Math 2401 Name:
Exam 4

Section B

Number

I commit to uphold the ideals of honor and integrity by refusing to betray the trust bestowed
upon me as a member of the Georgia Tech community. By signing my name below I pledge
that I have neither given nor received help on this exam.

Pledged:
Problem Possible Earned
1 10
2 10
3 10
4 10
5 10

Total 50



1. (10 pts) Let C be the curve traced out by 7(t) =
0 <t <+3andlet f(x,y) = /22 + y2. Compute

/Cfds.

(cost + tsint,sint — tcost) with

Solution: Note that

Also, we have that

dr
dt

[ s = /ff(f(t»\

V3
= / tv1+4t2dt
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Grading Metric:

2 points for computing f(7(t))

1 points for computing 7'(t)

2 points for computing ds

3 points for having the correct integral set up
1 point for limits
1 point for recognizing ¢ > 0
1 point for integrand

2 points for evaluating the integral correctly.

—

dr
o a

f(7(t) = \/(cost +tsint)” + (sint — tcost)® = V1 + 2.

(t) = (—sint +sint + tcost,cost — cost + tsint) = (tcost,tsint)

and so ||9(t)|| = V2 cos? t + t2sin®t = |¢] = ¢ since 0 < t < /3. Thus,




2. (10 pts) Let C be the curve traced out by 7(t) = (¢,2) with 0 <t < b and let F (z,y) =
(zy, z* +y). Compute
/ F - dr.
c

Solution: Note that
dr' = (dz,dy) = (dt, 2t dt).

So we have
/C Fdr = / Fy(x(8), y(t)) dz + Fy(a(t), y(1)) dy

b
— /[t-tht+(t2+t2)2tdt]
0

b -
= / 563 dt
0

Grading Metric:

3 points for computing F(r(t))

2 points for computing dr’

3 points for having the correct integral set up
2 points for evaluating the integral correctly.




3. (10 pts) Let a > 0 and C denote the boundary of the triangle with vertices (0,0), (1,0),
and (1, a) oriented counter-clockwise. Show that

2

7{\/1+az3dx+2a:ydy: %.
c

Solution: If you try to evaluate this directly, you will not be able compute some of the
resulting integrals.

So instead we apply Green’s Theorem. Let Q = {(z,y):0<2x<1,0 <y <ax} and
note that the boundary of €2 is the curve C'. By Green’s Theorem, we have

fcmdmmgcydy = //Q (%(%y) - a% (W)) dd(e.y)
_ //QZydA(%y)
- L) o
_ / ; I de

1 a2
= 2 22de = —a13
0 3

Grading Metric:

3 points for determining €2

3 points for applying Green’s Theorem correctly

2 points for setting up the double integral as a correct iterated integral
2 points for evaluating the integral correctly.

Grading Metric used if Green’s Theorem is Not Applied
1 point for setting up each integral correctly
1 point for evaluating each integral




4. (10 pts) Let S be the helicoid surface given by 7 (u,v) = (ucosv,usinv,v) with 0 < v < 27
and 0 < u < 1 sketched in the picture below:

X y

Evaluate [[q+/1+ 22 +y2do.

Solution: (a) We have:

or

— = (coswv,sinv,0

5 ( )

or

— = (—wsinwv,ucosv,1).

ov ( ’ 1)
oF  OF ¢ gk ,
— x — =det cosv  sinv 0 | = (sinv, —cosv,u).
ou Ov )

—usinv wcosv 1

(c) do = |92 x || dA(u,v) = V1 +u?dA(u,v).

(d) By the above, we have

1 2
//\/1—|—x2—|—y2da = / V14 u2V1+u2dudvy
S U

=0 Jv=0

1 B
= 27?/ (1—|—u2)du:27r (u+—>
0 3
Grading Metric:

1 point for computing 9,7 and 0,7

2 point for computing 9,7 x 0,7

1 point for computing ||0,7 X O,7]|

2 points for computing do

2 points for setting up the surface integral correctly
2 points for evaluating the integral correctly.




5. (10 pts) Let F (x,y,2) = 2zlny — yz, - wz, —zy).
(a) Show that F' is a conservative vector field;
(b) Find the scalar potential function f such that F=Vf;

(c) Evaluate the line integral of F over any path 7 starting at the point (0,1,0) and ending
at the point (1,e, —1). Namely, compute

/ﬁ-df
C

where C' is any path starting at (0, 1,0) and ending at (1,e, —1).

Solution: (a) We have that Fi(x,y,2) = 2zlny — yz, Fy(x,y,2) = "”—; — xz, and
F3(x,y,z) = —xy and so
OFl 2x GFQ 8F1 8F3 8F2 . 0F3

Dy oy *Tor 8z YT o 6z $_8_y'

So F' is conservative.

(b) We want f so that Vf = F. This implies
of _

e Fi(z,y,z) =2xIny — yz.
So f(z,y,2) = 2?Iny — xyz + H(y, z). But, then
of a* 0H
—=——rz+ U,z
d vy Gy( )
and since g—i = Fy(x,y,2) = ””—; — xz we see that %—Z(y, z) =0or H(y,z) = G(z) and so

~~

z). However, this gives

of _ :
%——xy—l—G(z)

and since % = F3(z,y, 2z) = —zy we see that G'(z) = 0 or G(z) = C. Thus,

f(xayaz) :$21ny_$yZ+G

flz,y,2) =2*Iny —ayz+ C

is the scalar potential we seek.

(c¢) By the Fundamental Theorem of Line Integrals we have
/ﬁ-df: f(1,e,—1)—£(0,1,0) = 1’In1—1-e-(=1)+C—(0*In1-0-1-0+C) = 1 +e.
c

Grading Metric:

3 points for showing that the vector field is conservative

4 point for computing f

3 points for using Fundamental Theorem of Line Integrals correctly and getting correct
answer




