA(l)DA(2)D---DA(n)DA("Jrl)D"-.

2. L(OA™) = L L(0A), diam(A™) = L diam(A), n € N.
3. |f8A(n)f’ > %7 n € N.

Since all A are nonempty compact sets, we conclude that Ny A" is nonempty.
Let 20 € (02, A™. Then 25 € A. So f is differentiable at zg. Define

h(Z) _ { f(Z;:icO(Zo) - f/(ZO)a z 7& 205

0, z = 2y.
Then A is continuous on A and

f(z) = f(20) + f'(20)(2 = 20) + h(2) (2 = 20)-
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Let P(z) = f(20) + f'(20)(z — 20). Then P is a polynomial, which has a primitive in C. So we
have [y P =0, n € N. Thus,

/ f= / h(z)(z — z9)dz, n €N.
oA () AA(™)

Since zg € A, we have |z — 2| < diam(A™) for each z € AA(M). Thus,

diam(A) L(0A)
2n n

‘/8A( )h(z)(z — zo)dz‘ <||hllgam diam(A(”))L(aA(n)) < |1l ac

Recall that ||h||s = sup,cg |h(2)|. Since | [oam f|] = 19 " we should have
Al oy diam(A)L(OA) > |C|, neN.

Since lim._,, h(z) = h(zp) = 0, and A™ C D(z, diam(A™)), where diam(A™) — 0, we have
|A]| ) — 0, which forces [C| =0, i.e., C' = 0. ;

Definition 3.3.1. Let U be a nonempty open set. We call U a convex domain if for any
zyw € U, [z,w] CU. We call U a star domain if there is zg € U such that for every z € U,
the line segment [zo, 2] lies in U. We call zo a center of U.

Note that

1. Every convex domain is a star domain, where every point can act as a center. So a star
domain may have more than one centers.

2. If U is a star domain with a center zp, and if 21,29 € U satisfy that [z1,20] C U, and
20, 21, 22 do not lie on the same line, then the triangle A with vertices zg, 21, 2o are con-
tained in U. This is because A = 20, 2.

z€[z1,22] [

Theorem 3.3.2. If f is holomorphic on a star domain U, then f has a primitive in U.

Proof. Let zy be a center of U. First, we show that for any 21,29 € U with [21, 23] C U, we

have
/ f+/ f+/ f=0. (3.1)
[21,22] [22,20] [z0,21]

Since U is a star domain, the integrals all make sense. If zg, 21, 20 form a triangle A, which
must be contained in U from the above remark. The equality follows from Goursat theorem
because the left hand side is equal to either [, f or — [, f. If they lie on the same line, then
one of them, say z1, lie on the line segment connecting the other two points. From a homework

problem, we get
[ =] a+]
[z0,22] [20,21] [21,22]

which again implies (3.1). The other cases are similar.
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Now define g on U such that
9(z) = f
[2072}

Then g is well defined because [zp,z] C U. From (3.1) we find that for any z,w € U with

[z,w] C U,
9(2) — g(w) = /[ - /[Zoﬂw]fz /[W]f

From Lemma 3.2.1 we proved before, we see that g is a primitive of f in U. O

Corollary 3.3.1. If f is holomorphic on a star domain U, then fv f =0 for any closed curve
v i U.

We will often apply the above theorem to the open discs. If f is holomorphic on an open
set U, although we may not have a primitive of f in U, if we restrict f to any open disc D
contained in U, then the above theorem implies that there is g holomorphic on D such that
g = f on D. We call such g a local primitive of f.

3.4 Cauchy’s Theorem for Jordan Curves

A continuous curve 7 : [a,b] — C is called simple if for any a < t; < to <b, y(t1) # v(t2). It is
called simple closed if the above condition is satisfied except that vy(a) = v(b). A simple closed
curve is also called a Jordan curve.

Theorem 3.4.1. [Jordan Curve Theorem| Let v be a Jordan curve. Then C\ v is a
disjoint union of two domains. One of these domains is bounded (the interior) and the other is
unbounded (the exterior), and ~y is the boundary of each domain.

The theorem is named after Camille Jordan, who found its first proof. The proof is quite
complicated. The interior of a Jordan curve is called the Jordan domain bounded by +, and is
denoted by Int(7).

We say that a Jordan curve has positive/negative orientation if it is oriented counterclock-
wise/clockwise. If one travels along the Jordan curve with positive/negative orientation, the
interior domain of the curve always lies on his left /right. For example, the circle {|z — z9| = r}
parameterized by (t) = 2o + e, 0 < t < 27, has positive orientation.

From now on, a simple curve or Jordan curve is assumed to be piecewise C! so that the
integrals can be well defined.

Theorem 3.4.2. [Cauchy’s Theorem for Jordan Curves] Let J be a Jordan curve. Sup-
pose f is holomorphic on Int(J) U J. Then [, f =0.

Proof. We may assume that J is positively oriented. For otherwise, J~ is a positively oriented
Jordan curve, and [, = — [,_. Let U denote the open set on which f is holomorphic. By
assumption, Int(J) U J C U. Note that Int(J) U J is compact because it is both closed and
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bounded. From a homework problem, there is » > 0 such that D(zp,r) C U for any 2y €
Int(J) U J. We may use horizontal lines and vertical lines to divide Int(.J) into finitely many
domains, each of which is bounded by a Jordan curve with diameter less than r, say Ji, ..., Jy.
Suppose each Jj is also positively oriented. Then [, f = >¢ ;[ s, /- We now prove that
ka f =0 for each k. Fix z; € Jj. Since diam(Jy) < r, we have Jy C D(zx,r) C U. Since f is
holomorphic on D(zg,r), which is a star domain, f has a primitive in D(z,r). Since Jj is a
closed curve in D(zj,r), we have [ 7, [ =0. This finishes the proof. O

Note that Goursat’s Theorem is a special case of Cauchy’s Theorem. But the proof of
Cauchy’s Theorem relies on a corollary of Goursat Theorem.

Definition 3.4.1. A domain U is called a simply connected domain if for any Jordan curve
J C U, we have Int(J) C U.

Intuitively, a simply connected domain is a domain with no holes. Every Jordan domain
or star domain (and also convex domain) is simply connected. An annulus A ={z € C:r <
|z — 20| < R} is not simply connected.

Theorem 3.4.3. If f is holomorphic on a simply connected domain U, then f has a primitive
i U.

Proof. Fix 2y € U. For every z € U, we may find a simple polygonal curve «, in U that starts
from zp and ends at z. We define g(z) = f,yz f. we now show that the value of g(z) does not
depend on the choice of v,. This means that, if v, and 9 are two simple polygonal curves in
U that both start from 2o and end at z, we need to prove that fm f= f’vz f. First, we consider

a special case when 7 and 72 only meet at 29 and z. Then J := v @ v, is a Jordan curve
in U. Since U is simply connected, Int(J) C U. So f is holomorphic on Int(J) U J. From the

previous theorem,
o= [r=[ -]+
J " V2

Now consider the general cases. We may always find zg, 21, . . ., 2z, = 2 on 1 N~9, which appear
on both curves in the order from zj to z, such that for each 1 < k < n, the subcurves v [zx_1, 2]
and 72[zk_1, 2] either overlap, or meet only at z;_1 and z;. In both cases, we get

/ f- v,
Y1 [Zk,l,Zk} Y1 [Zk,l,Zk]

In fact, if two subcurves overlap, then the equality holds trivially; if they meet at only two
points, then the equality follows from the above argument. Thus, we have

[=>] =3 =1 r
71 k=1 Y M1l2E—1,21] k=1 v V2lzr—1,2k] 2

So g is well defined. From Lemma 3.2.1, it now suffices to show that, whenever [z, w] C U, we
have g(w) —g(z) = f[z w] f. In fact, there is a simple curve v in U that starts from 2y and ends
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at z, which intersects [z, w] only at z. Then the combination 8 = v @ [z, w] is a simple curve in
U, which starts from 2y and ends at w. Thus,

g(w)—g(Z)=/ﬁf—Af: s

Homework.

1. Prove that Cauchy’s theorem for Jordan curves follows from Green’s theorem if we assume
that f’ is continuous.
Remark: In the definition of holomorphic functions, there is no assumption that f’ is
continuous. The statement of Cauchy’s Theorem is weaker with this assumption.

2. Let v be a positively oriented Jordan curve. Use Green’s Theorem to compute f7 zdz.

3.5 Cauchy’s Formula

Suppose Ji, 0 < k < n, are disjoint Jordan curves such that Int(Jx) U Ji, 1 < k < n, are
mutually disjoint, and all contained in Int(Jy). Then these curves bound a domain U, which is
obtained by removing Int(Jx) U Ji, 1 < k < n, from Int(Jp). In other words, U lies inside Jy
and outside Ji, 1 < k < n.

Theorem 3.5.1. Suppose every Ji, has positive orientation. If f is holomorphic on U =

UUUi—o Jk, then
f= S

Proof. We may divide U into two domains bounded by Jordan curves C7 and Cy with positive
orientation. One may check that

Lok bl foxl

From Cauchy’s theorem for Jordan curves, fcj f =0, 5 =1,2, which finishes the proof. O

Theorem 3.5.2. [Cauchy’s Formula for Jordan Curves| Let J be a positively oriented
Jordan curve. Suppose f is holomorphic on Int(J)U J. Then

fw) = 5 [ T2

S 2mi )z —w

dz, w € Int(J). (3.2)
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Proof. Fix w € Int(J). Note that g(z) := % is not holomorphic on Int(J) U J, so we can
not apply Cauchy’s Theorem to conclude that [ ;79 = 0. However, we may apply the previous
theorem. Let R > 0 be such that D(w,R) C Int(J). If » € (0,R), then {|z — w| = r} is
a Jordan curve that lies inside J, and g is holomorphic on these two Jordan curves and the
domain bounded by them. From a previous theorem, we have

Note that the equality holds for any r € (0, R), and fJ g does not depend on r. So fJ g is equal
to the limit of the righthand side as » — 0. First, using the parametrization y(t) = w + re’,
0 <t < 2w, we find that

/ 7f(w) dz = iC )zre”dt =27 f(w).
|z—wl|

Y 2 — W o ret
Second, since lim,_, f(z) f = f'(w), there exist §, M > 0 such that |%{l}(w)| < M if
|z —w| < 6. Thus, if r < 5 “then
)/ dz‘ < ML{|z —w| =r}) = M2,
|z—w|=r zZ—w
which tends to 0 as r — 0. This shows that [, g = 2mif(w), which proves (3.2). O

Theorem 3.5.3. Let J and f be as in the previous theorem. Then for any wy € Int(J),

d 1 z )
flw) = ,;)(w — wo)n% /J (z—fl(uo))"“ dz, |w—wo| < dist(wo,J). (3.3)

In particular, f is analytic in Int(J), and we have the following Cauchy’s Formula:

£ () = /J (f(z) dz wo€Int(J), neNUIO). (3.4)

2mi z — wo)" 1

Proof. Fix wy € Int(J). Let R = dist(wo, J) > 0. If |w —wp| < R < |z — wp|, then

oo

fz) _ f(2) __ f@/E-w) () Z (w — wo)"
z—w (z—wy) —(w—wpy) 1—(w—wy)/(z—wo) z—wo = (z —wo)™’
From (3.2) we see that, if w € D(wy, R), then w € Int(J), and
1 > z
=5 /J z_;] (Z_f;(uo))nﬂ(w —wp)" dz. (3.5)

43



For z € J, we have

f(2)

Femrmyat

Since J is compact and f is continuous on J, we have || f||; < co. Since |w —wp| < R, we have

w wo
Zufn b= wol”

|w wol™

w — wp)" T

Thus, Y ° %(w — wp)™ converges uniformly on J, which together with (3.5) implies

n=0 (z—wyp)
(3.3). Thus, f is analytic in Int(.J). Finally, since f™(wo) = nlay, if f(w) = 322 an(w —wo)"
near wp, we get (3.4). O

Remark. If wy lies on the exterior of J, then the right hand side of (3.4) is equal to 0 because

the function % is holomorphic on Int(J) U J, and we may apply Cauchy’s Theorem.

Corollary 3.5.1. If f is holomorphic on an open set U, then f is analytic in U. Moreover, f
is infinitely many times complex differentiable, and for every zo € U,

0 tn)(,,
9= (36)
n=0

holds for any z € D(zy, ﬁ), where R =00 if U =C; or R = dist(zp,0U) if U G C.

Proof. The statement follows from the previous theorem by choosing J = {|z — zp| = r} where
€ (0, R), and letting r — R. O

Homework. Compute f7 = )3 dz for (i) v = {|z| = 3} and (ii) v = {|2| = 1}.

Theorem 3.5.4. [Morera’s Theorem| Suppose f is continuous on a domain U, and satisfies
that for any closed curve v in U, fv f=0. Then f is analytic.

Proof. From a theorem we studied, f has a primitive F' in U. Such F' is holomorphic, which is
also analytic. So f = F’ is also analytic in U. O

Remarks.

1. So far we have seen that holomorphic is equivalent to analytic. Thus, if f is complex
differentiable in an open set, then it is infinitely many times complex differentiable in
that set. This phenomena does not exist in Real Analysis. In the rest of this course, we
will use the words “analytic” and “holomorphic” interchangeably.

00 f (") (2o )( 2

2. The corollary tells us that the radius of the power series Y > - —z0)", say R, is

greater than or equal to R= dist(z0,0U) if U ; C. The equahty may not hold since f
could be a restriction of a holomorphic function defined on a bigger domain.
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3. If U =C, i.e., f is an entire function, then R = R = o for any zg. S0 we have

> f(n)
f(Z) = Z f ('ZO) (Z - ZO)TL7 Z0,% € C.
n=0 ’

n

4. Now we give a case when we can say that the radius R = R = dist(z9, 8U). Note that if
R > R, then f|, (z0,72) 18 the restriction of a holomorphic function on D(zy, R) to D(zg, R).
Since D(zo, R) is a compact subset of D(z, R), we then conclude that f is bounded on
D(z0, R). Thus, if there is a point 21 € dD(20, R) such that |f(z)| — oo as z — 21, then
we must have R = R = dist(zp,9D).

Theorem 3.5.5. [Liouville’s Theorem] Every bounded entire function is constant.

Proof. Let f be an entire function. Suppose that there is M € R such that |f(z)| < M for any
z € C. Then for any z € Cand R >0

= L T
Fiz) =5 /wz|:R oz

For w € {|lw — z| = R}, | f(w) | = Ll < X Thus,

(w—=z)2 R
, 1 M 1 M M
Since this holds for any R > 0, we get f'(z) =0 for any z € C. Thus, f is constant. O

Theorem 3.5.6. [Fundamental Theorem of Algebra] Fvery non-constant complex poly-
nomial has a zero in C.

Proof. Let P(z) = ap+aiz+-- -+ apz™ be a non-constant polynomial with a,, # 0. Suppose P
has no zero in C. Then Q(z) = 1/P(z) is holomorphic on C. We will show that @ is bounded
on C. This requires a careful estimation. We find that

@:1+Mz—1+...+@_>1’

anz™ [02% Al

as |z| — oo. Thus, as |z| = oo, |P(2)| — oo, which implies that Q(z) — 0. So there is R > 0
such |Q(2)| < 1if |z| > R. Since Q is continuous on the compact set D(0, R), it is bounded on
this set. So there is My > 0 such that |Q(z)] < My if |z| < R. Let M = max{Mp,1}. Then
|Q(z)] < M for any z € C. So @ is a bounded entire function. Applying Liouville’s theorem,

we see that () is constant, which implies that P is constant, which is a contradiction. ]

We may apply FTA to conclude that every polynomial can be factorized into C [];_; (z—zx).
Suppose z; is a zero of P(z), then

P(2)=P(z) = P(z1)) = Y _arp(z" —2f) = (z = 21) Y _ap(z" "+ 2f71) = (2 — 21)Q(2).
k=0 k=1
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Note that @ is a polynomial of degree n — 1. If deg(Q) = 0, then @ is constant; if deg(Q) > 1,
we may find a zero of ) and factorize ). The conclusion follows from an induction.

At the end, we give a quick review of the development of recent important theorems. All
magics begin with Goursat’s Theorem, which is about the integral of a holomorphic function
over the boundary of a triangle. In the proof we divide the triangle into 4 smaller triangles
of similar shapes using middle points, and choose one of them to divide into even smaller
triangles. Repeating this process, we get a decreasing sequence of triangles, and then we look
at the intersection of them. Goursat’s Theorem is then used to prove a corollary about the
existence of local primitive of a holomorphic function. Later we prove the Cauchy’s Theorem for
Jordan curves, which is about the integral of a holomorphic function over a Jordan curve. In the
proof we divide the Jordan domain into several Jordan domains of small diameters and apply
the corollary of Goursat’s Theorem. Cauchy’s Theorem is then used to prove Cauchy’s formula,
where we consider the integral of % over a small circle centered at w, and let the radius tend
to 0. Then we use Cauchy’s formula to prove that a holomorphic function is analytic, and
also derive integral expressions of the derivatives of f. Cauchy’s formula is also used to prove
Liouville’s Theorem, which is then used to prove the Fundamental Theorem of Algebra.

Homework III, §7: 3
Additional problems:

(n)
1. What is the radius of the power series > 7 mnhni,(mz"? Justify your answer.

Remark. Since tanh restricted to R is a real analy.tic function, one may ask this question
with only Real Analysis. However, it is hard to answer without Complex Analysis.

2. Let f be an entire function. Suppose that there exists » > 0 such that |f(z)| > r for every
z € C. Prove that f is constant.

3. Let f be an entire function. Suppose that f has two periods a,b € C, which are R-linearly
independent. This means that f(z+a) = f(2+b) = f(2) for any z € C, and ax+ by # 0
for any z,y € R which are not both zero. Prove that f is constant.

3.6 Differentiability of the Logarithm Function

Let U be an open set with 0 ¢ U. Recall that L(z) is called a branch of logz in U, if it is
continuous in U, and satisfies e(?) = z for any z € U. In this section, we will show that a

branch of log z is not only continuous, but also holomorphic, and its derivative is the function
1/z.

Theorem 3.6.1. Suppose f is a primitive of 1/z in a domain U. Then there is some C € C
such that f + C is a branch of log z in U.
Proof. Let g(z) = )

z

I(z) ¢ I(2) f(2) f(z)
ENECA | (2) G e e B
g(z) = — ponlile 5 =0, 2€U

. Then g is holomorphic on U. We compute
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Since U is connected, ¢ is constant Cp, which is not 0. Thus, e/(*) = Cyz for any z € U. Let
C € C be such that ¢ = 1/Cy. Then ef/(®)*C¢ = 2 in U. Since f is holomorphic on U, f 4 C' is
continuous in U, and so is a branch of log z in U. O

Theorem 3.6.2. Let U C C\ {0} be a simply connected domain. Then there is a branch of
log z in U, which is a primitive of 1/z in U.

Proof. Since 1/z is holomorphic on U, which has a primitive in U as U is simply connected. Let
f denote this primitive. From the above theorem, there is a constant C' such that g := f + C
is a branch of log z. The g is what we need since ¢’ = f' =1/z in U. O

Lemma 3.6.1. If f is a continuous function on a domain U such that f(z) € Z for every
z € U, then f is constant.

Proof. Let 29 € U and ng = f(20) € Z. Let A = f~1({no}) > 20. Since f is continuous
on U, A is relatively closed in U. On the other hand, since f only takes integer values,
A= f~Y(ng —1/2,n9 +1/2)). Since f is continuous on U, A is relatively open in U. Since U
is connected, and A is not empty, we have A = U. So f is constant ng. O

Theorem 3.6.3. If L is a branch of log z in an open set U C C\ {0}, then L is a primitive of
1/z i U.

Proof. Let zy € U. Let r > 0 be such that D(zg,r) C U. Since D(zp,7) is simply connected,
from Theorem 3.6.2, there is a branch M (z) of log z in D(zg,r), which is a primitive of 1/z in
that disc. Since L(z) and M (z) are both branches of log z in D(zp,r), we find that f(z) :=
(L(z) — M(z))/(2mi) is an integer valued continuous function on the disc. From the above
lemma, f is constant. So L' = M’ = 1/z in D(zp,7). Since zy € U is arbitrary, we conclude
that L is a primitive of 1/z in U. O

Let f be an analytic function in an open set U, which does not take value 0. We say that g is
a branch of log f in U, if g is continuous and satisfies that e = f. Note that if ¢ is holomorphic,
then e9¢g’ = f’, which gives ¢’ = fT Using similar proofs, we can prove the following statements
in the order:

1. Suppose h is a primitive of L in a domain U. Then there is some C € C such that h+ C
is a branch of log f in U. For this statement, note that

d eh(z) B eh(z)h/(z) eh(z)f/(z) 0
dzf(z) ) 2T

2. If Uis a simg/)ly connected domain, then there exists a branch of log f, which is also a
primitive of fT

3. For general U, if g is a branch of log f, then g is a primitive of fTI
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Homework. Chapter III, §6: 6.
Additional problems.

1. Fix a € C. The function (1 4 2)® in D(0,1) is defined as e*“(*), where L is a branch of
log(1 + z) that satisfies L(0) = 0. Prove that (1 4 2)¢ is holomorphic on D(0, 1), and

o0

(1+2)0=> <z> 2 2 D(0,1),

n=0
where (g) was defined earlier.

2. Let g be holomorphic on a simply connected domain U. Show that there is f, which is
holomorphic on U without zero, such that g = fT in U.
3.7 The Maximum Modulus Principle

Theorem 3.7.1. [Mean Value Theorem] Let f be holomorphic on a closed disc D(zg,T).

Then
1 27

f(z0) = — f(zo+ Tew)de;

2w Jo
flo) =5 [ /|Z_ZO|<Tf<z>d:cdy. (3.7)

Proof. From Cauchy’s Formula,

1 f(2) L (% fzo+7e"?) . o 1 [ 0
= — d - —_— v d9 - — ! d0~
f(z0) 27 /|zz0:r zZ— 20 : 2w Jy ret? e 2 Jo f(zo +re)
This is also true if r is replaced by any s € (0,7). Thus,
2m )
2rsf(20) = f(z0 +s€)sdh, 0<s<r.
0

Integrating s from 0 to r, we get

72 f(z) = /027T /OT f(z0 + se)sdsdf = //ZZOKrf(z)d:cdy,

where in the last step we used rdrdf = dzdy. O

Theorem 3.7.2. Let f be holomorphic on D(z,7). Suppose |f(z0)| > |f(2)| for any z €
D(zg,r). Then f is constant on D(zp,r).
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Proof. First, we show that |f]| is constant on D(zp,r). If not, there is z; € D(zp,r) such that
|f(z1)] < |f(20)|- Let € = |f(20)] — |f(#1)] > 0. Since |f| is continuous, we may find r; > 0
such that D(z1,71) C D(z0,7) and |f(z)| < |f(z1)| +&/2 = |f(20)| — /2 for z € D(z1,71). Let
Dy = D(zp,r) and Dy = D(z1,r1). From (3.7), we get

r2| £ (2 y<//DO |da:dy—//Dl |d:cdy+//DO\Dl 2| dady
< [ [ o=y [ [ irolzy= [ [ sy St <l Gol

which is a contradiction. Thus, |f| is constant in D(zg,r). Using a homework problem, we then
conclude that f is constant in D(zg,r). O

Corollary 3.7.1. Let f be holomorphic on a domain U. Suppose |f| attains local maximum
at some zg € U, i.e., there is r > 0 such that |f(z0)| > |f(2)| for any z € D(z0,7). Then f is
constant in U.

Proof. From the previous two theorems, we see that f is constant in D(zg, ). This means that
2o is an accumulation point of the zeros of f — f(zp). Since U is a connected, f — f(zp) is
constant 0 in U. So f is constant in U. 0

Theorem 3.7.3. [Maximum Modulus Principle] Let U be a bounded domain and U be its
closure. Suppose [ is a continuous on U, and holomorphic on U. Then there is zg € OU such
that |f(z0)| > |f(2)| for any z € U. In short, the maximum of |f| is attained at the boundary.

Proof. Since U is bounded, U is a compact set. Since |f| is continuous on U, it attains its
maximum at some wg € U. If wy € OU, then the proof is done by taking zg = wo. If wy € U,
then from the above corollary, f is constant in U. From the continuity, that f is also constant
in U. In this case, any 2o € OU works. O

Corollary 3.7.2. Let U be a bounded domain. Suppose that both f and g are continuous on
U, and holomorphic on U. If f = g on U, then f =g in U.

Proof. Let h = f —g. Then h is continuous on U, and holomorphic on U. If f =g on oU, then
|h| = 0 on QU. The above corollary implies that h =0 in U, i.e., f =g in U. O

Remark. The condition that f is a continuous on U and holomorphic on U is often satisfied
when f is holomorphic on U, i.e., f is holomorphic on another open set U’ with U’ D U.

Homework III, §1: 2, 3
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3.8 Harmonic Functions

Let U C R™ be an open set. Let f: U — C. If f is C? on U, and satisfies the Laplace equation
Af(z) = —f(:c) =0, zeU,

then we say that f is a harmonic function on U. The symbol A is called the Laplace operator.

In this course, we focus on the case n = 2, and identify R? with C. The Laplace equation
becomes o o

f f
Af(z) ==+ =5(2)=0, zeU.
£ = 5500+ 550

Note that a complex function is harmonic if and only if both of its real part and imaginary part
are harmonic.

Theorem 3.8.1. Let f be holomorphic on an open set U C C. Then f is harmonic on U.

Proof. Let f = u+iv. We have seen that f is infinitely many times complex differentiable, which
implies that w and v are infinitely many times real differentiable. From the Cauchy-Riemann

equation, we get u, = vy and u, = —v, in U. Thus,
Ugg + Uyy = Vyz — Vgy = 0, Vg + Uyy = —Uyz + Ugzy = 0,
which implies that both u and v are harmonic, and so is f. O

From now on, we assume that a harmonic function is always real valued.

Lemma 3.8.1. Let u be a real valued C? function defined in an open set U. Then u is harmonic
on U if and only if uy — iu, is holomorphic on U.

Proof. Suppose u is harmonic on U. Then uz,u, € C! and (uz)s = (—uy)y and (ugz)y =
—(—uy)e. Cauchy-Riemann equation is satisfied by u, and —u,. So u; — iu, is holomorphic.
On the other hand, if u; — iu, is holomorphic, then the Cauchy-Riemann equation implies that
(Uz)a = (—uy)y, i-€., Uzy + uyy = 0. So u is harmonic. O

Definition 3.8.1. Let u be a harmonic function in a domain D. If a real valued function v
satisfies that u + iv is holomorphic on D, then we say that v is a harmonic conjugate of u in
D.

A harmonic conjugate must also be a harmonic function because it is the imaginary part of a
holomorphic function. If v and w are both harmonic conjugates of v in U, then v, = —u, = w,
and vy = u; = wy in U. Since U is connected, we get v — w is constant. This means that, the
harmonic conjugates of a harmonic function, if it exists, are unique up to an additive constant.
Also note that if v is a harmonic conjugate of u, then —u (instead of u) is a harmonic conjugate
of v. This is because —i(u + iv) = v — iu is holomorphic.
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Theorem 3.8.2. Let u be a harmonic function in a simply connected domain D. Then there
s a harmonic conjugate of u in D.

Proof. Let f = u, —iu, in D. From the above lemma, f is holomorphic on D. Since D is
simply connected, f has a primitive in D, say F. Write F = u + ¢v. Then

. / ~ o~
Uy — Uy = [ =F = Uy — iy.

Thus, u; = 4, and u, = uy in U. Since D is connected, we see that & —wu is a real constant. Let
C=u—ué€R. Then F — C = u+ iv is holomorphic on D. Thus, v is a harmonic conjugate

of u. 0
Remarks.

1. The theorem does not hold if we do not assume that U is simply connected. Here is

an example. Let D = C\ {0}. Let u(z) = In|z| = $In(z? + y?). Then u, = e
and u, = ﬁ SO Uy — iuy = ﬁ is holomorphic on D. From the above lemma,
u is harmonic. If v is a harmonic conjugate of w in D, then u + iv is a primitive of
uy —iu, = X in D. However, we already know that 2 has no primitive in C\ {0}. Recall

that f‘z|:1 d—zz = 2mi # 0. Thus, v has no harmonic conjugates in D.

2. A harmonic conjugate always exists locally: if u is a harmonic function in an open set U,
then for any disk D(zp,7) C U, there is f, which is holomorphic on D(zg,r) and satisfies
that Re f = u. Since such f is infinitely many times complex differentiable, we see that u
is infinitely many times real differentiable in D(zg, ). Since D(zg,r) C U can be chosen
arbitrarily, we see that every harmonic function is infinitely many times real differentiable.

Homework.
Find all real-valued C? differentiable functions h defined on (0, 0o) such that u(x,y) = h(z?+y?)
is harmonic on C \ {0}.

If U is simply connected, we may use the following method to find a harmonic conjugate
of u. Here is an example. Let u(z,y) = 2% + 22y — y?. Then ugy + uyy =2 —2 = 0. So u is
harmonic on R?. We now find a harmonic conjugate of u. If v is a harmonic conjugate, then
vy = uy = 22 + 2y. Thus, v = 22y + y? + h(z), where h(z) is a differentiable function in .
From —uy, = v, we get 2y — 22 = 2y + h/(z). So we may choose h(z) = —z?. So one harmonic

conjugate of u is 2zy + y? — 2.

Theorem 3.8.3. [Mean Value Theorem for Harmonic Functions] Let u be harmonic on
D(zo, R). Then for any r € (0, R),

1 2w )
u(zo) = 271_/0 u(zo + re®)do;
1
u(zp) = 7'("!”2/| - u(z)dzdy.
z—zo|<r



Proof. Since D(zp, R) is simply connected, there is f holomorphic on D(zg, R) such that u =
Re f. From the Mean Value Theorem for holomorphic functions, the two formulas hold with f
in place of u. Then we can obtain the formulas for v by taking the real parts. O

Corollary 3.8.1. With the above setup, if u attains its mazrimum at zg, then u is constant in
D(Zo, R) .

Proof. We have seen a similar proposition, which says that if f is holomorphic on D(z, R),
and |f| attains its maximum at zp, then |f| is constant in D(zp, R). A similar proof can be
used here.

Here is another proof. Let f be analytic such that « = Re f. Then e/ is also analytic, and
lef| = e®. Since u attains its maximum at zp, |e/| also attains its maximum at zg. An earlier
proposition shows that |ef| is constant, which implies that u = log |ef| is constant. O

Theorem 3.8.4. [Maximum Principle for Harmonic Functions] Let u be harmonic on
a domain D.

(i) Suppose that u has a local mazimum at zy € D. Then u is constant.

(ii) If D is bounded, and u is continuous on D, then there is 29 € OD such that u(z)) =
max{u(z) : z € D}.

(i1i) The above statements also hold if “maximum?” is replaced by “minimum”.

Proof. (i) From the above corollary, there is ro > 0 such that w is constant in D(zg,79). Let
w € D. Since D is connected, we may find a finite sequence of disks Dy = D(zk,7%), 0 < k < n,
in D, such that w € D,, and Dy_1 N Dy # 0, 1 < k < n. Since each D}, is simply connected,
there is fi holomorphic on Dy, such that u = Re f; in Di. We already see that u is constant in
Dg. So Re fi = u is constant in Dy N D;. From C-R equations, we see that fi is constant in
Do N Dy. From the Uniqueness Theorem, we see that fi is constant in D;. Thus, u = Re f; is
constant in D;. Using induction, we see that w is constant in every Dy. Since Dy_q1 N Dy # 0,
w is constant in | J;_y Dy. Thus, f(w) = f(20) as w € D,, and zy € Dy.

(ii) Since D is bounded, D is compact. Since u is continuous on D, it attains its maximum
at some wy € D. If wg € OD, we may let zg = wg. If wyg € D, then (i) implies that u is constant
on D. The continuity then implies that v is constant in D. We may take zg to be any point on
oD.

(iii) Note that —u is also harmonic, and when —u attains its maximum, u attains its
minimum. O

Corollary 3.8.2. Suppose u and v are both harmonic on a bounded domain D and continuous
on D. Suppose that w=v on 0D. Thenu=7v on D.

Proof. Let h = u—v. Then h is harmonic on D, continuous on D, and h = 0 on OU. From the
above theorem, h attains its maximum and minimum in D at D. So h has to be 0 everywhere
in D,ie,u=vonU. O
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The above corollary says that, if u is harmonic on a bounded domain D and continuous on
D, then the values of u on D are determined by the values of w on 9D.

We introduce the differential operators

0 1(2_.2>, 9 1<£+i£)_

9z 2\az 'ay) a7z 2\ oy
This mean that, if f = u + iv, then
0 1 ) 7 ] Uy + U Uy — U
fz::£:§(ux+zvx)—§(uy+lvy): x2 Yt x2 y;
of 1 ) 7 ) Uy — V Uy +u
fz::£:i(u$+lvx)+§(uy+lvy): x2 Y x2 Y

So the Cauchy-Riemann equation is equivalent to fz = 0; and if f is holomorphic, then f, =
Uy + iv, = f'. Moreover, it is clear that

090 00 1
020z 0z0z 4
Thus, if f is holomorphic, then Af = 0, from which we see again that f is harmonic. If u is
harmonic, then from d;0zu = %Au = 0 we see that 0,u is holomorphic, which is used in a proof

a theorem.

Remark. The smoothness, mean value theorem and the maximum principle also hold for
harmonic functions in R"™ for n > 3. But the technique of complex analysis can not be used.
For example, the mean value theorem follows from the divergence theorem.

Homework. Chapter VIII, §1: 7 (a,b,c,e).

1. Prove that any positive harmonic function in R? is constant. Hint: If f is an entire
function with Re f > 0, then consider e~/.
Remark: This statement does not hold for R with d > 3.

2. Let u be a nonconstant harmonic function on C. Show that for any ¢ € R, u=!(c) is
unbounded. Hint: {|z| > R} is connected for any R > 0.

3.9 Winding Numbers

Let v be a closed curve, and o € C\ 7. The winding number or index of v with respect to « is

1 1
= — dz.
W(y,a) 2772'/72—04 ©

Example. Suppose 7 is a Jordan curve. If « lies in the exterior of «, then applying Cauchy’s
Theorem to f(z) = Zia, we get W(y,a) = 0. If « lies in the interior of 7, then applying

Cauchy’s Formula to f(z) = 1, we get W(y,a) = 1 or —1, where the sign depends on the
orientation of ~.
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Lemma 3.9.1. W(y,a) € Z.

Proof. Suppose 7 is defined on [a,b]. Define F(t) = [ 1) g5, g < t < b. Then F is

a y(s)—a
continuous on [a,b], F(a) =0, F(b) = 2miW (v, a), and F'(t) = (t)( )a for t € [a, b] other than
the partition points, say a = g < 1 < --- < x, = b.We now compute
d

%e—”ﬂ (v(t) — ) = e FOY @) — e FOF ) (y(t) —a) =0, ¢ € [a,b]\ {zo,...,Tn}.
Hence there is a constant C' € C such that C(y(t) — a) = e®, a <t < b. Since v is closed, we
have ef'(t) = (@) = ¢0 = 1 which implies that F(b) € 2miZ. So W(vy,a) = 5=F(b) € Z. [

2mi

Remark. Let 6y be an argument of the C' in the above proof. From ~(t) — a = Cef® we see
that Im F'(t)+6y is an argument of y(¢) —a for a < t < b. Now suppose h is a continuous function
on [a, b] such that h(t) is an argument of v(t) — « for a <t < b, then (h(t) —Im F(t) — 0y)/(2mi)
is an integer-valued continuous function on [a, b], which must be constant. Thus,

Wiy, a) = F(b) = F(a) _ilm F(b) —ilm F(a) _ h(b) = h(a)

21 27 2T

This means that 20W (7, «) equals to the total increment of arg(z — «) along ~.
Lemma 3.9.2. The map a — W (v, a) is continuous on C\ .

Proof. Fix ag € C\ v. Let (ay,) be a sequence that converges to ag. It suffices to show that
1

e ﬁ uniformly on z € ~. Let r = dist(ap,y) > 0. For n big enough, we have

|a, — ap| < /2, which implies that dist(cy,,7y) > /2. For those n, we have

‘ 11 _ |, — aypl < ’an_a(]" zen.
Z—an  Z—ag |z — anl|z — ag r2/2

1 1 |an—ap| . . . . . . .
Thus ls2ar — o= = Iy < 27z when n is big enough, which implies that 2miW (7, o) =
f,y o dz = f,y —agdz = 2miW (v, ap). O

Corollary 3.9.1. W(~,-) is constant on each connected component of C\ .

Proof. This follows from the above two lemmas and the fact that a continuous integer valued
function is constant on a domain. O

Corollary 3.9.2. W(vy,a) =0 if « lies on the unbounded component of C\ ~.

Proof. Since v is bounded, there is M € (0,00) such that |z| < M for all z € #. Suppose
|| > 2M. Then |z — a| > |a| — |z] > |a‘ for z € 7. Thus, || < 2 ol
tends to 0 as a — oo uniformly on z 6 ~v. Thus, W(y,a) — 0 as a — oo. Slnce W(’y, )

constant on the the unbounded component of C\ v, the constant has to be 0. O
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We define a contour + to be a “sum” of finitely many closed curves 7, 1 < k < n, which
may or may not have intersections. The repetitions in ~;’s are allowed. The integral along a
contour is defined to be f7 =31 f%. The winding number of a contour v with respect to
a€C\y=C\ Uiy is W(v,a) = > 1y W(vk, «). The above propositions also hold for
contours.

Examples.
1. The winding numbers of a trefoil knot in 5 different domains.

Observe that the winding number increases by 1 if we cross the contour from its right to its
left; decreases by 1 if we cross the contour from its left to its right.

Theorem 3.9.1. [The General Cauchy’s Theorem]| Let f be holomorphic on a domain U.
Let v be a contour in U such that W (~y,a) =0 for every a« € C\ U. Then f7 f=0.

The interested reader may refer to Chapter IV, § 3 of Lang’s book for a proof. The condition
that W (v, ) = 0 for every a € C\ U means that every component of C\ 7 such that the winding
number of v is not zero must be contained in U. For example, if v is a Jordan curve, then
we need that Int(y) C U. Suppose now the contour 7 is the sum of mutually disjoint Jordan
curves Vg, 0 < k < n, such that Int(yx), 1 < k < n, are mutually disjoint, and are all contained
in Int(yg). Suppose further that - is positively oriented, and ~, 1 < k < n, are negatively
oriented. Then the W (v, ) # 0 iff o € D := Int(vyo) \ U{_; (Int(yx) U~x). Then the condition
of the above theorem becomes D C U.

Theorem 3.9.2. [The General Cauchy’s Formula] Let f be holomorphic on a domain U.
Let v be a contour in U such that for every oo € C\ U, W(v,a) =0. Let zo € U\ v. Then

1 [ f(2)
By /7 pa— dz = W(7, 20) f(20).
Proof. Assuming the general Cauchy’s Theorem, the proof of this theorem is not difficult. Let
r > 0 be such that D(zp,7) C U. Define a contour 1 to be v+ (=W (v, 20)){|z — 20| = r}. Here
if W(v,z9) =0, then n = ~; if W(~, z9) > 0, this should be understood as n = v+ W (v, z0){|z —
zo| =7r}7. Let U' = U\ {z0}. Then for any « € C\U’, W(n,«a) = 0. Since Zf_(zzl is holomorphic
on U’, from the general Cauchy’s Theorem,

1 / FCInY / 1), Wirz) /|| e,

I 211 z— 2 211 zZ— 2

1 f(2)
211 ’Y Z— 2 z (’77 ZO)f(ZQ),
where the last equality follows from the Cauchy’s Formula for Jordan curves. 0

Homework. Find the winding numbers for a given closed curve. See the course webpage.
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Chapter 4

Calculus of Residues

4.1 Laurent Series

The Laurent series (centered at 0) is of the form

where a,, n € Z, are complex numbers. It converges iff the following two series both converges:

0o —1
E anz", E anz”.
n=0

n=—oo

The first is a power series. The second can also be transformed into a power series:

i anz" = Za_n(l/z)”.

n=—oo

Suppose the radius of }_ a,z" is Ry, and the radius of >~ a_,w™ is R_. Then > > a,2"
converges when |z| < R4 and |1/z] < R_, i.e.,, 1/R_ < |z| < R4+. Suppose that 1/R_ < R..
Let R = Ry, r = 1/R_, and let A be the annulus {r < |z| < R}. Let fi(z) = > o7 anz",
g—(w) =3 a_pw", and f_(z) = g_(1/z). Then f; is holomorphic on D(0,R;) = D(0, R)
and g_ is holomorphic on D(0, R_). So f_ is holomorphic on {|z| > 1/R_} = {|z| > r}, and
f = f+ + f- is holomorphic on A.

Moreover, we have f/ (2) = 300 jna,2" ! and ¢’ (w) = > o0 ; na_,w""!. Using chain rule,
we get

~1
fl(z)=4¢ (1) L i —na_p,z "= Z ka1
L) =d(0) = n = R
n=1

k=—o0
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Thus, the derivative of f = f, + f_ is

Theorem 4.1.1. Let r < R € [0,00|. Suppose that f is holomorphic on A = {z :r < |z| < R}.
Then f has a Laurent expansion:

o
Z anz", z €A,

n=—oo

where ) £(2)
z

n=— 5 _. d 5 Z7 t . 4.1

27 ey o z, n€Z,r<t<R (4.1)

In the proof we will use the Laurent series expansion of a particular function f(z) = ﬁ,

where zg € C\ {0} is fixed. Let r = |2p|. Note that f is holomorphic on the disc {|z| < r} and
the annulus {r < |z| < co}. In the disc, we have |z/z0| < 1, so

g
1) = gy === Z () >
n=0 0
This means that a, = 0if n < 0; a, = —1/207" if n > 0. In the annulus, we have |z/z| > 1,
0 )
1/z I (20\" = 2§ — 2"
fW)Zm:;Z(;) =D = X T
n=0 n=0 m=—o0 “0

That is, a, = 0 if n > 0, an—l/z"Jrl if n <O.

The above method can be used to derive the Laurent series of more complicated functions.
For example, f(z) = m Note that, we can write f(z) = i — Zil. We have the
Laurent series expansions of L= in the two regions: {|z| < 1} and {|z| > 1}, and the Laurent

series expansions of 5 in the two regions: {|z| < 2} and {|z| > 2}. Putting them together, we
can then derive the Laurent series of f in the regions: {|z| < 1}, {1 < |z| < 2}, and {|z| > 2},
respectively.

Proof. First, from Cauchy’s theorem, the value of each a, does not depend on t. Let zy € A.
Pick s < S € (r,R) such that s < |29] < S. Let ¢ = min{|z9| — 5,5 — |20]}/2 > 0. Let
J1 ={|z| = S}, Jo = {|z| = s}, and J3 = {|]z — 29| = ¢}. Then Jy and J3 lie inside J;. The
function % is holomorphic on Ji, Jo, J3, and the domain bounded by these circles. From
Cauchy’s Theorem and Cauchy’s formula,

FACORF I (O fe)

dz = dz =2mif(z).
J1Z T A0 Jo Z T 20 Js 2T %0
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o0 n

1 1/z 2
- N A e
z—290 1—2z/z ;:Oz"“ MRS

I VL R A i -2y

- YRR
z—z0 1—2z/2 — Z(’)““ P Zntl

z € Js.

The first holds because |z9/z| < 1 for z € J;. The second holds because |z/z| < 1 for z € Js.

Thus,
2mif(20) = Mclz— Md
J1 Z — 20 Jo Z — 20
)z
dz.
/Jln() Zn—f—l /Jzn_oo Zn+1

If the infinite sums exchange with the integrals, we have

(e%e] —1 o
2mif(z0) = Z ( ; Zfrgiz dz) 2y + Z < frgﬂ dz) 2y = Z 2mian 2 - (4.2)
n=0 1

n=—o0 J2

It remains to show that the two series inside the integrals converge uniformly on the curves.
Note that, for z € Jq,
|20]"

OR8] < 228,

and from |zp|/R < 1, we find that

- 20" fllay = (l20l\"
S i U 5 (Y <

n=0
From comparison principle, we see that » > Iz (n)ﬂo converges uniformly over z € J;. For
z € Js,
f(Z)Zg‘ Hf” |Zo‘n
ol | = J2 1o

and from |zp|/r > 1, we find that

-1

n o0 k
Sl ol = e 2 () <

n=—oo k=1 ‘ZO|
n
From comparison principle, we see that Zn_foo ! (j)flo converges uniformly over z € J,. The

proof is now finished. O
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Remark. We will not use the above theorem to calculate the coefficients a,. Instead, we will

find the a,, using other methods, and then use this theorem to calculate the value of integrals.

We will prove in a homework problem that the Laurent series (e>)(pansion is unique. So we may
f(z

use the known Laurent series to compute the integrals f|2\=t snrr dz for n € Z.

For example, the Laurent series expansion of e/# is

M8
—
Sl
=
I
Mo
T w
S

n=0 —00

So an =0ifn > 0and a, = 1/(—n)! if n < 0. A similar example is e~2/?* = S0 o (—1/2%)mnl.
Then we have
/ e'*dz = 2mia_y = 2mi.
|z|=1

Similarly, if f is holomorphic on A = {r < |z — 29| < R}, then f has a unique Laurent series

expansion in A:
oo

Z an(z — 2z0)",

n=—oo
where

1
an:,/ Lﬂdz, neZ,r<t<R.
2mi |z—z0|=t (Z - Zo)n

Homework. Chapter V §2: 8
Additional:

1. Suppose that f is holomorphic on A = {r < |z| < R}, where 0 < r < R < co. Suppose
that there are two series of complex numbers (ay,)nez and (by)nez such that

f(z) = Z anz" = Z bz, ze€ A.

Show that a, = b, for all n € Z. This means that the Laurent series expansion is unique.
Hint: It suffices to show that if f = 0, then a, = 0 for all n. Use Y 7 ap2" =

-1 . .
e — oo —anz" to construct a bounded entire function.

2. Suppose f is holomorphic on {r < |z| < R}. Prove that for any s € (r, R),

F'G) . f(2)
/|le ED = n/lzls ontl dz, neZ.
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4.2 Isolated Singularities

Suppose f is holomorphic on U, zy ¢ U, but there is » > 0 such that D(zp,r) \ {20} C U.
Then we say that zp is an isolated singularity of f. Then f has a Laurent expansion in
{0< |z — 2| <7}

o
Z an(z — 20)", (4.3)
where . 12)
z
n == ———dz, Z, te(0,r). 4.4
a 271 /|z—20|:t (z _ ZO)n—H z ne € ( T) ( )

Definition 4.2.1. The series Z;i_oo an(z — 2z0)™ is called the principal part at zy of f.

Case 1: a_, = 0 for all n € N, i.e., the principal part vanishes. Then (4.3) becomes the usual
power series Y ° o an(z — )", which converges to a holomorphic function in {|z — zg| < r}.
Thus, if we define f(z9) = ag, then f is holomorphic on U U {2p}. In this case, we call zy a
removable singularity.

Case 2: Not all a_,,, n € N, equal to 0, and there are only finitely many nonzero a_,,.
We may find m € N such that a_,, # 0 and a_,, = 0 for n > m. In this case, we call zy a
pole of f of order m. We find that zp is a removable singularity of g(z) := (z — 29)™ f(2), and
9(z0) = a—m # 0. A pole of order 1 is called a simple pole.

Case 3: There are infinitely many nonzero a_,, n € N. In this case, we call zg an essential
singularity of f. For any m € N, z is still a (essential) singularity of (z — 29)" f(2).

Examples.

1. Suppose f is holomorphic on an open set U, and zy € U. Now we remove the definition
of f at zg. Then zy becomes a removable singularity of f.

2. 0 is pole of order 1 of f(z) = % In fact, % is already a Laurent series of f at 0.

3. Since the Laurent series expansion of e!/# at 0 is Z?L:_ o (_Z—::)!, there are infinitely many

n < 0 such that a, # 0. So 0 is an essential singularity of e!/.

Suppose there is m € Z such that a,, # 0 and for all n < m, a,, = 0. This means that zg is
either a removable singularity or a pole, and f is not constant 0 near zg. In this case, we say
that the order of f at zy is m, and write

ord,, f =m.

We see that ord,, f = m if and only if there is a holomorphic function g in D(zp,r) with
g(z0) # 0 such that f(z) = (z — 29)™g(z). It m > 0, 2z is removable. If m > 1, zy is a zero
of f after removing the singularity, and we say that zg is a zero of f of order m. A zero of
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order 1 is called a simple zero. Since a, = ! (n:L(!ZO), 2o is a zero of order m iff f(*) (z0) = 0 for

0<k<m—1and f(™(z) #0. If m <0, z is a pole of f of order |m)|.

Note that if f and g are holomorphic at zg, and if f(20),g(z0) # 0, then hy = fg and hy =
f/g are both holomorphic at zg, and hi(29), h2(z0) # 0. This means that ord,, f = ord,, g =0
implies that ord,,(fg) = ord.,(f/g) = 0. Now if ord,, f = m and ord,, g = n, then there are
F and G, which are holomorphic at zg with F'(20), G(z0) # 0, such that f(z) = (z — 20)"F(z)
and g(z) = (z — 20)"G(z). Then we get

F(2)g(2) = (z = 20)" " F(2)G(2),  f(2)/9(2) = (2 — 20)" " F(2)/G(2).

Thus, we have

ord., (f - g) = ordy, f +ord,, g, ord,(f/g) = ord,, f —ord,, g.
Examples.

1. We have ord,, 1 = 0 for any zy € C, ordg z = ordpsinz = 1 (because the derivative of z
and sin z does not vanish at 0). Thus, ordg1/z = ordg 1/sin z = —1, which implies that
0 is a simple pole of 1/z and 1/sin z. From ordgsinz/z = ordgsin z — ordg z = 0, we see
that 0 is a removable singularity of sinz/z. After removing the singularity 0, we extend
sin z/z to an entire function.

Definition 4.2.2. Let U be an open set. Suppose that S is a relatively closed subset of U. If
f is holomorphic on U \ S, and each zy € S is a pole of f, then we say that f is meromorphic
onU.

Suppose f and g are holomorphic on a domain U such that g is not constant 0. Then f/g
is meromorphic on U after removing those removable singularities.

The quotient of two entire functions is meromorphic on C. This includes the quotient of two
polynomials, which is called a rational function. The functions tanz = % and cot z = ==
are also meromorphic in C. For tan z, since the zeroes of cos z are km + 7/2, k € Z, which are
simple because cos’ z = —sin z # 0 at kr + /2, and since sin(kr +7/2) # 0, we find that every
km + 7/2 is a simple pole of tan z. Similarly, cot z is also a meromorphic function in C, whose
poles are km, k € Z, and every pole is simple.

Now we describe the behavior of f near an isolated singularity of each kind. We will always

assume that zg is a singularity of f, and f is holomorphic on D(zg,r) \ {z0}.
Theorem 4.2.1. The following are equivalent

(i) zo is a removable singularity of f;

(i) lim,_,., f(2) converges;

(iii) there is r' € (0,7) such that f is bounded in D(zo,7") \ {20}
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Proof. That (i) implies (ii) is obvious because after the analytic extension, lim,_,, f(z) =
f(z0) € C. Suppose (ii) holds, and let wg = lim,_,,, f(z) € C. Then there is ' € (0,r) such
that |f(z) — wo| < 1 for z € D(2¢,r’), which implies that |f(2)| < |wo| + 1 in D(z0,7") \ {20}
So we get (iii)

Finally, we show that (iii) implies (i). Suppose |f(z)| < M < oo on D(zg,7’) \ {20}. From
(4.4), we see that, for any ¢ € (0,77),

1
|an| < Q—Mt_“_lL(ﬂz — 2| =t}) <Mt™", neZ.
s

If n < —1, then t™ — 0 as t — 0, which implies that a,, = 0 for n < —1. So we get (i). O
Theorem 4.2.2. 2 is a pole of f < lim,_,,, |f(z)| = cc.

Proof. zy is a pole of f < zpis a zero of 1/f < lim,_,,, [1/f(2)| =0 < lim,_,., |f(2)] = 0.
Here that lim,_,,, |1/f(z)| = 0 implies zp is a zero of 1/f follows from the above theorem: we
first conclude that z is a removable singularity of 1/f using the boundedness of 1/f near zp,
and then use the limit to see that the extended value of 1/f at 2y is 0. O

Recall that S C C is dense in C if S = C, which is equivalent to the following: for any
wp € C and r > 0, D(wp,r) NS # 0.

Theorem 4.2.3. 2y is an essential singularity of f < for any t € (0,r), f(D(z0,t) \ {z0}) is
dense in C.

Proof. We first prove the < part. Assume that f(D(zo,%)\{20}) is dense in C for any ¢t € (0, 7).
If zp is a removable singularity, then lim,_,,, f(z) exists. So there is ¢ € (0,r) such that
f(D(z0,t) \ {#20}) is contained in a disc, so it can not be dense in C. If zy is a pole, then
lim,_,,, |f(2)| = co. Then there is t € (0,7) such that f(D(z0,t)\{z0}) C {|z| > 1}, which also
can not be dense in C. So zy must be an essential singularity.

Then we prove the = part. Assume that zp is an essential singularity, but f(D(zo,t)\ {20})
is not dense in C for some ¢t € (0,7). Then there exist wy € C and € > 0 such that | f(z) —wp| > r
for every z € D(zo,t) \ {20}. Let g(z) = m Then g is holomorphic and bounded in U. So

2o is a removable singularity of g. Since f(z) = wp + for z € U, we see that zg is either a

1
9(2)
removable singularity (if g(zo) # 0) or a pole (if g(z9) = 0) of f, which is a contradiction. [
Remark. Actually, it is known that the f(D(zo,t) \ {z0}) in the above theorem is either
the whole C or C without a single point. Using a homework problem, one can show that, if
f(2) = €%, then for any r > 0, f(D(0,7)\ {0}) = C\ {0}.

Homework
Let f be an entire function that satisfies lim|,|_, [f(z)| = co. Prove that f is a polynomial.
Hint: Consider g(z) := f(1/2).
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4.3 The Residue Formula

Let zo be an isolated singularity of f, and let > > a,(z — 29)" be the Laurent series of f in

0 < |z — 2| < r for some r > 0. We call a_; the residue of f at zgp, and write
Res,, f =a_;.

Lemma 4.3.1. For anyt € (0,r). Then
/ f =2mia_1 = 2mi Res,, f.
{lz—z0l=t}

Proof. Recall that for any n € Z,

- 7“2) dz.

ap = —
" 211 {|z—20|=t} (Z - ZQ)"'H
Taking n = —1, we get the desired equality. O
Theorem 4.3.1. f has a primitive in D(zo,7) \ {20} iff Res;, f = 0.

Proof. If f has a primitive in D(zp,7)\ {20}, then [ f = 0 for C' = {|z — z| = t}, which implies
that a_1 = 0. If a_1 = 0, then a primitive of f can be represented by

_92 %)
Qn n+1 an _ n+1
£ s LG +7§n+1(z 20)

O

Theorem 4.3.2. [Residue Formula for Jordan Curves| Let J be a positively oriented
Jordan curve. Suppose that f is holomorphic on Int(J) U J except at a finite number of points

21y, 2n € Int(J). Then
/f = QWiZReszj I

Proof. Choose r > 0 such that the closed discs D(zz,7), 1 < k < n, are mutually disjoint, and
all contained in the interior of J. From Cauchy’s Theorem and the previous lemma, we get

= — 27> Res., f.
/Jf ;/lz—m:rf m; es., f
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Remark. The Cauchy’s theorem and Cauchy’s formula can be viewed as special cases of
Residue formula. Take Cauchy’s formula for example. We have

/ L dz = 2mi Res 1(z)
P w

Guy Gy

Now we calculate the residue of % at w. Recall that f has a power series expansion near
w:

() (4
F =3 T <
n=0

n!

Thus,

©  f(n)
wfg%ﬂ=§3fjmu—wWW4,o<v—w<n
n=0 ’

1

For the residue, we look for the coefficients that corresponds to the term (z —w)™", i.e., when

n =m. So we get

1))

Resu (z —w)mtl !
Thus,
f(z) ()
/J = )il dz = 2mi .

Moving 27i and m! to the left, we get the Cauchy’s formula.

To apply the Residue Formula, we need to know how to find residues. The most general
method is to find the Laurent series. As we have seen above, if f is holomorphic at zy, and
g9(z) = (zi (Z’Z))m, then we may use the power series expansion of f to find the Laurent series
of g at zp, and so find Res,, g. In fact, if f(z) = > 2 an(z — 20)" near zp, then g(z) =
Yool o an(z — 20)" "™ near zg, and Res;, g = am—1 because n = m — 1 corresponds to (z — 20) 7!
in the expansion of g.

Examples.

1. Find the residue of Sizrgz at 0. If sinz = > "7 ; anz", then Resg Si;GZ = a5. We may compute
in®®) (0) in’(0) 1 : o 1
__sm __ S _
as by a5 = =~ = 55~ = 13- D0 the residue is 155-

2

2. Find the residue of f(z) = (ZH)ZW at 1. Let g(z) = Zz—jl Then g is holomorphic at 1,

and f(z) = %. If the power series of g at 1 is

o
Z an(z —1)",
n=0
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then the Laurent series of f at 1 is
a a
—(2) +2 4 higher terms.
z z

So the residue is aj. The value of a; can be computed by a; = ¢/(1). Since

2z 22

9= 17~ L

3

we have a1 = ¢/(1) = 2. So the residue is 3.

3. Let f(z2) = m Find f|z—1|:1 f. Note that f is meromorphic in C with two poles
—1 and 1. Since —1 lies outside {|z — 1| = 1}, and 1 lies inside {|z — 1| = 1}, by Residue
formula, we have

/ szwiReslf:27ri-§.
lo—1|=1 4
Lemma 4.3.2. Let f and g be holomorphic at zy. Suppose f(z9) = 0 and f'(z9) # 0, i.e.,
ord,, f =1. Then
9\ _ 9(0)
Res, (—) = .
NS f(#0)

Proof. We may write f(z) = F(z)(z—z2¢), where F is holomorphic at zg, and F'(z9) = f'(z20) # 0.
Then

o) _ 1 o)

f(z)  z—20F(2)

Since g and F' are both holomorphic at zg, and F(z) # 0, we see that % is holomorphic at zg.
From the above displaced formula, we conclude that

9\ _ 9(20) _ g(20)
Reso (%) = Fio) = Sy

Examples.

1. Find the residue of cot z at kr, k € Z.

We have cot z = €3£, Since sin(km) = 0 and sin(kw) = cos(km) # 0, km is a simple zero

of sin z. From the above lemma,

cos(km)  cos(km)

sin’(km)  cos(km) =1

Resgr cot z =

Now we can compute f|2|:5 cot zdz.
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It is easy to see that the poles of cot z that lie inside |z| = 5 are 0, m, and —7. From
Residue Formula,

/ cot zdz = 2mi(Resp cot z + Resy cot z + Res_ cot z) = 6mi.
|z|=5

2. Find the residue of anzz at 0.
Since sin(0) = 0 and sin’(0) = cos(0) = 1 # 0, 0 is a simple zero of sin z. From part (b),
e? e

we get Resg £ = ) = 1.

3. Let f(2) =22 —22+3. Let R={z+iy: -1 <2<3 -2<y<2}and C = IR with
positive orientation. Find [ %

Since f(z) = (z — 1) + 2, we see that f has two zeros 1 + iv/2 and 1 — iv/2. Since
f'(2) = 22 — 2, we see that f/(1+14v/2) #0. So 1+ iv/2 and 1 — iy/2 are simple zeros of
f. Applying the lemma, we get

1 1 1 1 1 1

RSLve = mi v e VT T pa—iva) | —i2ve

Since 1+ 4v/2 and 1 — iv/2 both lie inside C, we get

1 1 1 1 1
— =2ri(Res, 5 — + Res, . 5 —)=2mi + = 0.
/C 7 = 2miRes s g ¥ Resy s 7) = 2miCo s+ 5 75

Theorem 4.3.3. [The General Residue Formula] Let v be a contour in a domain U such
that W (vy,a) =0 for every o € C\ U. Suppose that f is holomorphic on U except at a set S,
which has no accumulation point in U, and does not intersect v. Then

/f = 27i Z W (v, w) Resy, f.
2l

weS

Proof. Let S’ denote the set of w € S that does NOT lie on the unbounded component of C\ ~.
Since S has no accumulation point in U, S’ is finite. Note that W (v, w) = 0 for w € S\ S’. So it
suffices to prove the displayed formula with S’ in place of S. We may then consider the contour
n=7=Yuwes W 2){|z — w| = r}, where r > 0 is small such that D(w,r), w € §', are
contained in U and mutually disjoint. From the general Cauchy’s Theorem, we have fn f=0.
The proof is finished by applying the above residue formula.

Homework Chapter VI §1: 12, 14, 15, 18, 20, 26(a,d)
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4.4 Rouché’s Theorem

Suppose ord,, f = m, i.e., f(z) = (2 — 20)™g(z), where ¢ is holomorphic at zg and g(zp) # 0.
Then
f'(z) =m(z = 20)" 1g(2) + (2 — 20)"9' (),

which implies that
fe)_ m g

f(z) 2=z g(2)
Since ¢’ and g are holomorphic at zg, and g(29) # 0, we see that
!
Res., T = ord,, f (4.5)

Theorem 4.4.1. Let f be meromorphic on U. Let v be a positively oriented Jordan curve in
U such that v does not pass through any zero or pole of f, and the interior of v is contained in

U. Then we have
/ n
/ JJZ = QWiZOrdzj 7
0 j=1

where z1, ..., 2z, are the zeros or poles of f that lie inside ~.

Proof. We know that f’/f is meromorphic on U, whose pole is either a zero or a pole of f. The
conclusion follows from (4.5) and the Residue Formula. O

If 2z is a zero of order m of f, we now say that f has m zeros at zy counting multiplicities.
If 29 is a pole of order m of f, we now say that f has m poles at zg counting multiplicities. The
total number of zeros of f that lie inside v (c.m.) is the sum of ord,, f over those zeros of f
inside C'. The total number of poles of f that lie inside v (c.m.) is the sum of —ord,; f over
those poles of f inside C. The conclusion of the above theorem can be written as

1 /
— / S = #{zeros of f inside v} — #{poles of f inside ~}.
2mi ), f

In particular, if f is holomorphic on Int(y) U~ such that no zeros of f lie no -, then % fy f
is equal to the number of zeros of f (c.m.) inside ~. If the value of the integral is 0, then f has
no zeros inside ~y. If the value is positive, then f has zeros inside ~. If the value is 1, then f
has exactly one zero, which is simple, inside ~.

Theorem 4.4.2. [Rouché’s Theorem] Let J be a Jordan curve. Let f and g be analytic on
J and its interior. Suppose that

1f(z) —g(z)| < |f(2)], =z€.

Then f and g have the same number of zeros (c.m.) inside J.
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Proof. 1t suffices to show that [ J%, =/, fTI The idea is to change continuously from f to g.
Let h=g— fand ¢4 = f+th,0<t<1. Then g9 = f and g1 = g. Since |h| < |f] on J, we
see that g4 # 0 on J for 0 <¢ < 1. Let

/ ! /
m(t)zl./gtzl. LA g<i<u.
2mi Jy g 2mi J; f+th

Then m(t) equals to the number of zeros (c.m.) of ¢; inside J. In particular, m(0) is the number
of zeros of f inside J, and m(1) is the number of zeros of ¢ inside J. We see that m(t) € Z
for 0 <t < 1. One may also show that m(t) is continuous in ¢. So m(t) has to be a constant.
Then m(0) = m(1), as desired. O

Example. Let P(z) = 2% — 5234 2 — 2. We want to find the number of zeros (c.m.) of P inside
{|z| < 1}. We compare it with f(z) = —52%. Then on {|z| = 1},

|P(z) — f(2)| = |8 +2—=2| < |28+ 2| + |2l =1+1+2=4<5=| 5% = |f(2)].

From Rouché’s Theorem, we see that P and f have the same number of zeros inside {|z| < 1}.
Since 0 is the only zero of f, which has order 3, we conclude that P has 3 zeros (c.m.) in
{l]z| < 1}.

Next, we want to find the number of zeros (c.m.) of P inside {|z| < 2}. We compare it with
f(z) = 28 Then on {|z| = 2},

|P(2)— f(2)| = | =523 +2—2| <51z + |2| + 12| = 5% 22 + 2+ 2 =44 < 28 = |28 = | f(2)].

From Rouché’s Theorem, we see that P and f have the same number of zeros inside {|z| < 2}.
Since 0 is the only zero of f, which has order 8, we conclude that P has 8 zeros (c.m.) in
{|#] < 2}.

Combining the above two results, we can conclude that P has 5 zeros (c.m.) in {1 < |z| < 2}.

For polynomials, we have a method to determine whether all of its zeros are simple. In
fact, if P has a multiple zero at zg, then zy is also a zero of P’. This means that the greatest
common divisor (P, P’), which is also a polynomial, has a zero at zo. Thus, if (P, P’) has a
low degree, then we may find all multiple zeros of P. For example, if P(z) = 2% — 523 + 2 — 2,
then P'(z) = 827 — 1522 + 1. On can calculate that (P, P') = 1, which has no zero. So all
zeros of P are simple zeros. The conclusions in the previous paragraph hold without counting
multiplicities.

Example. We may use Rouché’s theorem to get another proof of Fundamental Theorem of
Algebra. Let P(z) =, arz* be a polynomial of degree n. So a, # 0. Compare P(z) with
f(2) = apz™. The only zero of f is 0, which has order n. We have

P(z ak n
|(|f Z ‘| k=" 0, as|z| — co.



So we may find N > 0 such that, if |z| > N, then % < 1, which implies that |P(z) —

f(2)] < |f(2)] on {|z| = R} for any R > N. From Rouché’s theorem, we conclude that P has
n zeros (c.m.) in {|z] < R} if R > N. Thus, P has n zeros (c.m.) in C.

Homework Chapter VI §1: 31, 32, 35.

4.5 The Open and Inverse Mapping Theorem

Theorem 4.5.1. [Open Mapping Theorem] Let f be analytic in an open set U such that
f is not constant in any open disc. Then f(U) ={f(z):z € U} is open.

Proof. Let wy € f(U), we will show that there is ¢ > 0 such that D(wg,e) C f(U). Let zg € U
be such that f(z9) = wp. Suppose that the power series of f at zp is

oo
Z an(z — 20)".
n=0

Then ag = wy. Now zp is a zero of f —wp. Let m = ord,,(f — wo) € N, which is well defined
since f is not constant near zg. Then a,, # 0 and a, =0 for 1 < n < m—1. When z is near z,

f(z) =wo + Z an(z — 2zp)".

Let
9(2) = wo + am(z — 20)™;

ne = LEIE S g

(Z - Z())m n=m-+1

Then h is analytic at zo, and 2(0) = 0. Pick r > 0 such that D(zo,7) C U and ||h||j,— o= < ‘ag”‘.
Let € = m—;"'rm > 0. Fix any w € D(wo,€). Let fu,(2) = f(2) —w and gy(2) = g(2) — w. We
will apply Rouché’s Theorem and show that w € f(D(zp,r)), which is equivalent to that f,
has a zero in D(zp,r). Note that g, (z) = 0 iff (z — 2p)"™ = “=22. Thus, g, has m zeros (c.m.),

am

whose distance from z are all equal to (%)1/ ™ which is less than (|C’jn|)1/ ™ < r. Thus, gy

has m zeros in {|z — zo| < r}.
For z € {|z — 29| =1},

A 7™
90(2)] = 1o + (= — 20)™ — 0] > fan(z — 20)"] o — ] > lanfs™ — = > 12m”"
and
m m |am|7,m
[fu(2) = gu(2)| = [f(2) = g(2)] = r™"[h(2)] < " [7]ljozg=r < =5 <lgu(2)l, |2z — 20| =71
From Rouché’s theorem, f,, also has m zeros (c.m.) in D(zp,r). Thus, w € f(U) for every
w € D(wy,e), i.e., D(wp,e) C f(U). O
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Remark. If U is a domain, then the condition in the theorem is equivalent to that f is not
constant. We have seen before that if a holomorphic function f defined on a domain U satisfies
that |f| is constant or 3Re f 4+ 2Im f = 0, then f is constant. Now we see such kind of results
all follow easily from the open mapping theorem.

Definition 4.5.1. An analytic function f defined on U is called an analytic isomorphism if
there is an analytic function g defined on f(U) such that g(f(z)) = z for every z € U. If f is
an analytic isomorphism defined on U such that f(U) = U, then we say that f is an analytic
automorphism of U. We say that f is a local analytic isomorphism at a point zg if there exists
an open set U containing zg such that f is an analytic isomorphism on U.

Homework

1. Suppose fi is an analytic isomorphism defined on U, and fs5 is an analytic isomorphism
defined on f;(U). Prove that f;° Land fy 0 f1 are also analytic isomorphisms.

It is clear that an analytic isomorphism f must be injective. The following theorem states
that the converse is also true.

Theorem 4.5.2. Let f be holomorphic and injective on an open set U. Then f is an analytic
isomorphism.

Proof. Define g = f~! on f(U). Since f is injective, g is well defined. It suffices to show that g
is holomorphic. Since f is injective, it is not constant in any open disc. From the open mapping
theorem, for any open set O C U, g~1(O) = f(O) is open. This shows that g is continuous.

Let Z denote the set of zeros of f' in U. Then Z has no accumulation point in U. Let
U' =U\Z. Then U’ is also open. Fix wy € f(U’). Let zp = g(wy) € U'. Then wy = f(2).
Since g and g~ = f are both continuous, we see that w — wyq iff g(w) — g(wg). Thus,

i 9 —g(wo) gw) —g(wo) 1
w—wg w — Wy g(w)—g(wo) f(g(w)) — f(g(wo)) f/(zo)a

where in the last step we used that f'(z9) # 0 as z9p ¢ Z. Thus, ¢'(wo) exists. So g is
holomorphic on f(U’).

Now we restrict g to f(U') = f(U)\ f(Z). Then every wy € f(Z) is a singularity of
glywr)- Since g is continuous on f(U), for any wo € f(Z), limy—w, g(w) = g(wo). Thus, every
wo € f(Z) is a removable singularity of g| ). If we extend g| ¢y to a holomorphic function
on f(U), then we must get the function g, because g is already continuous on f(U). So g is
holomorphic on f(U). O

If f and g are both holomorphic, and g = f~1, then from Chain rule, ¢'(f(2))f/(z) = 1 for
z € U, which implies that f/(z) # 0 for z € U. Thus, if f is a local analytic isomorphism at zg,
then f’(29) # 0. On the other hand, f'(z) # 0 for z € U does not imply that f is an analytic
isomorphism. One example is f(z) = e*. Note that (e*) = e* # 0 for all z € C, but €* is not
injective on C.
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Theorem 4.5.3. [Inverse Mapping Theorem)] If f is holomorphic at zy, and f'(zo) # 0,
then f is a local analytic isomorphism at zy.

Proof. We repeat the proof of the open mapping theorem. Let wg = f(z0) and m = ord,,(f —
wp). Since f'(z9) # 0, m = 1. In that proof, we find r,e > 0 such that for any w € D(wy,¢),
fw = f—w has m zeros (c.m.) in D(zg,r). Since m = 1, this means that, for every w € D(wy, ¢),
there is exactly one z € D(zg,r) such that f(z) = w. Let Uy = f~*(D(wo,€)) N D(20,7). Then
f is injective on Uy, which is open and contains zg. From the previous theorem, f|y, is an
analytic isomorphism. O

Homework Chapter V, §3: 7. Additional:

1. Suppose f is analytic on D(zo; R) \ {20}, and 2o is a pole of f. Prove that for any
r € (0, R), there is M € (0,00) such that f(D(z0;7)\ {20}) D{z€C:|z| > M}.

2. Let f be analytic on a domain U, zyp € U, and wg = f(29). Suppose that ord,, (f —wp) =
m € N. Prove that there is an open set Uy with zg € Uy C U such that =1 (wo)NUy = {20}
and f~!(w) N Uy contains exactly m elements (without repetition) for w € f(Up) \ {wo}-
This means that f|y, is m-to-1 except at 2.

4.6 Evaluation of Definite Integrals

We are going to apply the Residue theorem to compute definite integral

00 0 R
/_ f(x)dzx ;== lim /_Rf(x)daz+Rli_r>I;O ; f(x)dz.

R—o00

Suppose that f is holomorphic on the closed upper half plane {Imz > 0} except for finitely
many isolated singularities: zp, 1 < k < n, in the open upper half plane {Imz > 0}. Choose
R > 0 such that |zx| < R for 1 < k < n. Note that

! R
/[—R,R} /= /o f(=R+HR— (=R)))(R— (-R))dt = /_R f(x)dx.

Let Sk denote the semicircle with radius R: v(t) = Re®, 0 <t < 7. Then I' := [-R, R] ® Sgr
is a positively oriented Jordan curve. From Residue formula, we get

/_Zf(x)dx+/SRfZ/FfZZMéReSZkﬁ

If we know that limpg_, fSR f =0, then we get

R—o00

R n
lim /R f(z)de = 2772'};:11%5@C f. (4.6)
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The limit limp oo I?R f(z)dx is called the principal value integral, and is denoted by
P.V. / f(z)dx.

It is slightly different from f_oooo f(z)dz. Their relations are:
1. If f_oooo f(x)dx exists, then P. V. ffooo f(x)dx exists and is equal to f_oooo f(x)dz.

2. If P.V. ffooo f(x)dx exists, ffooo f(x)dx may or may not exist. One counterexample is
f(z) = z. Since fﬁR adx =0 for all R, P.V. [*_xzdx = 0. But [ xdx does not exist
since fooo xdxr = +o0 and f_ooo xdr = —o0.

3. If f(z) is nonnegative or an even function on R, then the existence of P. V. [*_ f(z)dx
implies the existence of ffooo f(z)dz, which must be equal.

Moreover, if f is even, and fix;o f(x)dx exists, then

/Ooo F(2)dz = /_OOO F@)dz = ;/_(: F(z)dz.

Example. We want to cglculate ffooo xﬁl’ Let f(z) = flﬂ. Then f is‘meromorphic in C
with 4 poles: z; = % + %, Z9 = —% + ﬁ, 23 = —% - ﬁ, Z4 = % — ﬁ, among which z;
4z

and 23 lie in {Im 2 > 0}. Since (2% + 1)’ = 423 does not equal to 0 at z;, 1 < j < 4, we get

1 1 Zj Zj
Res) f=m =1 1= o
J J

To estimate fSR f, we note that | f(z)| < zi— on Sg since |z* +1] > [z - 1=R*-1>0on
Sr, which implies that

TR
[ ] <Ll lse < g 0. R
Sk -

Since f is even, we get

°° . i 7r
/_OO f(x)dx = 2mi(Res,, f + Res,, f) = —?(21 +29) = 7

Example. Compute fooo Sigx dz.

Although we know that *7 extends to an entire function, this does not help use compute

the integral. In fact, we will integrate the function f(z) := % Note that f has exactly one pole
in C, which is 0. The pole lies on R, so the above method does not apply. Suppose R > ¢ > 0.
Let Sk be as in the last example. We consider a contour (closed curve):

I'=[,R|®Sp®[-R,—¢c]®S,.
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Note that f is holomorphic on and inside I'. From Cauchy’s Theorem,

0=/Ff=LRf—/€f+/€Rf<x>dx+ R€f<:c>d:r
/ERf(:c)dx:/gR Coigcdxﬂ‘/f Sizxdx;

—e —e —& o
f(z)dz = / O + z/ ST .
_R _R Z R X

Since <* is odd and ** is even, we get

/f Vdz + _gf() /fsmxdx.

x

L R - . [Csinz
I%l_r)réoig%(/g f(x)da:—i—/_R f(x)dx) =2Z/0 . dx.

We will show that limp_, |, s, [ =0, and evaluate lim._, J 5. f

First, we have
T zRe ) T o
/ / zRe’tdt—/ et gt
Sk 0

/2 )
‘ / f‘ / Rsmtdt / efRsmtdt'
Sr

The last equality holds because sin(m — t) = sint.

Note that

Thus,

So

Lemma 4.6.1. sint > 2 for 0 <t < /2.

Proof. Since sin”(t) = —sint < 0 on [0, 3], sint is a concave function on [0, Z]. Note that y = 2
is the equation of a straight line that passes through (0,0) and (3, 1). Slnce the curve y = sint
also passes through these two points, the concaveness of sin on [0, 7] implies that sint > % for
0<t<m/2. O

From the lemma

w/2 ) w/2 00
0 0 0 2R

which tends to 0 as R — . ,
Now we evaluate lim._,q fSa % For ¢ > 0 and 6 € (0,27], let 7.y denote the curve

Ye(t) = ee', 0 < t < 6. Note that if § = 27, we get the circle {|z| = ¢}, and § = 7 corresponds
to the semicircle S..

73



Lemma 4.6.2. Suppose f has a simple pole at 0. Then

lim / f=10Resq f.
Ve,0

e—0t

Proof. Let a = Resg f. We may write f(z) = ¢ + h(z) such that h is holomorphic at 0. We

compute
a 0 4 . 0
/ —dz :/ —itise”dt :/ tadt = ifa.
Ye.6 z 0 €e 0

Since h is bounded near 0, and L(v:9) = € — 0 as € — 0, we get f% , h — 0ase— 0. Thus,
lim, o+ f% f =16a =i0Res f. O

Since Resg % =1, from the lemma we get lim._,¢ [ s, % dz = im. Thus,

o0 3 1 1z
/ Smxdx:—_lim e—dz:z
0 2

T 2ie=0 Jg. 2

Example. Compute [ Cﬁ(g? dx for a € ]R
First we assume that a > 0. Let f(z) = % Let R > 1. Let I" be the contour [-R, R]® Skg.

Using Residue formula, we get

1a

R
/ f(z)dx + f=2miRes; f = 9miS — =e ‘T
-R Sk 21

_gp 1+ a? _gp 1+2? _p 1+ a2

Note that

The second term vanishes because S‘fij;) is odd.
For z € Sk, Im z > 0, so Re(iaz) < 0. Thus, |¢!**| = eRe(i¢2) < 1 on Sg. So || f|ls, < ﬁ,

which implies that
TR
< L(SR) < ——-—0
[, 1< W lsa i) < gy =0

cos(ax)
1+a2

/OO cos(ax) dp = e—ar.

oo L2

as R — oo. Thus, letting R — oo and using the fact that is even, we conclude that

Now we consider the case a < 0. The above argument does not work because |e?%*| > 1 on Sg.
You may work on a lower semi circle, and repeat the above argument. There is a simple way
to do this. Using the fact that cos is even, we get

o] S _
/ cos(aa;) dr — / cos( a2ac) di = ¢,
oo 1+ o 1+
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where the second equality holds because —a > 0. Thus, we get

00 eiaaz
/ T2 dm:e_|a‘7r, a €R.
—00

Remark. The Fourier Transformation of f is the function fdeﬁned to be

flt) = / it f(z)dz, teR.

—00

~

The above computation shows that, for f(z) = 1+1x2, ft) =e Mg,

Example. Find the Fourier transform of f(z) = e=*"/2.

22

=e
2 > 0, applying Fubini’s Theorem and using polar
(o) 12 2 o0 12 o y2
(/ 677dx) = / e 2dx- / e 2dy
—00 —00 —00

00 [e%S) 2242 2T oo 2 210

:/ / e 2 dzdy :/ / e zrdrdd =2ne” 2
—o0 J —00 0 0

x2
So we get ffooo e” 2 dr =+/2m.

. ;1;2
Now we calculate f(a) = [*_ €""e™z dx. Let f(z) = e~ 2. We have

2
. o0 —_z_ . —
First, we calculate f_oo e~ 2 dx. Since e

coordinate, we get

= 2.

~ o0 (zfia)Q a? a?
f(a)—/ e 2 e zdr=e 2 lim f.

—o0 R—00 JI_R—ia,R—ia]

12
We will show that limpz_,oo f[_R_ia R-ia) f=lmp_ f[_R R f=[2_ e Zdr=+/2m. Then we

M

o~ a

get f(a) = v2me™ 2. In order to do that, we construct a closed curve:
I'=[-R,R|®[R,R—ia] ® [R—ia,—R —ia] ® [-R — ia, —R].

Since f is an entire function,

oz/fz/ f—/ f+/ f—/ f
r [-R,R] [-R—ia,R—ia] [R,R—ia] [-R,—R—ia]

For z € [R,R —ia], Rez = R and |Imz| < |a|, which implies that Re(z?) > R? — a®. So
2_,2
|f(2)| = e~ Re(z")/2 < e "2 on [R, R — ia]. Then we get

: _R’-a®
I R e e A
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So limp_yee f[R R-ia) f =0. Similarly, limpg_,o0 f[_R R—id) f=0. So we get

2
e~ Tdr =V2r

lim f= lim f= /
R—00 JI_R—ia,R—id] R—oo JI—R,R)

a

as desired, and then get ]?(a) =2me 2.
Homework Chapter VI §2: 2, 8(a), 9

Trigonometric Integrals We wish to evaluate an integral of the form

2
Q(cos b, sin 6)do,
0

where @ is a rational function of two variables: @ = Q(x,y). Since

61’9 + e—ie ) eie —i6
cosf = — 5 sinf = ————,

we find that

2 1

-1 -
Q(cos@,sin@)d@z/ ,iQ(ZjLz ,Z Z )dz.

|2|=1 ©2 2 27

0

We may then use Residue formula to calculate the integral on the right.

Example. Compute [ = OW df, where a > 1.

a+51n6
We have )

T 1 1 1
——df = — - d
/0 a+siné /|z:1 iz a+(z—271)/(29) :

2 2

= ———————dz=2miRes,y ———
/z:l 2 i2az— 100 T o0 1

where 2 is a root of 22 +i2az — 1 = (2 +ia)? — 1 +a? inside {|z| < 1}, which is i(va? — 1 —a),

and
R 2 2 1
es = = .
224420z +1  22+412al,— ivaZ — 1

Thus, I = 52“_ =
Remark. If we mtegrate from —m to 7, then we get the same value. If Q(cosf,sin @) is even,
then [J" =3 LT

We end this section With an integral, which uses a branch of logarithm.

Example. Compute [;* 1+ - dx for a > 1.
Note that the improper integral converge by comparison principle: 1—5—% < x% If a <1,
the integral is co. Let f(z) = H% = HTlL(Z)’ where L is a branch of logarithm. We need to
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specify the branch to make f well defined. We first define a contour. For r > 0, let A, denote
the curve v(t) = re*, 0 <t < 27/a. Fix R >1>¢ > 0. Let

= [, R ® Ar @ [Re®™/® e/ AZ .
€

Then T is a Jordan curve. We want to choose a simply connected domain G C C\ {0} such
that I' U Int(I') C G. Then log z has a branch, which is holomorphic on G. A nice choice is
G = C\ {re*(/at) . - > 0}, We now choose the branch L of log in G such that L(z) = log(x)
if x € R and > 0. Then we have Im L(z) € [0,27/a] on I' and its interior.

To find the singularity of f, we solve 0 = 1+ 2% = 1+ ¢e*X(*) | which gives aL(z) = im +12n,
n € Z. Since Im L(z) € [0 27/a] on and inside T', the only smgularlty 2o inside I' satisfies
L(z9) = i%, and so zg = e¢'«. Now we have

1 2
Res,, f = =2
az§/zo a
We may reparameterize the curve [, R| using y(z) = x, ¢ < z < R. Then we see that

f[E’R] f= faR 1=dz. We may reparameterize [ee??7/ Re™?7/%) by y(z) = 2e'?7/* ¢ < x < R.
Then we see that

R ei27r/a ) R 1
/ f= / ———dr = BZQW/Q/ dx.
[cei2n/a, Rei2n/a] . 1+ (xei2n/a)a c 142

Thus, from Residue formula,

R R /a
d ) el
/ X n f- ezQw/a/ / f= 27”
e l42x° Ag e l42x° a

WewillshowthatfARf—>OasR—>ooandesf—>0ase—>0. Then we get

/°° dr 2w e x 2 o
o l+x0  a ei2r/a_1 qgeim/a —e—it/a  gsin(m/a)’
Note that |2¢| = [e®L()| = gReal(z) = galnlzl — |19 For 2 € AR, |1+ 2% > 2% — 1 =

|z2|*—1=R*—1>0. So HfHAR_Ra—_. Thus, as R — oo,

[ A= 1hatan < 5775 0

where we used a > 1. For z € A, [1+ 2% >1— |2/ =1—-¢%>0. So ||f|la. < . Thus, as

e — 0,
e

2
[ g <irlazas < 75 -0
Ac —€

Homework Chapter VI §2: 11, 14(a), 19, 24.
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4.7 Multiplication and Division of Power Series

Suppose f and g are holomorphic at zg, or have zg as a removable singularity or pole. Suppose
the power series expansion (including possible negative power terms) of f and g centered at z
are known. We will study the method to calculate the coefficients of the power series of fg and
f/g. This calculation will also help us to find residues of some functions.

For simplicity, assume 2y = 0. Assume that neither f or g is constant 0 near 0. Let m; and
mg be the order of f and g, respectively, at 0. Then we may write f(z) = > )7, a,2" and
9(2) = >0, bnz" near 0 such that apm, , by, # 0. Then the product fg has order m; +my at
0, and it has a power series Z;fbo:ml tm, Cn2" near 0, where the coefficients ¢, can be expressed
in terms of a,, and b,:

Cp = Z a;jbg, n>me.
(5,k):j+k=n

Note that every sum is essentially a finite sum. For example, if my = mgy = 0, then the first
several equalities are cy = agbg, ¢c1 = agb1 + a1bg, co = agbs + a1b1 + asbg, c3 = agbs + a1bs +
asb1 + asby.

The division f/g has order m; — mg at 0, and it has a power series, say Z;’;mhmrz dp2z"
near 0. To find the coefficients d,, we may use that f = ¢ - (f/g) and the equalities in
the last paragraph. We can calculate d,, by solving linear equations. To make it simple,
suppose m1 = mg = 0. Then the first several equations are: bgdy = ag, bpd1 + bidy = aq,
boda +b1dy +bady = ao, bods + bido + bady + bsdy. Solving the first equation, we get dp; plugging
dp into the second equation, we get di; plugging dg and d; into the third equation, we get do;
and so on. We may also do the computation using a division algorithm, which is similar to
those used in elementary arithmetic.

Example Let f(z) = 1E and g(z) = —log(1l — z). We wish to calculate the power series for

z

f/g centered at 0. Note that f(z) = >.0° 2" and g(z) = >_o°; £ near 0. The leading nonzero
term in the power series of f/g is 271, Suppose the power series is 27! + ¢+ 124+ 222 + -+ -
Then we have (z*1+co+clz+0222+--')(z—i—é—i-%—i-%—i—---) =1+z+22+23+---. Then

wefindco+3=1,¢1+% +% =lLet+g+9+ 1 =1, and so on. Solving these equations, we

get cg = %, c1 = 1—52, cy = %. We may use this result to compute residues. For example, since
Resg % equals to the coefficient c¢o, which is %.
Homework

1. Find the coefficients of the Laurent series of cot z centered at 0 up to 23.

2. (20 points) (i) Compute » o2, % by integrating f(z) = C‘Z’EZ along the boundary of a
square with vertices {Cny+iCn, —Cn+iCy, —Cn—iCn,Cn—iCn}, where Cy = (N+%)7r
and N € N, and letting N — oo. (ii) Sketch the computation of > > ; # and give the
answer.

Note: You need to prove that the integral of f along that boundary tends to 0 as N — oo.
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Chapter 5

Conformal Mappings

In this chapter we study analytic isomorphisms. An analytic isomorphism is also called a confor-
mal map. We say that f is an analytic isomorphism of U with V if f is an analytic isomorphism
defined on U, and f(U) = V. Let Iso(U, V) denote the set of all analytic isomorphisms of U
with V. If f € Iso(U,V), then f~! € Iso(V,U). If f € Iso(U,V) and g € Iso(V,W), then
go f € Iso(U,W). Recall that an analytic isomorphism of U with itself is an analytic automor-
phism of U. Let Aut(U) = Iso(U,U) denote the set of all analytic automorphisms of U. Then
Aut(U) has a clear group structure.

The name of conformal maps come from the following observation. Let U be an open set
in C and let 7 : [a,b] — U be a C! curve in U. Let f : U — C be holomorphic, and 3 = f o7,
ie., B(t) = f(y(t)). Then we have 3'(t) = f'(v(t))y'(t). We interpret 7/(t) as a vector in the
direction of a tangent vector at the point (). If 4/(¢) # 0, it defines the direction of the curve
at the point.

Suppose that two differentiable curves v and 7 intersect at zg = y(tg) = n(t1). Suppose
v (to) and 7/(t1) are not 0. The angle 6 between the two tangent vectors v/(tp) and n'(t1) is
defined to be the angle between v and 7 at zp. We may write 8 = arg~y/(tg) — argn/(t1). If
1/ (z0) # 0, then

arg %f(v(to)) = arg f'(z0) +arg'(to), arg %f(n(tl)) = arg f'(20) + argn'(t1).

So we see that the angle between the curves f o~ and fon at f(zp) is the same as the angle
between v and 1 at zp.

Suppose f is a conformal map defined on U. Since f’ never vanishes, f preserves the angle
between any two curves in U. So in some sense, the shape of a subset S C U is similar as its
image f(U) under f. The inverse map f~! has a similar property.

5.1 Schwarz Lemma

Let D = D(0,1) denote the open unit disc. For ¢ € C, define M.(z) = cz. It is clear that, if
lc| =1, then M, € Aut(D).
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Theorem 5.1.1. [Schwarz Lemmal] Let f : D — D be an analytic function such that f(0) = 0.
Then

(1) |f(2)| < |z| for all z € D, and |f'(0)] < 1.

(ii) If for some zo € D\ {0}, |f(20)| = |20, or |f(0)] = 1, then f = M, for some |c| =1. In
particular, if f(z0) = 29 or f/(0) =1, then c =1, i.e., f =id.

Proof. Since 0 is a zero of f, it is a removable singularity of f(z)/z. Let h(z) = f(z)/z for
z €D\ {0} and h(0) = lim,o f(2)/z = f/(0). Then h is also analytic in D. For any r € (0,1),
|h(2)] = |f(#2)|/]z] < 1/r on {|]z] = r}. From Maximum Modulus Principle, |h(z)| < 1/r
on {|z] < r}. Fix any z € D. If |h(z)] > 1, then we may find r € (0,1) such that r >
max{|z[,1/|h(z)|}. However, from |z| < r, we should get |h(z)| < 1/r, which contradicts that
r > 1/|h(2)|. Thus, |h(z)| < 1 for z € D. Since f(z) = zh(z), we get |f(z)| < |z| for z € D.
Since f'(0) = h(0), we get |f'(0)] < 1. If the condition in (ii) is satisfied, then |h| attains its
maximum at an interior point, which implies that h is constant ¢ in D, and |¢| = 1. Thus,
f(2) = cz. The rest of the statement is obvious. O]

Remark. If f € Aut(D) and f(0) = 0, then by applying Schwarz lemma twice to f and f~1,
we can conclude that f = M, for some |c| = 1.

Homework.
1. Let f € Iso(D,U). Show that if D(f(0),R) C U, then R < |f’(0)|. Hint: Consider the
restriction of f=! to D(f(0), R).
5.2 Analytic Automorphisms of the Disc

Let o € D. Let
a—z

9(2) = gal2) = T~
Since g has only one pole, which is 1/a that lies outside {|z| < 1}, we see that g is analytic on
{|]z| < 1}. If |2| = 1, then

Ca=z 1 |a—z  |a—z

l9(2)] 1.

T l—az |z /z—al |z—a

From Maximum Modulus Principle, |g(z)| < 1 for z € D. In fact, we have |g(z)| < 1 for z € D
because if |g(zp)| = 1 for some 2y € D, then g has to be a constant, which is not true. Thus,
g maps D into D. If w = g4(2) = 55, then w —waz = a — 2z, and z = == = go(w). This

shows that g5 ' = go. Thus, g € Aut(D).

Theorem 5.2.1. Every f € Aut(D) can be expressed by f = M. o g, for some c € {|z| = 1}
and o € D.
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Proof. First, since M., g, € Aut(D), we have M. o g, € Aut(D). Now suppose f € Aut(D). Let
a=f"10)eDand h = fog, Then h € Aut(D), and h(0) = f(ga(0)) = f(a) = 0. From the
remark after Schwarz lemma, we see that h = M, for some |c| = 1. Thus, f = M. o g,. O

Remark. Combining Schwarz Lemma with the map g,, we can obtain some inequalities of
analytic maps f : D — D. For example, if z € D and w = f(z) € D, then the composition
h := gy o f o g, satisfies the condition of Schwarz lemma. We get inequalities for h by applying
Schwarz lemma. Then we can obtain inequalities for f.

Homework. Chapter VII, §2: 1, 2

5.3 The Upper Half Plane

We use H to denote the open upper half plane {z € C: Im z > 0}.

Theorem 5.3.1. Let f(z) = ;. Then f € Iso(H, D).

Proof. Note that f is a rational function with only one pole at —i, which lies outside H. Let
z € H. Write z = x + 4y with y > 0. Then

z—iP =24+ (y—1)2 =22+ +1-2y<2®+ 2 +14+ 2y =2+ (y+1)2 = |z + >
Thus, |f(2)| = I;;I < 1. So f maps H into D. Suppose w = f(z). We may solve z in terms of
w: z = —i%EL So f is injective. In addition, we claim that z € H if w € D, which finishes the

w—1
proof.
Write w = re? = rcos @ + irsin 6 for some r € [0,1) and # € R. Then

_.rcos+1+irsing  —i(rcosf +1+irsing)(rcos —1—irsind)

T T cosO— 1 tirsmd (rcos@ —1+irsin@)(rcos — 1 —irsinf)
~ —i((rcosf)? — (1 +irsinf)?)  —2rsinf+i(1 —r?)
~ (rcosf®—1)2+(rsinf)2  (rcosf — 1)2 + (rsinf)?’
Thus, Imz = 1_r? > > 0, which implies that z € H. O

(r cos 0—1)2+(rsin 0)

There are some obvious analytic automorphisms of H. If a € R, then f(z) = z+a € Aut(H).
If ¢ > 0, then f(2) = cz € Aut(H). Thus, f(z) = cz+ a € Aut(H) for ¢ > 0 and a € R.

Let zo = 2o +iyo € H and hy,(2) = 2=22. Note that h;(z) = Z; € Iso(H, D). We may write
z — T — 1Yo =0 g
hzo(2) = = 35 = hi((z = 20)/yo0)-

20— 2o +iyo A4

Since z — =220 € Aut(H) and h; € Iso(H, D), we see that hz, € Iso(H, D).
Remarks.
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1. Every f € Aut(H) can be expressed by f = h;; oMo h,, for some z1,20 € Hand c e C
with |c| = 1. In fact, choose any z1 € H and let 25 = f(21) € H. Then g := hz,0 foh ! €
Aut(D) and fixes 0. Thus, g = M, for some ¢ € C with |¢| = 1.

2. Combining Schwarz Lemma with the map h.,, we can obtain some inequalities of analytic
maps f: H — H.

Homework.

1. Suppose f : H — H is analytic. Prove that

(i)
f(Z>_M‘ < ‘i:;‘, Vz,w e H.

f(z) = f(w)
(ii) If f € Aut(H), then the equality in the above formula holds for any z,w € H.

(iii) If the equality in the above formula holds for any one pair zg # wy € H, then
f € Aut(H).

5.4 Riemann Sphere

We now add an extra element oo to C, and call C:=Cu {oc} the extended complex plane.
Unlike the extended real line [—o0, 00|, we here only need one extra element. We define a disc
centered at oo with radius 7 > 0 to be D(oco,7) := {oo} U{z € C: |z] > 1/r}. A subset U
of C is called open if for every z € U, there is r > 0 such that D(z,7) C U. This means
that (i) U N C is an open set in C; and (ii) if co € U, then for some R > 0, {|z| > R} C U.
Moreover, that z — co means that |z| — oco. C is also called the Riemann sphere. It is called
a sphere because C is homeomorphic to the sphere 5% = {(z,y,2) € R®: 22 + 9?2 + 22 =1}. A
typical homeomorphism & : 2 — C is given by the stereographic projection: h(z,y,z) = "’tlzy
if z < 1 and h(0,0,1) = co. The Riemann sphere may be viewed as a one-dimensional complex
manifold.

The Riemann sphere C gives a new description of simply connected domains: for a domain
D c C, D is simply connected if and only if C \ D is connected. Here a set K C C is called
connected if there are no two open sets Uy and Us in C such that UiNU; =0, K C Uy UUs,
and KNU; #0 for j =1,2.

The C in the above statement can not be replaced with C. For example, D = C\ ((—o0,0]U
[1,00)) is a simply connected domain, and C\ D = (—o0,0] U [1,00) U {oo} is connected, but
C\D = (—0o0,0JU[L, o0) is not connected. Another example is D = C\[0, 1], which is not simply
connected. Note that C\ D = [0, 1] U {oo} is not connected, but C\ D = [0, 1] is connected.

This statement also motivates one to define multiply connected domains. We say that a
domain D C C is n-connected, if C \ D has n connected components. For example, an annulus
is 2-connected.

82



Let U C C be an open set. A map f:U — C is called an extended analytic function if for
every zg € U, either f(zp) € C and f is analytic at zy in the usual sense, or f(zp) = oo and %
is analytic at zg with the convention that é = 0. This means that, if f(zy9) # oo, then there
exists r > 0 such that f(z) # oo on D(zg,r); if f(z9) = 0o, then there is r > 0 such that either
f =00 on D(z,r), or f # oo on D(z,7) \ {20}. In the last case, zg is a pole of f. Thus, if
U is a domain, then either f is constant oo, or the set f~!(occ) has no accumulation points in
U. In the latter case, f is meromorphic in U with poles at f~!(c0). On the other hand, if f is
meromorphic in U, then by defining the value of f at each pole to be oo, we get an extended
analytic function in U. R

Let U C C be an open set. A map f: U — C is called an extended analytic function if (i)
f restricted to U N C is an extended analytic function defined above; and (ii) if oo € U, then
the function ¢ defined by g(z) = f(1/%) is extended analytic at 0. Here we use the convention
that % = 00.

Example. Let R = P/Q be a rational function. First, it is a meromorphic function on C.
Second, note that g(z) := R(1/z) is also a rational function if we define g(0) in a suitable way.
Then if we define R(c0) = ¢(0), we get that R is extended analytic at co. So every rational
function is an extended analytic function on C.

In the same spirit, we may talk about the singularity at co. We say that oo is a singularity
of f if f is analytic in {|z| > R} for some R > 0. This is the case, for example, if f is an entire
function. If we define g(z) = f(1/2), then 0 is a singularity of g. The type of the singularity
oo of f is then defined as the type of 0 of g. Suppose that the Laurent series expansion of f
in {R < |z| <oo}isd> 2 _ apz"™ Then oo is removable if a, = 0 for all n > 0; is essential
if there exist infinitely many n € N such that a, # 0; and is a pole of order n € N if n is the
biggest number such that a, # 0. If co is an essential singularity, then for any 7' > R, the
image f({|z| > T'}) is dense in C.

In particular, if f is an entire function, then oo is a singularity of f. Since the a,, is zero if
n < 0, we find that, if co is removable, then f is constant; if co is a pole, then f is a nonconstant
polynomial.

Lemma 5.4.1. Every analytic isomorphism f of C has the form f(z) = az+b for some a,b € C
with a # 0.

From this lemma, we see that Iso(C,U) = 0 if U # C, and Iso(C,C) is composed of
polynomials of degree 1.

Proof. Now f is an entire function. Consider the type of singularity oo of f. Since f is not
constant, oo is not removable. If co is an essential singularity, then f({|z| > 1}) is dense in
C. However, since f is injective, f({|z| > 1}) is disjoint from f({|z| < 1}). From the open
mapping theorem, f({|z| < 1}) is an open set. Thus, the closure of f({|z| > 1}) is contained in
C\ f({|z] < 1}), which contradicts that f({|z| > 1}) is dense in C. So oo is a pole of f, which

implies that f is a polynomial, so f’ is also a polynomial. Since f is injective, f’ has no zero in
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C. From the Fundamental Theorem of Algebra, f’ must be a nonzero constant, say a, which
implies that f(z) has the form az + b. O

It is not difficult to check that, if f and g are extended analytic functions defined on open
sets U,V C @, respectively, and f(U) C V, then go f is an extended analytic function defined on
U. If V= f(U) and f is injective on U, then we say that f is an extended analytic isomorphism
of U with V. If V = U, we say that f is an extended analytic automorphism of U. We still
use the symbols Iso(U, V') and Aut(U) to denote the set of extended analytic isomorphisms and
extended analytic automorphisms.

5.5 Mobius Transformation

Let GL2(C) denote the set of 2 x 2 complex matrices with nonzero determinant. For every

M = [ (CZ Z ] € GL2(C), we define a rational function.
az+b
Su(2) = cz+d
. 10 . . . :
Note that if M = I, = 011 then f(z) = z is the identity function. Also note that

frar = fur for any r € C\ {0}. Since f is a rational function, we may view it as an extended
analytic function defined on C. If ¢ = 0, then ad # 0 and fy = G2z + g is a polynomial of
degree 1, and fur(00) = 00). If ¢ # 0, then f(—2) = oo and f(oc) = 2.

C

Definition 5.5.1. Every fur is called a Mobius transformation or a fractional linear transfor-
mation.

Examples.

a b

1.Fora,bE(CWitha750,letM:[0 1

} Then fur(z) = az + b is a polynomial of
degree 1, and fas(c0) = oo.

2. ForM:[(l) é],fM(z):;

-1 «

3. LetaE]D)andM:[ _
—a 1

} Then fir = go € Aut(D).

4. For zy € H, the function h,,(z) = 2:;8 can be expressed by fis, where M = { 1 :;2 ]
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Consider M, My € GLy(C):

| a1 by | a2 bo
Ml_[cl dl]’ M_[Cz dz]'

If z€ C, coz+do # 0 and (cr1a2 + dic2)z + (c1ba + didz) # 0, then

ai Zjﬁif}i +b1 ai(agz + by) + bi(caz + da)

fary 0 fary (2) = e gjjisi 4 d1 B c1(a2z + ba) + dy(co2z + d2)

(@102 4 brc2)z + (arbe + bido)

(crag + dica)z + (c1b2 + dida)

where M - My is the matrix product of M and Mz, which belongs to GL2(C) because det(M; -
M) = det(My) det(Mz) # 0. So we have far,.ar, = far, © far, on C with at most three possible
exceptions (including oo). In fact, there are no exceptions because both far.ap, and far, © far,

are continuous on C. Thus, far,.am, = fary, © far, holds everywhere on C.
For every M = [ CCL 2 ] € GLy(C), the inverse matrix M~! = —1 [ _dc _ab ] also

belongs to GLy(C). Thus,

= fmy-M, (z)v

fvo fy-1 = fay-10 fu = fr, =1id

which implies that f; € Aut(C) and

f]\_/[lsz*:f d b1
L]
Theorem 5.5.1. Fvery f in Aut(D) or Aut(H) is a Mdébius transformation.

Proof. Let f € Aut(D). Then f can be expressed as M. o g,, where |c| = 1 and « € D. Since
both M, and g, are Mdbius transformations, so is f. Now suppose f € Aut(H). Recall that
hi(z) = 27 € Iso(H, D). Let g = hjo fo h;!. Then g € Aut(D) and f = h; ' o go h;. Since g,
hi, and h; L are all Mobius transformations, so is f. O

Theorem 5.5.2. Every [ € Aut(@) is also a Mébius transformation.

Proof. Let f € Aut( ). If f(oo) = oo, then f|c € Aut(C). We have a lemma, which says
that every element in Aut(C) is a polynomial of degree 1, and so is a Mdbius transformation.
If f(oo) = 29 € C, let h(z) = ﬁ and g = ho f. Then h is a M&bius transformation with

h(zp) = c0. So g € Aut((@) with g(co) = oo. From the above, we know that g is a Mobius
transformation. Thus, f = h~! o g is a Mdbius transformation. O

We now define some simple M&bius transformations.
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1. M,(z) = az, called multiplication by a € C\ {0};
2. Ty(z) = z + b, called translation by b € C;
3. J(z) = 1, called inversion.

Lemma 5.5.1. Every Moébius transformation f can be expressed as a composition of simple

Mébius transformations.
Proof. Suppose f(z) = %‘IS. If c =0, then f(z) = %z—i—%. Sof=T, oMs. Now suppose ¢ £ 0.
d

_ v _ d 1 d _
Then f(2) — ¢ = 3, where t/ =b— . SOW—52+F. Sof—T%oJoTb%oMb%. O

Definition 5.5.2. A generalized circle on C is either a circle in C or the union of {oo} with
a straight line in C. A generalized disc on C is either a disc in C, or the exterior of a circle
together with oo, or a half plane.

Remarks.

1. A straight line can be viewed as a circle with radius co. Every generalized circle C' divides
C into two generalized discs.

2. The stereographic projection generates a one-to-one correspondence between circles on the
sphere with the generalized circles on C. Those circles passing the north pole correspond
to the straight lines in C.

Theorem 5.5.3. A Mébius transformation maps generalized circles to generalized circles.

Proof. From the above lemma, it suffices to show that J, Tj, and M, map generalized circles
to generalized circles. This is obviously true for the translations 7T and the multiplications M,
(which are rotations followed by dilations). Now we consider the map J(z) = 1.

The equation of a circle or a straight line in the (x,y)-plane has the form

A+ )+ Bx+Cy+D=0 (5.1)

with A, B,C, D € R such that not all A, B,C are equal to 0. In fact, if A = 0, we get the

equation of a straight line; if A # 0, we get the equation of a circle. We now consider the

equation of the image of this set under J(z) = 2.

Suppose u+iv = J(x+1iy). Then z+iy = Jz(u+iv). We then get 2 = 15 and y = ="5.
Thus, v and v satisfy the equation
A[(zﬂj—zﬂ)z + (uQ_%—UUQ)z] + Bu2 j— v2 + Cuz_—{—vv2 +D=0.
Multiplying the formula by u? + v2, we get
A+ Bu— Cv+ D(u* +v?),
which is also an equation of a circle or a straight line. This proves the theorem. O
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Suppose that a generalized circle C' divides C into two generalized discs, say Uy and Us. If f
is a Mobius transformation, and maps C' to another generalized circle C’, which divides C into
Ui and Uj. Then either maps f(Uy) = Uy and f(U) = U, or f(Uy) = Uj and f(Us) = Uy. If
for any zo € U, f(z9) € Uj, then the first case happens; otherwise the second case happens. On
the other hand, if f maps a generalized disc onto a generalized disc, then it maps the boundary
of the first disc onto the boundary of the second disc. For example, R U {oco} is called the
extended real line, which is the boundary of H in C. If f € Aut(H) is a Mobius transformation,
then f maps R onto R.

Theorem 5.5.4. Given any three distinct points z1, ze, 23 € @, and any three distinct points
wi, w2, w3 € C, there exists a unique Mébius transformation f such that f(z;) = w;, j =1,2,3.

Proof. For the existence, it suffices to show that such f exists if w; = 0, wy = oo, and w3 = 1.
In fact, if we let F, ., ., denote a Mobius transformation that maps 21 to 0, z2 to 0o, and z3

to 1, then FJll,w%wS oF,, ., ., is a Mobius transformation that maps z; to w;, j = 1,2, 3.
Now we show that F, ., ., exists. First suppose z1, 22,23 € C. The map z — 2:2 takes 71

to 0 and 2z to co. But it may not take z3 to 1. To solve this, we may multiply by a suitable
constant. So we may construct F}, ., ., by

zZ3— 292 Z— 21
F217Z2,23(z) = :

23— 21 Z—29

If co € {21, 22, 23}, we let

23 — 22
F, . .(2) = Z1 = 00;
1 273( ) 2_22’ )
z—2
F21,z2123(2): , 2 = 00
Z3 — 21
zZ— 21
FZ1722723(2): Z_ZQ’ zZ3 = OQ.

This finishes the proof of the existence part.

Now we show the uniqueness. If f and g both satisfies the property, then ¢g~'o f is a Mdbius
transformation with three fixed points z1, 22, 23. So h:= F;, ., ;09 to fo FZ:}ZMS is a Mobius
transformation with fixed points 0, 1, co. Since h(c0) = oo, h has the form h(z) = az +b. Since

h(0) =0, b= 0. Since h(1) =1, a = 1. So h = id, which implies that g = f. O

Given three distinct points z1, 29, 23 € @, and three distinct points wi, wsy, w3 € (@, we will
use the following methods to find the Mobius transformation /7, which maps z; tow;, j = 1,2, 3.
1. F=F,! o0 F, 2, 25, Where F, ., .. and Fy, w,w, are given by the above theorem. If

w1,w2,w3
you use this method, you should simplify your answer as much as possible.

. _ az+b . azj+b
2. Write F(z) = £, and solve the equations i 1d

that all equations are linear. There are essentially only 3 unknown variables because

=wj, j = 1,2,3, to get a,b,c,d. Note
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multiplying any nonzero complex numbers to a, b, ¢, d does not change the transformation.
You may assume one variable, say a, equals 1. Sometimes, this does not work if a turns
out to be 0. If that is the case, you may then set another variable, say ¢ to be 1.

Homework. Chapter VII, §5: 3(a,b,c), 11.
Additional:

1. Show that if a,b,c,d € R and ad — be > 0, then f(z) = gjis € Aut(H).

Definition 5.5.3. Let z1, 29, 23, z4 be distinct points in C. Define their cross ratio to be

21 —R3 22 — 24 21 — 23 21 — 24
[21722723724] = . = : )
22 —Z3 21 — 24 22 —Z3 22 — Z4

if 21, 22, 23,24 € C. If any z; is oo, then |21, 29, 23, 24] is defined by the above formula without
the two factors involving z;. For example, 21, 22, 23, 00] = %

The cross ratio satisfies the following symmetry relations:
— — —1.
(22, 21, 23, z4] = 21, 22, 24, 23] = [21, 22, 23, 24]

[237 244 %1, ZQ] - [Zla 22423, Z4]-

Theorem 5.5.5. Let F be a Mobius transformation, and 23 = F(z;), j = 1,2,3,4. Then
[21, 2b, 25, 24] = |21, 22, 23, 24].

Proof. One may check that [21, 22, 23, 24] = F}, 2, 25(24), where F, ,, ., is the Mobius transfor-
mation that maps 2, 21, 23 to 0,00, 1. Note that F., ., ., = Fzé,Z’l,zg o F'. Thus,

[Zla 22, 23, Z4} = Fzé,zi,zé © F(Z4) = Fzé,zi,zé(zéll) - [lea zéa Zi,’n zéll]

O

Remark. From [21,29,23,21) = Fi, . 2,(24) and that z4 # z;, j = 1,2,3, we see that
21, 22, 23, z4] & {0, 00,1}

Homework.
Show that the four distinct points z1, zo, 23,24 € C lie on a generalized circle if and only if
[21, 22, 23, 24] € R.

5.6 Riemann’s Mapping Theorem
Let Dy and Dy be two complex domains. We say that D; is conformally equivalent to Dy, and
write Dy 2 Dy if Iso(D1, D2) is not empty, i.e., there is an analytic isomorphism of Dy with Ds.

From a homework problem, “2” is an equivalence relation: D = D; Dy = D5 implies Dy = Dy;
D; = Dy and Dy = D3 imply Dy = Ds.
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Theorem 5.6.1. [Riemann Mapping Theorem]| Let U ;Cé C be a simply connected domain.
Let zo € U. Then there ezists f € Iso(U,D) such that f(z0) = 0. Moreover, such f is unique
up to a rotation, i.e., if g also satisfies the property of f, then g = M. o f for some ¢ € C with
le| = 1. If we require that f'(z9) > 0, then f is unique.

The above theorem implies that every simply connected complex domain other than C is
conformally equivalent to D. Here the case U = C is excluded because Iso(C,D) is empty by
Liouville. The theorem is useful for two reasons. First, it transforms results about the unit disc
into those about any simply connected domain. Second, the proof of the theorem introduces
some important ideas.

Homework. Let U ;Ct C be a simply connected domain, and f : U — U be analytic. Suppose
that f fixes at least two points in U, i.e., there are z; # 29 € U such that f(z;) = z;, j =1,2.
Prove that f is identity.

5.7 Limits of Sequence of Analytic Functions

Definition 5.7.1. A sequence of functions (f,) on an open set U is said to converge compactly
to a function f in U, if for every compact set K C U, f, — f uniformly on K.

Remarks.

1. Using the open covering definition of compact sets, one can show that f, — f compactly
in U is equivalent to that f, — f locally uniformly in U, i.e., for every zy € U, there is
r > 0 such that f,, — f uniformly in D(z, 7).

2. If every f,, is continuous, then the compactly convergent limit f is also continuous.

Theorem 5.7.1. Let (f,) be a sequence of analytic functions on an open set U, which converges
compactly to f. Then f is analytic in U, and (f],) converges compactly to f’ in U.

Proof. Let zp € U. Pick r > 0 such that D(zp,r) C U. Let 7 be any closed curve in D(z,r).
Since each f,, is analytic analytic in D(zg, ), we have fv fn = 0. Since v is compact, we have
fn — f uniformly on ~, fv f = lim, o0 fv fn = 0. From Morera’s Theorem, f is holomorphic
on D(zp,r). Especially, f is complex differentiable at zyp. Since zp € U is arbitrary, f is
holomorphic on U.

To prove that (f!) converges compactly to f’ in U, it suffices to show that, if D(zg,r) C U,
then f/, — f’ uniformly on D(z,7). We may choose R > r such that D(zy, R) C U. Let
J ={]z — 20| = R}. From Cauchy’s Formula, for any z € D(z, R),

) -1 =g [ P E

which implies that

/ ! 1 an_fHJ
|fa(2) = f(2)] < ﬁL(J)W
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Thus,
Rlfn—flls  _ Rllfa—fls
inszD(zo,T) d(’z’ J)2 (R - T)Q ’

Hf;L - f,HD(zo,T) <

which tends to 0 because f,, — f uniformly on the compact set J. Thus, f/, — f’ uniformly on

D(zg,1). O
Definition 5.7.2. We say that a series of functions > > | fn converges compactly to f in U, if

the partial sum sequence sy, =Y ;_, fi converges to f compactly in U, i.e., > " fn converges
uniformly on every compact subset of U.

From the previous theorem, if every f, is analytic in U, then so is the compactly convergent
sum f = f,. Moreover, the series Y f/ converges compactly to f’ in U. Recall the compar-
ison principle: given K C U, if there is a sequence (¢,) depending on K such that || fu||x < ¢n
for each n, and > ¢, < oo, then > f,, converges uniformly on K.

Example.

1. Suppose the power series Y 7 apz" has radius R > 0. Then the series converges com-
pactly in D(0,R). In fact, we know that, for every r € (0, R), the series converges
uniformly on D(0,7). So the compact convergence follows from the fact that, for every
compact K C D(0, R), there exists r € (0, R) such that K C D(0, 7).

2. Consider the series -

1
f(Z) = Z E7
n=1
where n? is understood as the analytic function e*!°8™. The logn is the real logarithm
function. We do not need to consider the branch of log z. We have

1

nRez :

_ leleogn’ _ efRezlogn _

1
=
We know that, for every p > 1,

= 1
Y — <.
npP
n=1
By comparison principle, for any p > 1, Y, n—lz converges uniformly on {z : Rez > p}.
Since for every compact set K C {Rez > 1}, there is p > 1 such that K C {Rez > p},
we see that Y >, # converges compactly in {Rez > 1}. From the above theorem, the

sum f is analytic in {Rez > 1}, and

flo =y =2

nZ

n=1

Such f has an analytic extension to C\ {1}, which is the famous Riemann zeta function.
It is often denoted by ((z). It has trivial zeros at negative integers: —2, —4, —6,.... The
Riemann hypothesis states that, all nontrivial zeros of ( lie on the vertical line {Re z = %}
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3.

Let a < b€ R and U C C be open. Suppose f : [a,b] x U — C be continuous, and for
every t € [a,b], z — f(t,2) is analytic in U. Then F(z) := fabf(t, z)dt is analytic in U.
In fact, if we define the Riemann sum function

Fn(z) = Zf(tkvz)(tk’ - tk—l)? z € U7
k=1

where t, = a + %(b — a), then each F), is analytic, and F,, — F' compactly in U.

. Suppose f is a continuous function on R. From above, we see that for any n € N,

n

Fo(z) = [ €"*f(t)dt is analytic in C. Recall that the Fourier transformation of f is
F(z) = [ €= f(t)dt. If there is an open set U such that (F,) converges compactly in

e
—00
U, then the Fourier transformation f is analytic in U.

. The Gamma function is defined by

00 R
I'(t) = / 7 te ™ dz = lim lim zite ™,
0 e—0t R—oo J,
One can show that the limit converges compactly in the right half plane Hr = {z € C:
Rez > 0}. So this formula defines an analytic function on Hp. It can be extended to an
analytic function on C\ {n € Z : n < 0}. The most important property of I' is that it is
an analytic extension of the factorial function:

I'(n)=(n—1)!

In summary, we have the following methods to construct/check new analytic functions,
which are helpful since analytic functions satisfy a lot of interesting properties.

1.
2.

© o ® N ok W

Definition of the complex derivative

Combination of known analytic functions: f+g, f-g, f/g, fog
Cauchy-Riemann equations

Power series and Laurent series

Primitive or local primitive of an analytic function

Derivative of an analytic function

Inverse or local inverse of an analytic function

Limit of a compactly convergent sequence or series of analytic functions

Integral of a family of analytic functions

Homework Chapter V §1: 2, 3 (a,c);
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5.8 Normal Families

Definition 5.8.1. Let U be an open set. Let ® be a family of analytic functions defined on
U. We say that ® is a normal family, if every sequence in ® contains a subsequence, which
converges compactly in U. The limit function does not have to belong to ®.

Remark. Let X denote the set of analytic functions on U. It is possible to define a metric
d on ¥ such that d(f,, f) — 0 iff f,, = f compactly in U. More specifically, we may find an
increasing sequence of compact subsets (K,,) of U such that K, is contained in the interior of
Ky, and U = |J,, Kp. For example, we may choose

K,={z¢€U:|z| <n,dist(z,U°) > 1/n}, neN.

Then we define

Sl
W9 = D T 7 - gl

n=1
Then d(f,, f) — 0 if and only if ||f, — f|lkx, — 0 for each n, which is further equivalent to
that f,, — f compactly in U since every compact subset of U is contained in one of K,. Then
® C X is a normal family iff ® is a precompact set with respect to this metric, i.e., the closure
of ® is compact.
We will uses the famous Arzela-Ascoli theorem, which is stated below.

Theorem 5.8.1. Let K and L be two compact metric spaces. Let f, : K — L, n € N, be
an equicontinuous sequence of functions. Then (f,) contains a subsequence, which converges
uniformly on K.

We say that (f,,) is equicontinuous on K, if for every € > 0, there is § > 0 such that for any
n and any z,w € K, di(z,w) < ¢ implies dr,(fn(2), fn(w)) < e.

Now we briefly describe the proof of the Arzela-Ascoli theorem. Using the compactness of
K, one may find a countable dense subset of K: {z, : m € N}. Let n) = k. Consider the
values of ( fng) on z;. Using the compactness of L, we can find a subsequence ( Jn1) of ( fng)
such that ( far (z1)) is a convergent sequence in L. Consider the values of ( f”i) on z9. There
is a subsequence ( o2 ) of ( f"}c) such that ( o2 (z2)) is a convergent sequence. Repeating this
process, we get a sequence of subsequences (fym), m € N, such that (f,y) is a subsequence of

(fn;vnfl)7 and fpm(2m) converges as k — oo. Now let ng = nk. Then for every zm, (fn,(2m))

converges as k — oo. The reason is that, for any m, the sequence (ny) is a subsequence of
(n* : k € N) except for finitely many elements. The method used above is called a diagonal
procedure.

Then one may use the equicontinuity of (f,) and the denseness of (z,,) in K to conclude
that the pointwise convergence of (fy, ) on {2, } implies the uniformly Cauchy property of (fy, )
on the whole space K.

Fix ¢ > 0. Choose § > 0 such that for any n and any z,w € K, dg(z,w) < § implies
dr(fn(2), fa(w)) < €/3. Since {z,, : m € N} is dense in K, we may pick finite set S C {zy, :
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m € N} such that for any z € K, there isw € S with |z—w| < §. Since limy_,~ fpn, (w) converges
for every w € S, there is NV such that |f,, (w)— fn,, (w)| < /3 for any ki,ky > N and w € S.
This implies that, for any z € S and ki, ks > N, |fp, (2) — [y, (2)] < €/3+¢/3+¢/3 =e.
From this, we say that (f,, ) is uniformly Cauchy on K. So it converges uniformly on K.
Let’s see how Arzela-Ascoli theorem can be applied in the context of Complex Analysis.

Lemma 5.8.1. Suppose K is a compact subset of an open set U C C. Let (f,) be a sequence of
analytic functions on U. If (f}) or (fn) is uniformly bounded on U, then (fy) is equicontinuous
on K.

Proof. First, we assume that (f}) is uniformly bounded on U. Then there is M > 0 such that
|f}] < M on U for any n. We may find r > 0 such that D(zg,7) C U for every zp € K. This
implies that, if z,w € K and |z —w| < r, then [z,w] C U, and so |fn(z) — fn(w)| = |f[w’z] <
M|w — z|. For any € > 0, let 6 = min{r,e/M} > 0. Then z,w € K and |z — w| < 0 implies
that | fn(2) — fn(w)| < € for any n. So (f,,) is equicontinuous on K.

Second, we assume that (f,,) is uniformly bounded on U. Then there is M € R with M > 0
such that || f|lv < M for every n. Let 7 > 0 be as above. Let U’ = |J,.x D(z,7/2). Then U’
is an open set that contains K. Moreover, for any zg € U’, D(29,7/2) C U. Fix zg € U’. From
Cauchy’s Formula, we get

/ 1 / fn(2)
20) = — _IE) 4. neN,

which implies that

i”anUL(HZ_ZO‘:r/2})§27’ n € N.

‘f?ll(zﬂ)’ < o7 (T/2)2 r

This implies that (f},) is uniformly bounded on U’. Since K is a compact subset of U’, from
the result of the last paragraph, we see that (f,,) is equicontinuous on K. ]

Corollary 5.8.1. Suppose K is a compact subset of an open set U C C. Let (f,) be a uniformly
bounded sequence of analytic functions on U. Then (f,) contains a subsequence, which converges
uniformly on K.

Proof. From the previous lemma, (fy) is equicontinuous on K. Since (f,) is uniformly bounded
on K, there is M such that || f,||x < M for any n. Let L = D(0, M). Then L is a compact set,
and f, maps K into L. The A-A Theorem implies the result. O

Theorem 5.8.2. [Montel’s Theorem]| Let U be an open set. Let ® be a family of analytic
functions on U. Then ® is a normal family if and only if ® is uniformly bounded on every
compact subset of U.
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Proof. The “only if” part holds because if ® is not uniformly bounded on a compact K C U,
then we may find a sequence (f,) from ® such that ||f,||[x — oo, which can not contain a
subsequence that converges uniformly on K.

Now we prove the “if” part. Suppose @ is uniformly bounded on every compact subset
of U. For m € N, let K,,, = {z € U : dist(2,U¢) > 1/m,|z| < m}. Then each K,, is a
compact subset of U. Let Up, = g, D(2, 1 #H)’ m € N. Then each Uy, is an open set,
Ky, CUp C Ky, and U = | Upy,.

Let (f,) be a sequence in ®. From the assumption on @, (f,,) is uniformly bounded on each
K,,. Since U,, C Kp+1, (fn) is uniformly bounded on each U,,. For each m € N, since K,,
is a compact subset of the open set U,,, from the above corollary, (f,) contains a subsequence
that converges uniformly on K,,.

We now use another diagonal procedure to conclude that (f,,) contains a subsequence, which
converges uniformly on every K,,. Let n) = k. Then ( fng) contains a subsequence ( fnllv ), which
converges uniformly on Kj. And ( f"}c ) contains a subsequence ( fni ), which converges uniformly
on Ks. Repeating this process, we get a sequence of subsequences ( fn}j), m € N, such that
(fny) is a subsequence of ( fn}j*)v and (fy;) converges uniformly on K,. Let ny = n¥. Then
(fn,) converges uniformly on every K,,.

Finally, if K C U is a compact set, then there exists R, > 0 such that K C D(0, R) and
for every z € K, D(z,r) C U. If m € N satisfies m > max{R,1/r}, then K C K,,, which
implies that (f,,) converges uniformly on K. Thus, (fy,) converges compactly in U. O

Remark. That @ is uniformly bounded on every compact subset of U is equivalent to that ®
is locally uniformly bounded in U, i.e., for every zg € U, there is r > 0 such that ® is uniformly
bounded on D(zp, 7).

Homework. Chapter X, §2: 6, 7.

1. Let @ be the set of analytic functions on an open set U which satisfies that, for all f € ®,
J 1 f(@,y)|dedy < 1. Prove that ® is a normal family.

5.9 Proof of the Riemann Mapping Theorem

We first prove the uniqueness part. Suppose f; and fo are analytic isomorphisms of U with D
such that fj(z) =0, =1,2. Let f = fi Ofgl. Then f € Aut(D) and f(0) = 0. So f = M,
for some ¢ € C with |c| = 1, which implies fi = M. o fa. If f{(20) and f5(z0) are both positive,
then so is f/(0) = f1(z0)/f5(20), which implies that ¢ =1 and f1 = fa.

Now we prove the existence part. Let ® denote the set of injective analytic f : U — D such
that f(z0) = 0. First, we show that ® is not empty. Let ¢ € C\U. Since U is simply connected,
there is a branch L(z) of log(z — ¢). Such L is an analytic isomorphism of U. Let V = L(U).
Then V is open, and VNV + (27i) = (). Let wy € V 4 27mi. Then there is 7 > 0 such that
D(wg,r) C V + 2mi, which implies that D(wg,r) NV = . Thus, h(z) := m is an analytic
isomorphism of U such that h(U) C D. Finally, let f = gj(.,) © h. Then f € ®.
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Second, we observe that, if fo € ®NIso(U, D), then for any f € &, F := fofo_1 is an analytic
map from D into D that satisfies F(0) = 0. From Schwarz lemma, we get |F’(0)] < 1, which
implies that |f'(z0)| < |f{(20)|. Thus, if such fy exists, then |f](z0)| = max{|f'(z0)| : f € ®}.

Third, let S = sup{|f’(z0)| : f € ®}. Then we may pick a sequence (f,) from ® such that
|f] (z0)] = S. Since ® is uniformly bounded on U, it is a normal family. Thus, (f,) contains a
subsequence (fp, ), which converges compactly in U. Let fp be the limit. Then fj is analytic
in U, and f},, — fj compactly in U. In particular, we see that fo(z0) = lim fy, (20) = 0 and
|fo(z0)| = lim [ f}, (20)] = S > 0. Thus, fo is not constant.

Since | fn, (2)| <1 on U for each k, and fy = lim f,, , we get |fo| < 1 on U. If there is some
zp € U such that |fo(z0)] = 1, then from the Maximum modulus principle, we can conclude
that fo is constant, which is impossible. Thus, fo: U — D.

Now we show that fp is an analytic isomorphism of U. We have that f,,, — fo compactly
in U, each f,, is analytic and injective, and fq is not constant. The argument below will show
that, if a sequence of injective analytic functions (fy,) converges compactly to fy, which is not
constant, then fj is also injective.

Suppose fj is not injective. Then there exist z; # zo € U such that fo(z1) = fo(z2) = wo. In
other words, z; and zy are zeros of fy—wg. Since fy is not constant, fo—wy is not constant zero.
We may find 7 > 0 such that D(z1,7) and D(zg,7) are disjoint subsets of U, and fo — wg # 0
on Cj :={|z — z;| =r}, j = 1,2. Since C; U Cy is compact, and fo — wp # 0 on C; U Cy, there
is € > 0 such that |fo(2) —wo| > €, 2 € C}, j = 1,2. Since (fp,) converges to fo uniformly on
C1 U Cy, there is N such that when k > N, || fn, — follc,uc, < €. Since

|(fry, (2) —wo) — (fo(2) —wo)| < || fny — follcrue, < e < |fo(z) —wo|, z€ CrUCy,

from Rouché’s theorem and the fact that fo — wo has zeros in both D(z1,r) and D(z2,7), we
see that, if & > N, then f,, — wp has zeros in both D(z1,r) and D(z2,r), which contradicts
that f,, is injective. Thus, fo is injective.

Now we see that fo € ® and |f'(z0)] = S = sup{|f'(20)| : [ € ®}. So |f'(20)| =
max{|f'(z0)| : f € ®}. To complete the proof, it remains to show that fo(U) = D. Sup-
pose fo(U) #D. Let a € D\ fo(U) and hy = gq o f. Recall that g.(2) = =5 € Aut(D) is such
that g, 0 g = id, g4(a) = 0, and ¢,(0) = a. Then h; is injective and analytic, and has no zeros

on U. Since U is simply connected, there is an analytic branch ho of h}/ in U. Since hy = h2,
we see that hg is also injective. Since |ha(2)| = |h1(2)|'/? < 1 for z € U, hy maps U into D. Let
b= ha(z) € D. Then

b® = ha(20)* = h1(20) = ga(fo(20)) = 9a(0) = a.

Let fi = gpoha. Then fi : U — D is analytic and injective and fi(z0) = g»(h2(20)) = gs(b) = 0.
Thus, f1 € ®. Let S(z) = 22. Then

f[):gaohl:gaOSOhZZQaOSOgbofl-
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We see that f1(20) = 0, g5(0) = b, S(b) = a, and ga(a) = 0. Thus, S = |g.(a)][|S(b)]|}(0)].

" fizo)l T

It is straightforward to check that g.(0) = |c|*> — 1 and ¢(c) = ICP%I Thus,

[fo(z0) _ 2[bI(1 —[b*) _ 2[bl(1 —[bf*) _ _2[b|
|/1(20)] 1—laf? 1— b 1+ [b?

<1,

which contradicts that | f{)(z0)| maximizes {|f'(z0)| : f € ®}. So fo € Iso(U, D) is what we need.

5.10 Examples

We will see some examples of simply connected domains, for which the analytic isomorphisms
between these domains and the unit disc or half plane can be explicitly expressed.

Examples.

1.

Let S denote the square map z — z2. Recall that |S(z)| = |2|? and arg S(z) = 2arg(2).
Since S(z1) = S(z2) if and only if 21 = 23 or 29 = —z9, we see that S is an analytic
isomorphism of U if and only if U N (=U) = 0.

.Recall that H ={z € C:Imz >0} = {z € C:0 < arg(z) < 7}. Let Hp = {z € C:

Rez > 0} = {# € C: —7/2 < arg(z) < arg(z)} denote the right half plane. We have
Selso(H,C\{x e R:2>0}), S €lIso(Hr,C\{zeR:x<0}), and M; € Iso(Hg, H),
where M;(z) = iz.

. The intersection Hr NH = {z € C: 0 < arg(z) < w/2} is the first quadrant. Since S

doubles the argument, we have S € Iso(Hg N H, H).

. Let U = DNHgr NH be a quarter disc. Then S € Iso(U,HN D). This follows from the

previous example and the fact that S(z) € D iff z € D.

. Let F(z) = 2tL be a Mébius transformation. First, note that for every z € R, F(z) € R.

z+1
Thus, F(H) = H or F(H) = —H. Since F (i) = i, we get F' € Iso(H, H). Second, note
that F~1(z) = ;‘i, so F~Lo M7 1(2) = :Zj& = £ € Iso(H, D), which implies that
M;o F € Iso(D,H). Since M; € Iso(Hpg, H), we see that F' € Iso(D,Hpg). Combining these

two facts, we get F' € Iso(HND, H N Hg).

. Let S and F be as above. Then G := So F oS € Iso(DNHg NH,H).

The map z +— V22 — 1 is an isomorphism of Hg \ [0, 1] with Hz. To see this, first, z > 22
maps Hg \ [0,1] onto C\ (—o0,1]. Then z — z — 1 maps C \ (—oo, 1] onto C\ (—o0,0].
Finally, z — /2 maps C\ (—o0, 0] onto Hp.

. The exponential map exp is an analytic isomorphism of U if and only if UN(2kwi+U) = ()

for any k € Z.
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9. For every y > 0, let S, denote the strip {z € C: 0 < Im z < y}. The map exp is an analytic
isomorphism of S; with H, an analytic isomorphism of the half strip S; N (—Hg) with the
half disc DN H, and the strip S, with the plane without a half line: C\ {z € R: z > 0}.

10. Let J(z) = 1/z. Then J € Aut(C\ {0}) and J~1 = J. Moreover, J € Iso(D,C\ D) and
J € Iso(H, —H). So J € Iso(H \ D, (—H) N D).

11. Let f(2) = z+ 1/z. Note that f(z1) = f(22) if and only if 23 = 23 or z; = J(22). So
f is an analytic isomorphism of U if and only if U N J(U) = 0. We claim that f(H) =
C\ ((—00,2]U[2,00)). To see this, we observe that for any w € C, f(z) = w is equivalent
to the equation 22 — wz + 1 = 0, which has two roots z1, 2o that satisfy z120 = 1 (the two
roots coincide, i.e., z; = 2o when w = £2). From this, we get f(C\{0}) = C. Also observe
that f(z) € (—oo, —2]U[2,00) iff z € R\ {0}. Thus, f(HU(-H)) = C\ ((—o0,2]U[2,0)).
Since foJ = f, we get f(H) = f(HUJ(H)) = f(HU (—H)). Since J(H) = —H is disjoint
from H, we get f € Iso(H,C\ ((—o0,2] U[2,00))).

12. Next, for the f above, we show that f(H \ D) = H. Suppose z € H\ D. Write z = re'
with » > 1 and 0 < § < 7. Then

f(2)=reé? +r7te ™ = (r +r Y cosO +i(r —r 1) sinb € H,

because r — r~! > 0 and sinf > 0. On the other hand, if z € H, and f(z) € H,
then we must have 7 = |z| > 1. So we get f € Iso(H \ D,H). Since foJ = f and
J € Iso(D N (—H),H \ D), we get f € Iso(D N (—H),H). Since f(—z) = —f(z), we see
that f € Iso(D NH, —H) and f € Iso(—H \ D, —H). Finally, f is injective on C\ D since
J(C\ D) = D\ {0} is disjoint from C \ D. We have seen that f maps H \ D onto H,
and maps —H \ D onto —H. We also observe that f maps (1,00) onto (2,00), and maps
(=00, —1) onto (—oo, —2). Combining, we see that f € Iso(C\ D, C \ [-2,2]).

13. Let W be the half strip {z € C: =5 <Rez < §,Imy > 0}. Consider the function

eiz _e—iz 1 ez‘z eiz -1
inz=———=3(F+(5) )

We see that sinz = % f o g(z), where f(z) = z+ 27! and g(z) = € /i = e(>=7/2)  Note
that ¢ € Iso(W,D N (=H)). From the above example, f € Iso(D N (—H),H). Thus,
sin z € Iso(W, H).

Homework.
1. Construct an analytic isomorphism of D\ [1/2, 1] with H.

2. Prove that f(z) = ﬁ (called the Koebe function) is an analytic isomorphism of D,
and find f(D). Hint: Express f as a composition of analytic isomorphisms.
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List of topics:

10.
11.
12.
13.
14.
15.
16.
17.
18.

19.

20.
21.
22.
23.

24.

. Basic computation of complex numbers

. Triangle inequality

. Polar form and rectangular form

. Compute powers and n-th roots using the polar form

. Complex exponential, logarithm, trigonometric functions and hyperbolic functions

. Principal logarithm, branch of logarithm, and primitive of %

Complex powers

. Topology on C

. Radius of convergence

Cauchy Riemann equations

Derivative rules

derivatives/antiderivative of power series, and the related differential equations
Coefficients of a power series expansion expressed in terms of derivatives
Compute the integral over a curve using the definition or the primitive
Uniqueness theorem

Cauchy’s theorem and Cauchy’s formula

Liouville’s theorem

Fundamental Theorem of Algebra

Properties of simply connected domains: existence of primitive, branch of logarithm,
harmonic conjugate.

Harmonic function and harmonic conjugate

Mean value theorem for analytic functions and harmonic functions

Maximum principle for analytic functions and harmonic functions

Winding numbers and the general Cauchy’s Theorem/Formula and Residue Formula

Laurent series: formulas for the coefficients
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25.
26.
27.
28.
29.
30.
31.

32.

33.
34.
35.
36.
37.
38.
39.
40.

41.

Find singularities, determine the types, and find the orders of poles
Behavior near a singularity of different types

Laurent series of function ﬁ in different annuli

Compute the residue

Residue formula

Rouche’s theorem

Open Mapping Theorem and Inverse Mapping Theorem

Definite integral: half disc, half disc minus a small half disc, rectangular contour, trigono-
metric integrals, involving branch of logarithm

Compute power series or Laurent series of the product or ratio of two power series.
Schwarz lemma

Find Mo6bius transformation that takes 3 points to 3 points

Describe the image of a circle, line, disc, or half plane under a Mobius transformation
Cross ratio

Riemann mapping theorem

Compactly convergence

Normal family

Find analytic isomorphisms between some particular domains.
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