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1 Introduction.

In the dimension theory of dynamical systems, it is very interesting topic to study the
Hausdorff dimension of invariant sets of hyperbolic dynamics. Bowen [3] was the first
to express the Hausdorff dimension of an invariant set as a solution of an equation
involving topological pressure. Ruelle [13] refined Bowen’s method and obtained the
following result. Assume that f is a C'*7 conformal expanding map, A is an isolated
compact invariant set and f|5 is topologically mixing, then the Hausdorff dimension
of A, dimy A is given by the unique solution « of the equation

P(fla, —alog || Do f]]) = 0 (1.1)

where P(f|a,) is the topological pressure functional. The smoothness C'™ was re-
cently relaxed to C* [9].

An estimate from above for the Hausdorff dimension of compact invariant sets for
differentiable maps has been given by A.Douady and J.Oesterle [5], and by Ledreppier
[11]. For non-conformal dynamical systems there exists only partial results. For exam-
ple, the Hausdorff dimension of hyperbolic invariant sets was only computed in some
special cases. Hu [10] gave an estimate of dimension of non-conformal repeller for C?
map. Falconer [6, 7] computed the Hausdorff dimension of a class of non-conformal
repellers. Related ideas were applied by Simon and Solomyak [16] to compute the
Hausdorff dimension of a class of non-conformal horseshoes in R3.

For C'! non-conformal repellers, in [18], Zhang uses singular values of the derivative
D, f" for all n € Z*, to define a new equation which involves the limit of a sequence
of topological pressure. Then he shows that the unique solution of the equation is an
upper bounds of Hausdorff dimension of repeller. In [1], the same problem is considered.
Barreira bases on the non-additive thermodynamic formalism which was introduced in
[2] and singular value of the derivative D, f" for all n € Z*, and gives an upper bounds
of box dimension of repeller under the additional assumptions for which the map is
C'* and 7-bunched. This automatically implies that for Hausdorff dimension. In
8], Falconer defines topological pressure of sub-additive potential under the condition
I1(Dof) 2D, f|| < 1, which means that f is 1—bunched. They also obtain an upper
bounds of Hausdorff dimension of repeller. The questions are whether three bounds as
above are the same and whether the upper bounds of box dimension holds true for C*!
non-conformal repeller?

In this paper, the first, using thermodynamic formalism for sub-additive potential
defined in [4], we can obtain upper bounds of Hausdorff dimension and box dimension of
non-conformal repellers. The map f is only needed C!, without additional condition.
In fact, we prove that the upper bounds of Hausdorff dimension of non-conformal
repellers in [18] is the unique root of generalized Bowen equation which relates to sub-
additive thermodynamic formalism. Furthermore, we proved all the upper bounds in
[1, 18, 8] and ours are the same and we can prove that topological pressure in [4] is



the same as in [1, 8] in which they need that f is C'™ and r-bunched condition. Our
result also gives an affirmative answer to problem posed by K.Simon in [15] about an
upper bound without assuming the 1-bunched property.

Then we introduce the notion of average conformal repeller. Using thermody-
namic formalism for sub-additive potential, we prove that Hausdorff dimension and
box dimension of average conformal repellers is the unique root of Bowen equation for
sub-additive topological pressure. The map f is only needed C', without additional
condition. Meanwhile, we introduce super-additive potential topological pressure and
prove that for special potentials, sub-additive and super-additive topological pressures
are same. In [2], Barreira introduces the concept of quasi-conformal repeller by using
Markov construction and prove that its dimension is the unique root of the equation
obtained by non-additive topological pressure. In [12] introduce the concept of weakly
conformal repeller and obtain its dimension using Bowen equation. It is obvious that
for C!' map quasi-conformal and weakly conformal repeller are average conformal re-
pellers, but reverse is not true. Therefore our result is a generalization of the results
in [2, 12].

Next we recall some basic definitions and notations.

Let f: X — X be a continuous map. A set £ C X is called (n,¢€) separated set
with respect to f if z,y € F then d,(z,y) = maxg<i<,_1d(f'z, f'y) > €. Forz € X
and r > 0, define

Bu(z,7) ={y € X : fly € B(f'z,r), foralli=0,--- ,n—1}.

If ¢ is a real continuous function on X and n € Z7, let

,_.

n—

Sud(z) = > ¢(f'(2)).

I
[e)

We define

P.(¢,¢€) = sup{z exp S,é(x) : E is a (n, €) — separated subset of X }.

zeFE

Then the topological pressure of ¢ is given by

P(f,¢) = lll%hmsup log P, (¢, €).

Next we give some properties of P(f,-) : C(M, R) — RU {o0}.

Proposition 1.1. Let f : M — M be a continuous transformation of a compact
metrisable space M. If p1, 2 € C(X, R), then the followings are true:

(1) P(,0) = huy( ).

(2) [P(f,¢1) = P(f,02)| < llor — |-

(3) 1 < 2 implies that P(f,¢1) < P(f, p2).
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Proof. See Walters book [17]. O

Corollary 1. Let f: M — M be a continuous transformation of a compact metrisable
space M. If p € C(M, R) and ¢ < 0 then function P(a) = P(f,ayp) is continuous and
strictly decreasing in c.

Proof. Let M = max,cp ¢(x) and m = mingep p(z). Then ¢ € C(M,R) and ¢ < 0
imply that m < M < 0. If a1 < as, then for all n € N, it has

(a2 — a)nm < Su(az9)(z) — Sul@1)(@) = (a3 — a1)Sap(x) < (a2 — ).
Thus for Ve > 0,
eloz—on)nm o P(aqp,€) < Py(agp,€) < Py(ap, €) X elaz—on)nM
It implies that
(g —ag)m + P(f, 1) < P(f,a00) < P(f,a10) + (g — ) M.
Therefore P(f, ayp) is continuous and strictly monotone decreasing on «. O

Another equivalent definition of topological pressure involves open covers.

Definition 1.1. If p € C(M,R), n>1 and U is an open cover of M put

n—1
pulf, 0, U) = inf{z sup )| 3 is a finite subcover of \/ f-uy.
3 o

zeB

It is proved [17] that the limit

1

n—oo

exists and equals to ir;%{%logpn(f, o,U)}.

We have the following Lemma whose proof can be found in [17].

Lemma 1.1. If ¢ € C(M,R), n > 1 and U is an open cover of M, then

lim i log pu(f, 6,U) = P(f, 6).

diam(U)—0 n—o0

A linear map L : R" — R" is said to be expanding if ||Lv|| > ||v|| for all v € R"
and v # 0. Given an expanding linear map L : R™ - R™ let \y > Ao >--- >\, >0
be the logarithms of the singular values of L, which are eigenvalues of (L*L)%, counted
with their multiplicities, where A,, > 0 because of the expansion. Following [5] we
introduce the function

FL= Y A+ @A



for any v € [0, m], where [a] is the largest integer < a. ¢g*(L) is continuous and strictly
increasing in a. ¢°(L) = 0 and ¢"™(L) = Z)\ = log|Jac(L)|, where Jac(L) is the

Jacobean of L. The map g has the followmg super—addltlve property. If L : R™ — R™
and L' : R™ — R™ are two expanding maps, then

g*(L'L) = g*(L') + g"(L). (1.2)

The paper is organized as follows. In Section 2, we develop sub-additive thermody-
namics formalism and prove the upper bounds of Hausdorff dimension of non-conformal
repellers in [18] is exactly the unique root of the equation of sub-additive topological
pressure. In Section 3, we consider the relation between sub-additive thermodynamics
formalism defined in [4] and [2, 8], and we obtain for C'! non-conformal repeller A, up-
per box dimension is bounded by a value which is the unique solution of the equation of
sub-additive topological pressure. This is generalization of the result in [2]. In Section
4, we introduce the definition of average conformal repeller and give related results and
the main theorem. In section 5, we develop super-additive thermodynamics formalism
and variational principle for super-additive potential. In section 6, we give the proof
of main result.

2 A sub-additive thermodynamics formalism

Let f: X — X be a continuous map. A set £ C X is called (n,€) separated set with
respect to f if x,y € E then d,(z,y) = maxo<i<,_1 d(f'z, fly) > €. A sub-additive
valuation on X is a sequence of continuous functions ¢, : M — R such that

we denote it by F = {¢,}.
In the following we will define the topological pressure of F = {¢,,} with respect to
f- We define

P,(F,e) = sup{z exp on(x) : E is a (n,€) — separated subset of X }.

zeE
Then the topological pressure of F is given by
P(f,F) = hmhmsup log P, (F,€).

n—oo N
Let M(X) be the space of all Borel probability measures endowed with the weak™
topology. Let M(X, f) denote the subspace of M(X) consisting of all f-invariant
measures. For € M(X, f), let h,(f) denote the entropy of f with respect to p, and

let F. (1) denote the following limit
1

n—oo M
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The existence of the above limit follows from a sub-additive argument. We call F,(u)
the Lyapunov exponent of F with respect to u since it describes the exponential growth
speed of ¢, with respect to u.

In [4], authors proved that the following variational principle

Theorem 2.1. [}/ Under the above general setting, we have
P(f, F) = sup{hu(T) + Fu(p) - p € M(X, [)}.

In [2], Barreira used different way to introduce topological pressure for sub-additive
potential and proved the variational principle if potential functions satisfies further
condition.

Let M be a C'*° Riemann manifold, dim M = m. Let U be an open subset of M
and let f : U — M be a C' map. Suppose A C U is a compact invariant set on which f
is expanding, that is, fA = A and there is £ > 1 such that for all z € A and v € T, M,

1Dz foll = Kol

where ||.]] is the norm induced by an adapted Riemannian metric. Let M(f|5) denote
the all f invariant measures supported on A.

If v € A, then D, f : T, M — T, M is a linear map. Denote the logarithms of the
singular values of D, f by

and for a € [0, m], write
9@, /) =g"(Daf) = D Nilw, )+ (@ = [a)Am-pa)(z, f).
i=m—[a]+1

Since f is C!, the function z — X\;(z, f) and x — ¢%(z, f) are all continuous.
In fact, fA = A implies f"A = A. f" is also expanding on A. Let the logarithms
of the singular value of D, f™ be

M, f") > Ao, f) > -0 > Az, f) 2 nlogk
and set

9@, ") = g*(Daf™) = > il 1) + (@ = [a) Mgl (, 7).

i=m—[a]+1

The functions ¢g*(-, f™) satisfy
gz, [ > g%, f7) + g (f" (@), ).

Define a sequence of functions P, : [0, m] — R as follows:

Pu(0) = P(fla, —g"(, 7).

In [18], author proved that the following result:
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Lemma 2.1. [18] For every a € [0,m], the following limit exists

lim P, = inf P,(«).
im Pu(a) = inf Pufa)

n—oo

Set P*(a) = lim P,(«). Then P* is a continuous and strictly decreasing on [0, m].

n—oo

Theorem 2.2. [18] Let
D(f,A) = max{a € [0,m] : P*(«) > 0}.

Then

Remark 1. By variational principle and Ruelle inequality, it has P*(m) < 0. Since
P*(0) = h(f|x) > 0, by Lemma 2.1, it follows that the equation P*(a) = 0 has an
unique solution on [0, m]. By the definition, we have D(f, ) is the unique solution of
the equation P*(a) = 0.

In this paper, we first prove the following Proposition.

Proposition 2.1. Suppose {¢,(x)} be sub-additive continuous functions sequence on
M. Let F = {¢,}, then we have P(f,F) = lim P(f, %)

Proof. The existence of limit lim P(f, 2 #1) can be found in [18].

n—oo

First we prove that

Pn

P(f,F) < hm P(f, )

For a fixed m, let n = ms 41,0 <[ < m. From the subadditivity of {¢n}, we have

—1 s—2

3

on( D)+ 16,0+ Gyl I )

1
m
=0 7=0

Pn(T) <

I
=)

J

Let C1 = max;_y.... am—1 MaxXgzex ¢;(x). Then it has

(sm4+1)—1 sm—1

) <Y oulF@) - 3 oulP ) + 20,
Jj=0 J=(s=1)m
n—1 1
< Zaﬁbm )) +4Ch.
Hence we have

n—1 1 .

exp(9n(r)) < exp(Y_ —bm(f/(2)) +4C1).
j=0



Thus
P,(F,e) = sup{z exp ¢on(x) : E is a (n, €) — separated subset of X'}

zel
1
< Pn(EQbma 6) X exp(4C’1).
It implies
1

From the arbitrary of m € Z*, we have

P(f,F) < P(f,%@n), for all me Z.

Therefore

P(f,F) < lim P(f, On

n—oo

)

Next, we prove that

P(f.F) > lim P(/, ﬁ)

Since f : A — A is expanding map, h,(f ) is an upper-semi continuous function from
M(f|5) to R. From variational principle of topological pressure [17], we have that for
every k € ZT there exists pgr € M(f|a) such that

1 1
P(fla, ?%k) = h%k (f) + N 2_k¢2kdﬂ2k-

Since M(f|x) is compact, it implies that por has a subsequence which converges to
€ M(f|pn). Without loss of generality, suppose that por converges to p. Using the
subadditivity and invariant of uqx, then we have for every £ € N

1)+ [ 25 i < (1) + [ o1l

Furthermore for fixed s € N. If k > s, from the subadditivity and invariance of pgx, it
has

¢ k qb s\
,u2k 2 Mok < h;LQ;c (f) + %d 2
A
Since h,(f) is a upper-semi contmuous function, we have
lim P(f, ¢n) = lim P(f, g252k)
n—00 n k—o0
o ¢2k
B kgg) o (
< llm ¢2

< hu(f)+/A¢2Td



Since sequence { [, ¢, (x)du} is sub-additive sequence, it has

lim Onlz) dp = / Onl®
n—oo [ n n>1

The arbitrariness of s € N implies that

lim P(f, %) < h,(f) + lim ey

n—00 n s—00 fa 28

(x)dp.

Hence by variational principle of the sub-additive topological pressure in [4], we have

1imP(f,@)gh +1m/¢2 )dp < P(f, F).
n—oo n S§— 00
This completes the proof of Proposition 2.1. O]

Theorem 2.3. Let F(a) = {—g“(-, f™)}. Then we have P(f,F(«a)) = P*(«).

Proof. For a fixed a, let ¢,(x) = —g*(x, f™), then it is sub-additive continuous se-

quence on A. By Proposition 2.1 for F(a) = {—¢*(x, f")}, we have

P(f, (@) = im P(7,%2) = lim P(f,~g°(. /")) = P*(a).

n—oo

]

Theorem 2.4. Let F(a) = {—g¢°(-, ™)}, then we have P(f,F(«a)) is continuous and
strictly monotone decreasing on « € [0,m|. Thus P(f,F(a)) = 0 has only unique
solution in [0, m].

Proof. Let ¢p(a,x) = —g*(x, f*). If aq, ag € [0,m], ay < ao, then for all n € N, it
has
(a1 — az)nloghk = —¢n(az, 2) = (=dn(en, 7)) = (a1 — az)nlog || f]]

Thus for Ve > 0,
elar—azinlogk s P (F(ay),€) < Py(Flag),€) < Po(Flay),€) x elor—onloslifll
It implies that
(a1 — ag)log ||| + P(f, F(en)) < P(f, Flaz)) < P(f, F(a1)) + (1 — az) logk.

Therefore P(f,F(«)) is continuous and strictly monotone decreasing on a € [0, m].
One hand, P(f,F(0)) = hp(f) > 0, and on the other hand, by Ruelle inequality

[14] and Theorem 2.1, it has P(f, F(m)) < 0. Therefore P(f, F(a)) = 0 has an unique

solution in [0, m]. O



Remark 2. Theorem 2.4 can be deduced from Theorem 2.3 and Lemma 2.1. But for
the completeness, we include a different proof.

Corollary 2. D(A, f) is the unique solution of equation P(f, F(«a)) = 0.
Proof. The proof can be deduced from Theorem 2.3 and Remark 1. O

Lemma 2.2. For a fited n € N, P,(a) = P(f,—2¢°(-, f")) is a continuous and
monotone decreasing function on o € [0, m].

Proof. The proof is analogous to the proof of Theorem 2.4. m

By Ruelle-Margulis inequality and variational principle in [17], it has P,(m) =
P(f,=2g™(-,f") < 0. Since P,(0) = h(f[s) > 0, by Lemma 2.2, it follows that
equation P,(a) = 0 has an unique solution. Denote it by «,. Then we have the
following proposition.

Theorem 2.5.
sthon = PAJ)

Proof. Without loss of generality, we suppose that lim «,, = o* = inf,cy . Other-

n—oo

wise we can take a subsequence which converges to a*.
Since

1

IPUL =g () = PUL =6 (1) 1

a* n 1 an n
< o — oyl Df]],

IN

we have

P(LF@Y) = Tm P(f,— g (. [")

= Jim P(f, g™ () =0

n—oo

By Corollary 2, we have
D(f,A) = a" = inf a,.

neN

Now for a fixed n € N, we consider the equation
Po(@) = P(f"|a,—g*(-, f") = 0.
It is easy to prove that P,(a) is continuous and strictly decreasing on [0, m].

]Sn(o) = ht0p<fn|/\) = nhtoz)(flf\) >0
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and )
Po(m) = nP(f|a, —log|Jac(D,f)]) <0

Hence the equation P, () = 0 has a unique solution, which we denoted by D,,. Ap-
plying Lemma 1 in [18] to the expanding map f" yield dimyg A < D,,. So dimy A <
inf D,. It was proved in [18] that

neZ+

inf D, <D(f,A).

neZt

Next we want to prove the reverse inequality, that is say

D(f,A) < inf D,.

nezZ+t
In order to prove the inequality as above, we firstly prove the following theorem

Proposition 2.2. Suppose {¢,(z)} be sub-additive continuous sequence on M. Let
F ={¢,}, then we have P(f,F) = klim %P(fk,gzﬁk)

Proof. For a fixed k € N. It is well known that if £ C M is an (n, €) separated set of
f¥, then E is an (nk, ¢) separated set of f. By the definition

P(f* ¢r) = lim hmsup—logsup{ZeXp SRONE))

T neeo 2CE
Eis a (n,e) separated set of f*},
where A
(Sud(2)) = dr(®) + op(fF2) + - - + (S~ Va).

Hence for a fixed m < k, let k = mqg + r and C' = max,ep max;—q ... 2, ¢;(2), the
subadditivity of ¢, implies that

3

—1 q—2

aule) < On(F7H (a %Zw )+ GOm0 ()

i=0 §=0

|
o' M

J=

W
—_

M
3=

<

O (f(2)) + 4C.

o

7=

Thus for 1 < j <n —1, we have

ou(f¥(x)) < O (f(fH (2)) + 4C.

S=

Hence

Sndi(x) = on(x) + Sl frz) + -+ ou(fVra)



It gives that

Pn(fk7¢kae) S Pnk(f,%qu,e) ><€4nc.

Thus
k 1 : 1 4nC
P(f a¢k) S kp(fa_¢m)+ lim _1Og€
m n—oo 71
1
= kP(f, —¢m)+4C.

m

Therefore

1 1
lim EP(f’“,gbk) < P(f, Equ) for all m € Z%.

k—o00

By Theorem 2.1, it has

lim 7 P(5,60) < Iim P(f, 6,.) = P(/, 7).

k—oo k
Next we prove that
o1

For a fixed k € N, let n = km +r, 0 <r <k, and let C = max,cp maxi<;<x ¢;().
For Ve > 0, by the uniformly continuity of f, there exists 6 > 0 such that if £ C M is
an (n, ) separated set of f, then E is an (m,d) separated set of f* and § — 0 when
€ — 0. Using the subadditivity of ¢,, we have

On(@) < 0u(@) + du(f5(2)) + - + du(f D (@) + o (f" (2)).

Thus
Po(f, Fre) < Pu(f*, ér,8) x €©.
Hence
P(f,F,e) < %P(f’“,qbk,é).
It gives that
P(f,F) < %P(f’“, i)

From the arbitrary of k, we have that

P(f.F) < Jim P, 00)

12



Corollary 3. Let F(a) = {—g*(-, f*)}, then we have
P(f,F()) = Jim 1 P(f*,—g°( 1))

Proof. Fixed a, let ¢p(z) = —g®(z, f¥). Using Theorem 2.2 for F(a) = {—g*(z, f*)},

we get

P(f, F(0)) = Jim 3 P(f*, ~4°(, 1))

k—oo

Theorem 2.6.
P =D T)

Proof. Without loss of generality, we suppose that lim D, = g* = inf,cy D,,. Other-

n—od
wise we can take a subsequence which converges to 3*. Since

EPUY =07 () = RS =g D] < = 207 6+ 0™ )
< |5 = DAIDSI|
we have
PULF(E) = Jim P( g7 (-, 1)
= [lim = P(f", —g"(-, /) = 0.
Thus

D(f,A) =" = ’ilelng.
O
In this section, we have proven that for C' non-conformal repeller A, D(f,A),
which is the unique solution of equation P(f,F(a)) = 0, is the upper bounds of
Hausdorff dimension of A. This is a generalization of the classical result which for

O™ conformal repeller A, dimpgA is given by the unique solution of the equation
P(f|a, —alog||D.f||) = 0. Moreover, we prove that

D(f,A) = inng = irelgak,

ne

where for each n € N, D,, and «,, are the unique solutions of equations Pn(&) =0 and
P, () = 0 respectively.

13



3 Other results of upper bounded estimates of di-

mension for repeller

Let us first recall Falconer’s definition of topological pressures for sub-additive po-
tentials on mixing repellers. Without loss of generality, we only consider one-sided
sub-shift spaces of finite type rather than mixing repellers.

Let (X4, 0) be a one-sided sub-shift space over an alphabet {1,...,m}, where m >
2. Asusual ¥4 is endowed with the metric d(z,y) = m~" where x = (), y = (yx) and
n is the smallest of the k£ such that z; # y,. For any admissible string I = i ...4, of
length n over the letters {1,...,m}, denote [I| = {(x;) € ¥ : z; =i, for 1 < j < n}.
The [I] is called an n-th cylinder in ¥ 4.

Let F be a sub-additive family of continuous potentials define on ». Falconer
defined the topological pressure of F by

1
FP(o,F) = lim —log FP,(0,F) and FP,(0,F) =Y supe’®,
n—oo n wel(l]
]

where the summation is taken over the collection of all nth cylinders [I]’s.

It is not so hard to see that in this special case, FP,(0,F) = P,(0,F,1/m), and
P.(o, F,m™*) = FP,,x_1(0,F) for all k € N. This implies FP(c,F) is equivalent to
our definition P(o, F).

Now let us turn to Barreira’s approach in defining pressures for sub-additive po-
tentials via open covers.

As in the previous sections, let f be a continuous map acting on a compact metric
space (X,d). Let F = {¢,}2, be a family of sub-additive continuous functions defined
on X. Suppose U is a finite open cover of the space X. For n > 1 we denote by W, (U)
the collection of strings U = U; ... U, with U; € U. For U € W, (U) we call the integer
m(U) = n the length of U and define

XU) = BKnfn...nfby,
= {xeX: fj_lerjforjzl,...,n}.

We say that I' C |J,,»; Wh(U) covers X if (Jyop X(U) = X. For each U € W, (U), we
write e?(Y) = sup, X_(U) e?(®) when X (U) # () and e?(Y) = —o0 otherwise. For s € R,
define
M(f, s, F,U) = nlg]go inf{z e~ smU) sV
Uer

where the infimum is taken over all I' C |J,., W;(U) that covers X. Likewise, we

jzn
define
M(f,s,F.U) = liminf inf{y e}
n—oo UeF
M(f,s,F,U) = limsupinf{y_ e=WedV)},
n—oo UEF

14



where the infimum is taken over all I' C W, (i) that covers X. Define

P*(f,F,U) =inf{s: M(f,s,F,U) =0} =sup{s: M(f,s,F,U)=~+o0},

CP*(f,F,U)=inf{s: M(f,s,F,U) =0} =sup{s: M(f,s,F,U) =+o0},
CP*(f,F,U) =inf{s: M(f s,F,U) =0} =sup{s: M(f,s, F,U) =4}
Define
P*(f,F)= liminf P*(f,F,U),
diam@)—o
C_P*(faf) = liminf C_P*(faf‘au>7
diam@)—o
CP*(f,F)= liminf CP*(f,F,U).
diam@)—o

Barreira named P*(f,F) the topological pressure, CP*(f, F) and CP*(f,F) the
lower and upper topological pressures of F.

Now we consider the connection between P*(f,F) and P(f,F). In [4], we prove
the following equality.

Proposition 3.1. Assume the topological entropy h(f) < oo and the entropy map
p— h,(f) is upper semi-continuous. Then P*(f,F) = P(f,F).

Theorem 3.1. Let M be a C*° Riemann manifold and f : M — M be a C' map.
Suppose A C M 1is a compact invariant set on which f is expanding. Then

Pr(f, F(a)) = P(f, F()).

Proof. Since A C M is a compact invariant set on which f is expanding, it has measure
theoretical entropy h,(f|a) is an upper semi-continuous map in M(f|,). By proposi-
tion 3.1, it has

Pr(f, Fla)) = P(f, F(a)).
O

In [1], Barreira proved that if A is a repeller of a C'*7 map, for some v > 0 and
f is y—bunched on A, then dimp < t*, where t* is the unique number of equation
P*(f,F(a)) = 0. In [1], y—bunched condition and C'*7 were used to show that it is
reasonable to define P*(f, F(a)).

Corollary 4. Let M be a C*° Riemann manifold and f : M — M be a C* map.
Suppose A C M 1is a compact invariant set on which f is expanding. Then

dimpA < D(A, f) and dimgA < D(A, f),

where D(A, f) is the unique solution of equation P(f,F(«)) = 0.

15



Proof. By Theorem 3.1, we have that if A is a repeller of a C* map, then we can define
P*(f, F(«)) and prove that it is coincidence with P(f, F(«a)). It is proved in [1] that
dimp < t*, where t* is the unique solution of equation P*(f, F(«)) = 0. Thus we have

that t* = D(A, f) which is the unique solution of equation P(f, F(«)) = 0. Therefore
we also have the inequality for box dimension. O]

Remark 3. In [18], Zhang posed a problem whether D(A, f) is the upper bound of
box dimension of A. Corollary as above gives an affirmative answer to the problem.
Moreover, our result shows that the subadditive thermodynamic formalism can be apply.
In fact we have proven that if A is a repeller of a C' map, then the upper bounds of
Hausdorff dimension of A by Barreira in [1], Falconer in [8] and Zhang in [18] are
coincide. This unifies their results and it also shows that bunched condition in [1] and
[8] is unnecessary. Our result also gives an affirmative answer to problem posed by
K.Simon in [15] about an upper bound without assuming the 1-bunched property.

4 Average conformal repeller

Let M be a C° Riemann manifold, dim M = d. Let U be an open subset of M and
let f:U — M be a C!' map. Suppose A C U is a compact expanding invariant set.
Let £(f) denote the all ergodic invariant measure supported on A respectively. By the
Oseledec multiplicative ergodic theorem, for any p € £(f), we can define Lyapunov
exponents A\ (u) < Ao(p) < -+ < Ag(p) .

Definition 4.1. An invariant repeller is called average conformal if for any p € E(f),
(k) = Aa(p) = -+ = Aa(p) > 0.

It is obvious that a conformal repeller is an average conformal repeller, but reverse
isn’t true.
Next we will give main theorem.

Theorem 4.1. (Main Theorem) Let f be C' dynamical system and A be an average
conformal repeller, then the Hausdorff dimension of A is zero ty of t — P(—tF), where

F = {log(m(Df"(x)),z € A,n € N}. (4.3)
where m(A) = [|[A71||7!
The proof will be given in section 6.

Theorem 4.2. If A be an average conformal repeller, then

T (log | D" x| ~ logm(Df"(x))) = 0

uniformly on A.

16



Proof. Let
Fu(z) = log | D" (z)|| — logm(Df"(x)), n € N, = € A

It is obviously that the sequence {F,(x)} is a non-negative subadditive function se-
quence. That is say

Froim(z) < Fo(z) + Fu(f"(x)), © € A

Suppose (4.3) is not true, then there exists ¢y > 0, for any k € N, there exits n; > k
and z,, € A such that

1
—F, (z,.) > €.
ng k( k) = €0
Define measures
1 ne—1
My, = n_k ; 5fi(mnk).

Compactness of P(f) implies there exists a subsequence of p,, that converges to mea-
sure ;. Without loss of generality, we suppose that p,, — p. It is well known that
is f -invariant. Therefore yp € M(f).

For a fixed m, we have

: 1 1
lim [ —F, (xnk)dunk—/ EFm(xnk)du.

k—o0 M m M

It implies
= 1
g%ﬁgﬁmummzﬁamwm

For a fixed m, let ny = ms+1,0 <1 < m. The sub-additivity of {F,,} implies that for
j = 07 e — 17

Fo(tn,) < Fi(wn,) + Fu(f (xn,) + - 4 Fa(f"7 f(20,))
+Fm—j+l<fm(s_1)fj(xnk))

Summing 7 from 0 to m — 1, we get

-1 s-2

F(f™ (2ny,))
=0 i=0
-1

S

Foy ()

3=

3 u

[FJ (xnk) + Fm*jJrl(f(Sil)erj (xnk))]

3=
.
I
o
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Let C1 = max;_1 ... am—1 MaXyep F;(2).

(sm+1)—1 1 1 sm—1
Fule) < 3 SEa(f)-— S Fa(F@)+20
=0 j=(s—1)m
ne—1
< Y Ralf@) + 46
j=0
Hence we have
nip—1
i - F () < fim 2 3" () = [ (o)
m — n ~ 11m — — 'y = — L'y .
e x o 2 x m xT)a

The arbitrariness of m € N implies that

1 1
lim —F,, (z) < —/ F,.(z)dp, ¥Ym € N.
m Jm

k—o0 M

Hence

1
lim — | F,(z)du > ¢ > 0.
m—oo M J s

Then ergodic decomposition theorem [17] implies that there exists i € E(f) such that

1
lim — [ F,(z)dji > ¢ > 0.
m—oo M, M

On the other hand, from Oseledec theorem and Kingman’s subadditive ergodic theo-

rem, we have lim L [\ log||Df™(z)||di = Xa(i2) and lim L [ logm(Df™(z))dp =

A1(ft). Therefore

Ad(ft) — Ai(f) > €o.

This gives a contradiction to assumption of average conformal. O

5 Super-additive variational principle

In this section, we first give the definition of super-additive topological pressure. Then
we prove the variational principle for special super-additive potential.

Let f : X — X be a continuous map. A set £ C X is called (n, €) separated set with
respect to f if z,y € E then d,(z,y) = maxo<i<n_1 d(f'z, f'y) > €. A super-additive
valuation on X is a sequence of functions ¢, : M — R such that

me-&-n(m) > on(r) + gpm(fn(aj)),

18



we denote it by F = {p,}.
In the following we will define the topological pressure of F = {¢,} with respect
to f. We define

P (F,e) = sup{z exppn(z) 1 E is a (n, €) — separated subset of X}.
el

Then the topological pressure of F is given by

P*(f,F) —hmhmsup—logP (F,e).
n

n—oo

For every p € M(X, f), let F.(u) denote the following limit

1

n—oo N,

The existence of the above limit follows from a super-additive argument. We call F, ()
the Lyapunov exponent of F with respect to u since it describes the exponential growth
speed of ,, with respect to pu.

Theorem 5.1. Let f be C' dynamical system and A be an average conformal repeller,
and F = {pn(z)} = {—tlog ||Df"(x)||} fort >0 be a super-additive function sequence.
Then we have

P*(f,F) =sup{h,(T) + Fu(p) : pe M(X, f)}.

Proof. First we prove that for any m € N
Pm
F)>P
P F) 2 PP,

For a fixed m, let n = ms+ 1,0 <1 < m. From the sup-additivity of {¢,}, we have

—1 s—2

oul) 2 > on( e D+ S lesa) + g I @)

J i= J

3
3

I
=)
I\
=)

Let C7 = min;—;.... oyp—1 Mingex @;(2). Then it has

Hence we have
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Thus
P (F,e) = sup{z exp pn(z) : E is a (n,€) — separated subset of X'}

zeFE

1
Pn(Ecpm,e) x exp(4Ch).

v

It implies
. 1

From the arbitrary of m € Z*, we have
1
P*(f,F) > P(f,—pm), forall me Z".
m

By the variational principle in [17], for every u € M(f), we have

PULF) 2 PUmon) 2 D)+ [ ()i, m e N

M

Hence we have for every u € M(f)

P F) = hal(f) + lim [ g (@)dp.

m—00 Mm

Therefore

L) 2 suplh(f) + Tim [ ()i pe M)}

m—00 M

Let @, (z) = —tlogm(Df™(x)) for t > 0. Then it is sub-additive. By the theorem
in [4], we have

PUABY) = sup{ha(f) + T [ B ()d e M)}

m—00 M

By the definitions, —tlogm(D f"(x)) > —tlog || D f"(x)|| for t > 0 implies that

P*(f,F) < P(f,{®n})
Theorem 4.3 implies that for any u € M(f), it has

1 1
lim —&,,(z)dp = lim —om(x)dp.
m m

Therefore

PH(f,F) = sup{hu(f) + lim [~ (x)dn, p e M)}

m—00 M

This completes the proof of theorem. O
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6 The proof of main theorem

In this section, we will give the proof of main theorem. First we state some known
results.
In [1], Barreira prove the following theorem.

Theorem 6.1. If f is a C* expanding map and A is a repeller, then
s1 < dimgA < dimgA\ < dimpA\ <t
where s1 and t; are the unique roots of the Bowen’s equations P(f, —tlog ||Df(x)||) =0
and P(f,—tlogm(Df(z))) = 0 respectively.
Since A is f-invariant, it is f™-invariant. Hence we have the following corollary.

Corollary 5. If f is a C' expanding map and A is a repeller, then
sn < dimpA < dimpA < dimpA\ < t,

where s, and t,, are the unique roots of the Bowen’s equations P(f™, —tlog ||Df"(z)||) =
0 and P(f",—tlogm(Df"(x))) = 0 respectively.

Next we prove that the sequences {f,+} and {s,x} are monotone.

Theorem 6.2. The sequence {sqx} is monotone, and

lim sor = s,.
k—o0

Then we have s, is the unique root of equation P*(f, —t{log| D f"(x)||}) = 0.

Proof. First we prove that the sequence {s;»} is monotone increasing. Let ¢, =
—log ||(Df™(z)|| and F = {¢,}. Then it is a sup-additive function sequence. For a
fixed k € N,

Pi(p,€) = sup{z exp Sp¢(x) : E is a (n, €) — separated subset of X}.

zeFE

For Ve > 0, by the uniformly continuity of f, there exists 6 > 0 such that if & C M
is an (n, €) separated set of f2°"', then F is an (2n,d) separated set of f2° and § — 0
when € — 0. Using the supadditivity of ¢,, the Birkhoff sum S,,¢or+1 of @or+1 with
respect to f2°" has the following property:

Spporii(2) = ot () 4+ Goerr (F22) 4 - 4 Qo (f2 D)
> oo(@) o (f72) + oo (7 2) + oo (17 )
(2O Ta) o (D )

= Sonpor ()

+ IV
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where Sy, or () is the Birkhoff sum of @y with respect to 12
Thus

2k+1

Pﬂ(f 7902’“‘“76) ZP?n(ka?SOQka(S)'

Hence

P(f*"  ppern) = 2P(f*, o).

Therefore if syr+1 is the unique root of Bowen’s equation P(tpqr+1) = 0, then we
have

k+1

0= P(f2 5 Sok-+1 g02k+1) > 2P(f2k, Sok+1 g02k).

Since the function P( ka, tdor) is monotone decreasing, Sor < Sok-t1.
The arbitrariness of k implies that the sequence {syx} monotone decreasing.
Next we prove that

—_

P'(f.F) 2 LP(f* ) V€N
For a fixed k € N, let n = km +r, 0 <r <k, and let C' = min,ey max;<;<x ¢;(x).
For Ve > 0, by the uniformly continuity of f, there exists 6 > 0 such that if £ C M is
an (n,€) separated set of f, then E is an (m,d) separated set of f* and § — 0 when
e — 0. Using the sup-additivity of ¢,,, we have

n() 2 @i(@) + r(fH(@) + -+ oe(fT V5 (2)) + o (f (@)

Thus
Py(f, F,€) = Pu(f*, on,6) x ™.
Hence
P*(fFo0) 2 P 0, 0)
It gives that
L) 2 2 PU ).

Therefore

1
P(.F) 2 5 P(f* 6x) VkeN.
Let tF = {t¢,(x)}. Then we have

1
P*(f, squF) > ﬁp(ﬁk, Sordhor) =0 Vk € N.
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The monotone decreasing of P*(f,tF) with respect to ¢ implies that the unique root
s, of the equation

P*(f,tF)=0

satisfies

Sy > Sor Vk € N.
Thus

Sy > 8§ = lim Sqk.

k——+o0
Next we want to prove that
S > S,.

For a fixed m,

]. m
Q_WP(JC2 , Sampam ) = 0

using the variational principle, for any u € M(f) € M(f?"), it has

1 m
)+ s [ pamdi = b (77) s [ pandiy <0
M

Let m — oo, we

Using sup-additive variational principle, we have

Pr(f,5{en}) <0.

Since P(f,t{¢n}) is strictly monotone decreasing with respect to t, we have

S. < S.

Lemma 6.1. If ¢,(z) is a subadditive sequence, then

. 1 ok . ¢2m

Proof. For a fixed k € N. It is well known that if £ C M is an (n, €) separated set of
f2" then F is an (n2", €) separated set of f. By the definition

P(ka, ¢or) = lim limsup % log sup{z exp(Spor (2))

€E— 00
n—oo
zeFE

Eisa (n,e) separated set of f2'},

where

(gngbgk () = Por(x) + Por (f2k:v) T ¢2k(f(n—1)2kx).
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Hence for a fixed m < k, let 28 = 2™¢ + r and C = max,ey max;—; ... om ¢;(x), the
subadditivity of ¢, implies that

~1¢-2 om—1
¢Mﬂé-%2§3 (P + o S [65(2) + b gaa(fT )]
j=0 =0 Jj=0
2k 1 1 .
< Y grban(fi@) +4C
i=0
Thus for 1 < j <n —1, we have
. 21 -
b (f9(0) < Y o (f ) +4C,
i=0

Hence

Suor () = Gon(@) + Gor (f* ) + -+ o (FO )

n2k—1

< Y (@) +4nC

1=0

Syt (620 (&) + 4nC.

It gives that

1
Pn(f2k7¢2ka €) < Poor(f, 5-dam,€) X e

2
Thus
2k k 1 . 1 4nC
P(f*,¢x) < 2°P(f, 2—m¢2m)+ lim ﬁloge
1
= 2FP(f, 2—m¢2m) +4C.
Therefore
1 1
Jim P P(f%, ¢o) < P(J, o) forallm € 2.
Hence
lim — P(f2 lim P(f, —
pm oy P(f*, ¢ar) < A (f72—m¢2m)-
O
Lemma 6.2. 5
. K
lim P(f, ) < P(f, 7).
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Proof. Since f: A — A is expanding map, h,(f) is an upper-semi continuous function
from M(f|a) to R. From variational principle of topological pressure [17], we have
that for every k € Z* there exists por € M(f]a) such that

1 1
P(f|A7 ?QSQ]C) - hﬂgk (f) + N ﬁ¢2kdﬂ2k

Since M(f|x) is compact, it implies that por has a subsequence which converges to
€ M(f|a). Without loss of generality, suppose that por converges to p. Using the
subadditivity and invariant of pqx, then we have for every £k € N

M2k‘ / ¢2k d ok < hu k )—F/A¢1($)du2k

Furthermore for fixed s € N. If k > s, from the subadditivity and invariance of pgx, it

has

¢zk

ugk ok < hHQk (f) + ¢2s_(x>d

A28

Mok

Since h,(f) is a upper-semi continuous function, we have

Jim P = iy (1) + [ 2 )

< Jm (1) + [ 25 i)

< h(f)+ /A ¢2;£$)du.

Since sequence { [, ¢, (x)du} is sub-additive sequence, it has

tim [ = 220

The arbitrariness of s € N implies that

¢>2s

lim P(f,¢2 ) < h,(f) + lim

k—o0 5—00

Hence by variational principle of the sub-additive topological pressure in [4], we have

klim P(f, (22]:) < hu(f) + lim ¢;2; (z)dp < P(f,F).
—00 S—00 A
This completes the proof of lemma. n
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Theorem 6.3. The sequence {ton} is monotone, and

where t* is the unique root of equation P(f, —t{logm(Df™(x))}) = 0.

Proof. First we prove that the sequence {tsn} is monotone decreasing. Let ¢, =
—logm(Df™(x)). For a fixed k € N,

Pi(¢, . €) = sup{z exp Spé(x) : E is a (n, €) — separated subset of X}.

zelR

For Ve > 0, by the uniformly continuity of f, there exists § > 0 such that if £ C M
is an (n,€) separated set of f2°"', then E is an (2n,) separated set of f2* and § — 0
when € — 0. Using the subadditivity of ¢,, the Birkhoff sum S, ¢+1 of por1 with
respect to 2" has the following property:

Snoorei1(x) = Gorr1(T) + Pornr (kaHx) + e gt (ka“(nfl)m)
< pon(2) + b (F ) + b (2 ) + oo (27 2 0)
+ ot b (7T ) 4 o (7T )

= Son¢ok(1)
where Sy,¢9x () is the Birkhoff sum of ¢, with respect to 12
Thus
Pn(ka-H ) ¢2k+1 ) 6) S PQR(f2k7 ¢2k7 5)
Hence
P(f*" bornn) < 2P(f%, o).
Therefore if tor+1 is the unique root of Bowen’s equation P(t¢or+1) = 0, then we
have
0= P> torridorrr) < 2P(f%, torr1 oo ).

The monotone decreasing of the function P( 12, tdor ) implies that tor > torti.

The arbitrariness of k implies that the sequence {t,x } monotone decreasing. Hence
limit exists and we denote the limit of this sequence by ¢. From the proof as above, we
have

P, fgren)

ok+1

P(f2k’¢2k)<...<w<
ok = =Ty =

IN

P(f, ).

Next we prove that

P(f,F) < —P(f* ¢) VkeN.

=
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For a fixed k € N, let n = km +r, 0 <r <k, and let C' = max,cp max;<;<x ¢;(x).
For Ve > 0, by the uniformly continuity of f, there exists § > 0 such that if £ C M is
an (n, €) separated set of f, then E is an (m,d) separated set of f* and § — 0 when
€ — 0. Using the subadditivity of ¢,,, we have

On(2) < dr(@) + ou(f5 (@) + - + ou(fI V5 (@) + o (f7*(2)).

Thus
Po(f, F,€) < Pu(f*, ér,6) x €©.

Hence

P(f,F,e) < %P(f’“,gbk,é).
It gives that

P(f,F) < %P(f’“, On).
Therefore
P(f,F) < 5t P(/* 60) VhEN. 6.4

Let tF = {t¢,(x)}. Then we have
1 k

Therefore the unique root t* of the equation

P(f,tF)=0
satisfies
Thus
#<F= lm to.
k—-4o00
Next we want to prove that
t <t

From Theorem 6.2 and lemma 6.1, 6.2, we have the sequence {%P(fzk, ¢or)} is mono-
tone decreasing and it converges to P(f,F). By the definition, it is easy to prove

that . X
P(f* tdor)  P(f*  tongox)

0< o — o < |t —tx|C, VEk €N,
where C' = max e |¢1(2)]. Let k — oo, we have
P(f,tF)=0.
Hence it has,
t=t"



Theorem 6.4. t* = s,.
Proof. From theorems as above, we have functions
P(f, =t{logm(D f"(x))})
and
P(f, —t{log |Df"(z)})

coincide and both of them have unique zero points. Therefore

t* = s,.

The proof of main theorem:
From Corollary 5 and theorems 6.4 as above, we have

dimpgA = dimgA = dimg = s, = t*.

This completes the proof of main theorem.

Corollary 6. If A be an average conformal repeller, then the Hausdorff dimension of
A is zero t* of

Fs P(—té log(|det(Df)))),

where d = dimM and t — P(—t%log(|det|Df])) is classical topological pressure.

Proof. If A be an average conformal repeller, then by Theorem 4.2, we have

Tim —(log D" (x| ~ logm(Df"(x))) = 0

uniformly on A.

On the other hand, log(m(D f"(x)) < = log(|det(D f™(x))|) < log(|Df™(x)|). Therefore

i
P(f, =t {logm(Df"())}) = P(f, —t*{é log |det(Df"(x))[}) = P(f, —t"{log [ Df*(x)[|}) = 0.
The additivity of {log ||Df"(z)||} implies that

P(f, —t*{ 5 log ldet (D" (@))]}) = P(f, ~t" log 5 det(DS () = 0.

That is say that ¢* is the root of equation P(—t2log|det(Df)|) = 0. This gives the
proof of corollary.
0
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