A VOLUME PRESERVING FLOW WITH ESSENTIAL
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ABSTRACT. We demonstrate essential coexistence of hyperbolic
and non-hyperbolic behavior in the continuous-time case by con-
structing a smooth volume preserving flow on a 5-dimensional com-
pact smooth manifold that has nonzero Lyapunov exponents al-
most everywhere on an open and dense subset of positive but not
full volume and is ergodic on this subset while having zero Lya-
punov exponents on its complement. The latter is a union of 3-
dimensional invariant submanifolds and on each of these subman-
ifolds the flow is linear with Diophantine frequency vector.

1. INTRODUCTION

The goal of this paper is to extend the main result in [10] to dynam-
ical systems with continuous time thus demonstrating coexistence of
regular and chaotic dynamics in an “essential” way.

Theorem 1.1 (Main Theorem). There exists a compact smooth Rie-
mannian manifold M of dimension 5 and a C* flow ht : M — M
such that

(1) h' preserves the Riemannian volume m on M;

(2) ht (t # 0) has nonzero Lyapunov exponents (except for the ex-
ponent in the flow direction) almost everywhere on an open,
dense and connected subset U C M; moreover, h'|U is an er-
godic flow;

(3) the complement U has positive volume and is a union of 3-
dimensional invariant submanifolds; h' is a non-identity linear
flow with Diophantine frequency vector on each invariant sub-
manifold and h' has zero Lyapunov exponents on U°.

We stress that each of the 3-dimensional invariant submanifolds is in
turn a union of 2-dimensional invariant tori on which A' is a linear flow

Key words and phrases. Pointwise partial hyperbolicity, Lyapunov exponents,
ergodicity, accessibility.
J. Chen and Ya. Pesin are partially supported by NSF grant DMS-1101165.
1



2 JIANYU CHEN, HUYI HU, AND YAKOV PESIN

with Diophantine frequency vector (see Section 3 for details). This fact
makes our construction nontrivial.!

We emphasize the requirement that the open set U is everywhere
dense.? Donnay [8] constructed an example of a surface on which the
geodesic flow exhibits the coexistence phenomenon. It is obtained by
inserting a light-bulb cap into a negatively curved surface. In this ex-
ample the set of geodesics, which are trapped in the cap, is invariant,
has positive volume and almost every point in this set has zero Lya-
punov exponents. Since it has non-empty interior, the stochastic sea
in this example, i.e., the analog of the set U/ in our case, is not dense.

While this paper deals only with dynamical systems with continu-
ous time, it is worth mentioned that in the discrete-time case essential
coexistence of chaotic and regular behavior have been demonstrated in
various situations by Przytycki and Liverani for area preserving diffeo-
morphisms and by Bunimovich for billiards; see the paper [5], which
surveys recent result on essential coexistence, and references therein.

We split the proof of Theorem 1.1 into several steps. In Section 2
we present some background information and basic notations from the
theory of partial hyperbolicity and in particular, introduce the notion
of pointwise partial hyperbolicity on open sets for flows. In Section
3 we construct the manifold M, the open set U and introduce the
“start-up” flow f* that satisfies the statements (3) of the theorem. In
Section 4 we construct a volume preserving flow ¢', which is a small
perturbation of f* and does not affect the action of f* on the set U°.
The flow g* has nonzero Lyapunov exponents on a subset of positive
volume in Y. Finally, in Section 5 we construct the desired flow h' as
a small perturbation of the flow g*. The proof of the Main Theorem is
given in Section 6.

In our construction of the flows g* and h! we use the perturbation
techniques developed in [10] for the case of diffeomorphisms (these
techniques originated in [15], [7] and [6]). However, there is a crucial
difference between the discrete-time and continuous-time cases. To

ndeed, consider the C°° volume preserving diffeomorphism P constructed in
[10]. It has nonzero Lyapunov exponents almost everywhere on an open, dense and
connected subset U C M and P|U is ergodic. Furthermore, the complement 4 has
positive volume, P|U¢ is the identity map and has zero Lyapunov exponents. A
special flow P! over P has nonzero Lyapunov exponents (except for the exponent
in the flow direction) almost everywhere on an open, dense and connected subset
U x [0,1]/ ~ (where ~ means that the points (z,1) and (Pz,0) are identified) of
not full volume, however, P! is a periodic flow on its complement U¢ x [0,1]/ ~.

2To some extent this justifies to view our example as of “KAM-type” despite the
fact that the flow h' is not close to a completely integrable one.
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effect our construction we ought to make perturbations of the vector
fields that generate the required flows but we want these perturbations
to produce similar effects on the time-1 maps of the flows as in [10].
This is made possible due to the crucial fact that the “start-up” flow f*
has a global cross-section and in our construction we ensure that both
perturbation flows ¢* and h' preserve this cross-section. We achieve
this by using specific formulae for perturbations of the vector fields. At
the core of our construction lies a new concept of pointwise partially
hyperbolic flows on open sets. In Section 2 we introduce such flows
and we study their ergodicity.

2. PRELIMINARIES

See [2,10,13] for more details.
Consider a diffeomorphism f acting on a compact smooth Riemannian
manifold M. It is called uniformly partially hyperbolic on a compact
invariant subset A C M if

(1) for every x € A the tangent space at x admits an invariant
splitting
(2.1) T.M = E*(x) ® E°(x) ® E*(x)
into stable £°(x) = E3(x), central E°(x) = E%(x) and unstable
E'(z) = E}(x) subspaces;
(2) there are numbers 0 < A < h\ <1 < i < p such that for every

t=1,2,...

[df*ol < Alvll, v e E*(2),

(2.2) Noll < dfto]| < o], v € E*(x),
ol < lldftoll, v € E¥(x).

In this paper we need a weaker property than uniform partial hyper-
bolicity. Let & C M be an invariant open subset. We say that a
diffeomorphism F' is pointwise partially hyperbolic on S if for every
x € S the tangent space at « admits an invariant splitting (2.1) and

there are continuous functions 0 < A(z) < A(z) < 1 < p(z) < p(z)
such that (2.2) holds with constants A, A, iz and p replaced with these
functions. Pointwise partially hyperbolic diffeomorphisms on compact
manifolds were introduced in [4] where their ergodic properties were
studied. If a diffeomorphism is pointwise partially hyperbolic on an
open subset of a compact manifold then it could fail to have “nice”

properties and in particular, could be not ergodic (see the discussion
below).
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We now consider a smooth flow f* on M which is generated by the
vector field Xy(z) = 4 f'(z)|,o. We say that the flow is uniformly
partially hyperbolic on a compact invariant subset A C M if for every
xr € M the tangent space at x admits an invariant splitting (2.1) into
stable E°(z) = E(r), central £°(r) = E%(z) and unstable E"(z) =
E}(z) subspaces such that the vector field Xy(x) is contained in the

central subspace E°(x) and there are numbers 0 < A< A <1<pu<p
such that (2.2) holds for all ¢ € [0,1]. Note that if a flow f* is uniformly
partially hyperbolic, then for every ¢ # 0 the time-t map is uniformly
partially hyperbolic with the same invariant splitting.

Given an invariant open subset S C M we call a flow f! pointwise
partially hyperbolic on S if its time-1 map f! is pointwise partially
hyperbolic on §.

Given § > 0, we say that a flow g' is (C1, §)-close to f! on an invariant
set A if X, = & outside A and ||X;, — Xf|| < §. Uniformly partially
hyperbolic flows form an open set in the C! topology (see Lemma B.8
in the Appendix B).

Given a an open subset S C M, we call a partition P of S a (0,
q)-foliation with smooth leaves if there exist continuous functions § =
d(z) >0, ¢ =q(x) > 0, and an integer k > 0 such that for each x € S:
(1) There exists a smooth immersed k-dimensional manifold W (z) con-

taining x for which P(z) = W(z) where P(x) is the element of the

partition P containing x. The manifold W (z) is called the global
leaf of the foliation at x; the connected component of the intersec-

tion W (x) N B(z,d(x)) that contains x is called the local leaf at x

and is denoted by V(x);

(2) There exists a continuous map ¢, : B(z, q(z)) — C'(D, M) (where
D is the unit ball) such that V(y) is the image of the map ¢,(y) :
D — M for each y € B(z, q(x)); the number ¢(x) is called the size
of V(x).

We say that a foliation with smooth leaves is absolutely continuous if
for almost every = € S and almost every y € B(x, ¢(x)) the conditional
measure on the local leaf V' (y), generated by the volume m on M and
the partition of B(x,q(x)) by the local leaves, is absolutely continuous
with respect to the leaf volume my () on V(y). *

Let W; and W5 be two foliations of S with smooth leaves that are
transversal to each other at every point z € S. Let also §; C S be
an open subset. We say that the pair W, and W5 has the accessibility

3The leaf volume My (y) is generated by the restriction of the Riemannian metric
on M to the smooth submanifod V (y).
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property on S if any two points z, 2z’ € S; are accessible via a (u, s)-

path in &, that is

(1) there exists a collection of points z,...,z, € S such that z = 2,
2=z, and 2z € Wi(zx_1) fori=1,2 and k =2,... n;

(2) the points z,_; and z can be connected by a smooth curve -, C
Vi(zr_1)inSfori=1lor2and k=2,...,n. *

The collection of the leaf-wise paths ~; is called a (u, s)-path and is

denoted by [z1, ..., 2,].

For a uniformly partially hyperbolic flow f* one can construct stable
and unstable local manifolds of uniform size at every point in A. This
may not be true for a flow that is pointwise partially hyperbolic on an
open set §. However, all pointwise partially hyperbolic flows that we
consider in this paper will have global stable and unstable transverse
foliations with smooth leaves. We denote these foliations by W* = W}
and W* = W} respectively.

More precisely, let f! be a flow that is pointwise partially hyperbolic
on an open set S and let ¢° be a sufficiently small perturbation of f*
in the C* topology.

Definition 2.1. We call the perturbation g' gentle if there exists an
open set U C S such that U C S, U is invariant under both f* and g
and fHU = gtlUC.

Theorem 2.2. Assume that the strongly stable and unstable subspaces
cht and E;ﬁt for ft are integrable to continuous strongly stable and
unstable foliations W3, and Wy respectively with smooth leaves and
that these foliations are transverse. Then for any sufficiently small
gentle perturbation g* in the C! topology the strongly stable and unstable
subspaces E;} and E;t for gt are integrable to continuous strongly stable
and unstable foliations |44 and Wi respectively with smooth leaves and
these foliations are transverse.

We call a flow f! that is pointwise partially hyperbolic on an open
set § dynamically coherent if the subbundles EF* = E¢ & E", E°,
and £ = E°@® E° are integrable to continuous foliations with smooth
leaves W<, W€ and W, called respectively the center-unstable, center
and center-stable foliations. Furthermore, the foliations W¢ and W*
are subfoliations of W while W¢ and W? are subfoliations of W,

The following result is an extension of the classical result in [9, 14]
to the case of flows that are pointwise partially hyperbolic on an open

4We stress that Vi(zg—1) is the local leaf of W; at z;. In particular, the length of
the curve 7 (the leg of the path) does not exceed §(zk—1).
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subset. It shows that dynamical coherence is a robust property within
the class of gentle perturbations. The proof of this result is a simple
modification of the argument in [9].

Theorem 2.3. Suppose that f* is a flow that is pointwise partially hy-
perbolic on an open set S. Assume that f' possesses transverse strongly
stable and unstable foliations with smooth leaves. Assume also that the
center distribution is integrable to a smooth center foliation W€. Then
ftis dynamically coherent. Moreover, any flow that is close to f in the
C! topology and is a gentle perturbation of f' is dynamically coherent.

Since both subbundles E“* and E vary continuously with the map,
so does E° and the corresponding center foliation W¢.
Given a smooth flow f?, we denote by

1
Mz, v) = Mz, v, f*) = limsup n log ||df*v|
t—o0

the Lyapunov exponent of a nonzero vector v at x € M and by \;(z) =
Ni(x, fY), i =1,...,dim M, the values of the Lyapunov exponents at
x in the decreasing order. We also denote by

23) L) = [ 30 A im(o).

where m is the Riemannian volume. We call this number the k-th
average Lyapunov exponent of f.

Consider a C? flow f! of a compact smooth manifold M that is point-
wise partially hyperbolic on an open invariant set S. Assume that f*
preserves a smooth measure on M. We say that f* has positive central
exponents if there is an invariant set A C S of positive measure such
that for every x € A and every v € E°(x)\Span{X;(z)} the Lyapunov
exponent A(z,v) > 0. The following theorem plays an important role
in the proof of our Main Theorem.

Theorem 2.4. Assume that the following conditions hold:

(1) f* has strongly stable and unstable (,q)-foliations W* and W*
where § = 6(x) and g = q(x) are continuous functions on S;

(2) the foliations W* and W* are absolutely continuous;

(3) f* has the accessibility property via the foliations W* and W" on
S;

(4) f* has positive central exponents;

(5) The Lyapunov exponents in the stable subspace E*(x) are all neg-
ative and the Lyapunov exponents in the unstable subspace E*(x)
are all positive for almost every x.
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Then ft has positive central exponents at almost every point x € S and
118 is an ergodic flow.

Proof. Following Theorem 2.2 in [10], we first show that f* has positive
central exponents at almost every point x € S and f*|S is an ergodic
flow.

There is a set A C S of positive measure such that the flow f!|.4 has
nonzero Lyapunov exponents except along the flow direction. Hence,
it has at most countably many ergodic components of positive measure
in A (see [2]). Each such component contains the set

Ay = |J V),

yever(z)

where x is the density point of A and V(z) is a center-unstable local
manifold at x. Since the strong stable foliation W* is continuous, the
set A(z) is open (mod 0) in M® and hence, the set A is itself open
(mod 0). We will show that the trajectory of almost every point in S
is dense, which yields that A = S (mod 0) and that f*|S is ergodic.
The proof of this claim for partially hyperbolic diffeomorphisms is
given in [1] and can be extended to our case literally. We present the
argument here for the reader’s convenience. We call a point p good
for a given open set U if p has a neighborhood in which the orbit of
almost every point enters U. It suffices to show that an arbitrary point
p is good. Since [ is accessible, there is a (u, s)-path [z, ..., z;] with
2o € U and 2z, = p. We will show by induction on j that each point z;
is good. This is obvious for j = 0. Now suppose that z; is good, then
z; has a neighborhood N such that Orb(z) N U # 0 for almost every
x € N. Let B be the subset of N consisting of points with this property
that are also both forward and backward recurrent. It follows from the
Poincaré recurrence theorem that B has full measure in N. If x € B,
any point y € W#(z) U W*(zx) has the property that Orb(y) N U # (.
The absolute continuity of the foliations W* and W* means that the

set
U we(@) uw(z)
zeB

has full measure in the set

U W) uw(a).

The latter is a neighborhood of z;;;. Hence, z;1; is good. U

SThat is there is an open set V C M such that A(z) =V (mod 0) with respect
to the volume m.
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3. CONSTRUCTION OF THE “START-UP” FLOW f*

Let A be an Anosov automorphism of the 2-torus X = T? with
expanding rate 7 > 1 along the unstable direction. Consider the sus-
pension flow S* on the suspension manifold ' = X x R/ ~, with the
identification (x,7 4+ 1) ~ (Az, 7). The action of the suspension flow
on N is exactly S*(z,7) = (2,7 +t). See Appendix A for more details
of the geometric structure of NV.

Given a € T?, let T% : N — N be a linear flow defined by (z,7) —
(x + ta, 7). It preserves each level set X x {7}.

Set Y = T? and M = N x Y. To effect our construction we choose:

(A1) a Cantor set C' C Y of positive area whose complement U =
Y\C' is a non-empty open and connected set;

(A2) an open square Uy such that Uy C U;

(A3) an open neighborhood U of Uy such that U; C U, whose choice
will be specified in Section 5.2.1.

We also choose a C* function k : Y — R such that

(k1) k(y) > 0 for y € U and k(y) =0 for y € C;
(k2) k(y) =1 for y € Uy;
(k3) [lkllor <1
(the existence of such a function « follows from the specific construction

of the Cantor set and the choice of the set U; in Section 5.1) and a C'*°
map «a : Y — R? such that

(al) a(y) =0 for y € Uy;
(a2) a(y) = ap > 0 for all y € C where «y is a Diophantine vector;

(a3) sup,ey [la(y)|| < @, where a is a positive number determined
in Section 5.2.

We now set Y = N x U and U¢ = N x C and define the flow f* on
M by the formula

(3.1) f'((@,7),y) = ((z +ta(y), 7+ tr(y)), y)

where (z,7) € N and y € Y. The following proposition describes the
properties of the flow f! and its proof follows immediately from the
definitions.

Proposition 3.1. The following statements hold:

(1) f*is a C* volume preserving flow;
(2) f' preserves each fiber N'x {y}, on which f* is the composition
of the scaled suspension flow S*™W) and the linear flow Té(y) S in
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particular, f' is exactly the suspension flow S* on N' x {y} for
y € Uy;

(3) f' is pointwise partially hyperbolic on U with one-dimensional
stable E'}, one-dimensional unstable £} and 3-dimensional cen-
ter ES subbundles; E} and E} are integrable to strongly stable
and unstable foliations Wi and W} with smooth leaves, which
are absolutely continuous, uniformly transversal and have local
leaves of uniform size;

(4) f* is uniformly partially hyperbolic on N' x A where A C U is
a subset, and hence f' is dynamically coherent with the central
foliation Wi = Wg, x Y;

(5) f' preserves every 2-dimensional torus X x {1} x {y} (r €
0,1], y € C are fized) and acts on it as a linear flow with
a Diophantine frequency vector; moreover, f'Q{U¢ has all zero
Lyapunov exponents on U®;

(6) for every z = ((x,7),y) € M the Lyapunov exponents of f* are
as follows:

Mz, fY) = k(y)logn > 0= Aa(z, [1) = As(2, 1) = Ma(z, [F)
> Xs(z, 1) = —r(y) logn;

moreover, if z € U, then A\i(z, f*) = X“(z, f*) > 0 is the Lya-
punov exponent in the EY(z) subspace, As(z, f') = N(z, f) <0
1s the Lyapunov exponent in the E}(Z) subspace, and \o(z, f1),
As(z, f1) and \y(z, f*) are Lyapunov exponents in the flow di-
rection and two directions in'Y respectively.

4. REMOVING ZERO EXPONENTS

In this section we will construct a gentle perturbation ¢* of the orig-
inal flow f! with positive central Lyapunov exponents on a set of pos-
itive volume but not necessarily ergodic. Then we will perturb ¢* to
the desired flow h' of the main theorem in Section 5.

Given z € M, there is a local Cartesian coordinate system (u, s, 7, a, b)
(see Appendix A) such that

0 0 0

FU(z) = i E}L(z), F(z):= 55 = E;(z), F7(z) := 5= E}(z)
are the unstable, stable and flow directions of f! respectively, and
a 8 a b a b
Fe(z) := 9= Ei(z), F'(2):= T Ei(z)

are the other two central directions tangent to Y.
The following statement describes properties of the flow g'.
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Proposition 4.1. Given 6, > 0, there is a C™° volume preserving flow
g on M such that the following hold.

(1) g* is (C',6,)-close to f*, ie., || Xy — X,|| < 0,, where Xy and
X, are the vector fields of the flows f* and g' respectively.

(2) ¢' = f' outside N x Uy, and hence g is a gentle perturbation
of [ and satisfies Statements (3)-(5) of Proposition 3.1.

(3) ¢' preserves the subbundles EY, w = uab, uabr; moreover,

(4.1) det(dg'|E(z)) = det(df'|E{(2)), for all z € M.
(4) The average Lyapunov exponents of ¢' satisfy

(4.2) Ls(g9") = 0 < Li(g") < La(g") < Ls(g") = La(g").

To prove this proposition, we extend the approach in [10] to the case
of flows and obtain the flow ¢' as a result of two consecutive pertur-
bations. First, we perturb the start-up flow f* to a flow g* by adding
a rotational vector field Xr to the vector field X;.% This produces two
positive average Lyapunov exponents for the flow g' in the E}* sub-
bundle, i.e., Li(g") < La(g"). Next, we perturb g* to the desired flow ¢*
by adding another rotational vector field X to the vector field A for
the flow ¢*. As a result the flow ¢g* has three positive average Lyapunov
exponents in the E{** subbundle, i.e., L1(g") < La(g") < Ls(g").

The vector fields X r and Xg are chosen to be supported on disjoint
open subsets Qg and Qp of N x Uy respectively such that Xp = 0
outside O, Xz = 0 outside Qg and || Xzllc1, || Xrller < d4/2. Since
N x U, is invariant under f?, we have that ¢' = §* = f* outside N x Uy.

Our construction utilizes the following crucial feature of the flow f*:
the set

(4.3) Il = X x {0} x Uy

is a global cross-section of fY|N x Uy, and the time-1 map restricted
to Ilp is exactly the Poincaré return map of ft to IIy. Furthermore,
we make the construction of vector fields Xz and X in such a way
that Il is also a global cross-section for both flows ¢* and ¢* with the
time-1 maps to be the Poincaré return map to Ily. This fact allows us
to apply arguments similar to those in [10] to our flow case by focusing
on the time-1 maps.

6That is the flow generated by X, r is concentrated in a small neighborhood of a
point in M where it acts as a small rotation around this point; see (4.6).
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4.1. Construction of the flow g'. In this section we construct the
flow ¢' by perturbing the vector field X inside the set N x Uj.

To effect our construction we choose distinct periodic points ¢, p®,
p’ and p” of the Anosov automorphism A of X, which are close to each
other. Let V3(q), Vi(q), Vi(p’) and Vi(p'), i = a,b, T be the stable
and unstable local manifolds at these periodic points. We may assume
that each intersection V§(q) N V3i(p') and Vi(p') N V5(q) consists of
a single point, which we denote by [q, p’] and [p’, q] respectively. Let
v denote the closed quadrilateral path with the collection of points g,

lg, 7], P', [p', q] and ¢, and let
v(q) = Vi(@) UVi(e), () = Vi) uVip).
Choose v > 0 and set for © = a, b, T,
Q%)= | Bwn(f'(r'0),v)) x U,
te[0,u(p1)]
(4.4) Q(v) =( U By((z,7),v)) x Uy,
(2,7) (@)X 0@ U(¥ () x [0,0(p1)])
Qo =)= (| @w)u ] @),
i=a,b,T i=a,b,T

where (q) and ((p) are the periods of ¢ and p' respectively, and
By ((x,7),7) is the ball in A of radius r centered at the point (z,7) €
N. We choose a sufficiently small number v to ensure that

m(Projp, ) < 0.05m(Iy),

where Il is given by (4.3), and Projy, : N' x Uy — Il is the natural
projection onto Il given by the formula

Projy, ((z,7),y) = ((z,0), ).
To construct the vector field Xz we choose a C function ¢ : R — [0, 1]
such that
(1) ¢ =1 on (—0.9,0.9);
(2) ©» > 0on (—1,1) and ¥ = 0 outside (-1, 1);
(3) lliller < 10.
Observe that NV x Uy is invariant under the flow f! and that

f'@,7),y) = (&, 7 +1),y)

for ((z,7),y) € N x Uy. In other words, fY|N x U is the product
of the suspension flow on A and the identity map on U,. It follows
that Il is a global cross-section for the flow f!|N x Uy, and the time-1
map restricted to Iy is f! = A x Id and is exactly the Poincaré return
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map of f* to IIp. Given a subset IT C Iy, we call a set II x [1, 73] C
Iy x R/ ~=N x Uy a tube if

fiIIx {n}) NI x{n})=0 foraltel0,m—m

It is easy to check that IT x [ry, 7] is a tube if and only if the sets
IT, F1(10), F2(10), ..., fI(I1) are pairwise disjoint, where | = |75 — 71].
Choose a non-periodic point zy = (2,0, %) € Ilo\Projy, 0, where x4
is a non-periodic point of the Anosov automorphism A, yq is the center
of the square Uy and € is the set given by (4.4).

In what follows we will use the local Cartesian coordinate system
in a neighborhood of Il originated at zy given by (u,s,t,a,b) where
(u, s) are the coordinates in X along the stable and unstable directions
of the hyperbolic diffeomorphism A, ¢ is the coordinate along the time
direction and (a,b) are coordinates in Y. In this coordinate system
a point z € Il is given as z = (u,s,0,a,b). We will also use the
ua-cylindrical coordinates (r,0,7,s,b), where u = rcosf, a = rsinf.
Given € > 0, one can choose a ua-cylinder B C Il centered at zy of
size ¢, i.e.,

B:{<r7970757b):r§€,|5’ Sé‘,’b‘ SE}

Given a sufficiently large Ny > 20k (the number kg is defined below
in Lemma 4.5), we can choose ¢ so small that f/(B) N B = () for
1=1,..., Ny. Consider the tube

(4.5) Qr = B x[0,1/2].

Since zg ¢ Projp, €, we can further reduce € to ensure that B N
Projp, (€0) = 0. Hence, QrN Q=0

Given (3 > 0, define a C'™ rotational vector field ./'?R = .jERﬂ on M
as follows:

» ﬁﬁ(z)%, z € QR;
(4.6) XRﬁ(Z) =
O, S M\QR,

where
3o =T = v (5) o () (2) v (HY).

~ 0
It is easy to see that ||¢%|| < ¢ where ¢ > 0 is a constant, which is

independent of e. Hence, ||Xg s/ — 0 as 3 — 0. Furthermore, .?\?Rﬁ is
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divergence free. Let g = ng be the flow generated by the vector field
Proposition 4.2. There exists 3 > 0 such that g* = gj is a C> volume
preserving flow with the following properties:

(1) g is (C*,0,/2)-close to f', i.e., || Xy — Xllcr < d,/2, where Xy
and X; are the vector fields corresponding to flows f* and g'
respectively;

(2) ¢' = f' outside N x Uy, and hence ¢ is a gentle perturbation

of f* and satisfies Statements (3)-(5) of Proposition 3.1;
(3) G preserves the subbundles E%, w = ua, uab, uabt; moreover,

(4.7) det(dg'|E (z)) = det(df'|E{(z))  for all z € M;
(4) the average Lyapunov exponents of g' satisfy
(4.8) L5(9") = 0 < Li(7") < L2(9") = Ls(3") = La(7");

(5) Ty is a global cross-section of the flow g'|N x Uy, and the time-
1 map §* is the Poincaré return map of g' to Ily; furthermore,
there exist X > 0 and a §'-invariant subset I1 C 11y such that

m(II) > 20kgm(IIN B) >0

and for any z € 11 the flow §* has two positive Lyapunov expo-
nents Mi(z,g') > Xa(z,9') > A along the E}* subbundle.

Proof. Statements (1) and (2) are easy corollaries of the construction of
the flow g*. To prove Statement (3) we will first show that dg' preserves
the subbundles E}*. It suffices to check that for any smooth vector

field X € £} and any 2 € Qg, the Lie bracket [X;(z), X (2)] € Eye(2).
Indeed, we have

0 0 _ 0 = o 9
%5(2) = — + 00 ()55 = =+ 00(2) (—a% N u%) |

and the direct calculation yields

{X%g] _; <a<aiﬁ>g a(ﬂg) cBE v

ow ow Ou  Ow Oa

Since dg' preserves the subbundle E%?, it also preserves the subbundles
E4* and E}*’". Next, consider the variational differential equations

d d
I =DXydf',  —g' = Dxydg'.
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The determinants along E with w = ua, uab, uabt satisty

d
= det(df'| BY) = div(Xy| EY) det(df'| EY),
(4.9)
d [%) : W [0%)
= det(dg'| EY) = div(3|Bf) det(dg' | EY).

Direct calculations show that X r = Xy — Xy is divergence free along
E% and thus div(X;|EY) = div(&Xz|EY). Therefore, using (4.9) and the
fact that det(dg’|EY) = det(df°|EY) = 1 we find that

det (05| B (=) = det(df'| 73 (=)

and Statement (3) follows.
It remains to prove Statements (4) and (5). We need the following
lemma showing that IIj is a global cross-section for the flow g*|A x Up.

Lemma 4.3. Given z € B, the r-, s-, b- and 7- coordinates of §'(z)
1

and f1(z) are the same fort € [0,1/2]. Consequently, §2(B) = fz(B)
and 1y is a global cross-section for the flow "N x Up.

Proof of the lemma. Let us compare the orbit segments of §*(z) and
fi(z) for t € [0,1/2]. Note that for any smooth function ¢ and any
vector field X we have that

d
%‘P(Ft(z)) = LX90|Ft(z),

where Ly(-) is the Lie derivative and F" is the flow that is generated
by X. This implies that for w = r, s, b,

d 0 ~ 0 d
Z7(J'(2)) = Laym = 5=+ BU(E ()55 = 1 = L7 = —7(f(2)),
d 15, ~ 0 d
Z0(@(2) = Lagw = 5= + B0(7'(2)) 55 = 0 = Layw = —w(f'(2).

Under the same initial condition at t = 0, we get that the r-, s-, b-
and T-coordinates of ¢'(z) and f!(z) are the same. Since B has the
cylindrical structure, we obtain that g'(z) € B x 7(f%(z)) = B x {t}.
In particular, §2(B) = f2(B) = B x {1}. Since X; = X} outside
Qr = B x [0,1/2], we have that §'(Il) = f'(Ily) = Il,. In other
words, Il is also a global cross-section for ¢*|N x Up. 0

It follows from the lemma that Il is a global cross-section for the
flow ¢'|NV x Uy and the time-1 map g* restricted to IIj is the Poincaré
return map of g* on Ily. Therefore, (4.8) is equivalent to
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where G = Gy = §'|I,. In fact, by (4.7), we have that L(G) =
Li(fHTy) for k = 2, 3,4, and thus we only need to show that
(4.11) Li(G) < Ly(fYp).

To this end we will use the following lemma.

Lemma 4.4. For all z € 1l the deriwative of G = g |y along B3
has the form

(4.12) d@ﬂ(zﬂE}”(z) = (7751(%’;)) Ulﬁ((ﬁﬁ:;)) )
where
. 5202 2 2 3
A=A(pB,z) =1— pro,sinfcosf — 5 — [*roo, cos® 0 + O(5°),

B = B(,2) = —fo — fro,sin?0 — *roo, sinf cos 6 + O(5°),
C = C(B,2) = Bo + Bro, cos? 0 — B*roo, sinf cos § + O(3%),

G 2 L2 3
5 — °roo,sin” 0 + O(5°).
Proof of the lemma. The desired relation (4.12) is apparent for z €
I\ B since G = f* and 0 = 0 on 1)\ B. Given z = (,6,0,s,b) € B
in the ua-cylindrical coordinate, by Lemma 4.3, we have that g'(z) =
(r,0 4 0(t),t,s,b) where 0(t) = ﬂf; D(G7(2))dr for 0 < t < 1/2. In
particular, the coordinate of :ﬁ(z) is (1,0 + Bo,1/2,s,b), where

o=otrsn) =10 (%) v (20 (2) [ v

Back in the Cartesian coordinate system (u,a, 7, s,b), we obtain that

D =D(fB,z) =1+ pro,.sinfcosf —

1

gi(z) = (u17a171/2787b>
= (ucos(fo) — asin(fo),usin(fo) + acos(fo),1/2,s,b),

and hence,

G(2) =3'(2) = f272(2) = (ur, 01,1, 5,0) = (s, a1, 0,75, b).
The last equality follows from (A.1) and the fact that ' (20) = fH(20),

where z is the center of B. Since G preserves the £ subbundle, we

have that . )
Ao () = (770((5’5)) "p(g’,f))) |
where
A(B, 2) = %, B(B,2) = %, C(8,z) = %’ D(B.2) = %.
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Then
8u1 .
=5 = cos(Bo) + [—usin(Bo) — acos(Bo)]Bo,
u
= cos(fo) — prsin(0 + Bo)o, cos
2 2

=1— fro,sinfcosf — 7 _ B*roc, cos® 0+ O(3°).

Similarly, we can obtain the formulae for B, C' and D. U

Lemma 4.4 allows us to follow the line of argument in the proof of
Lemma 4.1 in [10] to establish (4.11). For the reader’s convenience we
outline the argument here.

Denote by es(z) the unique number such that the vector vg(z) =
(1,e5(2))" € Egﬁ(z) for all z € TI. One can show that

Ls= Ll(éﬁ) = /H logn dm(z)
~ [ 108[D(8.2) = nB(B. e Co(2))}dm ().

Note that Lo = Li(f!|ITy), and we will show that
dL5| _0 d’Lg
which immediately implies that (4.11) holds for all sufficiently small

6> 0.
To show (4.13) observe that

dLg
~Blsso=— | Dglp—o dm(z) =0
ag I,

thus proving the first relation in (4.13). To prove the second relation
note that

Tlo) o= [ 108 = Dag+ 2085 eal@ale) o i),

(4.13) |5:0 < 0,

dB?
This integral can be written as

. [(D5(0,2))* = Dgs(0, 2) + 2nB5(0, 2)Cp(0, 2)] dm(z)

(4.14) ’

/H Z L9B4(0, 2)C5(0, F7i(2)) dinz).

Ozl
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The first term in (4.14) is bounded from above by

—(1—¢) /H 0 02dm(z)—% /H rotdm(z).

To estimate the second term in (4.14) note that

/ 2B5(0, 2)Cs(0, f7(2))dm(z) < 4/ (0? +1r?0?) dm(z)

HO HD

and that Bg(0,2)Cs(0, f*(2)) = 0 for all z € IIj\B and all i. More-
over, Bs(0,2)Cs(0, f~*(2)) = 0 for every z € Band i =1,..., Ny — 1
since fY(B) N B = (). This allows us to take Ny > 0 large enough to
ensure that the second term is bounded by

1

10 B(02 +1202) dm(z).

1
-0 < —(x—¢ JQdmz——/ r*odm(z) < 0.
Gl < (g =) | o) - [ otam(e)

This completes the proof of the inequality (4.11) thus guaranteeing
that for any sufficiently small A > 0 the level set

M={zelly: M(zG) > X(z,G) > A}

has positive volume. It is also invariant under G. Since f/(B)N B =)
for i = 1,..., Ny, we obtain that the sets g"(ITN B) = 1IN g (B) =
I N f{(B) corresponding to different i are pairwise disjoint subsets of
I1. This implies that

m(II) > Nom(IIN B) > 20kgm(IIN B) > 0
thus completing the proof of Proposition 4.2.

4.2. Construction of the flow g'. We perturb the flow ¢' to a flow
g' by adding a vector field X to the vector field A;. We obtain Xp
as a sum of rotational vector fields in the ab-direction along several
pairwise disjoint tubes so that the total rotation along an orbit that
passes through these tubes is 7/2. This ensures positive Lyapunov
exponents along the E}‘“b subbundle for the flow ¢'.

Note that there is My > 0 such that for any flow F* that is sufficiently
C'-close to the flow f?

(4.15) 17 = fHler < Mol|Xp — Xyl

According to Lemma B.5, M, depends only on the Riemannian metric
and the start-up flow f?.
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Let the number A > 0 and the subset I C Il be as in Statement (5)
of Proposition 4.2. Given K > 0, let

N=NK)={z€ell:

1
1 log ldg (2. v) | ~ A] <01

(4.16)
for all v € E3%(2), [[v|| =1 and all |k[ > 0.5K}
and
ko—1
(4.17) A=AK)= ()7 NK),
i=0

where ko > 0 is a number which will be defined later (see Lemma 4.5).
Since m(A'(K)) — m(II) as K — oo and hence, m(A(K)) — m(II) as
K — o0, one can choose K so large that

(4.18) K\ > max{bkoA, 10log2, —10kq log(1 — Myd,)},

(4.19) Am(IT) + 401log(1 — Modg)m(II\A) > 0,
(4.20) 20m(II\A) < m(II).

Set

(4.21) A* = A\ U G (Projp, (0 U QR)),

where Qy and Qp are given by (4.4) and (4.5) respectively. If the
number v is chosen small enough, Statement (5) of Proposition 4.2,
allows us to assume that

m(Projp, Qo N II) < m(1I)/20k,

(4.22) o
m(Projy, Qg N 1) = m(B N1I) < m(1I)/20k.

Combining (4.20), (4.21) and (4.22), we find that
(4.23) m(A*) > 0.8m(1I).

By Statement (5) of Proposition 4.2, the set II is invariant under the
time-1 map of the flow g*.

We will approximate the set I by constructing an appropriate Rokhlin-
Halmos tower (see [11]) for the map g'. More precisely, we choose a
measurable subset I C II such that the sets g*(I") are pairwise disjoint
for — K <i<6K +ky—1and

(4.24) m (6 U_l’g”"r’> > 0.9m(I1).

i=—K
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Consider the set Ty of first entries of orbits {g'(2)}25, " (with z € TV)
to the set A*. More precisely, set
To={F(2):2€l’,0<j<B5K—1, §(2) € A*, §'(2) & A* fori < j}
and let

(4.25) Ii=gT), T'= (J Tu

Clearly, the sets {I';} are pairwise disjoint for —K < i < K + kg — 1.
We then approximate I'y by finitely many disjoint ab-cylinders By; of
the form

Boj = B"(z,7}) x B*(2;,77}) x B®(zj,1))
= {(uj,85,05,05) + Juy| < vl [s5] < 7f,aj +b2 <T }

J
= {(w: 55,05, 05) ¢ |wy| < 151850 < v ypy <y,
where 77,77, r; > 0for j = 1,..., Jand 2; = (uy, 85, a;,b;) = (uy, 55, pj, ¢j) €

IIy is the center of By;. Fori = —K,..., K + ko — 1 set
(4.26) By =§'(By), A= U Bij.

We can choose the sets By; in such a way that
(1) Bij N By = 0 for (i,§) # (k1) with —K < i,k < K + ko — 1
and 1 < 5,1 < J,;
(2) for each i =0,1,..., ko
(4.27) m(I;AA;) < 0.05 max{m(T;), m(A;)};
(3) Bij N Projp, (QUQR) =0 for 0<i<ky—1,1<j<J.
The last property implies that the set B;; = g'(Bo;) = f*(Bo;) lies in
a neighborhood around f*(z;) and hence is still an ab-cylinder if the

numbers 7;, 7%, 77 are chosen small enough.
We need the following lemma.

Lemma 4.5. Given § > 0, there is 6y = 69(0) > 0 such that for
any 0 € [0,6p] and any tube T = C x [0,1/2], where C C Il is an
ab-cylinder of the form

C = B"(z,7") x B*(z,7") x B®(z,r),
there exist a subtube T' = C" x [1/40,19/40] C T, where C' C C is a
cylinder of the form

C' = B"(z,7}) x B*(2,7)) x B®(z,1y),
and a C* vector field X = Xry on M such that
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(1) X is a rotation vector field with speed 0 in the ab-plane, i.e.,

0 0 .
X(z2) = X(u,s,a,b,71) —9(—6% —I—a%), zeTh

(2) X =0 outside T';
(3) m(C")/m(C) = 0.75;
(4) ro/r, /'y i /r" > 0.9;
(5) [|X]ler < 0.
Moreover, let ko > 0 be such that

- 2m
498 f= — < 0,(5,/2),
(4.28) b o0 0(0g/2)
where () is the function in Section 4.1 and d, is given by Proposition
4.1. Then ||Xpg| < d4/2.

Proof of the lemma. Given 0 < a < 1, we define a subcylinder
Co = B*(z,ar") x B*(z,ar") x B*(z,ar) C C.

By (A.2), the volume of C,, and C is induced by the flat metric du® +
ds?® + da® + db?, and hence the ratio m(C,)/m(C) depends only on «
but not on the cylinder C. It follows that m(C,)/m(C) — 1 as a — 1.
Fix a > 0.9 such that m(C,)/m(C) > 0.75, and set C' = C,. Let

us choose a C* function ¢ : R — [0, 1] satisfying:

(1) € =1 on (-a,a);

(2) £ >0on (—1,1) and £ = 0 outside (—1,1);

(3) lléller < 125
We introduce the ab-cylindrical coordinate (u, s, p, ¢), and define a C'>
rotational vector field X = Xy by the formula

eE@)%, e,

(429) XTﬂ(Z) =
0, ze M\T,
where
{e) = s p.67) = €T

~0
and ¢ is the smooth function in Section 4.1. Note that ||§a—|| <c

where ¢ > 0 depends only on a but not on the choice of the cylinder
C. Thus for any 0 > 0, there is 0y = 6p(0) > 0 such that ||X]c1 < 0
for any 6 € [0, 0o). O
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Consider the tubes T;; = B;; x [0,1/2]. Applying Lemma 4.5 with
T = T,;, we obtain a vector field X ;; = &7, gsuch that || X < d,/2,
where 6 is given by (4.28). Moreover, there is a sub-cylinder B, C By;
such that m(B};)/m(B;;) > 0.75. Furthermore, by Lemma 4.5, we may

ij
assume that g'(By;) = Bj; for i = 1,..., k. Finally, let

J ko—1 J
(4.30) A =By = Uy
j=1 i=0 j=1
and define the vector field X'r by
ko—1 J
(4.31) Xp=> > Xny.
i=0 j=1

We obtain a new flow ¢* generated by the vector field X, = X; + Xx.
Clearly, ¢* is a C'™ volume preserving flow since Xy is divergence free.
We will show that the flow ¢' has all the desired properties stated in
Proposition 4.1.

Proof of Proposition 4.1. Statements (1) and (2) follow immediately
from the construction of the flow g* and Statement (3) can be proved
in the same way as Statement (3) of Proposition 4.2.

We will prove Statement (4). We need the following statement whose
proof is very similar to the proof of Lemma 4.3.

Lemma 4.6. Given z € B;j, the pj-, uj-, s;- and T7- coordinates of
g'(2) and f(z) are the same for t € [0,1/2]. Consequently, g2 (B;;) =
f%(Bij) and hence Ty is a global cross-section for the flow g'|\N x Uy.

By the lemma, the time-1 map ¢! restricted to Il is the Poincaré
return map of g* on Ily. Therefore, (4.2) is equivalent to

(4.32) Ly(G) =0< Li(G) < Ly(G) < L3(G),

where G = ¢*|Tly. In fact, by (4.1) and (4.7) we have for k = 3,4 that
Li(G) = Li(f'|Mo) = Li(3'|To) = Li(G).

Hence, we only need to show that

(4.33) Ly(G) < L3(G).

We follow the argument in Section 4.2 in [10] and give a sketch of the
proof of (4.33).
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Set Aj = Ay N A, where Aj and A are given by (4.30) and (4.17)
respectively, and
U, = G_KAS, Uy = Ao\ A,
Us = G*((Ag N ANAG), Uy = G™(Ap\A).
Consider the first return map G = G¥ on the set
U=U,UU0,UUsUU, C 1,

where R = R(z) is the first return time of z € U to U under G. Note
that the flow g' preserves the E}“Lb—subbundle7 and so does G.

We intend to show that
(4.34)

/U (log | A® (dG|E}™ (2))I| — log || A* (dG|EF™ (2))]]) dm(z) > 0,

where
NAGIEF™(2)) : A(EF(2)) — AM(EF™(2))

is the k-th exterior power of dG|E¥**(z). Indeed, assuming that (4.34)
holds, consider the G-invariant set

I = G G'(U) c I.

1=—00

For k = 2,3 we have that

| Togll A* (@B ) lam(z) = [ Tog | A* (4GIBF:)) dm(2)

_ / >Nl G)dm(z) = L)

and hence, (4.34) implies that Lo(G|II') < L3(G|I"). Since G = G
outside II', we obtain that Ls(G) < L3(G).

To show (4.34) we split the integral over U into four integrals Iy,
Iy, I3 and I, over the domains Uy, Uy, Us and U, respectively, and we
obtain lower bounds for each of them. Namely, we will show that

Il 2 0.85K\ - 07m(A0), ]2 Z/{ZQ 10g<]. - M05g) . 025m(A0),

4.
(4:35) I3 >0, Iy >2log(1 — Myd,)m(II\A).

The lower bounds for Iy, I3 and I can be obtained using arguments in
the proof of Lemma 4.2 in [10]. However, the proof of the lower bound
for I; in our continuous-time case requires substantial changes and we
will present it here. We need the following lemma.
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Lemma 4.7. Let z € Uy = G(A}). Then for any v € E}®(z), we

have
V2 0.9K\

7“”“6

Proof of the lemma. Note that for any 2 € G™5(A}), the first return
time R(z) is at least 2K + ko. Set

2 =GRE), m = GR(a) =GR (), z = G(2) = GRO)

Since the orbit segments {g*(2) }o<t<x from z to z; and {g*(22) }o<t<r(x)— K—ko
from z5 to z3 are outside the set {2z, we have that

2 =GK(z)=GX(2), 2= GREOEho(z)) = GRE-K-ko(4,),

On the other hand, since z; € A = Aj N A, we can assume that
z € By, for some j, and by our construction, we have Gi(z) € Bj;
fori=1,...,ky— 1, and every cylinder ng is inside a local coordinate
neighborhood of its center. Therefore, we write z; = (u, s,a,b,0) € B(’)j,
and apply the similar arguments as in the proof of Lemma 4.4, we have
that

G(z) = fig

(4.36) -G (v)|| >

(21) = f%(u,s,acosgb— bsin ¢, asin ¢ + bcos ¢, 1/2)
u,s,acos¢ — bsing,asing + bcos o, 1)

=

= (
= (nu,n"'s,acos ¢ — bsin ¢, asin ¢ + bcos ¢, 0),
where

1. [ s
=9 )t = —.
=37, v(t)dt = o
Repeating this calculation for G*(z;), G*(21), . .., G*71(21) and observ-
ing that ko¢ = 7, we obtain that
2 = G*(21) = (n*ou, n*s, acos(kyo)
— bsin(ko¢), asin(kop) + bcos(kod), 0)
= (n*ou,n*s, —b,a,0).
This formula means that d,, G* is non-contracting along the E}”“b sub-
bundle and rotates the vector in E;“cb by the angle 7/2.
To obtain (4.36), we write v = v**+0v" € E}*(z)® E%(z) and consider
the following two cases:
2 -
(1) if || < %HUH, since d,GK = d,G¥ and z € GKA| C
GKN, by (4.16) and (4.17), we find that
V2 0.9K A

ld-G¥ vl = [ d:G"v]| 2 ||d.GFv" || > [Jo"? e > Z=||o]} e,
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and hence

= ~ = ~ 2
|d.Gol| = ||d..GFD =K koq, GRod.GRo|| > [|d.G"v|| > §||U||60~9KA_

2
(2) if [|o°] > gHvH, since d., G™ rotates the vector in E¢* by the

angle 7/2, we have
d.GE oyt = d, GR(d.GF’) € B ().
Since zo € A, by (4.16) we obtain
|d.Gol| > [|d.Gv"|| = ”dzzéR(z)_K_kOdeK+kovb||

Z ||deK+kovb||60'9K>‘ Z g”v”eogl()\'

By the lemma and (4.18), we find that
log ||d.G(v)|| > 0.9KX — 0.5log 2 4 log ||v]| > 0.85K X + log ||v]],
for any z € Uy and v € E}**(z). Hence,
log || A* (dG|E¥™(2))|| — log || A* (dG|E}**(2))|| > 0.85K A,

On the other hand, it is proved in [10] that m(U;) > 0.7m(Ao). There-
fore,

Lo = /U (log || A (dG|E¥* (2))|| — log || A% (dG|E¥b(2))|) dm(z)

> 0.85K\-0.7m(Ay).
It follows from (4.35) that

/U (log | A® (dG|E**(2)) || — log || A* (dG|E}* (2))]I)
> 0.595MKm(Ag) + 0.25kg log(1 — Myd,)m(Ao)
+ 2log(1 — Myd,)m(II\A)
> 0.57TAKmM(Ag) + 21log(1 — Myd,)m(II\A)
> 0.0627Am/(IT) — 0.05Xm/(IT) = 0.0127Am(II) > 0.
The last two inequalities follow from (4.18), (4.19) and Sublemma 4.4

in [10] that states that m(Ag) > 0.11K'm(II). This completes the
proof of Statement (4) of Proposition 4.1. O



COEXISTENCE OF ZERO AND NONZERO LYAPUNOV EXPONENTS 25

5. ACCESSIBILITY

Notice that the flow g¢* has positive central exponents on a set of
positive volume but is not necessarily ergodic. We will perturb ¢* to a
flow h! that is pointwise partially hyperbolic on the open set I/ and still
has positive central exponents. Furthermore, we will ensure that the
flow h! possesses two transversal strongly stable and unstable foliations
Wy and W} of U and satisfies the accessibility property on ¢ via these
two foliations. In view of Theorem 2.4, h! is indeed the desired flow in
our Main Theorem.

We will follow the arguments in [10] and make some necessary mod-
ifications for the flow case. We choose two sequences of open subsets
U, U, CU,n=1,2,... such that

(A4) Uy C Uy

(A5) U, C U, C U, CU, CU and U,, U = U;

(A6) U, and U, are connected sets for any n > 1.
Set,

(5.1) U, =N x U,, Z/~{n =N x [7“

We will construct a sequence of flows {hl, },,>0, whose limit is the desired
flow h!. The goal of this section is to prove the following statement.

Proposition 5.1. Given 6, > 0, one can find a sequence of positive
numbers {0,} with §, < min{d,/2",d(C,U,)*} as well as a sequence
of C™° divergence free vector fields X,, on M, generating a sequence of
volume preserving flows ht , such that for n >0

(1) Xy = X,, and hence hl = ¢';

(2) | Xng1 — Xallonr < 0n;

(3) X, = Xy on M\U,,, and X, = X,_1 on U,_o; in particular,
each flow h is a gentle perturbation of f' and hence satisfies
Statements (3)-(5) of Proposition 3.1;

(4) for every z € M, we have

B (z) = By (), det(dhy| E(2)) = det(dg'| E{™ (2));
(5) forallzelU;, j=1,...,n andw = u,s,c,
L(By (2), By, (2)) < 8;/2"7;

(6) if the number &, in Proposition 4.1 is sufficiently small, then
each flow h is stably accessible in the following sense: Let a
flow h be a gentle perturbation of the flow ft, and assume that
L(EY(2), By (2)) < 6y for all z € Uy, and w = u, s,c. Then any
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two points z1, 29 € L?n are accessible via a (u, s)jc-path inU. In
particular, ht has the accessibility property in U,.

Statements (1)—(3) imply that the limit vector field A, = lim X,

n—oo

exists. Moreover,
n—1 n—1
X0 = Xillorss <D (11— Xyllesnn <65 < 6,/25
j=k j=k

for any n > k > 0. It follows that X, converges to A}, uniformly in
the C**! topology. Since k is arbitrary, ), is a O° vector field. In the
following section we will show that the flow h' generated by X}, has all
the desired properties.

5.1. Construction of the sets U, and ﬁn. We view the 2-torus Y
as the square [0, 8] x [0, 8] whose opposite sides are identified. For each
n > 1, consider the partition of Y into squares

S(n) 1 1+ 1 7 5+1
i — | a0 X |5

) mn mn omn on
Without loss of generality we will assume that the square Uy, con-
structed in Section 3, is contained in some Z () 56 that

1070
7(1) 4 7(1)
d(Uo, Z;;,) 2 1/2° and d(C, Z;

10Jo

},@j:QLHWT%—L

) > 2,

where C' is the Cantor set constructed in Section 3. Consider the open
squares

o (i1 i+l 1 i1 g+l 1
Zij o (2_n B 2n+2’ omn + on+2 X 2_n B 2n+2’ omn + on+2 )

s (i1 i1 1 i1 411
Zij - (2_n B on+5’  9n + on+5 X 2_n B on+57  on + on+5 |-

Clearly, these squares have the same center as 2\2(]" ) and Z(jn ) ¢ Zi(f ) c
Zl(J" ). For n > 1 consider the set
Y,={yeY: dy,C)>1/2"?}.

Since Uy C Yj, we let Y/ be the connected component of Y,, that
contains Uy. Finally, consider the sets

U, =20, U =2

10J0’ 10Jo

and (71 — 7z

10J0°

and for n > 1,
v.= U zP v.= U 2V .= | Zzp.

20y, £0 20y #0 200y, £0
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It is clear that the sets U, and U, satisfy Conditions (A4)-(A6).

Let Z, = {2 : Z" € U\U,—1} and 2, = {2 : ZIV C Z,}.
Relabeling elements of Z,, we will denote them by an), A ,i:) , and
we will use the notations Zl(n) and Zl(n) for the corresponding squares

contained in Zl<n). Thus we have

kn
U, =U U (lJ2™).

=1

Clearly the collection of sets {Z(”) n=12,...,0=1,... k,} forms
a countable partition of U up to a set of zero volume while the collec-
tion of sets {Zl(n) :n=12,...,01=1,...,k,} forms a cover of U of
multiplicity at most 4. The following lemma is proved in [10].

Lemma 5.2. There is a labeling of the squares {Zl(n)} by integers from
1 to 8 such that for any y € U, the labels of the squares Zl(n) containing
y are all different. In particular, Zl(l) can be labeled by 1.

5.2. Construction of the vector fields X,,. The construction is sim-
ilar to the one in Section 5.2 in [10], with a slightly modification on
the choice of the collection of periodic points. We need the following
preparations before we construct the vector fields X,.

Let g;, 7 = 1,...,8 be eight periodic points of the Anosov auto-
morphism A whose orbits are pairwise disjoint. There is €5 > 0 such
that

BX (A’qj, 60) N BX(Aqu/, 60) = @
whenever j # j' and ¢ = —1,0, 1. For each ¢; we choose three periodic
points pé- € Bx(A'qj,€0/3) for A, i = a,b, 7, whose orbits are pairwise
disjoint. Denote by [q;,p%] = Vi(q;) NVi(p}), i = a,b,7, where V3
and V} are the stable and unstable local manifolds respectively. For
i =a,byT and j = 1,...,8, consider the closed quadrilateral (u,s)a-
path 'yj- with the collection of points g¢; , [qj,pé], p§, [p?,qj], and g;.
Without loss of generality, we will assume that ¢; = ¢, pi = p’ and
vt =+t for i = a,b, T where ¢, p* and " are chosen as in the beginning
of Section 4.1.
For j=1,...,8 and i = a,b, 7, we have

A () = q5, AP (ph) = pl,

where ¢(g;) and L(p;-) are periods of ¢; and pé respectively. There exists
@(j,i) > 0 such that for any o € Y = T? with [|a|| < a(j,4), the
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Anosov affine map A + « has a «(g;)-periodic point g;(a) close to g¢;
and a «(p)-periodic point p’(a) close to p}. Moreover, we can choose
the number @ (in Condition (a3) at the beginning of Section 3) to be
less than min{a(j,7) : j =1,...,8,i = a, b, 7} such that any two points
from the set of periodic points

{qj(oz),p;-(oz) c7=1,...,8,i=a,b,7 | <a}
are disjoint.
Givenn > 1and [ = 1,...,k,, let j be the label of Zl(n) in Lemma
5.2, and yo(n,1) = (ao(n,1),bo(n,1)) the center of Z\™. We take the
points associated to Zl(") as follows:

(5:2)  q(n,l) = gi(aly(n, 1), p'(n,1) = pilaly(n,1))),

where ¢ = a,b, 7. Recall that 7 is the expanding rate of A along its
unstable direction, and the function s : ¥ — R is given in the beginning
of Section 3. For n > 1 let us choose a square Zl(n) € Z,. In the case
n > 1, we write for simplicity ¢ = ¢q(n,1) and p* = p’(n,) and we let
n—(n,1) = min{n*® .y Zl(n)}. Define the numbers

w = ay(n ) =d@p', [p', q]),
(53) a = Cf;(nvl) = d(p", [¢,p"),
O‘Z = O‘Z(nvw - O‘Z(nv l)/ﬁ—("a l),
d; = d;<n7 l) = a;(n, l)/ﬁf("a l)

and the rectangles in X
IT'(n,1) = Bpu(p',al,) X Bps(p', ),
IT1'(n,1) = Bpu(p', &%) X Bps(p', dl).
We will assume that the rectangles II*(n,l), n > 1,1 =1,...,k, and

1 = a,b, 7 are pairwise disjoint if the number & is chosen sufficiently
small. Finally, we let

& = &(n,1) = min{r(y)/2: y € 2},

5.4
(5:4) €& = é:(n,l) = be(n,l)/6.

In the case n = 1, we have Z{l) = U, and ¢q(1,1) = ¢, p'(1,1) = p!
since the function @ = 0 on U;. Choose I’ and [’ such that

A_li([piﬂh]) S BX(p§7V/2)’ Ali([QlapiD € BX(pil’V/Q)’

where v is given in (4.4). Then we set

oy, = al(11) = d(pi, A al). ol = al(1,1) = d(p}, A% g1, pi])
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with other quantities and sets to be defined in a similar way.
In addition to the squares Z .(;-1 ). 7 -(;-1 ) and ZZ-(;? ) constructed in the

1. 1.
previous subsection, we need to consider the following squares:

O 1 i+1 1 J 1 J7+1 1 .
Zij _ (2_n o oan+3’ 9on + on+3 X 2_n o on+3’  9n + on+3 |’
Smy [ 1 1 i+1 1 J 1 J7+1 1
Zij o (2_n o 2n+4’ n + gn+4 X 2_n o 2n+4’ n + gn+4
as well as the following intervals:

3 3 v v 5) 5
In:Jn: (—W’W), In: n: (_2n+372n+3)7
and

K= (-1/4,1+1/4), K = (—=1/8,1+1/8), K = (—1/16,1+1/16).
Note that we have that
ZW ez czy) c 2 ez

v )

and similar relations for I,, and J,.

Fixn>1landl=1,...,k,, and write o', = o’ (n,1), &, = & (n,])
for i = a,b,7, w = u,s, and €, = €.(n,l), & = é(n,l). We choose
functions as follows:

(1) ¢* and 9" are C*™ functions on R such that
- ¢' =const. on (—d&',d") and 1* =const. on (—d&’,a’);
- ¢'(r) =0 for |r| > o, '(r) = 0 for |r| > a;
. foialu ¢'(r)dr = 0, and ¥'(r) > 0 for any |r| < a';
~l@'len, 19 lon < 1.

(2) & and & are C*° functions supported on K and I, respectively
such that y 5
- & =const. on K, and & =const. on [,;
- & (r) > 0forre K, and & (r) > 0 for r € I,,;
& (r)=0forr & K, and & (r) =0 for r & I,,;
' ||§T||C”7 ||€Y||C’” <1

(3) ¢ and (y are C* functions supported on (—¢,,€,) and I, re-
spectively such that
- (; =const. on (—é€,,¢€,), and ¢y =const. on I
-+ G (r) > 0 for r € (—€,,€,), and (y(r) > 0 for r € I,;;
- G (r)y=0for r & (—€;,€;), and Cy(r) =0 for r & I,;
' ||CT||C”7 HCYHC” <L
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Now we are ready to construct the sequence of vector fields &,,. Given
n>1,1=1,...,k, and i = a,b, 7, take the Cartesian coordinate sys-
tem z = (u, s, 7,a,b) = (x,T,a,b) with the origin at (p'(n,),1/2,yo(n,1)).
In this coordinate system the interval K is in the symmetric form
(—3/4,3/4). Take the boxes for i = a,b

V=0, = {(x,T, y) S Hl(n,l), ’7" < ET(n7 l)a y e Zl(n)}7

n,l
and

O =07, ={(x,7,y): xel(n,l), Te K, ye 2"}
By the construction of the rectangles IT’(n,[), we have that Ql(n )N
Q' (n',I') = 0 if (i,n,1) # (¢/,n/,0'). Similarly, we can choose (U, i =

a,b, 7 by taking fIi, €rs K and Zl(n . Next we define three divergence
free vector fields

X0 = 28 = GG (<6 @) [0 0. 0.6 (@ew). o)
0= 2= @G ) (<6 0) [ i 0,0, 0. 650 w),
X7 = A = @) 0 6) (~€7) [ 070, 0, & r)era), 0. )

7

Clearly each vector field X
Q’L

n,l)

il vanlshes outside the corresponding box
and it is constant on the smaller box Q;J. Finally, we set

kn n
(5:5) A=) (X +X0,+X0), X=X+ Bl

1=1 —
where the sequence of small positive numbers {3,} is determined in-
ductively to ensure Statements (2) and (5) of Proposition 5.1. Let hl,
be the flow on M generated by the vector fields X,.

5.3. Proof of Proposition 5.1. Statements (1)-(4) follow directly
from our construction. It remains to show how to choose the sequence
of positive numbers d,, such that hl satisfies Statements (5) and (6)
of the proposition. Note that these two statements only concern those
invariant subbundles E“ and foliations W¥, w = u, s, ¢, ¢s, cu, which
are the same for the flow and its time-1 map. Therefore, the choice of
d,, and related arguments are similar to the diffeomorphism case in [10].
We will outline the proof here.

For any gentle perturbation h{ of f* (see Definition 2.1), we de-
note by Wy () the center manifold of h at the point z € M. Given

a square Zl(n) with the center yo(n,l), let q(n,l), p'(n,1), i = a,b,T
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be the associated periodic points given by (5.2), and zy = z9(n,l) =
(q(n,1),1/2,y0(n,1)). We denote by Wiy (o, K, Zl(n)) the connected
component of Wy (z0) N (X x K x Zl(")) that contains zy. We will

also use similar notations W,fh(zo, K, Zl(")), etc.

Next we will introduce two important families of maps © and ¥ for
a gentle perturbation hf of f*.

Fixn >1and [l =1,...,k,, we take the collection of points ¢ =
q(n,1), p' = p'(n,l), i = a,b,7. Consider a quadrilateral (u, s)hé—path
¥'={z,...,25} with initial point z; defined by

Vh (p ]_/2 (lo,bo)

(pZ ]_/2 ao, bo)
(Zl)
Vi, (

This path defines a map ©° = ©;,;, given by ©'(z1) = 2. It is
easy to see that z5 € Vi (21), and ©' maps Wy (20, K, Z™) into itself.
Reparameterizing the curve on Vji(z1) from z; to zp by o : [0,1] —
Vii(21) so that 0(0) = 21 and o(1) = 2, we obtain a parameterized
family of quadrilaterals 7'(9) = {z1(9),...,25(9)}, ¥ € [0,1], where
21(0) = z1, 22(9¥) = o(¥¥), and z, (), k = 3,4,5 are obtained in the way
similar to (5.6). Then we define ©j = 0}, ;. given by ©j(21) = 25(V).
Clearly ©f = Id, ©) = ©', ©), maps Wi (20, K, Zl(n)) into Wy, () and
depends continuously on ¢ € [0, 1].

On the other hand, given z = ((z,7),y) € U, there is a (u, s) p--path
v¢(%) connecting z to 2’ = ((¢q,7),y) whose length does not exceed
2d(z,q). This generates a map ¥y = Wy, ; from U to {¢} x K x G
given by W((z) = 2. Furthermore, given a gentle perturbation hg of f*

and a point z € Z(n) we can find a (u, s)u,-path v,,(2), which is close
to v7(2) and connects z to a point 2’ = 2(h{) € Wi (20, K, Z ) We
can then define W;,, = Wy, 1 by Wy, (2) = 2 (ht)

Note that the maps Wy, i, O}, and Oy, , @ = a,b,7 depend
continuously on hf as long as hf is a gentle perturbation of f* with
hi = f' outside some fixed U, and with Z(E}; (z), E¥(z)) sufficiently
small for all z € U,, and w = u, s, c. Moreover, the continuity is uniform
with respect to z.
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Given a set I' C M and a gentle perturbation h{ of f*, set
Ap,(T') = {z € M : there exists y € I" such that

y is accessible to z via a (u, s)hg—path}.

For n > 1 denote by ¢, = min{1/2"*° ¢ (n,1),l = 1,...,k,}, where
é;(n,l) is defined by (5.4).

We now briefly describe how to choose the sequence {d,}. See [10]
for more details. Recall that U; = Zfl), [71 = Efl), and Uy = N x Uy,
U = N x U,. Choose 6, > 0 such that the families of maps Uy,
and ®2u are well-defined for any gentle perturbation A} of f' with
L(Ey, (2), E}(2)) < 200 for w = u,s,c. We assume that the num-
ber d, in Proposition 4.1 is so small that the flow hfj = ¢’ satisfies
L(Ep (2), E{(2)) < 6o and d(©), 5, (2),2) < /4 for 2 € N x U,
v e 0,1] and i = a,b, 7.

Now choose 0] with 0 < 6] < 6/2 such that d(¥y, (z), Up,(2)) < 1/2°
if Z(Ej; (2), B, (2)) < 20; for all z € N x Z. Also choose & > 0
such that if [|X) — X, < &1, then Z(EY (2), Ef (z)) < 6}. Finally set
¢, = min{0}, 0} and 6; = min{d}, 7,0}, where § and 0] are given
by Lemma 5.3 below. We can show

(1) d(U,(2), Uy, (2)) < 1/28 for all z € N x ZV;

(2) d(©) 410, (2),2) < /4 for all 2 € W (20(2,0), K, Z7), i =
a,b,7,9€[0,1] and I =1,... ko;

(3) Ap,(20(1,1)) D Wi (20(1, 1), K, Z") for any gentle perturba-
tion 7 of f*, close to Ay, with Z(Ej; (2), Ej;, (2)) < 6}, w = u, s,¢
and z € N x Z1.

Moreover, the above statements imply that Ay, (20(1,1)) D N x Zfl),

in particular, h} has the accessibility property on N x Zfl).

Proceeding inductively, we can choose d,, such that Statements (5)
and (6) of Proposition 5.1 hold. Furthermore, we have for i = a,b, T,
vel0,1]andl=1,...,kys1,

(1) d(¥y, (2), Uy, ,(2)) < 1/247 for all z € N x 2"

(2) (@fg’nﬂ’l’hn(z), z) < epqr/dforall z € Wi (20(n+1,1), K, Zl(n+1));

(3) An,(20(n,1)) D W,fh(z[)(n,l),f(, Zl(n)) for any gentle perturba-
tion A of f', close to hy, with Z(E}; (2), £} (2)) < 0n, w =
u,s,cand z € N x Zl(n).

Therefore, Ay, (20(n,1) D N x Zl(") forall I = 1,...,k,41. In other

words, h{ has the accessibility property on N x Zl(n).

d
d
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Note that
kn
i~ (UN » z;n>> |
=1

and the intersection of any two sets among U, and N x Zl(”), l =
1,..., k, contains a nonempty open set whenever they intersect. Since

U,, is connected, we obtain accessibility of hé on L?n In particular, A,

has the accessibility property on U, when we apply that hi = hi,.

5.4. A technical lemma. The proof of Proposition 5.1 heavily relies
on the following technical statements.
Lemma 5.3. Suppose for some n > 0, d(©},,,, (2),2) < €,/4 for

al i = a,by7, 0 € [0,1], 2 € Wi (20(n, 1), K, Z("), 1 = 1,... ky.
Then there are 9,,, ) > 0 such that

(1) if | X, — Xn_1l|on < 01, then we have
(5.7) d(©) 115, (2),2) < €na/4, as z € Wi (z0(n+1), K, 2["),
foralli=a,b,7, 9 €0,1], andl =1,... ky11;
(2) for any gentle perturbation hi of f*, close to hi, and with
L(E (), B (2)) < 0, forallz € N x Z[”, w=u,s,c
we have
(58) A (20(n. 1)) D WE (20(n,1), K, Z") for alll =1,... k.
In particular, (5.8) holds with hi = hj,.

This lemma is an adaptation of Lemma 5.2 in [10] to the flow case. It
can be proved in a similar fashion subject to the following sublemma.

Sublemma 5.4. For each n > 0, there exists 6! > 0 such that if
| X, — Xcillon = Bul|Xullon < 01, then for alll =1,... k,, we have
(1) ©*((q,1/2,a,0)) = (¢,1/2,d’,0) with a’ < a for any a € I,;
(2) ©°((q,1/2,a,b)) = (q,1/2,a,b") with ' < b for any a € I,,
be J,;
(3) ©7((q,1,a,b)) = (¢,7",a,b) with " < 7 for any a € I,, b € J,
and T € K,

where q = q(n,1) is given by (5.2), and ©" = O}, fori=a,b,T.
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Proof. The proof is similar to that in [6] (see Lemma B.4; see also [10],
Sublemma 5.3) but is adapted to the language of vector fields.

We will prove the first statement. Consider the coordinate system
(u,s,7,a,b) in Qf, with the origin at (p®(n,l),1/2,y0(n,l)). Write
q = q(n, 1), p* = p*(n,l) and yo = yo(n,l). We may assume that the
square Zl(") is parameterized as (a,b) € I,, X J,, that the center yo(n, 1)
of Zl(n) is (0,0) and that the local coordinates of the points ¢, [q, p"],
[p%, q] and p® are (uo, So), (0, S0), (ug,0) and (0,0) respectively, where
uy = al(n,l) and sy = a%(n,l) given by (5.3).

Consider the case n > 1 first. Note that the vector field X, inside
Q%(n, 1) is exactly Xy + 3,X;,. For any ay = a € I,, b € J,, and 7 €
(1/2—¢€,,1/2+¢€,), choose the point z; = (¢, T, a1, b) = (uo, So, T, a1,b).
Note that under the original flow f!, we have a closed quadrilateral
(u7 S)ft_path T= {§17§27 23y 245 25}7 where

Zg = ([ 7pa]77_7@2’b) = (0730’7_’@27b)7

Z3 = (pa’7—7@37b) = (070777@3717)7

2y = ([pa7Q]7T’Q47b) = (Uo,O,T,QZl,b),

Z5 = ([tha]?TvQB?b) = <u0>8077—7@5ab) = Z1,

and ¢, =a; =afor k=1,23,4,5.

Let us compare the vector field X, = Xy + 8,4&]; on each leg L}, =
2k 2341] for k= 1,2,3,4. In fact, &7, = 0 on legs £, and L,. Since
the u-component of every point on the leg L5 is 0, the u-component
of the vector field X7, is 0, and the a-component does not depend on
the u-coordinate. On the leg L3 = 23, 2], the u-component of X, is
negative at the interior points and it is zero at two endpoints z5 and z,,
while the a-component is positive, with the value smoothly changing
from a constant to zero.

Now choose the point z; = z;, and we have the quadrilateral (u, s)p: -
path v = {21, 29, 23, 24, 25 }. By the above comparison, the 7- and b-
coordinate are the same for each z,, k = 1,2,3,4,5. By the construc-
tion of the vector fields X,,, the image of the leg [z3, z4] under the flow hf,
is contained in 2%. Now let ay be the a-coordinate of z;, k = 1,2, 3,4, 5,
since the a-component of X,, are the same for all points on £, £, and
L4, while it changes from a constant to zero along the unstable leg L3,
then we have a; = ay = ag > a4 = as. This shows Statement (1) for
the case n > 1.

In the case n = 1 similar arguments can be used with the following
modification, and we will obtain a1 = as > a3 > a4 = as. This
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completes the proof of Statement (1). Statements (2) and (3) can be
proved in a similar way. O

6. PROOF OF MAIN THEOREM.

Since each X, is divergence free, so is A},, and hence h' is volume
preserving. The first statement of the Main Theorem follows.
Note that ht = f! on U¢ and is of the form

(2. 7),y) = ((z + tao, 7). y)

for each z = ((x,7),y) € U¢ = N x C where o is a diophantine vector
(see Section 3). Hence, h' preserves each 3-dimensional submanifold
N x {y}, y € C, and RN x {y} is a non-identity linear flow since
a(y) # 0. Moreover, the frequency vector a(y) is Diophantine if y € C.
Thus Statements (1) and (3) of the Main Theorem follows.

It remains to prove the second statement. By Proposition 4.1, each
diffeomorphism h! is pointwise partially hyperbolic on & and uniformly
partially hyperbolic on U,. By Theorem B.1 in the Appendix B, if the
sequence 0,, decreases sufficiently fast, the limit flow A! is pointwise
partially hyperbolic on U.

We now claim that the one-dimensional strongly stable E} and un-
stable L}’ subbundles are integrable to invariant strongly stable W
and unstable W} foliations with smooth leaves, which are transver-
sal and absolutely continuous. Recall that the “start-up” flow f* has
strongly stable and unstable local manifolds V#(z) and V}(2) respec-
tively at each z € U. Moreover, these local manifolds are of uniform
size, say larger than a certain number 4r > 0. By Proposition 5.1(3),
ho Uy, = f'Uy, and thus Vi2 (2) = V§(z) for all z € U\U,, w = s, u.
On the other hand, each hf is a perturbation of h!_, on the compact
set U,,, on which both hf and h!_; are uniformly partially hyperbolic
if 6, is sufficiently small. Furthermore, let 7, be the size of V} (2) for
z € U,, one can have r, /r,_; > 27'/?" and thus by induction we have
that the size of local manifolds of hl|U, is bigger than r. Therefore,
given z € U, we obtain that the size of V; (2) has a lower bound r > 0,
which is independent of z and n.

Write each V}? (2) in the coordinate chart as follows

Vi (2) = exp {(v, 95, (v)) : v € B*0,7)},

where B*(0,7,) C Ej, (2) is the ball centered at origin of radius r,, and
U 2 B%(0,1,) — Ef*(2) is a C' map satisfying:

(1) 45, (0) = 0 and dij, (0) = 0;
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(2) If the numbers 6,, and 6,, decay sufficiently fast then there are
r > 0 and A > 0 such that 7, > r and [[¢); [[c1x < A for all
n > 0.

This implies that z € V}? (2) and 1.V}’ (2) = Ej (z). Furthermore,

(1) 75, (Vii, (2)) € Vi (i (2));

(2) d(hi,(2),hh(y)) < A(z)d(z,y) for each y € V() and some
continuous function A(z) on U for which 0 < A\(2) < A(2) <
N (z) (where X(z) is the function in the definition of pointwise
partial hyperbolicity).

The sequence of functions ¢5 (v), ||v|| < r, is compact in the C* topol-
ogy and hence, there is a subsequence 1/1an that converges to a C!
function 1 satisfying ¢(0) = 0, di(0) = 0 and ||¢||cr < A. Setting

(6.1) V(z) = exp,{(v,¥(v)): ve B0,r)}
we have that

(1) z € V(z) and T,V (2) = E;(2);
(2) h'(V(2)) € V(h'(2));
(3) d(h(2), h'(y)) < A(2)d(z,y) for each y € V (2).

This implies that if m,, is any subsequence for which wzmk converges in

the C topology to a function ¢, then 1) = 1. Thus the formula (6.1)
determines uniquely a local strongly stable manifold through z and the
formula W (z) = U,>o h™"(V(h'(2)) defines the global strongly stable
manifold through z. These manifolds form a continuous strongly stable
foliation with smooth leaves for ht. In a similar fashion we can obtain
strongly unstable local manifolds and construct a strongly unstable
foliation with smooth leaves for ht. These two foliations are transverse
at every point z € U.

We will now show that the Lyapunov exponent A; (2) in the direction
E;(z) is negative at almost every point z € Y. Indeed, let Z C U be
the set of points at which Aj(z) = 0. If m(Z) > 0 then

n—1

O:/Z Ar(2) dm:/ZJi_)rgo %logH)\h(hi(z))dm(z)

n—oo M

~lim L /Z ilogkh(hi(z))dm(z)

:/Zlog An(2)dm(z) <0
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(recall that A\, (2) is the contraction coefficient along E;(z)). This con-
tradiction proves our claim. Similarly, one can prove that the Lyapunov
exponent A\}(z) in the direction E}(z) is positive at almost every point
z€eU.

Since h' is nonuniformly partially hyperbolic on i, by Theorem 8.6.1
in [2], we obtain that its strongly stable and unstable foliations are
absolutely continuous.

Next we will show that the flow h® has the accessibility property on
U via its invariant foliations W and W}'. Indeed, by Proposition 5.1
(5), for any n > k, w = s,u,c and any z € Uy, C U,

L(B (), B2.(2)) < 85(1 — 1/27%) < 5.

Taking the limit as n — oo, we obtain that Z(E}(z), B (2)) < 6
on Uy,. Hence, by Proposition 5.1(6), the flow h' has the accessibility
property on each L?k Since k is arbitrary, we obtain that the flow h'
has the accessibility property on U.

To show that the flow A’ has positive central Lyapunov exponent,
we first recall that the average Lyapunov exponents of the flow ¢* are
arranged as in (4.2). Set ¢ = L3(¢") — La2(g") > 0. By the upper
semicontinuity of L;(-), we choose the number §;, > 0 in Proposition
5.1 so small that La(h') < La(g") + ¢/2. On the other hand, it follows
from Proposition 5.1(4) that

La(ht) = /M det(dh, | b (=) dm = /M det(dg! | B (2))dm = La(g").

Taking the limit as n — oo we obtain L,(h') = L4(¢") = Ls(g").
Therefore,

Ly(h') — Ly(h') = /M()\g(z, h') + Mz, hY))dm(z) > ¢/2 > 0,

then there is a subset A C U such that A3(z, h') + M\(z,h") > 0 for
all z € A, and thus As(z, hf) > A3(z, h') > 3[As(z, hf) + Aa(z,R)] > 0
for all z € A. Since the center subspace Ef(z) is 3-dimensional and
the flow direction Span{A},} corresponds to zero exponent, we conclude
that Aa(z, h') and A3(z, h') correspond to vectors in Ej(z)\Span{X},}.
Thus the flow h' has positive central Lyapunov exponents.

By Theorem 2.4, we obtain that h' has positive central exponents at
almost every point in U, and h*|U is an ergodic flow.
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APPENDIX A. THE DIFFERENTIAL AND METRIC STRUCTURES OF
THE SUSPENSION MANIFOLD

We specify the differential and metric structure of the suspension
manifold A and the 5-dimensional manifold M in Section 3. Associ-
ated to the Anosov automorphism A of X = T?, one can find smooth
local charts (U,, ¢,) around each x € X such that

¢z Uz = (—uo(®), uo(x)) X (—s0(2), s0(z))
satisfies ¢, (z) = (0,0) and

Pazo Ao gb;l(uv 8) = (77“’ 77_15)7
where ug(z), so(z) > 0 are sizes of charts depending on x, and n > 1 is
the expanding rate along the unstable direction. In fact, % and % are
the unstable and stable directions of A respectively.

Recall that the suspension manifold A is the quotient space X X
R/ ~ with the equivalence relation (z,7 + 1) ~ (Az,7). Let 7 :
X xR — N be the natural projection. Following [12] there is a natural
differential structure on N with atlas (U, .y, &(, ) for 7 € (—1/4,3/4)
and (U? 2 ) for 7 € (1/4,5/4), where

(z,7)> ¥ (2,7)
U(l.Z’,T) = W(Ux X (_1/47 3/4»7 ¢%x,'r) (ﬂ—(¢;1(u7 3)’ T)) = (u7 Sy T);

Ulory = m(Us x ( 1/4,5/4)), 6 (1(07 " (u,5), 7)) = (u, 5, 7).
It is easy to verify that

Qbéx/’T/) © qﬁéz,T)(ﬂ(qS;l(uv 8)7 T) = (¢$’ © QZS;I(U, 8)77—)7 L= ]-7 2a
¢%:v’,7”) © qb%:v,’r)(ﬂ-(qu_l(u’ S)? 7-) = (¢Ax’ oAo ¢;1(u7 5)7 T = 1)

In particular,

(Al) ¢%z,r’) © Qb?mﬂ_) (W(gb;l(u? S)a T) = (77% 77_137 T = 1)

There are three subbundles E¥, E* and E™ on N generated by inde-
pendent vector fields dr(2), dr(£) and dr(-Z) respectively. By [3],
we can choose the Riemannian metric on N which has the local rep-

resentation n?du? + n~2"ds* + dr2. Under this metric, the suspension
flow S': N — N satisfies

ldsl = n'lloll, veE",
las‘oll = n~"llvll,  veE
las‘oll = lvll, veE

For the 2-torus Y = T2, we choose the local coordinate (a,b) cen-
tered at each y € Y. Given z = (z,7,y) € M = N XY, we can
hence choose a local coordinate system (u, s, 7, a,b), endowed with the
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product Riemannian metric n*"du? + n=*7ds* + dr? + da® + db*. In
particular, the metric on the cross-section X x {0} x Y is given by the
flat metric

(A.2) du® + ds* + da* + db*.
APPENDIX B. PARTIAL HYPERBOLICITY OF THE LIMIT FLOW

Let M be a compact smooth Riemannian manifold and S C M an
open subset. Let also H' be the flow on M that is pointwise partially
hyperbolic on §. Further, let ¢4, C S, n > 1 be a sequence of open
subsets such that:

(1) U, CcU, CU,;; and JU, = S;
(2) each U,, is H'-invariant;
(3) H'U,, is uniformly partially hyperbolic.
The goal of this appendix is to prove the following statement.

Theorem B.1. There exists a sequence of positive numbers &, such
that if smooth vector fields X,, on M satisfy

Xy =Xy, X, =X, on M\U,
and
| X, — Xc1ller < en,
then for every n > 1 the corresponding flow ht is uniformly partially
hyperbolic on the invariant set U, and hence pointwise partially hyper-
bolic on S§. Moreover, the limit vector field X = 7}1—{20 X, is of class C*

and generates a pointwise partially hyperbolic flow ht on S.
We need the following technical statements.
Lemma B.2. Given a sequence of positive numbers {a,}n>1 satisfying

S 1
> a, < 7, we have
n=1

ﬁ(Han) < 1+2ian, ﬁ(l—an) > 1—2ian.
n=1 n=1 n=1 n=1

Lemma B.3 (Gronwall’s inequality). Let n(t) be a mnonnegative C!
function on [0,T] satisfying

() < o(t)n(t) + (1),
where ¢(t) and ¥ (t) are nonnegative integrable functions, then for all
0<t<T,

n(t) < el 4% 0) + / (s)ds].
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Lemma B.4. Set K :=2||Xy||c1. If e, < 521, then ||X,||cr < K for
all n > 0. Moreover, given a flow F' with | Xr|c < K, we have for
any x € M and t € RY that,

e <m(d.F") < ||d.F| < e,
In particular,

e ® < min m(d,F") < max ||d, F'|| < €.
0<t<1 0<t<1

Proof of the lemma. Since ||Xgl||ct = K/2, we find that

12, — Xprllor <D 01X = Xicaller <> _er < K/2.
k=1 k=1
This implies that ||X,||cr < K.
Let F'* be a flow and X the corresponding vector field. Consider
the variational differential equation

%d:CFt = DXp(F'(z))d, F",

for any z € M and t € R*. Then
d d
gl deF N < | do U < [IDXR(l|de )l < Klldo F-

Since ||d,F°|| = 1, by Lemma B.3, we obtain that ||d,F*|| < e'¥.
Noting that m(d,F*) = ||d,F~!|~" and the flow F~* corresponds to
the vector field —Xp, we get that m(d,F*) > e 1. O

Let F' and G' be flows on M and Xr and Xg the corresponding
vector fields. Assume that | Xp|c1, | Xe|lcr < K, where K is given in
Lemma B.4.

Lemma B.5. Set
M = X[ Xp|lc2 + €F,  epg = |Xe — Xr|cr.
Then fort € [0,1],
(B.1) pcr (G FY) < 2tMerg,
where pci (G, F') = max,enm(dist(GH(x), Fi(x)) + [|d F* — d.G*||) is
the distance between the flows in the C topology.
Proof of the lemma. Consider the family of flows F'(7) generated by

the family of vector fields (1 — 7)Xp + 7Xg with 7 € [0,1]. Given
r € M and ¢t € [0,1], the curve ¢; = ¢ : 7 — F'(7)(x) is of length

1 1
L(Ct) = / aCt dr = / 0
0 0

o - F(7) ()

or or ar,
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and hence,

d 1
—L <
gl = /0

1
< |[Xe = Xpl| +[(1 = 1) DXp| + || DX
0

0 d

E%Ft(ﬂ(ﬂn) dr

%dT
-

< epg+ KL(¢).

Recall that L(cy) = 0, ¢(0) = F'z and ¢(1) = G'z. By Lemma B.3,
we obtain

(B.2) dist(F'z, G'z) < L(cy) < te™epq < tMepg.
On the other hand,
%udm — d,G'|| < || DXp(F'2)d F" — DXe(G'z)d, G

< || DXp(F'2)d, F' — DXp(F'x)d. G|
+ || DXp(F'2)d,G" — DXp(G'2)d G|
+ || DXp(G'2)d,G* — DX (G2)d, G|
< | DXp|[|doF* — du G|
+ || D2 Xp ||dist(Fla, G'2)||d. G|
+ | DXr — DAG|[|d.G|
< KldoF* — d,G'[| + Me " epg,

where in the last inequality we use Lemma B.4 and the inequalities
(B.2). By Lemma B.3, we obtain

(B.3) |d.Ft — d, G| < tMe"VEepq < tMepg.
Now (B.1) follows by combining (B.2) and (B.3). O

Given flows F'* and G! and invariant distributions Er and Eg on S
respectively, let

(B.4)

d,G' Eq(x m(d, G Eq(x
R o e Ao R 1
Oprg =|G" = F'ller,  Op,,pq(7) = Z(Erp(z), Ea(2)).
Lemma B.6. Assume that ||Xr|cr < K, then
Apt, 6t pp,mg () < € [0p i + CeM O, pg (a)]

for any x € S and t € [0,1], where C' > 0 is a constant which depends
only on the Riemannian metric of M.
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Proof of the lemma. Similarly to the proof of Lemma B.4, we can show
that if || Xp|lc1 < K then for any z € S and t € [0, 1],

e <m(d,F') < ||dF*|| < e¥.
We have that
I1d:G"| Ea(x)|| = | d: F'| Er(2)[]| < |IdoG* | B (2)]| = [ldoF* | Eg ()]
+|ldoF*|E(2) ]| = ||doF" | Ep(2)]]]
< doG' — do F'|| + ||do || dist(Eg(2), Ep(z))
< oG — duF'|| + Clldo F'|| £(Eg (), Er(2))
for some constant C' > 0 depending only on the Riemannian metric of

M. Dividing both sides of the inequality by ||d, F"*|Er(z)| and noting
that ||d,F"|Er(z)|| > m(d,F"), we obtain that

.G Ba(@)| | o 1
d. FE| Ep(2)]] m(d, ")
+ O||d FY| £(Eg(x), Ep(x))]
< eK[(SFt,(;t + CBK@EFEG(QU)]-
det|EG(‘T))

do | Ep(z))
upper bound. O

1‘ < [||d,G" — d, F*||

— 1| admits the same

m
Similarly, one can show that ’ E
m

Lemma B.7. A flow F"* is uniformly partially hyperbolic on a compact
invariant subset A C S if and only if the time-1 map F*|A is uniformly
partially hyperbolic.

Proof of the lemma. See [9]. O

Lemma B.8. Suppose that F' is uniformly partially hyperbolic on a
compact invariant subset A C S. Pick numbers 0 < A< A<1<pu<pu
such that

A>MFYLA) =sup||dFY, X< AFLA) = inf m(ds "),
zEA xe

iz p(FLA) = suplldoFHl, < p(FY, A) = infom(dpFY),
TzEA T

where dyF* = d, F'|E(r), w = s,c,u. Given A > 0, there is ¢ =
(A, N A, 1, i) such that if || Xg — Xpl|lcr < € and Xg = Xp on S\A,
then G'|A is also a uniformly partially hyperbolic flow and
(B.5)

“}fﬂt7gt<$) = AFt,Gt,EI“;i,Eé('Z') S At, w=s,cuU, Tc< A, te [05, 1]
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In particular,

- MGYLA) MGYLA) (G A) u(GEA)
(BO 1= ASNEA) Xpa) fFLA) ana) < TS

Proof of the lemma. Consider the time-1 map F'. By [13], there is
e < Ae K /4M depending on A, \, \, i, pu such that if | Xg — Xp|lor < €
and Xg = Xr on S\A, then G'|A is uniformly partially hyperbolic on
A with

%) W A
(B.7) ilellA)l(Ecl(iU% () < Jmoar:
By Lemma B.7, the flow G' is uniformly partially hyperbolic on A
with the same invariant distributions as its time-1 map G*. Moreover,
it follows from Lemma B.5 and B.6 that
At

A
AFt,Gt,E%,Eé(x) S 7 + Z S At, w=Ss,cUu, e A, te [05, ].}

In particular,

G < [l FHI(1+ A) < A1+ A),

d h AGLA) < 1+ A. The other i lities in (B.6) b

and hence —————% . e other inequalities in (B.6) can be
ANELA) = a

shown in a similar fashion. O

We will now specify how to choose the sequence of numbers ¢, in
the theorem. First choose four sequences of numbers 0 < A, < Xn <
1 < ji, < iy, such that

(1) A = MHLU), Ao < MNHLUy), Jin > BHLU), i <
p(H" Uy);

(2) An, i, are strictly increasing while Xn, [y, are strictly decreasing.
For all x € S, let

B min{1, m(d¢H')} m(d“H*')
o) =min P, T
and choose a strictly decreasing sequence of numbers -, such that
-1
(B.8) 0 << inf 21
TrEUR 8

Now choose a sequence of positive numbers A,, such that

Mottt R
(B.9) max{ XZI’ %} <1-A,<14+A,<min{ Azl, ’“‘ﬁzl};
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1 00

k=n
Finally, choose

1 . K T~
en < Emm{ﬁ,e(ﬁm Any Ans s Hn)

where (A, /\,X, i, pt) is given by Lemma B.8.

Proof of Theorem B.1. First we will show that for every n > 0 the map
ht is uniformly partially hyperbolic on U,,. This is clearly true for hj
and we will use induction assuming that hﬂ?/Tk fork=1,...,n—1 are
uniformly partially hyperbolic. By Lemma B.6, we obtain that

177 Nl 77 ~pl 77 177
1-A < A(?k’u’“_) | M te) f“f’f’u_) : “Uf’f’u’“_) < 1+HA;.
/\(hk—puk) A(h}g,puk:) M(hk—l’u’ﬂ) M(hkfuuk)

Note that

A(hllwuk—i-l) S ma’X{)‘(H17u/€+1)7 /\(hlle’Z/Tk)}
< max{Apy1, Ay, Ur) }
< max{ A1, ARy, Ue) (1 + Ag) )

The fact that A(h},U;) < A; and the choice of A, in (B.9) guarantee
that

X, = AhL | U) < M.

Similarly, we have

X;L = XU&L*DLT?I) > Xm ﬁ% = ﬁ(hihhzjn) S ﬁm

:u',n = M(h'}z—laun> Z Mo -
It follows that

En < (A Ay Ay Fims i) < €(D, Xy N T 1L,

Since ||X, — X,_1|lcr < &,, by Lemma B.8, we obtain that hl|U, is
uniformly partially hyperbolic.
Next we will show that X = lim A&, exists and is smooth. In fact,

n—oo

{X,} is a Cauchy sequence in the C! topology since for any n,m € N,

m m
K
HXner - Xn“C“ < E HXnJrl - XanlHCI < E En+l < on+l’
=1 =1

Hence X = lim X, exists and is C.

n—oo
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It remains to show that the flow h! generated by X is pointwise
partially hyperbolic on §. First we construct invariant distributions
for ht. Given x € S, we have

A, 1

A(Elfn(x)aE;:n_l(x)) < 40 2K < 2n+4062K’

W =s,c,u.
Hence the sequence of subspaces £ () is Cauchy and it converges to
Ey(r) = lim E} (v),

which is clearly dh'-invariant for all t € R*.
Now we would like to estimate Ay, 1 (z). Fix x € U, \U,,—1, we have

hl hlle 1 S Ak, k‘ > n
Note that
ldsh) | H [dyh | m(dyhy) 11 m(dyhy)
|dy H|] Clldgh 1T mldgHY) L m(dghy )

and > Ay < 1/4, we obtain by Lemma B.2,

l () 0o
;%,Hl(x)gnl_’_Ahlhl 1$))—1§H(1+Ak)—1§22Ak
k=1 = =

Letting [ — oo, we have

o (r) < QZAk, w=s,¢u, €U \Uy_1.
k=n
Therefore,
[d5h | S1H2) A R HY
min{1,m(d¢h')} — 1—2% 2 Aymin{l, m(dcH")}
lds H |
1 n)— .
<(1+8 )mln{l,m(dgﬂl)}
15 1|

< 1.

< 7(@) min{1, m(d¢H')}

Similarly, one can show that m(d*h') > max{1,|dh!||}. Tt follows
that h! is pointwise partially hyperbolic on S, and so is the flow A! by
definition. 0
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