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My research interests can be generally described to live in the realms of analysis and probability.
My doctoral research was in probability, with a strong analysis flavor. Specifically, my main focus
was developing a Radon transform for infinite-dimensional Banach spaces. This was as much a
probability problem as it was a functional analysis problem. The merger between the two in infinite
dimensions often occurs due to the absence of Lebesgue measure in this setting. Probability offers
several options in this case, but the most useful one seems to be abstract Wiener spaces, first
developed by Leonard Gross. The main idea is that one works with a very special Gaussian
measure µ on an infinite-dimensional Banach space B; what makes this measure so special is that
it comes from a Hilbert space H embedded in the larger Banach space – so an abstract Wiener
space is really a triple (H,B, µ). Some of the geometrical properties of the underlying inner product
norm transfer to the Gaussian measure in some sense, resulting in a beautiful interplay between
probabilistic approaches and functional analysis approaches.

As a postdoc at Georgia Tech, I joined the harmonic analysis group and set off on an extensive
project involving weighted inequalities for commutators with Calderón-Zygmund operators. These
operators are of fundamental importance in harmonic analysis; the prototypical such operator,
the Hilbert transform on R, enjoys many connections with complex analysis which unfortunately
do not transfer to higher-dimensional versions such as the Riesz transforms. The introduction
of Calderón-Zygmund operators brought real analysis techniques into the arsenal of tackling such
operators, thus opening them up to many other areas of mathematics, such as PDE theory and
operator theory. My work in this area concerns commutators [b, T ]f := b · Tf − T (b · f), where b
is a function on Rn and T is a Calderón-Zygmund operator on Rn. Such commutators have many
applications throughout various areas of analysis, such as complex analysis (where they capture
the Hankel operators), PDE theory (the Div-Curl Lemma), or factorizations of spaces of functions.

Currently as a postdoc at Michigan State University, I am working on sharp inequalities for
several types of operators using the Bellman function technique. Originating from stochastic opti-
mal control, this technique is now widely used in harmonic analysis and is a stunning example of
probabilistic ideas being applied in analysis.

One of my big goals for the future is to bring together the two directions I have so far stud-
ied independently, namely harmonic analysis and infinite-dimensional analysis via abstract Wiener
spaces. From the very beginning, abstract Wiener spaces were developed for the purpose of carrying
out harmonic analysis in infinite dimensions. Leonard Gross came up with abstract Wiener spaces
while trying to make sense of the Rn Poisson equation 1

2∆u = −g in infinite dimensions. At this
point I am armed with a solid background in both, and would like to pursue a research program
that studies harmonic analysis ideas like BMO and Hardy spaces, maximal and square functions,
Calderón-Zygmund operators, commutators, and weighted inequalities, in infinite-dimensional Ba-
nach spaces.
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1 Weighted Inequalities in Harmonic Analysis

1.1 Two-Weight Inequalities for Commutators

If X and P are position and momentum operators, norm estimates for the commutator [X,P] :=
XP − PX address the degree to which these commute, and yield the Heisenberg Uncertainty
Principle. The Hilbert transform

Hf(x) := p.v.
1

π

∫
R

f(y)

x− y
dy,

the prototypical singular integral operator, translates this to the language of Fourier analysis: H
is a multiplier operator with symbol −isgn(ξ), where ξ is momentum. If x denotes position, the
commutator of interest becomes [Mx, H], where Mx is the operator of multiplication by x. More
generally, a Calderón-Zygmund operator (CZO) is an integral operator T ,

Tf(x) :=

∫
Rn
K(x, y)f(y) dy, x /∈ suppf,

associated to a kernel K(x, y) satisfying some standard size and smoothness estimates. The proto-
types for this important class of operators are the Hilbert transform, in the one-dimensional case,
and the Riesz transforms:

Rj(f)(x) := p.v.
Γ
(
n+1

2

)
π
n+1
2

∫
Rn
f(y)

xj − yj
|x− y|n+1 dy, j = 1, . . . , n,

in the multidimensional case.
One is then concerned with commutators [b, T ] := [Mb, T ], where b is a ‘symbol’ function. These

commutators have deep connections to operator theory, complex function theory, and PDEs. A
large part of my recent work focused on a two-weight extension of the foundational paper [12],
where Coifman, Rochberg and Weiss characterize the boundedness of [b, T ] on Lp(Rn) in terms of
the BMO(Rn) norm of b. Recall that, in harmonic analysis, the real Hardy space H1(Rn) and the
space BMO(Rn) of functions with bounded mean oscillation are the appropriate replacements of
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L1(Rn) and L∞(Rn), respectively. The duality H1(Rn)∗ = BMO(Rn) [19] is a cornerstone of the
field. The BMO(Rn) norm is defined by

‖b‖BMO(Rn) := sup
Q

1

|Q|

∫
Q
|b(x)− 〈b〉Q| dx,

where the supremum is over all cubes Q in Rn, |Q| denotes the Lebesgue measure of Q, and
〈b〉Q := 1

|Q|
∫
Q b(x) dx denotes the average of b over Q.

The result of [12] can be stated in two parts, as is typical in these situations: an “upper bound”
result valid for all CZOs:

‖[b, T ] : Lp(Rn)→ Lp(Rn)‖ . ‖b‖BMO(Rn),

and a “lower bound” result specialized to the Riesz transforms:

‖b‖BMO(Rn) .
n∑
j=1

‖[b, Rj ] : Lp(Rn)→ Lp(Rn)‖,

where 1 < p <∞ and “A . B” denotes A ≤ CB for some constant C which, in this case, depends
on the dimension. Later on, in weighted inequalities, this constant may also depend on the weights.

1.1.1 Weights and Bloom’s Inequality.

The project I worked on in the last three years started with the goal of obtaining a two-weight
extension of this result, using dyadic methods. A weight is a locally integrable, positive function
w on Rn. In terms of weighted inequalities, one is interested in operators on the spaces Lp(w), the
Lebesgue spaces corresponding to the measures

∫
f dw :=

∫
f(x)w(x) dx. Of particular interest are

the Ap weights – those weights for which the Hardy-Littlewood maximal function, or the Hilbert
transform, is bounded on Lp(w) [38,51]. A weight w on Rn is said to be a Muckenhoupt Ap weight,
1 < p <∞, provided that

[w]Ap := sup
Q
〈w〉Q〈w1−p′〉p−1 <∞,

where p′ denotes the Hölder conjugate of p, and the supremum is over all cubes in Rn. Note that
A2 weights are particularly nice to work with: [w]A2 := supQ〈w〉Q〈w−1〉Q.

The one-weight theory, studying operators Lp(w)→ Lp(w), is very well-developed at this point.
However, the two-weight theory, studying operators Lp(µ) → Lp(λ), is much more difficult, since
most techniques in the one-weight theory do not work in this setting. In terms of commutators,
the original characterization of Coifman, Rochberg and Weiss still stands in the one-weight setting
– i.e. for any Ap weight w on Rn, there holds

‖[b, T ] : Lp(w)→ Lp(w)‖ . ‖b‖BMO(Rn), and ‖b‖BMO(Rn) .
n∑
j=1

‖[b, Rj ] : Lp(w)→ Lp(w)‖.

In the two-weight setting however, the usual BMO space is no longer the correct space. Instead,
as showed by Bloom [3] in 1985, one should work with a weighted BMO space.

For a weight w on Rn, define the weighted BMO space by:

‖b‖BMO(w) := sup
Q

1

w(Q)

∫
Q
|b(x)− 〈b〉Q| dx.

3
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Remark here that this definition is a little surprising, since the weight only appears in front of
the integral. There are several other definitions of weighted BMO in the literature, involving the
weight inside the integral in some form, and these spaces are not equivalent. For reasons which
will become apparent in what follows, the definition above should be the “correct” definition of
weighted BMO.

Bloom’s result [3] characterizes the norm of the commutator with the Hilbert transform, acting
between two weighted spaces Lp(µ) and Lp(λ), where 1 < p < ∞ and µ, λ are Ap weights, as
follows:

‖[b,H] : Lp(µ)→ Lp(λ)‖ ' ‖b‖BMO(ν).

Here ν is a third weight, defined in terms of µ and λ as follows:

ν := µ1/pλ−1/p.

This was a beautiful result, a bit ahead of its time, having remained largely unremarked for
almost 30 years. The project I joined, initiated by Michael Lacey and Brett Wick, had in mind to
ultimately extend this result to multiparameter harmonic analysis – a notoriously difficult field in
which dyadic methods have recently been shown to produce results. Bloom’s original proof is not
suited to this goal, as it makes use of several objects which are not available in the multiparameter
setting (such as the sharp function). So, the first task was to reprove Bloom’s result using modern
dyadic methods (this was accomplished in [30]), followed by a generalization of this one-dimensional
result to all CZOs on Rn (accomplished in [31]), and finally on to multiparameter analysis (this was
accomplished for biparameter Journé operators – biparameter generalizations of CZOs – in [32]).

1.1.2 Bloom’s Inequality via Dyadic Methods

There will be three main dyadic components for us in what follows: dyadic grids, Haar functions,
and paraproducts. The main idea, started by Petermichl in [59], is to represent difficult singular
integral operators as probabilistic averages of simpler, dyadic operators.

Recall the standard dyadic grid on Rn:

D0 :=
{

2−k ([0, 1)n +m) : k ∈ Z;m ∈ Zn
}
.

For every ω = (ωj)j∈Z ∈ ({0, 1}n)Z we may translate D0 by letting Dω := {Q
·

+ ω : Q ∈ D0}, where

Q
·

+ ω := Q+
∑

j:2−j<l(Q) 2−jωj . Here l(Q) will denote the side length of a cube Q in Rn. We will
only need to pay attention to ω when dealing with Eω, which denotes expectation with respect to
the standard probability measure on the set of parameters ω. We denote a generic dyadic grid Dω
on Rn by D. Any such D has the standard nestedness properties:

• For every P,Q ∈ D, P ∩Q is one of P , Q, and ∅.

• All Q ∈ D with l(Q) = 2−k for some fixed k ∈ Z partition Rn.

Recall that every dyadic interval I ⊂ R is associated with two Haar functions:

hI := h0
I :=

1√
|I|
(
1I− − 1I+

)
, and h1

I :=
1√
|I|
1I .

Note that h0
I is cancellative, while h1

I is non-cancellative. The cancellative Haar functions associated

to a dyadic system on R form an orthonormal basis for L2(R), so we write f =
∑

I∈D f̂(I)hI , where
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f̂(I) := 〈f, hI〉L2(dx) denotes the Haar coefficient of f on I. For any dyadic lattice Dω on R, and
every I ∈ D, Petermichl’s dyadic shift is defined by

Xωf :=
1√
2
f̂(I)(hI− − hI+).

Looking at the action of this shift on a Haar function, we may think of it as turning a sine wave
into a cosine wave. Petermichl’s representation theorem [59] states that

Hf ' Eω(Xωf).

From here, it is straightforward to see that one also has a representation for commutators [b,H]f '
Eω([b,Xω]f). This was the strategy employed in [30] to reprove Bloom’s inequality in dimension
1: using the representation theorem, it suffices to prove the bound for [b,Xω] instead of [b,H]. If
the bound holds uniformly in ω, i.e. the choice of dyadic grid does not matter, then we are taking
expectation of a constant in

〈[b, T ]f, g〉 ' Eω〈[b,Xω]f, g〉,

and the result is proved.
The way we deal with [b,X], where from now on we suppress the subscript ω, is paraproducts.

In dimension 1, the paraproducts Πb and Π∗b with symbol function b are defined as

Πbf :=
∑
I∈D

b̂(I)〈f〉IhI and Π∗bf =
∑
I∈D

b̂(I)f̂(I)|I|−1
1I .

The usefulness of these operators comes from the fact that one can split the product of two functions
as

bf = Πbf + Π∗bf + Πfb.

In terms of commutators, this yields

[b,X]f = Πb Xf + Π∗b Xf −X Πbf −X Π∗bf + (ΠXfb−X Πfb). (1)

Since one-weight bounds for the dyadic shift are well-known [40], the first four terms will be bounded
once we prove two-weight bounds for paraproducts. The “remainder” term in parentheses needs
to be handled separately. In [30] and [31] we prove two-weight bounds for the paraproducts, of the
form

‖Πb : Lp(µ)→ Lp(λ)‖ . ‖b‖BMO(ν).

I will only highlight here the following interesting feature of this proof: in the end, it boils
down to applying two separate one-weight inequalities for well-known operators like the maximal
function and the dyadic square function. This is a little unusual in two-weight theory, and also
it highlights the beauty of the weight ν as originally defined by Bloom. First, I made the rather
simple observation that, if µ and λ are Ap weights, then ν := µ1/pλ−1/p is an A2 weight. This,
in turn, opened the door to a very nice expression of weighted H1 − BMO duality valid for A2

weights [46,66]:
|〈b,Φ〉| . [ν]A2‖b‖BMO(ν)‖SDΦ‖L1(ν), (2)

where SD denotes the dyadic square function adapted to the dyadic grid D:

S2
Df :=

∑
I∈D
|f̂(I)|21I

|I|
. (3)

5
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Then, for instance in the case of Πb, one really needs to show that

|〈Πbf, g〉| . ‖b‖BMO(ν)‖f‖Lp(µ)‖g‖Lp′ (λ′),

where λ′ := λ1−p′ is the Ap′ weight “dual” to λ ∈ Ap. Isolate the b out as follows:

〈Πbf, g〉 =
∑
I∈D

b̂(I)〈f〉I ĝ(I) = 〈b,Φ〉,

where Φ =
∑

I∈D〈f〉I ĝ(I)hI . From (2), we now have |〈Πbf, g〉| . ‖b‖BMO(ν)‖SDΦ‖L1(ν). Finally,
it is easy to see that

S2
DΦ =

∑
I∈D
〈f〉2I |ĝ(I)|21I

|I|
≤ (Mf)2 · S2

Dg,

where Mf := supI〈|f |〉I1I is the Hardy-Littlewood maximal function. This is where a simple
application of Hölder’s inequality finishes the proof by separating out µ and λ from ν:

‖SDΦ‖L1(ν) ≤
∫
Mf · SDg dµ1/pλ−1/p ≤ ‖Mf‖Lp(µ)‖SDΦ‖Lp′ (λ′),

and we may now apply classical one-weight bounds for M and SD. While this strategy becomes
very technical when moving to multidimensional operators in [31], and even more complicated when
moving to the biparameter case [32], at its core it remains the same, and runs through many of the
results we have obtained.

We state next the more general result obtained later in [31], valid not only for the Hilbert
transform, but for all CZOs in Rn.

Theorem 1 (H., Lacey, Wick [31]). Let T be a Calderón-Zygmund operator on Rn and µ, λ ∈ Ap
with 1 < p <∞. Suppose b ∈ BMO(ν), where ν = µ

1
pλ
− 1
p . Then

‖[b, T ] : Lp(µ)→ Lp(λ)‖ ≤ c‖b‖BMO(ν),

where c is a constant depending on the dimension n, the operator T , and µ, λ, and p.

The underlying dyadic strategy is the same in the multidimensional case, using Hytönen’s
representation theorem [39] instead – this is a celebrated generalization of Petermichl’s theorem to
all CZOs on Rn. The dyadic shifts become much more complicated, of course, since we are now
dealing with n-dimensional cubes instead of intervals.

1.1.3 The Lower Bound Result and a Two-Weight John-Nirenberg Inequality

Also in [31] we obtain the lower bound result in the two-weight setting.

Theorem 2 (H., Lacey, Wick [31]). For 1 < p < ∞, and µ, λ ∈ Ap, set ν = µ
1
pλ
− 1
p . Then there

are constants 0 < c < C <∞, depending only on n, p, µ and λ, for which

c‖b‖BMO(ν) ≤
n∑
i=1

‖[b, Ri] : Lp(µ)→ Lp(λ)‖ ≤ C‖b‖BMO(ν). (4)

Similar to [12], the equivalence above yields a weak-factorization result for weighted Hardy
spaces.
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Corollary 3 (H., Lacey, Wick [31]). Under the hypotheses and notation of Theorems 1 and 2, let
λ′ := λ1−p′ and T be a Calderón-Zygmund operator on Rn. We have the inequality

‖g1(Tg2)− (T ∗g1)g2‖H1(ν) ≤ c‖g1‖Lq(λ′)‖g2‖Lp(µ),

where c is a constant depending on the dimension, the operator T , and on µ, λ, and p. Conversely,
there exists a constant c so that every f ∈ H1(ν) can be written as

f(x) =
n∑
i=1

∞∑
j=1

gij(x)Rih
i
j(x) + hij(x)Rig

i
j(x), (5)

where Ri is the Riesz transform in the ith variable, and gij ∈ Lq(λ′), hij ∈ Lp(µ) with

n∑
i=1

∞∑
j=1

‖gij‖Lq(λ′)‖hij‖Lp(µ) ≤ c‖f‖H1(ν).

The proof of Theorem 2 follows closely the original unweighted proof of Coifman, Rochberg and
Weiss, using spherical harmonics. This proof was easy to adapt, once we obtained the following
characterization of Bloom’s BMO:

Theorem 4 (H., Lacey, Wick [31]). Let D be a fixed dyadic grid on Rn. The following are equiva-
lent:

(1) b ∈ BMO2
D(ν).

(2) The operator Πb : Lp(µ)→ Lp(λ) is bounded.

(3) The operator Π∗b : Lp(µ)→ Lp(λ) is bounded.

(4) The operators Πb and Π∗b are bounded L2(ν)→ L2(ν−1).

(5) BD1 (b, µ, λ) := supQ∈D

(
1

µ(Q)

∫
Q |b− 〈b〉Q|

p dλ
) 1
p
<∞.

(6) BD2 (b, µ′, λ′) := supQ∈D

(
1

λ′(Q)

∫
Q |b− 〈b〉Q|

q dµ′
) 1
q
<∞.

(7) b ∈ BMOD(ν).

Above, BMOD(ν) denotes the dyadic weighted BMO space (where the supremum is only over
all cubes Q ∈ D), and

‖b‖BMO2
D(ν) :=

(
sup
Q∈D

1

ν(Q)

∫
Q
|b− 〈b〉Q|2 dν−1

)1/2

.

Recall that the main application of the John-Nirenberg inequality (in the unweighted setting) is
that the BMO(Rn) norm can be expressed not only in terms of an L1 norm, but as any Lp norm:

‖b‖BMO(Rn) := sup
Q

1

|Q|

∫
Q
|b− 〈b〉Q| dx ' sup

Q

(
1

|Q|

∫
Q
|b− 〈b〉Q|p dx

)1/p

,

Therefore, the equivalences in Theorem 4 between (1) and (5), (6), (7), are two-weight versions of
the John-Nirenberg theorem for weighted BMO.
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1.1.4 Sparse Operators

The proof of Theorem 4 relied on, and was inspired by, a result of Muckenhoupt and Wheeden [53]
which we state below – also a two-weight John-Nirenberg type theorem, involving an Ap weight
w and its dual weight w′. In their original work, Muckehoupt and Wheeden did not track the Ap
characteristics, and we used it also without tracking constants in [31]. Later, I gave a different proof
of this result, using sparse operators and yielding sharp powers of the Ap characteristics. This was
my main contribution in the paper [18]:

Theorem 5 (Muckenhoupt and Wheeden [53]; Duong, H., Li, Wick, Yang [18]). Suppose 1 < p <
∞ and w ∈ Ap(Rn). Let b ∈ BMOw(Rn). Then for any 1 ≤ r ≤ p′, we have

‖b‖BMOw(Rn) ≈ ‖b‖BMOw,r(Rn) :=

(
sup
Q

1

w(Q)

∫
Q

∣∣∣b(x)− 〈b〉Q
∣∣∣r w1−r(x)dx

) 1
r

.

In particular, we have

‖b‖BMOw(Rn) ≤ ‖b‖BMOw,r(Rn) ≤ Cn,p,r[w]
max{1, 1

p−1
}

Ap ‖b‖BMOw(Rn).

Given 0 < η < 1, a collection S ⊂ D of dyadic cubes is said to be η-sparse provided that for
every Q ∈ S, there is a measurable subset EQ ⊂ Q such that |EQ| ≥ η|Q| and the sets {EQ}Q∈S are
pairwise disjoint. Given Λ > 1, a family S ⊂ D of dyadic cubes is said to be Λ-Carleson provided
that ∑

P∈S,P⊂Q
|P | ≤ Λ|Q|,

for all Q ∈ S.
A remarkable property is that S is η-sparse if and only if it is 1/η-Carleson [45, 47]. Given a

sparse collection S ⊂ D, a sparse operator is one of the form:

ASf(x) :=
∑
Q∈S
〈f〉Q 1Q(x).

Sparse operators are known to satisfy linear A2 inequalities [45,47]. The use of sparse operators is a
very active research area at the moment, since this technique is incredibly powerful to prove sharp
weighted inequalities. One usually wants to do a “domination by sparse,” that is the operator T to
be bounded is dominated pointwise by a sparse operator. More recently, it has been observed [15]
that it is easier to dominate the bilinear forms 〈Tf, g〉, using the Calderón-Zygmund decompositions
of f and g. This usually all happens locally inside some fixed cube Q0, proving the desired estimate
for compactly supported functions.

This was the strategy employed in my new proof of Theorem 5, with the following interesting
twist: the bilinear form in this case, 〈1Q0(b− 〈b〉Q0), f〉, involves a weighted BMO function b. This
creates a problem for sums of the form∑

Q⊂Q0

|̂b(Q)||ĝ(Q)| ≤
( ∑
Q⊂Q0

|̂b(Q)|2
)1/2( ∑

Q⊂Q0

|ĝ(Q)|2
)1/2

,

since there is no nice way to estimate the first sum in terms of the weighted BMO norm of b (one
could employ the square function, but that will bring in additional powers of [w]Ap , and we are
looking for sharp powers).

8
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As it turns out, a modified CZ-decomposition for b lets us ultimately work with a function a in
unweighted BMO, where one has the nice expression

‖a‖BMO(Rn) ' sup
Q0

( 1

|Q0|
∑
Q⊂Q0

|â(Q)|2
)1/2

.

To obtain this decomposition, one starts with the usual CZ decomposition for the weight w,

E := {Maximal subcubes R ⊂ Q0 such that 〈w〉R > α〈w〉Q0},

then, instead of defining the usual “good” and “bad” functions for w, we let

a := 1Q0b−
∑
R∈E

(b− 〈b〉R)1R.

Then ‖a‖BMO(Rn) ≤ 2α〈w〉Q0‖b‖BMO(w), and b̂(Q) = â(Q) for all Q ⊂ Q0 with Q 6⊂ ∪R∈ER. So,
this is a sort of CZ-decomposition for weighted BMO functions, where the “good” function is in
unweighted BMO.

1.1.5 Commutators with Fractional Integral Operators

Recall the classical fractional integral operator, or Riesz potential, on Rn: let 0 < α < n be fixed
and, for a Schwartz function f define the fractional integral operator (or Riesz potential) Iα by

Iαf(x) :=

∫
Rn

f(y)

|x− y|n−α
dy.

These operators have been studied since 1949, when they were introduced by Marcel Riesz, and
have since found many applications in analysis – such as Sobolev embedding theorems and PDEs.

To contrast these with CZOs, note for example that fractional integral operators are positive,
which in many cases makes them easier to work with. On the other hand, the fractional integral
operators do not commute with dilations and therefore can never boundedly map Lp(dx) to itself.
Additionally, the kernel of the fractional integral operator does not satisfy the standard estimates
required for CZO kernels. Therefore, the theory of fractional integral operators is not just a subset
of the theory of Calderón–Zygmund operators, and results which are known for CZOs also need to
be proved for the fractional integral operators.

Commutators with Riesz potentials were first studied in [8]. The Bloom two-weight theory
was extended to commutators with fractional integral operators in [33], joint work with graduate
students Robert Rahm and Scott Spencer. In this case one works with the Ap,q classes of weights,
a generalization of Ap classes for the fractional integral setting introduced in [52]: we say that a
weight w belongs to the Ap,q class provided that

[w]Ap,q := sup
Q
〈wq〉Q〈w−p

′〉q/p
′

Q <∞.

We take a similar dyadic approach in this paper, where the role of the dyadic shifts will be played
by the dyadic version of the fractional integral operator Iα, given by: IDα f :=

∑
Q∈D |Q|α/n〈f〉Q1Q.

The main result in this paper is

Theorem 6 (H., Rham, Spencer [33]). Suppose that α/n + 1/q = 1/p and µ, λ ∈ Ap,q. Let
ν := µλ−1. Then:

‖[b, Iα] : Lp(µp)→ Lq(λq)‖ ' ‖b‖BMO(ν).

9
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1.1.6 Generalizations to Iterated Commutators in the One-Parameter Setting

The next natural extension was to consider higher iterates of the commutator [b, T ], which are also
treated some in [12]. For some Calderón–Zygmund operator T , let C1

b (T ) := [b, T ], and

Ckb (T ) := [b, Ck−1
b (T )], for all integers k ≥ 1.

At this point, a few natural questions arise: (1) What is the norm of the kth iterate as a function
of the norm of b ∈ BMO(Rn)? (2) What happens if we attempt to compute the norm of this
operator when it acts on Lp(w) for a weight w ∈ Ap? (3) Is there an extension of Theorem 1 for
the iterates? In the paper [10] Chung, Pereyra, and Perez provide answers to questions (1) and (2)
and show that: ∥∥∥Ckb (T ) : L2(w)→ L2(w)

∥∥∥ ≤ c‖b‖kBMO(Rn)[w]k+1
A2

,

where c is a constant depending on n, k and T . However, a two-weight extension lies outside the
scope of the results in [10]. Additionally, in [10, pg. 1166] they ask if it is possible to provide a proof
of the norm of the iterates of commutators with Calderón–Zygmund operators via the methods of
dyadic analysis.

The main goal of the paper [37], joint with B. Wick, is to extend Theorem 1 to the case of
iterates, addressing question (3), and in the process show how to answer the question raised in [10].
The main result of the paper is:

Theorem 7 (H., Wick [37]). Let T be a Calderón-Zygmund operator on Rn and µ, λ ∈ Ap with

1 < p <∞. Suppose b ∈ BMO(Rn) ∩BMO(ν), where ν = µ
1
pλ
− 1
p . Then for all integers k ≥ 1:∥∥∥Ckb (T ) : Lp(µ)→ Lp(λ)

∥∥∥ ≤ c ‖b‖k−1
BMO‖b‖BMO(ν),

where c is a constant depending on n, k, T , µ, λ, and p.
In particular, if µ = λ = w ∈ A2:∥∥∥Ckb (T ) : L2(w)→ L2(w)

∥∥∥ ≤ c‖b‖kBMO[w]k+1
A2

,

where c is a constant depending on n, k and T .

1.1.7 Bloom’s Inequality for Biparameter Journé Operators

Perhaps the crowning achievement of this extensive project is the recent paper [32], which develops
the Bloom theory for biparameter Calderón-Zygmund operators, known as Journé operators, and
characterizes their norms in terms of a weighted version of the little bmo space of Cotlar and Sadosky
[14]. This completes part of the initial goal to extend this theory to the setting of multi-parameter
analysis. The main results are:

Theorem 8 (H., Petermichl, Wick [32]). Let T be a biparameter Journé operator on R~n = Rn1 ⊗
Rn2. Let µ and λ be Ap(R~n) weights, 1 < p <∞, and define ν := µ1/pλ−1/p. Then

‖[b, T ] : Lp(µ)→ Lp(λ)‖ . ‖b‖bmo(ν),

where ‖b‖bmo(ν) denotes the norm of b in the weighted little bmo(ν) space on R~n.

At its core, the strategy is the same as in [31], and may be roughly stated as:

10
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1. Use a representation theorem to reduce the problem from bounding the norm of [b, T ] to
bounding the norm of [b,Dyadic Shift].

2. Prove the two-weight bound for [b,Dyadic Shift] by decomposing into paraproducts.

However, the biparameter case presents some significant new obstacles. In [31], T was a Calderón-
Zygmund operator on Rn, and the representation theorem was that of Hytönen [39]. In [32], T is a
biparameter Journé operator on R~n = Rn1⊗Rn2 , and we use Martikainen’s representation theorem
[48] to reduce the problem to commutators [b,SD], where SD is now a biparameter dyadic shift.
These can be cancellative, i.e. all Haar functions have mean zero, or non-cancellative.

The main difficulty arises from the structure of the biparameter dyadic shifts. At first glance,
the cancellative shifts are “almost” compositions of two one-parameter shifts SD1 and SD2 applied
in each variable – if this were so, many of the results would follow trivially by iteration of the one-
parameter results. Unfortunately, there is no reason for this to happen, so many of the inequalities
needed for biparameter shifts must be proved from scratch.

Even more difficult is the case of non-cancellative shifts. These are really paraproducts, and
there are three possible types that arise from the representation theorem:

1. Full standard paraproducts;

2. Full mixed paraproducts;

3. Partial paraproducts.

These methods were considered previously in [55] and [56] for the unweighted, p = 2 case. In [55]
it was shown that

‖[b, T ] : L2(R~n)→ L2(R~n)‖ . ‖b‖bmo(R~n), (6)

where T is a paraproduct-free Journé operator. This restriction essentially means that all the dyadic
shifts in the representation of T are cancellative, so the case of non-cancellative shifts remained
open. This gap was partially filled in [56], which treats the case of non-cancellative shifts of standard
paraproduct type. So the case of general Journé operators, which includes non-cancellative shifts
of mixed and partial type in the representation, remained open even in the unweighted, p = 2 case.
These types of paraproducts are notoriously difficult – see also [49] for a wonderful discussion of
this issue. We fill this gap in [32], where we prove two-weight bounds of the type

‖[b,SD] : Lp(µ)→ Lp(λ)‖ . ‖b‖bmo(ν),

where SD is a non-cancellative shift. The same is proved for cancellative shifts.
At the backbone of all these proofs will be the biparameter paraproducts and a variety of

biparameter square functions. For instance, in the case of the cancellative shifts, one can decompose
the commutator as

[b,S
~i,~j
D ]f =

∑
[Pb,S

~i,~j
D ]f +

∑
[pb,S

~i,~j
D ]f +R~i,~jf.

Here Pb runs through nine paraproducts associated with product BMO, and pb runs through six
paraproducts associated with little bmo, so we are dealing with fifteen paraproducts in total in
the biparameter case. Some of these are straightforward generalizations of the one-parameter
paraproducts, while some are more complicated “mixed” paraproducts. Two-weight bounds are
proved for all these paraproducts, building on two essential blocks: the biparameter square functions
developed in Section 3 of [32], and the weighted H1−BMO duality in the product setting. In fact,
Section 4 of [32] is a self-contained presentation of large parts of the weighted biparameter BMO
theory.

11
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We point out that in our quest to prove Theorem 8, we also obtain a much simplified proof of
the following one-weight result for Journé operators, originally due to R. Fefferman:

Theorem 9 (Weighted Inequality for Journé Operators). Let T be a biparameter Journé operator
on R~n = Rn1 ⊗ Rn2. Then T is bounded Lp(w)→ Lp(w) for all w ∈ Ap(R~n), 1 < p <∞.

A version of Theorem 9 first appeared in R. Fefferman and E. M. Stein [20], with restrictive
assumptions on the kernel. Subsequently the kernel assumptions were weakened significantly by R.
Fefferman in [21], at the cost of assuming the weight belongs to the more restrictive class Ap/2. This

was due to the use of his sharp function T#f = MS(f2)1/2, where MS is strong maximal function.
Finally, R. Fefferman improved his own result in [22], where he showed that the Ap class sufficed
and obtained the full statement of Theorem 9. This was achieved by an involved bootstrapping
argument based on his previous result [21]. Our proof in [32] of this result is significantly simpler,
as it is only based on one-weight bounds for the biparameter dyadic shifts.

Finally, we also have the lower bound:

Theorem 10 (H., Petermichl, Wick [32]). Let µ, λ be Ap(Rn×Rn) weights, and set ν = µ1/pλ−1/p.
Then

‖b‖bmo(ν) . sup
16k,l6n

‖[b, R1
kR

2
l ]‖Lp(µ)→Lp(λ)., (7)

where R1
k and R2

l are the Riesz transforms acting in the first and second variable, respectively.

1.2 Future Directions: Commutators

1.2.1 Two-Weight Inequalities in Multi-Parameter Analysis.

The main difficulty in this theory, which is concerned with product spaces of the form Rd1⊗· · ·⊗Rdt ,
is the definition of Chang-Fefferman product BMO [6,7]. One would like to maintain the classical
duality and define BMO(R ⊗ R) := H1(R ⊗ R)∗. A famous example of Carleson [5] shows that
one cannot then simply mimic the one-parameter BMO condition by replacing intervals I with
rectangles I × J . Instead, one defines ‖b‖BMO(R⊗R) in terms of open sets with finite measure.

For iterated multi-parameter commutators, one is interested in inequalities of the form:

c‖b‖BMO ≤ ‖[. . . [[b, T1], T2] . . . , Tt]‖Lp→Lp ≤ C‖b‖BMO,

where each Ti is a Calderón-Zygmund operator on Rdi . Such (unweighted) inequalities have been
extensively studied in the literature [16,17,23,24,42–44].

Problem 11 (Upper bound). Let R~d = Rd1 ⊗ · · · ⊗ Rdt and for every i = 1, . . . , t, let Ti be a

Calderón-Zygmund operator on Rdi. Let µ, λ ∈ Ap(R
~d) and set ν := µ1/pλ−1/p. Then:

‖[. . . [[b, T1], T2] . . . , Tt]‖Lp(µ)→Lp(λ) ≤ c‖b‖BMO(ν), (8)

where BMO(ν) is the weighted Chang-Fefferman product BMO. and c is a constant depending on
~d, p, the operators Ti, and the weights µ, λ.

A proof here has several stages, each of which will be new in this level of generality. First,
reduce the problem to commutators with dyadic shifts by appealing to the Hytönen representation
theorem. As seen in [16, 42, 43], this idea can be carried out in the multi-parameter case for the
type of commutator considered in Problem 11. The biggest challenge I see next is obtaining an
inequality as in (2), for product BMO. The real difficulty here, due to the product BMO definition,
will be proving a multi-parameter version of Theorem 5 [18,53].
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Problem 12 (Lower bound). Let R~d = Rd1⊗· · ·⊗Rdt. For a vector ~j = (j1, . . . , jt) with 1 ≤ ji ≤ di
for i = 1, . . . , t, let Ri,ji denote the jthi Riesz transform acting on Rdi. Let µ, λ ∈ Ap(R

~d). Then

‖b‖BMO(ν) ≤ c sup~j ‖[. . . [[b, R1,j1 ], R2,j2 ] . . . , Rt,jt ]‖Lp(µ)→Lp(λ) ,

where ν := µ1/pλ−1/p and c is a constant depending on ~d, p, and the weights µ and λ.

The one-parameter proof of this result in [31] relies on a computation in [12] in combination
with Theorem 4. Unfortunately, the Coifman-Rochberg-Weiss approach is known to fail in the
multi-parameter case. Instead, the strategies in [23,44] seem to be the right direction to follow. It
is unclear at the moment if a multi-parameter version of Theorem 4 will be needed. Regardless,
proving such a result may be valuable and interesting in itself, as it characterizes a one-weight
BMO norm in terms of two-weight operator norms of paraproducts.

A resolution to these problems would be valuable to the field because it allows one to determine
whether or not a function belongs to the weighted Chang-Fefferman BMO space by testing the
norm of an operator, instead of using the difficult product BMO definition.

1.2.2 Operator Theoretic Properties of Commutators.

Having discussed the boundedness of the operator [b, T ] : Lp(µ)→ Lp(λ), a natural next question is:
when does [b, T ] belong to certain important subclasses of bounded operators, such as the compact
operators? A classic result in this direction is due to Uchiyama [65], who showed that, for T in a
certain class of Calderón-Zygmund operators, [b, T ] : Lp(Rn)→ Lp(Rn) is compact if and only if b
is in the space VMO(Rn) of functions with vanishing mean oscillation – defined as the closure in
BMO(Rn) of C∞c (Rn) [13,63].

In the weighted setting, compactness of commutators was studied in [11], where it is shown that
if b ∈ VMO(Rn), then [b, T ] : Lp(w) → Lp(w) is compact, where w ∈ Ap and T is any Calderón-
Zygmund operator. As indicated by Uchiyama, the opposite implication, a sort of ‘lower bound’
result, likely requires specialization to some subclass of ‘nice’ Calderón-Zygmund operators, such
as the Riesz transforms. Moreover, a two-weight characterization of compactness likely requires a
weighted space of functions with vanishing mean oscillation, which has not been well studied.

Problem 13. Let µ, λ be Ap weights on Rn and ν = µ1/pλ−1/p. Define VMO(ν) to be the closure
of C∞c in BMO(ν). Show that if b ∈ VMO(ν), then the commutator [b, T ] : Lp(µ) → Lp(λ) is
compact, where T is a Calderón-Zygmund operator. Conversely, show that if the commutators
[b, Rj ] : Lp(µ) → Lp(λ) with the Riesz transforms Rj are compact for j = 1, . . . , n, then b ∈
VMO(ν). Obtain as a corollary for µ = λ the converse to the result in [11].

An obvious initial strategy is to follow Uchiyama’s proof, which rests on a supporting lemma
that provides three mean oscillation decay properties equivalent to VMO(Rn).

Restricting one’s attention to L2-spaces, some questions can be asked about Schatten class op-
erators, i.e. those with lp-summable singular values. The space usually paired with Sp, the L2(Rn)
Schatten class operators, is the Besov space Bp(Rn), a subspace of BMO(Rn). Commutators and
Schatten classes have been studied in the literature mostly in the context of Hankel operators
[57, 58, 61, 64]. These are important objects in complex analysis which have deep connections to
the commutator [b,H] with the Hilbert transform, and their properties show that [b,H] ∈ Sp(R)
if and only if b ∈ Bp(R). For a Calderón-Zygmund operator T on Rn, a result of Janson and
Wolff [41] presents a very interesting split phenomenon: If p > n, then [b, T ] ∈ Sp(Rn) if and only
if b ∈ Bp(Rn), but if p ≤ n, then [b, T ] ∈ Sp(Rn) if and only if b is constant, so [b, T ] vanishes.
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Interestingly, this argument does not work for dimension n = 1 and the Hilbert transform. One
can then ask under what conditions [b, T ], acting between some weighted L2 spaces, is a Schatten
class operator, for a Calderón-Zygmund operator T?

Problem 14. Is there a unifying proof of the behavior of [b, T ] as a Schatten class operator on
L2(Rn)? A proof using real analysis techniques which yields the result in all dimensions?

The split phenomenon in Janson-Wolff [41] should also occur somehow in the weighted case. A
treatment of Schatten class commutators with general Calderón-Zygmund operators in the weighted
setting appears to be missing from the literature, and would be a valuable addition:

Problem 15. If [b, T ] is Schatten class on L2(w), must b belong to the Besov space Bp(Rn)? In
the two-weight case: if [b, T ] : L2(µ) → L2(λ) is Schatten class, must b belong to some weighted
Besov space, perhaps in a sense analogous to Bloom? What is the correct definition of weighted
Besov space in this context? Does the converse hold?

A good place to start both Problems 14 and are papers like [9,60,62], which treat this problem
for paraproducts and other dyadic operators, such as the martingale transform.

1.3 Sharp Inequalities via Bellman Functions

As a postdoc at Michigan State, I am working on several projects involving sharp inequalities
for operators in harmonic analysis using the Bellman function technique. An interesting work in
progress involves the dyadic square function. It was conjectured by Bollobas [4] that the best
constant C in the weak-type inequality for the dyadic square function S:

|{x ∈ [0, 1] : Sf(x) ≥ λ}| ≤ C

λ
‖f‖L1 ,

is given by C = e−1/2 +
∫ 1

0 e
−t2/2 dt. A proof of this sharpness result was later given in [54]. A

recent project [29], joint with A. Volberg and P. Ivanisvili, gives an interesting new proof of this
sharpness result. The method makes use of what would be the standard Bellman function for this
problem:

M(f, F, λ) := sup
1

|J |
|{x ∈ J : Sϕ(x) ≥ λ}|,

where supremum is over all functions ϕ supported in a dyadic interval J with 〈ϕ〉J = f and
〈|ϕ|〉J = F . The twist is that we define a second Bellman function L (inspired by Bollobas’ work
[4]),

L(f, p, λ) := inf〈|ϕ|〉J ,

where the infimum is over all functions ϕ, supported in J ∈ D, such that

〈ϕ〉J = f and
1

|J |
|{x ∈ J : S2

Jϕ(x) ≥ λ}| = p.

Being defined as an infimum, this function will have most of the mirrored properties of M – replace
concavity with convexity for example. Also mirroring M, we show that L is the so-called “greatest
subsolution” for its main inequality (instead of the usual “least subsolution”).

In particular, we discover very interesting relationships between M and L – for instance,
L(f, p, λ) is the smallest value of F for which M(f, F, λ) = p:

L(f, p, λ) = inf{F ≥ |f | : M(f, F, λ) = p},
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and M(f, F, λ) is the largest value of p such that L(f, p, λ) = F :

M(f, F, λ) = sup{p ∈ [0, 1] : L(f, p, λ) = F}.

Then also from the above, we have

M
(
f,L(f, p, λ), λ

)
= p and L

(
f,M(f, F, λ), λ) = F,

which are later used in the new proof of the sharpness of C.
As we briefly outline next, M and L yield each other’s “sharp” obstacle conditions, and this

intertwining between the two Bellman functions is also used to reprove the sharpness of the constant
C. This approach seems to be new, and very intriguing to pursue in many other Bellman type
problems.

Using the standard methods, we obtain so-called “obstacle conditions” for M and L, namely

M(f, F, λ) = 1, ∀F ≥
√
λ and L(f, p, λ) = |f |, ∀|f | ≥

√
λ.

While these suffice, as expected, to prove the least supersolution and greatest subsolution results,
there is no reason to believe they are optimal. That is, M could very well be equal to 1 for some
points where F <

√
λ, for instance. As it turns out, we may obtain the optimal obstacle condition

for M from information about L, and vice versa.
The value of M along the boundary F = |f |:

Mb(f, λ) := M(f, |f |, λ) = sup{p ∈ [0, 1] : L(f, p, λ) = |f |},

yields the optimal obstacle condition for L, and the value of L along the boundary p = 1:

Lb(f, λ) := L(f, 1, λ) = inf{F ≥ |f | : M(f, F, λ) = 1},

yields the optimal obstacle condition for M. We find Mb and Lb explicitly. We show that the
function Mb is given by

Mb(|f |, λ) = M(f, |f |, λ) =

 Φ
(
|f |√
λ

)
Φ(1) , |f | <

√
λ

1, |f | ≥
√
λ.

= min

(
Φ(|f |/

√
λ)

Φ(1)
, 1

)
,

where

Φ(τ) :=

∫ τ

0
e−x

2/2 dx,

for all τ ≥ 0. The function Lb is given by

Lb(f, λ) = L(f, 1, λ) =


√
λΨ

(
|f |√
λ

)
Ψ(1) , 0 ≤ |f | <

√
λ

|f |, |f | ≥
√
λ.

=
√
λmax

(
Ψ(|f |/

√
λ)

Ψ(1)
,
|f |√
λ

)
,

where
Ψ(τ) = τΦ(τ) + e−τ

2/2,

for all τ ≥ 0.
To visualize the optimal obstacle conditions induced by Mb and Lb for L and M, respectively,

we restrict our attention to f ≥ 0 and use homogeneity to express M and L as functions of two
variables. Specifically, we write

M(f, F, λ) = M(f/
√
λ, F/

√
λ, 1) =: θ(τ, γ) and L(f, p, λ) =:

√
λη(τ, p),
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Figure 1: Initial and optimal Obstacle Conditions for θ.

Figure 2: Initial and optimal Obstacle Conditions for η.

where τ = f/
√
λ and γ = F/

√
λ Thus θ is defined on {0 ≤ τ ≤ γ}, and η is defined on {0 ≤ p ≤

1; τ ≥ 0}. The original obstacle conditions for M and L translate to

θ(τ, γ) = 1, ∀γ ≥ 1 and η(τ, p) = τ, ∀τ ≥ 1.

Moreover,

η(τ, 1) = inf{γ ≥ τ : θ(τ, γ) = 1} and θ(τ, τ) = sup{p : η(τ, p) = τ}.
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The expression for Lb gives that

η(τ, 1) =

{
Ψ(τ)
Ψ(1) , 0 ≤ τ < 1

|τ |, |τ | ≥ 1.
,

which yields the optimal obstacle condition for θ (see Figure 1). Similarly, Mb gives that

θ(τ, τ) =

{
Φ(τ)
Φ(1) , 0 ≤ τ ≤ 1

1, τ ≥ 1.
,

which yields the optimal obstacle condition for η (see Figure 2).

2 Future Goals: A Confluence Between the Two Research Direc-
tions: Harmonic Analysis and Infinite-Dimensional Analysis

My graduate research was focused on developing the Gaussian Radon transform, an infinite di-
mensional version of the Radon transform within the framework of abstract Wiener spaces - first
introduced by Leonard Gross in [25]. Ambar Sengupta, my doctoral adviser, was a student of
Gross, and equipped me with a uniquely advantageous insight into this theory. In collaboration
with my adviser, I established an infinite dimensional version of the Helgason support theorem, an
inversion theorem for the Gaussian Radon transform, and applications of this transform to machine
learning.

The main force driving my desired future efforts is that Gross’s inspiration for developing the
theory of abstract Wiener spaces was exactly his quest in studying potential theory in infinite
dimensions. In order to wield this elegantly powerful theory in its entirety, I can bring my abstract
Wiener space expertise full-circle, having acquired the scope of harmonic analysis.

2.1 A Gaussian Radon Transform in Infinite Dimensions

The Radon transform Rf of a function f : Rn → R assigns each hyperplane P in Rn the value
Rf(P ) =

∫
P f(x) dx, where integration is with respect to Lebesgue measure on P . The ability

of Rf to reconstruct the density of an n-dimensional object from its (n − 1)-dimensional cross-
sections in different directions makes the Radon transform the mathematical backbone of CT scans,
tomography, and other image reconstruction applications. In our setting, the analogous goal will
be the ability to extract information about a function defined on an infinite dimensional space from
its conditional expectations. Generalizations of the Radon transform to infinite dimensional spaces
had been studied before in [1,2,50], but not yet in the context of abstract Wiener spaces - currently
the most useful setting in infinite dimensional analysis and probability. This was accomplished in
my thesis [27] and related publications [28,34–36].

2.1.1 Abstract Wiener Spaces.

An abstract Wiener space is a triple (H,B, µ), where (H, ‖ · ‖) is a real separable Hilbert space,
(B, | · |) is the Banach space obtained by completing H with respect to a measurable norm | · |,
and µ is Wiener measure. A norm | · | on H is said to be a measurable norm provided that for
every ε > 0, there is a finite-dimensional subspace Fε of H such that γF {x ∈ F : |x| > ε} < ε,
for all finite-dimensional subspaces F of H that are orthogonal to Fε, where γF denotes standard
Gaussian measure on F .
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The inspiration behind the definition of measurable norms is the following. Standard Gaussian
measure γ on a finite-dimensional Hilbert space H can be defined as the distribution measure of
a random variable Z = Z1e1 + · · · + Znen : Ω → H, where {e1, . . . , en} is an orthonormal basis
for H and Z1, . . . , Zn are independent standard Gaussian random variables on a probability space

(Ω,F ,P). Specifically, γ(E) = P[Z ∈ E] = (2π)−
n
2

∫
E e
− ‖x‖

2

2 dx, an expression which clearly makes
little sense if n→∞. If we try the same procedure and take an orthonormal basis {ek}k≥1 of a real
separable infinite-dimensional Hilbert space H and an independent sequence {Zk}k≥1 of standard
Gaussian random variables, the random variable Z =

∑∞
k=1 Zkek on Ω, which we would like to be

H-valued, does not converge almost everywhere.
In an effort to “force” this random variable to converge, Gross thought perhaps Z would converge

with respect to a weaker norm than the original Hilbert norm. This turned out to be true, under
certain conditions on this new norm: If we complete H with respect to a measurable norm | · |
and obtain the Banach space B, properties of | · | reveal that the random variable Z =

∑∞
k=1 Zkek,

thought of as B-valued instead of H-valued, converges almost everywhere for some orthonormal
basis. The resulting distribution measure µ is a centered Gaussian measure on B.

2.1.2 The Gaussian Radon Transform.

As a first step in defining a Radon transform on (H,B, µ), we set out to define appropriate measures
on hyperplanes of B. More generally, we constructed in [34] Gaussian measures concentrated on
closed affine subspaces of B.

Theorem 16 (Construction of Gaussian Measures; H., Sengupta [34]). For every closed subspace
M0 of H and p ∈ M⊥0 , there is a unique Gaussian measure µMp on B with mean 〈p, hx∗〉 and
variance ‖PM0hx∗‖2, where PM0 denotes orthogonal projection onto M0, and for every x∗ ∈ B∗, we
denote by hx∗ the unique element in H determined by x∗(h) = 〈h, hx∗〉H for all h ∈ H. Specifically:∫

B
eix
∗
dµ = ei〈p,hx∗ 〉−

1
2
‖PM0

hx∗‖2 ,

for all x∗ ∈ B∗. Moreover, the measure µMp is concentrated on the closure of Mp = p+M0 in B.

We then define the Gaussian Radon transform Gf of a Borel function f on B by:

Gf(p+M0) =

∫
B
f dµMp .

Restricting the definition above to subspaces of codimension 1 gives a Radon transform on B.
Exploring the hyperplanes of B in more depth, I discovered that every hyperplane in B is, in fact,

the closure of a hyperplane in H. However, a hyperplane in H determined by an element u ∈ H∗
that is not continuous with respect to | · | is dense in B, so, in a sense, there are “more” hyperplanes
in H than in B. My thesis [27] proved a similar result for subspaces of finite codimension. The
following result was also proved in [34]:

Theorem 17 (Infinite Dimensional Helgason Theorem; H., Sengupta [34]). If f is a bounded
continuous function on H and Gf is 0 on all hyperplanes in H that do not intersect a closed,
bounded, convex set K ⊂ H, then f vanishes off of K.

Theorem 18 (Disintegration of Wiener Measure; H. [28]). Let (H,B, µ) be an abstract Wiener
space, M0 be a closed subspace of H and M0 denote the closure of M0 in B. Then:∫

B
f dµ =

∫
M⊥0

(∫
B
f dµMp

)
dµM⊥0

(p)
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for all Borel functions f : B → C for which the left side exists.

This result, proved in [28], gives the connection of Gf to conditional expectation. Loosely
speaking, the expectation of a Borel function f on B, conditioned by 〈·, hj〉 = yj , where hj ∈ H,
1 ≤ j ≤ n are linearly independent and yj ∈ R, is the Gaussian Radon transform of f on the closed
affine subspace determined by

⋂n
j=1[〈·, hj〉 = yj ]. These properties were used later in [28] to find

an inversion procedure for Gf , utilizing the machinery of the Segal-Bargmann transform:

Theorem 19 (The Inversion Formula; H. [28]). Let (H,B, µ) be an abstract Wiener space, f ∈
L2(B,µ) and Q0 be a closed subspace of H of finite codimension. Let {u1, . . . , un} be an orthonormal
basis for Q⊥0 . Then for all α = (α1, . . . , αn) ∈ Cn:

SQ⊥0
(Gf(p+Q0)) (α) = (SBf) (α · u)

where α · u = α1u1 + . . . + αnun ∈ HC and SQ⊥0
and SB are the Segal-Bargmann transforms on

L2(Q⊥0 , µQ⊥0
) and L2(B,µ), respectively.

As a consequence, if we know Gf(P ) for all hyperplanes P in H, then we know SBf and can
obtain f from the inverse Segal-Bargmann transform.

Finally, [36] provides computations of Gaussian Radon transforms on the classical Wiener space.
Specifically, we derive formulas for transforms of Brownian functionals specified by stochastic inte-
grals, and establish a Fock space decomposition for the L2-spaces of the measures µMp .

2.2 Future Directions: Machine Learning Applications

In [35] we explored connections between the Gaussian Radon transform and support vector ma-
chines. These methods involve projecting data into a reproducing kernel Hilbert space (RKHS),
and their probabilistic interpretations have become increasingly interesting to the machine learning
community. Our focus was the ridge regression method, which has a perfectly valid stochastic in-
terpretation when the RKHS is finite dimensional, but the absence of Lebesgue measure breaks this
interpretation down when the RKHS is infinite dimensional - a case which occurs quite frequently
in practice. We showed that, through the lens of the Gaussian Radon transform, ridge regression
has a probabilistic interpretation in infinite dimensions.

Specifically, the classical ridge regression solution f̂λ(p), the prediction of the output at a future
input p, can be expressed as GK̃p(L), the Gaussian Radon transform of a sort of “point evaluation”
functional K̃p on the abstract Wiener space, evaluated on a closed subspace of finite codimension
L determined by the training data. This result raised an interesting question, which I am currently
exploring: using this stochastic approach, could we perhaps predict more than just the value at
a future input p? For instance, could we predict the maximal value over a set S of future inputs
by GF (L), where F = supp∈S K̃p? Note that this will usually be different from predicting all the
outputs over S first, and then taking the supremum.

2.3 Future Directions: Harmonic Analysis in Abstract Wiener Spaces

There is a rich theory of harmonic functions on abstract Wiener spaces. This goes back to the
following fundamental idea of Gross, who set out to make sense of the Rn Poisson equation 1

2∆u =
−g in infinite dimensions. In Rn, an important solution is given by the potential of g, which is the
convolution of g with Green measure F on Rn:

F (E) =
1

(n− 2)wn

∫
E

1

|x|n−2
dx, (9)
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for all Borel subsets E, where wn is the surface area of the unit sphere. Clearly the formula above
makes no sense, as is, if n→∞. However, (9) can also be expressed as:

F (E) =

∫ ∞
0

pt(E) dt, (10)

where for every t > 0, pt is the probability measure on Rn given by:

pt(A) = (2πt)−
n
2

∫
A
e−
|x|2
2t dt,

for all Borel subsets A. Using (10) instead, Gross [26] was able to use the abstract Wiener space
construction to define a meaningful analogue of the Laplacian in infinite dimensional spaces. Specifi-
cally, if one starts the process of constructing Wiener measure µ outlined in Section 2.1.1 by choosing
the random variables Zk to have variance t > 0 instead of variance 1, one easily obtains another
centered Gaussian measure µt on B, with variance t. These measures form a strongly continuous
contraction semigroup, and:

F (E) =

∫ ∞
0

µt(E) dt

is the analogue of Green’s measure in infinite dimensions. From here, with the aid of Frechet deriva-
tives, all the regular notions of Laplacian, Hilbert, and Riesz transforms have valid interpretations
for abstract Wiener spaces, thus paving the way for a plethora of other notions still to be explored,
such as BMO and H1 spaces, weights, and commutators.
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