Name: 3” ’u}!‘nﬂs

T commit to uphold the ideals of honor and integrity by refusing to betray the trust bestowed upon me
as a member of the Georgia Tech community. By signing my name below I pledge that I have neither

given nor received help on this exam.

Pledged:
Problem | Possible Score | Earned Score
1 10
2 10
3 10
4 10
5 10
6 10
7 10
8 10
9 10
10 10
11 10
12 10
13 10
14 10
Total 140

Remember that you must SHOW YOUR WORK to receive credit!

Good luck!

April 30%%, 2015.

Math 2401; Sections K1, K2, K3.
Georgia Institute of Technology
FINAL EXAM




Angle 6 (0 < 6 < ) between vectors u and v:
u-v

Juffv|”

cosf =

Vector Projection of u onto v # 0:

u-v v
Proj,u = (——) v = |ucosf|—.
v v|? Iv]

Distance from a point S to a line L going through
P and parallel to v:

1PS x vl

vl

d=

Length of a smooth curve C: r(t), traced exactly

onceas a <t <b:

TNB Frame:
v dT/d dT/dt
T=—; N= = B=TxN
4 K 19T/ at|
Curvature:
_|4T|_ L |eT
Tlds | |v||dt

Tangential and Normal Components of Accelera-
tion:
a=arT+ anN;

d?s d
or = o5 = Elv(t)h
ds\* 2 5 "
ay =K (a) = klv(t)|]* = {/|a|]? — a2..
Torsion:
__dB
T ds

Directional Derivative of f at Py in the direction of
the unit vector u:

(Duf)p, = (VFp, - u.

Spherical Coordinates: (p, ¢, 0):
0<¢<m 0L6<2m

z = psingcosf; y = psingsing; z = pcosd;
Jacobian: dV s p?sin ¢ dp d¢ db.

Green’s Theorem in the Plane:

ands—]{Mdy Nda:—// (8M 6N>dA;
%F-fds:}{ Md:n+Ndy=// <6—N—@/{> dA
c c r\8z Oy

Area with Green’s Theorem:

1
Eyia:dy—ydx.

Surface Differential on Parametric Surface S :
r{u,v); (u,v) € R:

Area(R) =

do =|r, x 1,| d(u,v)
Unit Normal Field on Parametric Surface S
r(u,v); (u,v) € R:

Ty X Iy

n= Lt
[ry X 1y

Surface Differential on Implicitly Defined (Level
Surface) f(z,y,2) = ¢, over shadow region R in
a coordinate plane:

2l
IVf-pl
where p is one of i, j, k.

Unit Normal Field on Implicitly Defined (Level Sur-

face) f(z,y,2) = ¢, over shadow region R in a co-
ordinate plane:

do =

dA,

_ .V
n=EA

Parametrized Sphere of radius R, centered at the
origit 0 < ¢ <m; 0<0<2m

r(¢,6) =

rg x rg = R* (sin® ¢ cos 4, sin? ¢ sin 6, sin qbéos ¢);

R (sin ¢ cos 8, sin ¢ sin §, cos ¢) ;

|ty x ro] = R?sin ¢.

Stokes’ Theorem:

?{F-dr=/ (V x F)-ndo,
c s

{with the appropriate assumptions on C, S and F.)

Divergence Theorem:

//SF-ndaz//DV-FdV,

(with the appropriate assunptions on S, D and F.)




1. [10 points] Set up a triple integral in eylindrical coordinates that gives the volume of the “ice cream

cone,” the solid bounded by the cone
1
z2=5V z? + 92

and the paraboloid
2?2
=2 - — —
g 11

You do not need to compute the integral, just set it up!




2. [10 points] Consider the curve:

a). Find the velocity #(t).

—

7(t) = (tsint + cost) i + (~tcost +sint) jf — V2 < tﬁ

V(.t} = <$’\‘M¢t +t035t -t / —oosU + Ul -\—GDS'b> (2 P1S')

- (tast |, tomb)

b). Find the unit tangent vector 7(t).
(pt) W)= \/cho,os’{; +Fanll
= \[Joz (2052 + L)
(1pt) = \{*
= 14|

Opt) (i) =€) booanse © <0
s sgn, &

c). Find the length of the curve.

L= So Walae ()
V2

V2

_ g_"ﬁ (0) %

_,_,i; \0 (1pt.)

-2

= @ (\p’t.)

Opt.)

[_:[J;): <— st't / —Q\Mf?—i(('yz Ft)



3. [10 points] Find the points on the cone z2 4- y? = 22 that are closest to the point (4, 2,0).

Dlukion L - %?mug: Muj.l'{/f)m‘st

thirni}e dtonee blw (4,20)and (XY, 2)
“ubjoat Yo ap Ak | XT:"J ~2*

Hog o= 0y %

Ny 2= xﬂf— Z =0

W =7LV3 \7¥=<z(x-43/ 2(3-2), 2¥>
=0 \73=<2X, 2y, "2?5?

20-4)= 22X X-4 =X
2(4-2)=2- 2y §2= _ |
2% = 7 (-2%) 2= T2 — 2(1)=0 =(z=0) (2= -1)
2 z 2= 2 — ~—
XL*X =" Reg=® 20 => X4 y=0 =>x=Y

=0
o =>2an,4 hoeowtd —4 =0 ﬁ
e X olt=2) ‘
:>@ => 2==Y =(=| = (2pts)-correct s (Mmyhn“ :
%ﬁ 2 :{{ i{) ‘ qpvﬁshhitfmn Shralnk)
J.» Z =>z=5 => ;f:i\)—s'. (|Pt,)_.cpn»ecx.FI%
(1pt.) - gradiends
e (1pt.) —Laqranae%m sehap

Ansuer: J (2,1 V5 ) and (2,\,—\f—b') é‘,"ﬁ)';’mawm
_ PL-) = ol amuwes




e L., veutioal, Awouph (4,2,0):
X=h3 ¥Y=2, =T
Tuderdeetion og L witk cone:
2= 42 =20 = Z=+7(F
= D(‘hZ/ 2@))6(4,2 -2(5)

=A 4 or\z;\‘ﬁw QDime dekeawined b(’ O&D:
Lit,2t, 275 %)

=7 A\(4, 2t , 205%) Lor some T
4OAC IA a. A cwg):e.
= \AO \ﬂ\

B- (at, 2t, 2054

o = (u-ut%,2-2¢, -Z\J‘é’c>

-3

B8 = (ot - ot s 4L -4t - 208
= 20t - 4ot”

= 20 (t-2Y%)
:zot (1 —2\:) =>@

=> \A (2, 15) \(

=> N B (2, 1/”\1—53‘ ( WAANOA LA D(f,p
b;‘ﬂr:ujt Xﬂ Pane,)




4. [10 points] Given that for a curve r(t):

%=3\/t+li+4e_tj+__l_k,

and that: P
find r(t).
[
S?\J‘tl’\ 2 =72 (en) Q= 2(tn) +C (2t.)
= 'l‘s
[4e® d=-4e" 40 @pts.)
1ok = n)+Cg CZP*&)

gt-k\

E\(‘b\ - <2(‘b+ \§/2+ Cy, 'L\‘ét*'cz y I (et \) +G
| (Ysp5) (Yapt) _("/3 ps.)
(o) =<Z+Q| ; ~4+Ce, c3> | |

=> '@ | = :l C =9. ':C = 2)
:< Iy 0 / 2> 1 j Kj‘* \\i___,.

__.-—«-—-"""‘""_—d_-_'_. T - S /

— (

S 2 ., _
\ rk) = 2_({;4,\)3’_ 5 ~4E+H ,Qu(‘b-«-)} +2> \

e e



5. [10 points] Find all the critical p oints of f(z,y) = xy? — 22 — 2y and classify each one as either a
local minimum, a local maximum, or a saddle point.

(0f) @ = y-ax (ht) fux = -2 by =2 (hit)
(1gt.) J;j =ij'ij ('Izp*.)-c‘yj = ZX-4

(gt jl-szo
| m{%j%};() )7? (x-2)=0 ->J o{m X = 2)

G °> o )
Cribea Pmnh (0 0) ) (2 2); (2 2) (?PTS)

A :‘CXX"\:U "FXB = -2(2x-4) - 432

A®D,0) =90 ; fux(0,0)=-240 => (v,0)
- \pt.
A(2/2> = ‘44<O => (2.!7—) 1S a SadAle o ndo E Pt;
A o bes \ pt.
A, 2)=-4-4 <0 => (2,-2)5n saddle poirk P

is o local waaX (\Pt'>




6. [10 points] Recall that the angle between two planes is defined to be the angle between their normal
vectors. Consider the planes:

P:z+y+z=-1;
Priz+2y+32=-4.

a). [3 points| Find the angle between the two planes above (give an oxact answer).

— II . N, N, | ('IZPt')
(lp‘t.) N, = <1,\., |> mi;ﬁ:) e | +2+3 _ e _ N6
ﬁ\z = <|;2;§> lﬁ:!‘ﬁll ﬁ‘fl‘_-f_ Ve-v? "

(4t) 3 1R = V5
-1\ b
7] = i 0 -os"(I%)

IL__...——

b). ﬂ' points] Find parametric equations for the line of intersection of the two planes above.

Vootor parallel bo the hive of imbomseatmn: B xfn  (1p0.)
E b b
|
|

OoR|
P o=y e
2 3

XY =-]
Rk on Unec}f inteseation « ',7:'-'*0\;:\’ { J BP“S\)

POAAMM‘C ELM. ﬁj e

| -t
| ;z%?,,zt ’) ()Ft.)

| z=1 }

i



7. [10 points] Let f(z,y) have continuous first order partial derivatives. Consider the points:
A(1,2); B(2,2); C(1,3); D(5,6).

Suppose that:

¢ the directional derivative of f at the point A in the directi nofzﬁ is equal to 2.
¢ the directional derivative of f at the point A in the directio nof@ is equal to 4.
Use this information to find the directional derivative of f at the point A in the direction of ZB

6=L1,00  Dpl(A)-Ww i8=2 ORI,

obendy it watr) > M- 42 > (1-2)
Q’ﬁ{ R-{o,8) Daf)=wmR-4
(

00 unit st ) => {2, - {o)=4 = o=*4)

() KV{? (M= {2, 4>>

Mﬁi Beli sy
= 42
L& &)

1< Daf(a) - A
i RO RCE VAN A @/ZPQ

==



8. [10 points] Let S be the surface consisting of the cylinder 2 + y? =4, 0 < z < 10, together with its
“top,” 2 + 9% < 4, z = 10. Let:

F(z,y,2) = —2yi + 2zj + 22°%k.
Find the outward fluz of the curl V x F through S.

? §0\uh‘on _L,l Stokes” Thesvem_
KSCVXF) AT = §c F.ar

(\\’t') Cx xz+f=4',z=o

(1p%.) |

(F5) ¢ ) = (amst, 290 0]
(‘/2 Pt) 0<t LW

(ZF‘S-) ?(‘r’(ﬂ) = <—4‘m’0 / Leost, e £>

(2p1s) -3—-; = <.2<mm‘\:,2<w3t, o >

§C$~a?= SZW F(RE)) i{i A 4 Ltt)
- SN@‘”‘E*‘ rBoT)E ()
_ SWXAJC

-.W,ﬂ ("¢t

———



§o\uhbn 2 D|AMX C'Dwrrrkn}'n_ on

> —~ Y

(2‘;"5>C . > ‘ 0 J %
M‘ UxE = | Ox 3y oz =<OI"4X/.4>

2y 2X 2N

(ILW\'S) Owtwara -P(’Mx -)(fnmude- b & Jinden )(2+gz: 4 , 0£%<10,

fBuawetnic Fungace ; F(9,2)=<20039, 29mO, z>

0<HLAT ;, 0<Z<10
o =<—2*me, 20089, 0>
z = < 0, 0/ 1>

- LY .
Tox Tz = <zcose/ 2578, O> /

=\ LNVA o '
Sgsl@x‘:)' IS &, SO —4(20050) (25m0) A0 A%

IO ) 8 0052‘9

(qﬁS)OWM*i-?Jlx :U}-;_mg_a‘_?,u J"’)F sk )(24,925&(-') Z=10

-

-

n =K

SSS @"aﬁ/ a0 = “824A0' = 4(0,[,@&(32)3 = 4. 4T =@

Tt g+ ([ )R = [ (0)-hetoe [[, (98) R {em)
| 2



9. [10 points] Compute the integral:

1 py/1—y2
/ / cos(z? + y?) dz dy.
0

0

(3's) 0ex& Iy 5 0¢y<|
X = \-ij
X'l: \_.12
\fxl-'rn?':
SW\‘W*DPO‘M;
Ty o
§ S eos(r?) rarde = L. lm(rl)\ (1pt.)
0 Jp 2 2 (zo
N Ko G \|\_/’
WPt 1Pt gipb. Jlpt. - %‘-—i\m(\‘) (‘Ft>




10. [10 points] Compute the integral:

//sinydA,
R Y

where R is the region in the plane given by:

______

and sketch the region of integration.

%n.iﬁnr-ini Cross - Soakions - (‘?t)

=% (Cuneat: iihiiate T4 )
nnow \n eﬂ"m, e j j
(1pt.) (1pt.)
/ /SP?)/E.;\ e

= -y \? (1pt.)

=\cos(\) — oos(3) ( (1 Pt>




11. [10 points] Compute the line integral

[e+atas,
C

where C is the lower half of the unit circle 22 + 32 = 1 (going from (-1, 0) to (1,0) along the unit circle,
below the z-axis).

’Pamm iyo.7 i;'k;“ QIR

Tl)= <0mt ; ‘m‘m‘t> (\ ﬁ?.)

\// i T <4 <2 (pv)
L V) = Lt cost) (1p%)

| = [eeeaste =1 (F)

Sw (2 + oSt %\‘nto> | 4k (7 P—‘S'-‘)

- (ot - =t \ (2¢ts.)
3

L

o)
F S
+

v
~—
A
73
ft

v (\Ft')

:?_T\'——L—J?- = 5

o)




12. (10 points] Find the work done by the field

F(z,y) = 5zy°i + 922y?

in moving a particle once counterclockwise around the curve C: the boundary of the region enclosed by
the z-axis, the line = 1 and the curve y = z* in the first quadrant.

M=y O Pr)

/%:xs E :<M,N>

NG, Y) = qxzf

\,/\ G)r.zen/’slmcr(e&‘. (Work = eineudotwon) (\P’t«>
e

“ [l (mgmp)on - (75)

- &gm 3XY"AA (vpt.)

A T

P ()

)
(5 -2y )4 R L (1¢t.)

(1pt)




13. [10 points] Find the outward flux of the field
F(z, v,2) = (22° + 9zy?) i+ (—y° + me¥ sin(2)) j + (22° + me¥ cos(2)) k,
through the boundary of the region D:

D:1<a?+yi+22<2

[
T __ -DiV%QV\CQ Thesren
= Sgs?.m\mg V-Fav (V)

| VF = (X ay?) 4 (-3y"medamta)  (ayts)
+ (L2 - We,{fﬁﬁu(ﬂ)

= (am@r 2 (1¢%.)
,992\ (at.) Ut

g DV‘EJ&V ) gh’y g (éj)(S %hub)a\ja\(bdg
~ [zm) (.@SCMO (é_g_)ﬁ

= (2m) (i) (“55“7 - £)

|y bZ)
5

= |

(pt.) (het.)

, (l/z P'h‘)




14. [10 points] Compute the Gaussian integral:



