Name: §D/ Ub O”S

December 10", 2015.
Math 2552; Sections L1 — L4.

Georgia Institute of Technology
FINAL EXAM

I commit to uphold the ideals of honor and integrity by refusing to betray the trust bestowed upon me as a
member of the Georgia Tech community. By signing my name below I pledge that I have neither given nor
received help on this exam.

Pledged:
Problem | Possible Score | Earned Score

1 10 b
2 10 Pl
3 10 P
4 10 /0
5 10 A
6 10 2~
7 10 N
8 10 P
9 10 X
10 10 70
11 10 X
12 10 )q
13 10 P
14 10 )(}

Bonus 10 >O

Total 140

Remember that you must SHOW YOUR WORK to receive credit!

Good luck!



MATH 2552, Sections L1-L4 Final Exam

Thursday, 12/10/2015

1. [10 points] Find the inverse Laplace transforms of the following functions:

a). [3 points] .1 {3323;12}—‘: % K—‘{ ka \6 } z {S +16 }

= 7 05 (4t) - T s (46)

b). [4 points] &£ ! {3(’1‘:32) } - 2 ;e—l { _} x—i {3_-172-_} —

S"'? N A_+_ v
S(S+2) > S+
)
A=2); p=-2

Wy (£)
tu-4

: -1 28 —4s | -\ { 25
c). [3 points| & {32-1—16 }._ f 24

= 2 005 (t-4) Uy (%)

4
5 €
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MATH 2552, Sections L1-L4 Final Exam Thursday, 12/10/2015

. et 0
vi(t) = ( ) and va(t) = ( )

are solutions to the linear system x’ = Ax, where A is a real 2 x 2 matrix. Find a particular solution to the
linear system:

2. [10 points] Suppose that

[Hint:] Compute v1(0) and vz(0). 7
v 0
GOV={ |5&@={,] =>N\e"=t . || -
0 e-¢ =3 |'
|

2?1‘5. => e"bA i(‘k\: ’t

e—et e

> |e"g0n- (2: -‘z-ez*)

t

et O +
- _th

=>><?=e“‘je gl = (t,t ©

(\

- e
e 1-e°% 4 1-¢

e zt——-e

Le®
(te bt ™ 29)' (’o e+t69
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MATH 2552, Sections L1-L4 Final Exam Thursday, 12/10/2015

3. [10 points] Consider the autonomous equation:

y' = (2 -1)3-y).

a). [3 points] What are the equilibrium solutions of this equation?

8:‘ ) \4:—]}' %:%

b). [4 points] Draw the phase portrait of this equation.

-\ -1 1 3
) |+ 09— 9° « +

74 | + «+to —
P y’ |+ o— o0 +o —
o |
\4
o —|
A
|

c¢). [3 points] Draw a picture of what the solution curves for this equation might look like.

\
//
N
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4. [10 points] Find a particular solution to the equation:

yll _3y/+2y =

1+4e=’

given that
yi(z) =€* and ya(z)= e

are two solutions of the associated homogeneous equation 3’ + 3y’ + 2y = 0.

N e’ e = 26 7|
¥ 1e¥
2x )
o 2% |
T N i e R o)
— 2 _ff:! eX(\+eX)

%) - e R
-:,)u,lz—j\ A AR = ~ X_E'\*e) - AX ='S('€;("I:£;>AX

ge A)H—X(M 1 = € 8(1' %15‘)0\%

{—6"

(teeX) - S(_L _ )o\x
=W, = A OX = S —AX = X X
: Sc”‘(we") e>* (1+er) e &(we)

- S_e'”a\x - gc@ 8 who 7‘>

—A—Q:zx+€:x+X'/Qﬂ('\*'ex> ‘ pack '
F] \ \OLO)’W

= Y= fexerl ettn (1ee”) - 4 + e +xe L oMonimeer)
75 N 5+ (e +€ )(X»Qn@\»ej‘))
Sy, =

7+xe e e a(1+er)-e )Qn/(1+e)‘)/
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5. [10 points]
o 1 o Yt
a). [3 points] Find: .& {m}— =g ‘{(S-\-?BZ.J. 4 } ;
ORI G N _ s \
=& {:52-1—4 S-aSa—?:} =& %ﬂb(rb)
Coup\.zhv\% the stgume (2pts)
Arwwens = (1pE.)
594+ 26
o [ 55+35
b). [4 points] Find: & { +63+13 = % {(3'\'3) 2, 4
=L ____5(8+;) E = 201 .}
(S+2)%+ &4 (S+2)+4

=hH & {S 2, 4 \2454—3.% +20 f"{—s—zﬁ \S—)Si—_?}

=5¢° oos(zt) +10 e'%‘&\"‘k(lt)
Comect: Sepasation : (2p1s.)

Mvwswer (1pt)

c). [3 points] Solve the initial value problem:
y' +6y +13y =d(t —1); y(0) =5,y'(0) = 5.
Take \_wpm of okt AL,
SY(s) =55 -T+6S Y(&)-30+43Y(s) = € (44t.)

(s*+65+17)Y(s) = 55 +35 46

5S+35 e
8= ———— — ‘ 2
! SHS+13 " S265+13 (Lpt) [(W)Thm ﬁpﬁngk
~3¢-1) i%

m2t-2) Wy (%),

=> nd({,) be tcms(ch)Moe (2] + &
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6. [10 points] Find a solution to the equation:

t

y(t) = e + /0 sin(t — 7)y(7) dr.
—

amle) wyl)  (29') - neaogquize convelubion

Yi9)= g_ p (1p'\‘-) ~Take l-ap\ace of bott sides
5 o
S% 1 Ys)= S-1
ys)e S (1¢) - oktaine Y(s)
S*(s-1)

?a/\b‘aﬂ Frugaew DQmw*m sk

S—M _ A+_§_* C
s2(s-1) S 1

.
S +//= As(s-1) -3+/14 252

s'= As® As-s428*
3" =(A+2)s*~ (A+1)s

> )= - 2 { -2 {ijme T

K *3&\:4—1: +2e"? [ (z?h‘\) - Golubion_

(f\F\'S\ < ( p‘\'.)SPJ(up

(1p1.) x 20cin cvelfieient

[1 pt. bonus:] What is this type of equation called? (\/O M W ECW
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7. [10 points] Solve the differential equation:
y@ — 7y — 18y = 0.

Chanastmishe Guation.: wh-3w'—13=0  (2pts)

z
=" 2 3 \8=0
(W-9)(w+2)=0

\
\r/q =2
vw-—-2

= +j L\F) (4pts.)

\3 =Q‘ e%)‘.[- Qze:a)k-(— C3 QDS(\]’ZX) o C‘f‘%’m(ﬁ X) (QP‘-S')
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8. [10 points] The picture to the right is the graph of the function f(t) obtained by:
O f is the constant function y = 1 from t = 0 to ¢ = 2;
O From ¢ = 2 to t = 4, it is the graph of y = €? shifted two units to the right.
O On (4,00), f is the 0 function.

Compute the Laplace transform Z{f(¢)} of this function.

| f(t)
(5p5) o) - (4 uz(a) re (Uz@c) Wr(t)) f
iEPTs. lpts 4.5 pts, “
T 2 3 4f

L1580} = 201} - 2@ + L1 2w - 2 {2 tw)]

=25 (-
=%_ es f{ef} e LHZuq(Jc)}
= 1 s Q—ZS' + _e-_ii - ez e—4s \‘
3 S S-1 S-1
" ~—
(Apt) (2p1s)  (2f1)
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9. [10 points| Solve the differential equation:
y’ = —2xy2,

subject to the following initial conditions:
_1
a). y(0) = 3.
. 1 —o%xd

i =rre =>\%= Ti—IEJ m&?‘fﬂ

Is %:O a solubhon? >/€5

)= 1 |
i) °j=>a:3 =>

)= 3

b). y(0) = 0.

\aoq __L-—-/> ‘3(0)_,1' COJ\LMRJUQA\?LO

K€
’ﬂ L Wmﬂuhemhi-&m Ive

§~*ﬁ'@: Rubnic : o Separalion: 1p1‘

s
N 50\uhon = .

* Fol. ko ‘I.VP (o.) pts.
* So). o TVP (b): 3[;1;)
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10. [10 points] Given that

-1 —1 0
xp =eét and xg = te +e
3 3 —1

are solutions to a homogeneous linear system x’ = Ax for a real 2 x 2 matrix A, solve the initial value problem:

x' = Ax; x(0) = :
1
o ()esll) B
x:Qlet’(?)JngtE(;)“'QZe -\
~C
- "‘ O — | TS.
= X(O\: C|(7>*C2<,l) - <17Q|-'C2\ ZP

-C = 3 /?f\c\j =
=> 2
%C, —C2=1 => —-9-C.=\ ">Glj @

\ - \—,(0)
= + _
> ?=—%@*’(7)"0t€(7)'“°e '
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MATH 2552, Sections L1-L4 Final Exam Thursday, 12/10/2015

11. {10 points] Solve the linear system:

Gopblued

A~ O \ _ (1_,?) (1,1‘) '-,.-71’1: \ \ | 7‘153_)
2 %A pts)

%‘ﬂxmm}e\s :
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12. [10 points] Find the general solution to the differential equation:

\ Y
Dovenlls WA d=-41 =>4-o=2 =>

W - %<—(L= §X00SX

1 1
y — =y =4z’=cosz.

=> gz_: 8XL%WX*Q7§L ‘B
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MATH 2552, Sections L1-L4 Final Exam

Thursday, 12/10/2015

13. [10 points| Solve the differential equation:

a2y —zy +5y=0, z>0.

Cm@ﬁ;l-&ﬂ% i Q=1 b=t c=5  (1pt)

CM\-’@J WwW=2Mm+5=0 (2pts.)
A=4-20=-6

’

§=X (Qn %S(W)+Qz%m(mx)> \ (4pts.)
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14. [10 points] Find the general solution to the differential equation:
1 .
72 +cosz~2zy )y =y(y+sinz)

(An implicit solution is fine.)

(-—L—+0DSX 7—*})0\3- 3(3+?~mx)o\x=o

Ayt
}(yemuxax— (o +omx-2ry) 4y =O

“‘ﬂ

M N _ (2ps.
By AT B = A H2Y > Gk (29%)

2

?oJ(er\h‘al: ° = J2+>[%\'N7ﬂ => _\}(xq);y‘x_‘\jmsm 8()')
(}Ph) o o _ ij_oggx-q-a’(j) }

<]
>

BJ 4

= 2Ky ~QosX ~

=
1+X

319): *i'_,,=> ca_-_-—-wdﬂﬂj

4(—3
= m@osx —ordom f = C \ (1pt)
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Thursday, 12/10/2015

Bonus Problem: [10 points] Solve the differential equation for the function y(z):

v +1=eEVging,

Give an implicit answer.

W+ = o™ FX ( L\‘Mem.)

})(X} ="
fi (WeX) =smx

weX - —cosx+C

=X _
W= —€ CosX-« Qex

el S oosX+08

——
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