Chagter () Review

Fuunelions of, Sewerod Vaciables
¢ Dowwain &Ran@e_ :
o Orpon Sb, Closed Seb, Beunded SeX
o Level Cunves - W

o Level Tuwrfnces-. -? (x,j,Z) '—'/C_——\\

[14.2] Zowits & Godinuity in Wigher Dimenions
o Moa‘en' Aifference %om, Caleulus I Wmits (one variable) . a peink (XL\") can
aJp\)l"OacK o Fami (Xo,y.) in the p\ane fFrom in ?\ni\?% Mary dirgelons,
AQM\% infx‘m‘\ﬂg My Pa:l'Q'\S. They must all agree in order for the Wit o exist!
* Two-Path Test ;|| T} -?(i,j) has 2“ﬁ-Fferen1: Wemits along 2 different patths
in He dowoin as (XY) approaches (Xo,Ye) , Then

Live i-(){d) Aves nobl .exist.
‘.'ﬂ;ﬁ]"(m,au

‘MM Exawples :
@ Contilnuous fﬁa.mﬂons (aka "ylug win, no%tvao bad happens ”') .

Do X=XY+ 3 I~
Gy (0,0 )(13 +5XY -y? E

@ 0/0 Lwits where we .?ukur R canecel taws '
e KN g X L X(@m*@
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(3) Two-Patr Test {Limik DNE)
: 2

b & N
:HX'H) = "P‘;—;—v-,_ hnS o UWmit as (X,(‘p-?(b,o) "\FD
\ 2X2 (KX) 2K%3 2KX ?‘9‘]
(approach alo lines = = — =
a? « 'ap ) i(Xf”)‘\\j-__“x X"-P(KX)Q' Xq+K2x2 x7-+ h" X->o -
@P?foackalo ( 2> (sz) 2K X" 2K 2K
= e, B e
prawias) xs9) \5:»08 Yir (KX2)T Kawexd lekr Xoo |HKE

Toking K= i le, St $lxy) DNE by the
i et e, fr s i ) D



(@) Switetuing o Relar Coord, (Yo Atnow At a Lini b does 2xial),
° A):NU.. (Xy _XZL) = ,QLM_((VQOSQ)(‘-?",'G) (TC'DSG) (f?\'ne)

(%1§)»(0,0) X+y? r-0 (reos ©) %+ (Csine)>

= Qtw T oose wine (eose - a»:»’e)
>0 —¢
bounded.

e Qi K’Qn (?Xz—xi}_f-«-?—g )]@ X 6@ rbodesine +@me}’
r->0

(x,y)->(0,0) X y* reos’e « t*wn'e

':/vaw On :}rz(cosze-t-%\‘ne)—rqcosze ‘a\'n?e-x
2
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g NS [,Q,n. (4 - ans’e 'h'nfe)] :-*—\,Q'\ (’4’)5
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- %r‘\’ izl Derivahves

Partial derivabive —E(xo,_\;.)
ohold Y=Y, constant

ev\i— Wne te s c‘J.urveJ .
rve  Sope: J:(x.,,j) ¥ (RoYo) = -? (Ro+h, Yo) - (xo,yo)(

z____g(xdo) h-)o h

—_

‘\’anaen.t bine to Hais curve

Sope : 3 (xc,:gl #H (x0,32)
XO;:ju""h)"‘
h-’o (XO o

ourve Z = _?()(01\3)



o To cowpuke %}%_ : ol the offer variables (_‘f,iej'c.)mnslant &Ai—f-@erenh‘ah.\@btx,
& $ix,y, D) = XY + X Hn(yE) + o5 (XYE)
To find %’{: ,think of Las: £(x,y,®)= ng +X‘n‘n((\;z)+eos(xyz-)
| (%Yeen =variable)
oF = 2XY + e'n‘n((yz) +(—e£n(xgz)-gi’-)

X
To fond 2 Hunkof Las: §(x,y,%) = x"% + X (y2) +eos (X Y2)

93 ’
% = X+ X Cos (Y Z)% +(-—‘3\‘m0<g%)°xz‘>
To %M—g%,-t&ink f fas: L&y, 2)=%%y +m\‘n.(3z)+ops (ng)
%% = X aoS (y;g).g +(— ‘h’m(Xg?)-X&)

° {Hiﬁher Order Tartial Denvahves -

2

2 ’ 2 2 ' ,9]2 _ '
';gi%.'=$xx y %’%""Fﬂ 539}%=¥3X 2 9Yak $"3)

?3 _ _Y ' .i&_ ='$ ') ete  ete,
d%oyaE  EGX 2 9XoYyd  ax

o Mixed Dentvalixe Theerem :
b #(x,g)awl s WMM& -‘;x,-%/%" ,‘?gx axe Aefined

W‘oug&oux an epen re%«‘or\, cor\taiv\m; a. poink (%o,Yo) and oxe
A\l conkinusus ok (xoYe), Thea Ly (Xo/Jo) = %x (XoYo) |

[ CV\MRA&-‘ . w= W (X, ,Z)
[10.4] The = x:x(u,\r)g, Y=y, 2= 200)
& wW- 3y 2w 9%
oy T e
4-46 - 5y e Ve
WD 2Z
z=2) %v\;=9.§%¢+g-?3l}+%%;v
= . . Wz Xy
dur QN AR W Y dwr AR Wi Ry + Wy -+
ToTax A& ax T ox AR




'JW‘:DWAWU\ Sx‘m?\a.&\a\ : 3 PO/ YI=0 defines Y twplicitly ad o
JidRvertiable fumetlonaf X , -then ;\3 __Fx
£x].: 6X>- ?gz—Xy-O; fina 25 W
Olo\w'a.z gxg 2__)(3) f—(o) N ews way : F(X‘H) =6X-Hy —Xg
\Bx \43(_1.) H“X(ﬁ‘) =0 Ay B Xty uxt
13%* -~ 3 (x,‘_u_"&') f‘;'( AX Fa _lq,a X l‘t‘é +X
13X-Y_ _ A
X+ y
Er_ﬂ Direotional Derivolives & Gradienk Veckvrs
Ty, %) » Gradient ek . vi= 350 3%«) +_§!_ =
-‘?(X,a) Y Gradienk Veckor V-Y» -—s‘- v+ _f'. J

Direckional D.w.vahveof-@ & 1 m+heahrechona[.‘+he wnit vecker W

(Daf)s, = (W) {

d

rsbpe :(Da#.)&: rake o{»‘o(uuge inthe direchion OJ .

i3 = | 7$llitlense = \VE|eose

° :g rWﬂAt I\-d-\h‘o\lg in the direchon o.F VJF
(620) ;, direchional Aeniv, there is | vE],

'x\ woAk Adpdly in +he diredion oS‘ -v}
(8=Tr)} direchional deriv.there is -\vfl,

| 4.6\ Tangenk Planes 2 Netmal, Lines

EJ\aenbpln.neTo flxy,2)=C oX P, (Xo,Yo0,2o)
Normad ﬂine.'l‘o —F(X,y, Z-) =c ok % (Xo,:jo,Zo) H

———

FxB)Xo) + £y (B)y-Yo)+ £ () (2-2) =0

X= Xot+ £x (Po)t
y": .yo"" -pa (Po)t
z -_-.29-1--?2 (?o)t
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{ l‘ ExTreme Values & Seddle Boints
. -l

E-F A poink (a,9) is called a erihcal Eos‘nt of f,i[xiy) (P P) is an inferior point
tothe domoinaf § and either £y (a,¥) :—?3 (a,¥)=0 or one or bath £y, Py
Ao not 2xist a% (a,¥).

_ng-_ 1 A Saddle point ﬁrr 5;0(,3) is a erihcal point (a, b) such Hrak in onor
JieK cenfored ot (a,6) Hhere are dowain puints (X suclHhat $(x,y) > £Ca,b)
and poinks where £01cy) < £, 8.

CalewdusT & Inflection Point Clleutus T = Saddle Poinl

First Derivative Test -

# $0y) has a fooal win.ov max ok an inkerler pink fa,Y)and $xGb), Ty(a,»)
axist, ten £ (ap)= £y (,¥)=0.

F oten words : Aocal exirema occur ak eribeal poinks e oX bouno\awi prints,

Second Dervative Test :
[ 6V-{)pose ‘;x(a,b) =‘p” (a/p) =0 ak an interior point (a,¥), Then (0/b)is @+
| Dpcal wax . W
Aocad, 2xTremum f ] ¥u¥”— %13 >0 |ak(@,v): Lxx <0 =& (a,b)
' Aocal. vain . ¢
l (a,b) fxx >0 ak (a,¥)

Sadd\e poink ﬂ? {?xx%‘y ”’Fx; <O |k (a,¥).

(D) [y b5y [




Min & Max on Closed Bounded T’Eﬁ\‘ons .

@ Find the crihcal poinks interior tothe regron & eva\uate P there,
@) Find the Poundary points where § has Locad extrema & ovaluake §Hhere,

(3 ook -Hn.roug,k-l‘ke Wsts & Fnd Hhe absolute maln g&wax .,

—_

_i}_\'- 'K:(le) = q+3IX +23 "‘Xg'—yz ; TAm'qu.‘nI re?q‘on in Quad X bounded ba X=0, y=0, 3:‘]_)('

@ Intecior points : ’S:x = A -aX} -f-’a = 4-3Y

{¥x=0 {2-90(:0 X=|
_pvzo l—&yzo y-;\

CrivNeal point, (3, 1)
Is it inside the region? Yes. So avaluate -? g Wst 1t

@ Boundag Yoints -

O v ~ X
O A : 30
.L‘it_,f L(x,0) = 2+2aX-X", 04x<9
Zxtreme values sccur @ boundary pis or crihcal points
-@(\;0 b ax Bitx0) = 2% n(0,9)
¥ (1,0 =3 Cribical point ¢ (1,0) —2valuate § here and af the
£ (0,0) =2 boundavy palts (0,0), (9,0),
£@,0) =-6 >Mn @) & : x=0
£(o,N=3 Lo y) = ar2y-y%, 02y <9
£ (0,9) =6l §'oy) = 2-2y
? (qlz,qlz) =- .‘.'i Criteal pom'\: 2 (0/ |) ) eou.nolag Po‘lrﬂ'S: [;, 0), (O, 7)
z mQAead.g done
@) g8 - y=9-X

A\read.a ona\aked Qnd.,Fe-\‘n‘ks (o,q) g (9, 0) S0 we
on\y need to ook for critical peinds,
S} (X,‘?-X) = Q+ AR t2, (q_.x) = xg__ (q_’x)z
= =6l +13X ~ AX?
{'(x,a-%) = 18 -4X
3-88=0 = x=T >y=9-%=Ts
Criheal poink : (9, 95)




Lagra%e. Mulhpliers

{ Suppose that £ (xy,2) and %(x Y, %) are differentable and Vg £ O when g (XY ,2)=0,
To Gund \ocak win & max valuesef § Subject to the congtraink 2(x,y,2)=0
(ind Hhe values of Xy, % andA hatk Sa.b‘.sg\—y ~.

{ V-? = ?\(\73)

%(Xd,i‘):O

_ S ¥

(" Twwo constvainks ¢ To rnd. loeal 2xirema. of a Afferentiable §0x,y,2)
Subgedt 4o e constratnts G (X\,2) =0 and g,(x,y,2)=0

ond G, 92 are Aifferentiable (Vg, not parallel to ng)"
find Hhe wilues of Xy, 2, Ay, A2 thik satishy :

V-F =N, (Vj 13 + N2 ngz)

9, (x1y,2)=0
gz [xtj/Z‘)=O )

Example : Find the wax. value dof Flxy) = 53-X=Y“onthe kne X+3y =50,
3(;(,3) = x+1—g—5‘o

vf = {-ax, -2y»
Vg = ,%
Save : ( -ax=72 x= —X2
-2Yy=F2A y = -*/z -%:+4(—’%)—50=o
X +7y-50=0 X+3y-50=0 7 + 492 +100=0
50A = -100
A=-2

=p KX=+| 5 3—.—.-\-:[- J

The exirene value occurs ak (l,ff-), where !
—F(l,q')-’-' 28 s




