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ABSTRACT. Let M™ be a compact C*° Riemannian manifold of dimension
n > 2. Let Diff" (M™) be the space of all C" diffeomorphisms of M"™, where
1 < r < oo. For a C" diffeomorphism f in Diff" (M™) with a hyperbolic
attractor Ay on which f is topologically transitive, let U(f) be the C'* open
set of Diff"(M™) such that each element in U(f) can be connected to f
by finitely many C! structural stability balls in Diff"(M™). Then by the
structural stability, any element ¢ in U( f) has a hyperbolic attractor A4 and
glAg is topologically conjugate to f|A;. Therefore, the topological entropy
h(g|Ag) is a constant function when it is restricted to U(f). However, the
metric entropy h,(g) with respect to the SRB measure y = py can vary.
We prove that the infimum of the metric entropy h,(g) on U(f) is zero.

0. INTRODUCTION

Let M™ be a compact C° Riemannian manifold of dimension n > 2, and
Diff"(M™) be the space of all C"-diffeomorphisms of M™, 1 < r < co. Sup-
pose f € Diff"(M"™) has a hyperbolic attractor Ay. Consider an open set
U(f) c Diff(M™) in C'-topology consisting of C™ diffeomorphisms ¢ that has
a hyperbolic attractor A, topologically conjugate to As. (The precise defini-
tion of U(f) is given in Section 1.) Since the hyperbolic attractors of any two
elements in U(f) are topologically conjugate, the topological entropy h(g|Ay)
is a constant function restricted to U(f). On the other hand, every g € U(f)
has an SRB measure pi; on A,. The metric entropy h,,(g) can vary in U(f).
It has been shown that the dependence of p, on the map g is smooth when
the maps involved have a higher degree of smoothness (see [Ru| and references
therein). In this article, we prove that the infimum of the metric entropy h,,, (9)
over U(f) is zero.

In the special case of Anosov systems, if we denote by A"(M") the set of all
C" Anosov diffeomorphisms of M™, and let U(f) be the connected component
of A"(M™) in C" topology that contains f, then by structure stability, all
elements g in U(f) are topologically conjugate and therefore the topological
entropy h(g) is constant over U(f), but the metric entropy h,,(g) over U(f)

with respect to the SRB measures pi, can be arbitrarily small.
1
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This result is interesting in several aspects. First, the topological entropy
tells the global complexity of a dynamical system. If a dynamical system
has a positive topological entropy, it can be thought as a chaotic dynamical
system. However, the topological entropy can not tell the level of complexity of
a chaotic dynamical system. As a macroscopic quantity, the metric entropy is
the standard value that measures the level of complexity of a chaotic dynamical
system. Our result says that, given a hyperbolic attractor, there is no barrier
to reduce its metric entropy along a C! homotopic path to a number as small
as one wishes, while preserving the uniform hyperbolicity and the topological
entropy. Second, our construction of the homotopy gives an example where
the connection between a global quantity such as metric entropy and local
perturbations can be concretely described. Third, the result leads to many
interesting questions one may ask about the nature of the variation of metric
entropy within the open neighborhood U(f). For example, is it true that
the maximal value of the metric entropy h,, (g) on U(f) is the value of the
topological entropy h(f)? Is there a way to perturb the diffeomorphism f
in a direction so that its metric entropy h,,(g) either decreases or increases
monotonically? Are there any local extrema of the metric entropy h,,(g) in
u(f)?

To prove this result, the idea of perturbing a map at a fixed point in the
direction of unstable manifold is quite natural. Since p is an SRB measure, we
have h,(f) = [log|det D f,|gu|dp. So if we reduce the expanding rate near a
fixed point p, a typical orbit will spend more time near p where | det D f,|gu| is
close to 1. But the approach by considering such an orbit is difficult because
we do not know whether a typical orbit will remain typical after perturbation.

In order to get control of the SRB measure for perturbed maps, we need
distortion estimates of the unstable Jacobian along orbits independent of the
ever-decreasing expansion rate at the fixed point. We apply a technique used
in studying almost Anosov systems ([HY], [Hul]). However, in this paper,
we deal with a family of diffeomorphisms {f; : 0 < ¢ < 1} whose expansion
decreases to 1 near a fixed point p and for the limiting map fj, the expanding
rate at p is 1. We obtain that the stable foliation is absolute continuous and
the Jacobian of the holonomy maps are uniformly bounded for all f;, and the
distortion estimates of the unstable Jacobian are also uniformly bounded for
all f; as long as the initial points of the backward orbits are away from p.

Our construction also gives that every diffeomorphism with hyperbolic at-
tractor is homotopic to a diffeomorphism that has an almost hyperbolic at-
tractor, and has an infinite SRB measure on it.
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The rest of the article is divided into 5 sections. The statement of results is
given in the next section. In Section 2 we describe in detail how the perturba-
tion is constructed. We show that any map f € Diff"(M"™) with a hyperbolic
attractor can be perturbed successively in an appropriate way within U(f)
such that the perturbed map has a desired normal form in a neighborhood of
its fixed point. In Section 4, we prove the uniform boundedness of the distor-
tion of the unstable Jacobian for all perturbed maps. In Section 5, we give
proofs of our theorems.

1. STATEMENT OF RESULTS

For the definition of standard terms such as uniform hyperbolicity, topologi-
cal conjugacy, Lyapunov exponents, topological and metric entropies, we refer
readers to the book [KH].

Suppose that p is an invariant measure for f € Diff"(M™) that has positive
Lyapunov exponents at almost every point z. Then f has a unstable manifold
WH(x) at such x. A measurable partition £ of M™ is said to be subordinate
to unstable manifolds if for p-a.e z, {(x) C W*(z) and &(x) contains an open
neighborhood of x in W*(z). Let {u$} denote a canonical system of conditional
measures of p with respect to &, that is, for every measurable set B C M"™,
x — p5(B) is measurable and

U(B) = /X VE(B)dv(z).

(For a reference, see e.g. [Ro|.) We say that a measure p on Ay has absolutely
continuous conditional measures on unstable manifolds, if for every measurable
partition £ subordinate to unstable manifolds, pS is absolutely continuous with
respect to mY for p-a.e. x € Ay, where m? denotes the Lebesgue measure
induced on W*(z) (see [LS] for more details). Now we give a definition for
SRB measure which can be found in [BY] (see also e.g. [HY], [Hul)).

Definition 1. An f-invariant Borel probability measure p on M is called an
Sinai- Ruelle-Bowen measure or an SBR measure for f: M — M if

i) (f, ) has positive Lyapunov exponents almost everywhere;

ii) p has absolutely continuous conditional measures on unstable mani-
folds.

It is well known that if p is an SRB measure on a hyperbolic attractor of f,
then for any continuous function ¢ on M, we have

n—1
fim >~ (') — [ v
=0

n—oo N,
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for Lebesgue almost every x in the basin of the attractor (see [S]). Also, an SRB
measure 4 is the only invariant measure satisfying the variational principle

(L.1) ()= [ Tog|det DLl

where h,(f) is the metric entropy of f with respect to p ([Bo]). This formula
also follows from the entropy formula and the fact that the righthand side of
(1.1) is equal to the integral of the sum of the positive Lyapunov exponents.

A map f € Diff"(M™) is said to possess a hyperbolic attractor Ay if there is
an open set V' O Ay such that f is hyperbolic on Ay and N2, f*(V) = Ay.

Suppose f € Diff"(M™) has a hyperbolic attractor A;. By the structural
stability, there is a sufficiently small e-neighborhood of f with respect to C*
topology (called a C'! structural stability ball),

B:(f) = {g € DI (M") | || — gll < ¢},

where || - ||; means the C' norm, such that any g € B!(f) has a hyperbolic
attractor A, and g|A, is topologically conjugate to f|A;. We say that a map
g € Diff"(M™) can be connected with f if there are finitely many neighborhoods
{BL(fi)}o such that fy = g and f, = f and fi € B (fi1), 0<i <n— 1.
Let U(f) be the collection of such diffeomorphisms ¢ in Diff"(M™) which can
be connected with f in the above sense. It is clear that U(f) is an open set
of Diff"(M™) with respect to the C'-topology. If restricted to the hyperbolic
attractors, any two maps in U(f) are topologically conjugated by a Holder
continuous homeomorphism. Hence they have the same topological entropy.

For g € U(f), let p1y be its SRB measure on A,.

For convenience we assume that f is topologically transitive on Ay. Hence,
all ¢ € U(f) are topologically transitive on A,, and the SRB measrues are
unique. If otherwise we can use spectral decomposition ([Bo]) and consider a
topologically transitive component instead.

Theorem A. Suppose f € Diff"(M™) has a hyperbolic attractor Ay on which
f is topologically transitive. Then there is a O path

H={feU(f)|0<t<1}
such that fi = f and
(1'2) tli%i hut (ft) =0,
where 1, denotes the unique SRB measure of f; on the hyperbolic attractor Ay,.

Remark 1.1. If f is an Anosov diffeomorphism, then U(f) is a connected
component of the subspace A™(M™) of all Anosov diffeomorphisms with respect
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to C'-topology in Diff'(M™). The theorem says that on any connected compo-
nent of A"(M™), the infimum of h,(f) is zero.

Corollary 1.2. Ast — 0, jy — do(p) in the weak™ topology, and
h#(ft) — 0= h50(p) (fo)’

where p is a fived or periodic point, do(p) s the invariant measure supported
on the orbit O(p) of p.

Our proof of the theorem also gives that the limiting diffeomorphism f,
has an almost hyperbolic attractor Ay, on which f; admits an infinite SRB
measure. A closed f-invariant subset A C M is called an almost hyperbolic
set if it is hyperbolic everywhere except for a finite set S. We refer [Hu2| for
precise definition.

The following definition of an infinite SRB measure for an almost hyperbolic
attractor can be found in [Hul]. Here for a subset I' C M, we denote by fr
the first return map on I', and by pur the normalization of u|T" as u(T') < oo.

Definition 2. An f-invariant Borel measure v on M is called an infinite SBR
measure, if (M) = oo and for any open set VDO S,
i) p(M\V) < o0,
ii) (fan\v, pan\v) has positive Lyapunov exponents almost everywhere, and
tan\y has absolutely continuous conditional measures on unstable man-

ifolds of f.

We say that maps f and g are C"-homotopy in a subset F C Diff"(M™)
if there is a continuous map H : [0,1] x M™ — M" such that H(0,-) = f,
H(,)=g, H{t)=H(t,-) € F Vt €0,1], and H(-) : [0,1] — F is continuous
with respect to C" topology for F. We also denote by W the closure of U( f)
in C" topology.

Theorem B. Any diffeomorphism f in Diff (M™) that has a hyperbolic at-

tractor is C"-homotopic to a diffeomorphism fo in U(f) that has an almost
hyperbolic attractor on which fy admits an infinite SRB measure.

Remark 1.3. In the case of Anosov systems, the theorem implies that any
Anosov diffeomorphism f is C"-homotopic to an almost Anosov diffeomor-
phism in A(M™) that admits an infinite SRB measure.

In [HY], it is proved that there is an almost Anosov diffeomorphism on
the two dimensional torus that has an infinite SRB measure. This theorem
generalizes the result to almost hyperbolic attractors and to higher dimensional
manifolds.
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Remark 1.4. By the same arguments as in [HY] we can prove that fo does
not admit SRB measures, and lim,,_ Z?:_Ol Ofiz = Oo(p) for Lebesgue almost

every point in the basin of the attractor.

2. CONSTRUCTION

Suppose f € Diff"(M™) has a hyperbolic attractor Ay on which f is topolog-
ically transitive. Without loss of generality, we will assume that f has a fixed
point p. Otherwise, we can consider a periodic orbit and deform the maps in
the same way near every point in the orbit. We will construct a family

{fieU(f)|0<t <1}

of maps having hyperbolic attractors Ay, on which f; are topologically transi-
tive. The family satisfies the following main properties:

(1) The fixed point p is preserved for the family and maps in the family
are obtained by perturbing f in a small neighborhood of p.

(2) The contracting rates along the stable directions for the maps in the
family are bounded above by a constant strictly less than 1, while the
expanding rates along the unstable directions for the maps in the family
in a small neighborhood of p can be arbitrarily close to 1 as t — 0.

2.1. Linearizing the map near p. We first show the following lemma.

Lemma 2.1. For the given map f as above, there is g € Diff"(M™) having
the same fized point p such that the following properties hold:

(1) g € U(f) is C* close to f, and C™-homotopy to f in U(f).
(2) g is identical to [ outside an e;—neighborhood of p.
(3) There is a coordinate system n : R™ — M™ near p such that n(0) = p

and n~' o gon is a linear map in an €y (< €)— open ball centered at
0 € R™ of the form

(2.) (%)= (55),

where x = (z*, %) are coordinates provided by the unstable and stable
subspaces of Df at p, A is an expanding linear map, and B is an
contracting linear map.

Let n* and n® be the dimensions of the unstable and stable subspaces of D f
at p. We may assume that the coordinate system provided by the unstable and
stable subspaces are just Euclidean spaces R™" and R™ with R™ @ R™ = R".
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Proof. We identify p with the origin 0 of R™. There exists an e;-neighborhood
of p in M™ such that f is C' close to its linear approximation D f(0) in this
e;-neighborhood. Identify this e;-neighborhood with an open ball B, (0) of
radius €; centered at 0 in R".

In the coordinate system given by the unstable and stable subspaces R™
and R™, the linear operator D f(0) takes the form

T Az
D0 (1) = (5m).
Take a smaller open ball B, (0) of radius 0 < €, < €; centered at 0. Extend

the map (f — Df(0))|g,, ) to a C" map fj, on B, (0) so that || f4|| + [ Dfxll is
small. This can be done as long as the ratio €y/¢; is small enough. Let

D(&) = sup ){Hf(x) — Df(0)z]| + [|Df(x) — Df(0)x[}.

TE€Be (0

We can require that
[fnll + 11D full < 2D(eo).
Clearly,
lim D(ey) = 0.

eg—0
Let 7(z) be a smooth map such that it is the identity inside B,,(0) and it
maps every point to zero outside of B, (0). Define

. f if$¢Be1(0)§
I=YF—rofn ifzeBy(0)

The map g is linear in B, (0). The C'-distance between g and f is bounded
by the [|full + [|D7||||Dfnll. Note that by selecting a small ratio €y/e;, the
map 7 can be made as smooth as we wish with derivatives uniformly bounded.
So, the C'-distance between g and f can be is less than any given number.
It implies that ¢ € Diff"(M") is in a C'-neighborhood of f. Thus, g has a
hyperbolic attractor A, on which ¢ is topologically transitive. Clearly, g is
C"-homotopic to f in U(f). This completes the proof. O

Note that, other than using D f(0)z, the linear approximation, we can use
other nonlinear choices near 0. The only condition to be satisfied is that these
choices are C" and sufficiently C'-close to f in an e;-neighborhood of 0.

Corollary 2.2. The linear map in (2.1) near the origin 0 can be changed to
any C" map which is C close to f in a neighborhood of 0, in particular, a
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map in the form of

fx (A+ C(x*))z™
2.2 o= (5) = ().
where C'(x*) are a linear maps for each x*, depending on z* in C" and satisfying

C(0) = 0.

Now we further perturb the map g inside the small neighborhood B, (0).
The perturbation preserves the direct product structure form (2.1) near the
point 0. We need to perturb the map along a homotopy path in U(f) so
that the matrices A and B become diagonal matrices first. In the unstable
direction, we need to further reduce the expanding rates to a number close
to 1. In the stable direction, the contracting rate will be a constant. The
perturbation is no longer in a small C! neighborhood of f. But we will show
that the perturbed maps are still uniformly hyperbolic and homotopic to f in

U(f)-

Lemma 2.3. Let g be the map obtained in Lemma 2.1. Assume that a C"
diffeomorphism g, € Diff"(M™) has the following properties:
(1) 0i(2) = (2) for o ¢ B(0) and gu(0) =0.
(2) g1(x) preserves the direct product structure R™ and R™ for x € B,,(0),
i.e., g1(x) takes the form

) () o (e
where A(z*) € R™ and B(z*) € R™.
(3) A(x*) is expanding on R™ and B(x®) contracting on R™, both uni-

formly.
Then, when € is sufficiently small, g1 has a hyperbolic attractor A,.

A direct corollary of this lemma is that when A(z*) and B(x*) are homotopic
to the linear maps Az" and Bz® in Diff"(M™), then g, is in U(f).

Proof. Since we assume that f has a hyperbolic attractor Ay on which f is
topologically transitive, so is g in Lemma 2.1. Let A, be the corresponding
hyperbolic attractor of g. Take an e-neighborhood O.(A,) such that the stable
and unstable subspaces are extended to the entire neighborhood of the hyper-
bolic set A, [KH]. We may also assume that ¢y < €, thus the entire B, (0)
is contained in O.(A,). Take an appropriate coordinate system (almost Lya-
punov metric) on the neighborhood O.(A,) such that the stable and unstable
subspaces are nearly orthogonal. At each point x inside the set B, (0), the
unstable and stable subspaces E¥ and E? for Dg(x) are within C¢yp-distance
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(Grassmannian distance) of R™ and R™, respectively, for some constant C'.
We assume that for some A < 1 < p, we have

[Dg(x)v]| = pllvll,v e B [|Dg(e)w] < Mwl,w € EZ.

To show that g; is uniformly hyperbolic, we first prove that both Dg; and
D~'g, admit an invariant cone field and they induce contracting operators on
these cone fields. As a consequence, we obtain exponential splitting along any
orbit of g; inside the open neighborhood O.(A,). We then show the expanding
and contracting rates along the invariant subspaces of the exponential splitting
are uniform. In the process of the proof, we may need to further decrease the
radius ¢y for B, (0). But such modification will not affect the validity of the
arguments since it depends only on the map g.

The cone field C} along the unstable subspaces is defined as follows.

‘ {(v,w) € T,M":v e R weR", |w| < alv| for z € B, (0)},

o {{<v,w> € TM":v e Btow e B, |ul| < aljo] for o & B, (0)};

where 0 < o < 1. The cone field C? along the stable subspaces is defined in
a similar way. Note that this cone field is not continuous. But this should
not affect the Holder continuity of stable and unstable subspaces because of
invariance.

We just need to show that the derivative operator is contracting on this
cone field, since invariance follows the contraction. Given a point x, if both x
and g;(z) are inside or outside of B, (0), the contraction follows automatically
since " and E? are invariant under Dg; when it is restricted to the outside
of B, (0) and since R™ and R™ are invariant under Dg; when it is restricted
to the inside of B, (0). So, we just need to verify two situations: = € B, (0)
but gl<x> g Beo(()); and gl(‘r) S Beo(o) but = g Beo(o)'

Now we consider the case © € B, (0) but ¢1(x) & B, (0).

Take (v,w) € C*,v € E*,w € E*. Then Dg,(z)(v,w) = (DAv, DBw) is in
R™ @ R™ coordinate system. In the E* @ E*® coordinate system, we have

(PiuDAv + PyyDBw, PyyDAv + PyyDBw) € E* @ E*,

where P;; denotes the coordinate change matrices and DA, DB are derivative
operators of A(z") and B(z®). Since p is a fixed point of g and g; is C°-close
to g, [|g1(x)[| < 2€p. So, we have || Pp[, || Poz|| = (1 — €) and |[Pra|, || P[] < €
where € = C¢y for some constant C. Estimating the norms, we have

||P11Df~11) + P12DBw|| > (1—e)p— ae:\)HUH;

| PyyDAv + Py, DBw|| < (efi 4+ aX(1 — €))]|v],
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where fi, ;\Ndenote the maximal expanding rate and minimal contracting rate
of A and B, respectively. We have
. . A1 — 7 _ .
(23) [|PuDAv+ PuDBu| < a- 2= T \p byt PuDBuw].
(1 —e)pu — ae

If ¢y is sufficiently small, we have
A1 —¢€) +ei/a
(1 —€)p — el

The proof for the other case is completely parallel. Thus we proved invari-
ance of the cone field around the stable subspaces.

We now prove that g; is uniform hyperbolic. We only consider the unstable
direction. The proof for stable direction is the same. Since p is a fixed point,
we can take 0 < e < €y such that B.,(0) U g1 B,,(0) U g; ' B,,(0) C B (0). So
for any z, either both = and g¢;(x) are outside of B, (0), or both = and ¢;(z)
are inside of B, (0). Note that the estimates obtained in (2.3) remain valid if
we replace €y by a smaller number e;. Thus, if both = and g;(x) are outside
of B, (0), taking (v,w) € C¥, ||w| = &||v|| for some 0 < & < a < 1, and using
the invariant splitting of g, we have

[1Dg1 () (v, w)|| = [|(Dgi()v, Dgi(q)w)]|
= max(||[Dgy(x)v[l, [Dgr(x)wll) = [[Dgr(x)v]| = plv]l;

where we use an equivalent Finsler metric in estimating the expanding rates.
If both z and g;(x) are inside of B, (0), using the R™ and R™ coordinates,
we have the same estimates in Finsler metric. We thus conclude that ¢ is
uniformly hyperbolic. U

Corollary 2.2 and Lemma 2.3 give us plenty of freedom to perturb the map
f inside a fixed neighborhood B, (0). In order to obtain bounded distortion
along unstable manifold, we will need to use Lemmas 2.1 and 2.3 to obtain
a map g € U(f) in the form of (z*,2°) — (A(z*), B(z*)). Then, we apply
Corollary 2.2 to obtain another map in U(f) that has the form (z*, z°) —
(A(z*) + C(z*)z*, B(z*)) near the fixed point p.

2.2. Constructing the map f;. We now construct a family
H={fieU(f)|0<t<1}

such that the infimum of metric entropies of maps in this family with respect
to their SRB measures is zero.

Recall that n* and n* are dimensions of R® and R™, respectively. Take
an even integer m such that n* < m < n* + 2, and denote § = 1/m. Hence,
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fn* < 1. Take a family of smooth increasing functions ¢, : [0,1/2) — R™ that
satisfies the following conditions.
(1) ¢u(r) = (1 —r™)7 forr > ¢,
(2) ¢e(r) = (1 — (t/2)™)P > 1 is a constant for 0 < r < t/2,
(3) ¢/(r) is bounded uniformly in t and nonnegative when § < r <t.
Note that if 7 = 1/n? € [t,1/2), then ¢'(r) > 0 and

(2.4) o) = ﬁ

When ¢t = 0, r¢o(r) is essentially a special Manneville-Pomeau map.

Take two open neighborhoods Qg C €2, such that p € Qy C Qo C €. Denote
k* = |[Df(0)|gs ]|, the contracting rate at 0 in the stable direction. Define a
family of diffeomorphisms f; such that

(1) for x € Q,

(2.5) f (iu) = (Mt(‘xu‘i;‘xs‘z]xu) L if = (iu) ;

(2) for x € Qy, fi(z) = f(x);

(3) f: is uniformly hyperbolic for all t > 0 and the contracting rate is
independent of t;

(4) the expanding rate outside of )y is bounded below by a constant p > 1
with p independent of t.

We also require that the second derivative of f; is uniformly bounded for
all t and z € M™. For simplicity, we use | - | to denote both the absolute
value of a number and the Euclidean norm of a vector. The existence of f; is
guaranteed by Lemma 2.1, Corollary 2.2, and Lemma 2.3 when t is sufficiently
small. We note that f; is C™° on )y since m is an even number. It is clear
that f; is C"-homotopic to f for all 0 < ¢ < 1. Hence, f; has an hyperbolic
attractor Ay, and therefore f, € U(f) for all 0 < ¢ <1 by the statement after
Lemma 2.3.

3. PRELIMINARIES

Being uniformly hyperbolic, the maps constructed in the previous section
have many special properties. We list some of them with only sketches of proofs
since details can be found in many books such as [KH, HPS]. Let E¥(f;) and
E3(f;) be the stable and unstable subspaces with respect to f;.

Lemma 3.1. The maps x — {E*(f;)} and x — {E:(f;)} are Hélder continu-
ous and the Holder exponents and constants can be chosen in a way independent
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of 0 <t < 1. More precisely, there exist v >0, H > 0 such that for all t > 0,
x,x' e M",

d(E;cL(ft)v E;:L’(ft))v d<E;(ft)7 Eass’(ft)) S Hd(l’,l‘/)'y,
where the distance between subspaces is the Grassmannian distance.
Proof. Note that ||Dfi(x)|gu(s)ll = 1 and ||Dfi(x)|gs ]| < A° < 1 for all
x € Ay, and ¢ > 0. The conclusions follow from the fact that the Holder

exponent and constant depend only on the Lipschitz constant of the map f;
and the gap between the expansion and contraction rates. See [HPS]. O

For € > 0, we denote
BYy(e) = fv e BXf): ol <e} and E,(e)={veEi(f): v <e}
and
Exyft (8) - E;‘L,ft <€> X E;,ft (6)

Proposition 3.2. For each t > 0, there exist two continuous foliations F*( f;)
and F*(f;) on Ay, tangent to E"(f,) and E*(f,) respectively for which the fol-
lowing statements hold.

(1) The leaf of F°(f;) through z, denoted by F*(x, f), is the stable manifold
at z, i.e.
?s(x7 ft> - Ws(xu ft)
= {2 € Ay : 30O =G5, st d(f](2), () < O(K)" Vn = 0},
where kj denotes the contracting rate of fi on the stable manifold.

(2) The leaf of F“(f;) through z, denoted by F“(z, f;), is the unstable or

weak unstable manifold at x, i.e.
Fx, fr) =Wz, fi) = {a’ € Ay, : nlggo d(fi ™ (x), f7™(2") = 0}.

(3) There exist constants 6 > 0 and D > 0 such that for allt > 0, x € Ay,,
if F§(x, fi) is the component of F*(x, fr) Nexp, E, 1 (0) containing x,

then exp, ! F4(x, f;) is the graph of a function

Grgt Eag(0) = E3 4, (9)
with ¢y ;,(0) = 0 and ||¢s 1,[lcr < D. The analogous statement holds
fO?" ?g(% ft)

Proof. There results follow from Theorem 5.5 and Theorem 5A.1 in [HPS]. O
For convenience we will write W*(z, f;) = F%(x, f;), Wi(x, f;) = F¢(z, fi),

etc. and refer to W*(x, f;) and Wi*(x, f¢) as the “unstable manifold” and “local
unstable manifold” respectively at x.
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Further, for simplicity, we use E*, E*, W" and W?* to stand for invariant
subspaces and sub-manifolds, when doing so will not cause much confusion.

For 2/ € W*(x, f;), let d*(z,x") denote the distance between x and z’ mea-
sured along W#(z, f;) with the induced metric. For 2” € W"(z, f;), the dis-
tance d"(z, x") is defined similarly.

Lemma 3.3. There is J° > 0 such that for any v € Ay, 2’ € W*(z, f;),

| det D f*(x)| gupy)| T
- < J¥(dP(x,2")) ", Wt >0.
et D)o o] = 7 @)

Proof. Tt follows from the standard arguments and the fact that f; is uniformly
contracting along the stable manifold and E¥(f,) is Holder continuous. U

One of the important ingredients in the proof of the main theorem is that the
W#-foliation for f; is absolute continuous with a uniformly bounded Jacobian.

Let Ay and Ay be two W leaves for f;. A holonomy map 0 : Ay — Ay
is defined by sliding along the W* leaves for f;, i.e. for z € Ay, 6(z) €
Ay N W3(x, f). We have the following proposition.

Proposition 3.4. Given Dy > 0, there exists J; > 0 such that for every
(A1, Ag; 8) with d°(z,0(x)) < D1 Yz € Ay, for every 2’ € Ay and € > 0 with
BU(ZIJ/,é) C Al,

m*(B"(z',¢)) < J;m" (B (<’ ¢)).

Proof. Let D be any small disk in A;. We will argue that m*(D) ~ m"(0D),
where m" denotes the Lebesgue measure on W"-sub-manifolds for f;, and “~”
means “up to a constant”.

Let

k2 = k2 (f) = max{[|Df (@) gzl @ € A},

that is, k° is the minimal norm of D f; restricted to the stable bundle E*(f;).

By taking a sufficiently large iterate of f;, we may assume that f;*(D) and
f7(6D) are close sufficiently so that the “diameters” of f*(D) and f;*(§D) are
much larger than the distance d*(y, 0y) for any y € (D). Here we also use 6
to denote the holonomy map from f7*(A;) to f7*(As).

Take a finite cover {B“(y;,r)}*_; of f*D consisting balls of radius r, where
r = 3(k%)", such that for any ¢y € f(D), there are at most C; such balls
covering this point, where C; only depends on the dimension of W*".

Since d°(y/, 8y’) < (k%)™ for any v € f;*(D), we know that B%(y;,r) con-
tains a ball of radius at least (k)" and is contained in a ball of radius at most
5(k?)". Therefore, we have

(3.1) m*(B*(yi, 7)) = m*“(0B" (y:, 1))
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By Lemma 3.3, we have

(3.2)  |det Df(«")|ge, (| ~ [det Df(02") px (| Vo' € 7B (yi, 7).

Using the fact that the C? norm of f; is uniformly bounded, W*(z, f;) are C"

leaves, and f; is expanding on W*(z, f;), we get for all !, 2, € f,"B"(y;, ),
|det D f () s, (s 71

3.3 - R~ 1 =+ const - d“(fi 2, f1 2

) DR 11( (fi. fis) )

J=0

<(1 + const - diam B*(y;,7))" ~ (1 & const - Dy (3x°)")" ~ const.
Combining (3.1)-(3.3), we get
(3.4) m" (fy "B (ys 7)) = m" (f; " (0B (yi,7)))-

Let S be the union of f;"B"(y;,r) that belong to D. Since

diam(f, "B“(y;,r)), diam(0(f, "B"(yi;,r))) — 0 as n — oo,

it follows that
m*(S) = m*(D) and m"(6S)~ m"“(0D).
Also recall that each point in D belongs to at most C sets of the form
f"B*(yi, ), then (3.4) implies m*(D) ~ m“(0D). O
4. DISTORTION ESTIMATES

We now estimate the distortion of the Jacobian along the unstable direction.
We use the R"" @ R™ -coordinate near the fixed point 0 and use Euclidean
metric for convenience. Let

S=55={x=(a"2°%) € Q :|z", |2°| <}

Denote ST = f,(S) \ S. It is clear that ST is independent of ¢ for all small ¢.
Let 67 = d¢(0), where ¢, is given in Subsection 2.2. It is the outer radius
of S*.
We denote y = (y*,y°) = (y5,¥5) and z = (2%, 2°) = (25, 25). We also denote
[y =vi= (v y) and [z = 2 = (5, 7).

Lemma 4.1. Let 6 > 0 be sufficiently small. For any x € ST\ W.(0, f,), if

d(z, Wg (0, fi)) — 0,
then
d(ftin(x)a W;(()? ft)) - 07
and the convergence is uniform for all xz € St and t € I, where n = n(x) is
the largest integer such that f;'x, -+ fi"x € S.
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Proof. First, we note that for any z € ST NW&(0, fi), f772 — 0 uniformly
with z and ¢ as j — oo, since this is true for ¢ = 0 and ft_j z converges to 0
faster than f;”z does.

To consider the case x € ST\ W (0, f;), we claim that for any § and 2,
|9°] > |2°] and |g"| < |2%] imply |g}] < |£}|. Otherwise, there would be a
point # in a curve joining § and 2 near which |(f,'%)"| increases with |2°|. It
contradicts the fact that |(f, 'z)*| decreases with |2°| for = (2%, z°).

This claim implies inductively that for y = = = (2%, 2°) and z = (2*,0),
we always have |y¥| < [z¥| for all 0 < ¢ < n. So if z € S\ W (0, fi),
we have d(z,, W (0, ) < d(zn, WE(0, f;)). Note that f; ' is expanding at
a constant rate in the stable direction, we get n = n(z) — oo uniformly as
d(x, W.(0, f;)) — 0. Hence the result of the lemma follows. O

Lemma 4.2. Given any 6 > 0, there exist Jy > 0 independent of t such that
for any x € ST, y,z € W*(z, f) N ST,

det D f, ™ u
0g | ft,n(Z) E20o) < Jod(y, z),
|det Df;"(y) | sy (s, |

whenever f; 'z, -+ f;"x €S,

(4.1)

Proof. We assume that ¢ is small enough such that ST C Qp. So we can
use (2.5) for the map f;.

We only need to consider the case when ¢ is small since f; is uniformly
hyperbolic for all t away from 0.

Further, we only need to consider the case when z is sufficiently close to
W3,.(0, ft), since otherwise, the time that the backward orbit of x leaves the
set S is bounded, and the inequality (4.1) surely holds. Further, we may
assume that n is the largest integer such that f,'z,---, f, "z € S.

Since the angles between Ey (f;), EY (f:) and R™ are exponentially decreas-
ing as ¢ change from n to 0, we just need to show

og [ PIT el gy,
|det D f; ™ (y) [gns (1| ~

By (2.5), we have

D fo(@)lgne = (fe(|2"]) + [* ) T+ 2* - g (|2"]) a7 ("),

where I is the n* x n* identity matrix, and (z*)7 is the transpose of the column
vector z. Using the fact that det(al +bxa™) = a" ! (a+ b|z|?) for an n* x n*
matrix al + brx?, we have

(4.3) | det D fy(x)|gne | = (de(l2)+122)™ " (@e(|27]) + |22+ ¢ (=) |2"]).

(4.2)
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It means that |det D f;(z)|gnu| only depends on the norms |z%| and |z°|.
Case One: y“, z" and p* = 0" are on the same line: z* = ay" for some
0<a<l
Note that |z3| is close to & by the choice of n. So |z3| — |z5_,| is close to
(1—~*)6. By the previous lemma we know that if d(z, W§, (0, f;)) is sufficiently
small, then all z,,, yn, 2,, are close to W, (0, f;) such that

[yl = 123l] < d(yn, 20) < |zl = 25,

and the amount d(z, W, (0, f;)) can be taken to be independent of z and ¢.
Then we get |y3| > |z3_;|. By (2.5), it implies |yf| > |27_,] forall 1 <i <n
and in particular, |y§| > |2*|.

Since y; € S, we have |y¥| < 0 by the definition of S. Also, since z € ST,
we have |z%| > § > |yj|. Therefore, by the fact |y7| > |27 ;| and |y}¥| < |2%], we
can use the claim of the proof in the previous lemma with § = y; and 2 = z;_4
to get inductively that |y¥| < |z¥,| for all 1 < i <mn. It follows that

J
S wtl = 12D =ugl = (ze] = i) = -+ = (2] = WD) = l23] < lwg| < 6*
i=0
for any 0 < j <n.

Now we refine the estimates. Let

T={%=(2",2°) € Wy'(x, fy) : 2" = by",a < b < 1},
7= {7 = (345 € Wiz, f,) : 7 = by®, b > 0,6 < |74] < 67,

and 7; = f;77. Both 7 and 7 are curves in the unstable manifold W, (z, f)
whose u-component are on the line segment from z* to y* and from dy"/|y"|
to 0ty"/|y*| respectively. We denote by 7 and Z the endpoints of the curve 7.

Let 7% : Q; — R™ be the projection, and denote 7% = 7“7 and T =TT
We know that the first component of the map ft] sends 7}' to 7. Also recall
that 2" and y* are in the same direction. By (2.5) we know that all zi and y
are in the same direction as well. Hence 7/ is a segment of a straight line. Let
E C R™ be the one dimensional subspace containing (y*, 0%) and (2%, 0°), and
let ¢ denote the arc length. We get

(1.4 1 =151 = ey = [ 1Dt
Also note that Df, preserves the subspace E @ R™. Hence Df!(z)|p =

Df(fi ' x)|g - Dfi(z)|p. By the fact that HDf{l\EH is uniformly bounded
away from 0, and the C? norm of f, is uniformly bounded from above on Q,
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we have that for 7 < n,

Hth_j(Z)‘EH ‘th 2 ‘E”_Hth Yi ‘EH
Hth_j@)’EH H< ”th ?/z |EH )

(4.5) log

7j—1

< OZ’Hth el -Df )l | < CDZHyZ | = I2] < o,

where we take Iy = §*C'D. Since this is true for any y,z € 7, by (4.4) we
obtain
gl = 1=31] N9l = 1281
< 0 J J
s =5 iy
Note that £(7*) = 6 —§ only depends on §, £(7%) = d(y*, 2*), and S7_,(|7%| -
Z]) < 0. We get

=0,1,---,n.

€IO5+ u u u o u
>k - 2] < Sy, =) < By,
=0

for some I} = I,(6) independent of ¢.
Now repeating the arguments as for (4.5), we get

det D i —
(4.6) det D2 (M| Z (i, 22) < J'd(y", 2",
‘det th |Rn | i—0
where J' = J'(§) is independent of ¢.
Case Two: |y*| = [2Y|.

We may assume that |y*| < [2°]. By (4.3), we know that | det D fi(z) ™| gn«|
is at least quadratic in terms of |x®|. Thus, we have that there is ¢; > 0 of
order |2°| such that if |y*| = |z%|, then

}det Dfy(2) " |gnn — det ny(!/)71|Rn“‘ < Cl(‘zs‘ - |ys’),
and therefore
|det D fi(2) " o |
| det D f,(y) " [pn
Also, by (2.5), there is a constant ¢y > 0 of order |y“||z*| such that

(4.7)  log

| < aC(12°] = v°]) < Ca]2°] = 1v°)).

23] = ]| < col2°] = |y°])-

Take z; = (2}, 27) € Wi (21, fi) such that 2Z}' = (|yf'|/|#}|)2}. That is, Z; is the
point on W*(z1, f;) whose u-coordinate Z}' is proportional to z{ and satisfies
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|Z¢| = |yt|. Then we denote §; = y;. Hence, by (4.6) we have
‘detht " 1(21)’Rn ’

S At DS (o) |

where C3 = ¢oJ'. By (4.7) and the fact ; = y;, this inequality implies

’det D f " (2)|gne |det th_n_1<§1)|Rn“ }

J' (121 = vt]) < Cs(12°1 = 1v°]),

— < log —— + (Co+ C3)(12°] — |v°])-
et DA Wl | =" [det DI o (1= 1)
We denote 5 = y°, Z; = 2° and choose z; and ¥; in a similar way as we choose
Z for 1 =2,3,--- ;n — 1, depending on whichever is larger between |Z;_,| and

|7¢_1|. Inductively, we have

‘detht ( )‘R" ‘

(48) & ldet D, ™ () e

|_ (Co + C3) Z\lz!—\

We observe that all f, """ and f; "'¢; are in W¥(z,_1, ;) for 0 <i <n—1.
It is clear that

d((f )", (fm2)") < d(y, 2).
So there is Cy > 0 such that
d((f75) (F7E)") < Gud(y,2), 0<i<n-—1
because d((f~"Tg;)*, (f~"7%)*) is dominated by d((f~""g;)", (f~"Z)") on
unstable mamfolds close to W(p, f;). Since f; is contracting in R™ direction
with the rate 7, we get that
d(F;, ) < Ca(ky)"d(y, ).
Hence by (4.8), we get
‘det Df;"(2) g

| det Df,” (3/)’]1@“’

Case Three: The general case, y,z € W*(z,ST).

We take 7 = (g*,9°) € W*(x,S*) such that y*, §* and 0* are on the same
line and |g"| = |z%|. Then from Case One and Two we get (4.6) and (4.9)
with y, z replaced by y, g and 7, z respectively. Therefore we obtain (4.2) with
Jo=J +J". O

(4.9) < J"d(y, 2).

Proposition 4.3. Given any § > 0, there exist constants &' > 0 and J > 1
such that for all t € [0,1], z € Ay, y,= € W(x, f) \ S5 with d*(y, z) < &,

- |det th::(Z) u(s0)| <J VYn>0.
|det Df;" ()| (s

(4.10)
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Proof. Using Lemma 4.2 and the fact that f; is uniformly hyperbolic outside
Ps(fi), we can get the result by the same arguments identical to that in the
proof of Proposition 3.1 in [HY]. O

The inequalities (4.10) immediately lead to the following estimate of the
density function of SRB measure on unstable manifolds.

Corollary 4.4. Given any 6 > 0, there exist constants &' > 0 and J > 1
such that for any t € [0,1], SRB measure p = p; of fi, and partition & =
& subordinate to unstable manifolds of f;, the density functions py: of the
conditional measures pS of u with respect to Lebesgue measure m® satisfies

J*l S p%t(z) S J
pz,t<y>

for p-a.e. x € Ay,, and for all y,z € £(x) \ S5 with d*(y,z) < ¢'.

Proof. 1t is well known (see e.g. [L]) that the density function p,; satisfies

T det D —1 Z;  (f
Px,t(y)iigo' Fi tiles s

Pet(2) H)|detht_1(yi)|E;i(ft)|

for all y,z € W*(z, f;). Then we use Proposition 4.3. O

We mention here that we can always increase ¢’ by increasing J.

5. PROOFS OF THEOREMS A AND B

Consider a general map f that has a hyperbolic invariant set A.

The map f has local product structure, that is, for any ¢ > 0, there exists
d > 0 such that for any y,z € A with d(y,2) < 6, [y, z] = W2(y) N Wi(y)
contains exact one point.

A rectangle R in A is a set such that y,z € R implies [y, 2], [z,y] € R. If
D* and D* are pieces of W* and W* leaves for f respectively, then [D*, D?|
denotes the rectangle {[y,z] : y € D" z € D*} whenever everything makes
sense. If R is a rectangle and x € R, we let

Wz, R) = W*(z, R, ) = W§'(z, f) N R,
We(x,R) = W*(z,R, f) = W§(x, f) N R.

If @ and R are two rectangles, we say that f™(Q) u-crosses R if Vo € @) with
fre e R, frW"(z, Q)N R=W"f"z, R).
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A Markov partition of A for f is a set of finite number of rectangles {R;} on
A with int R; = R;, such that (a) int R; Nint R; = () whenever ¢ # j, and (b)
fR; u-crosses R; and f~'R; s-crosses R; whenever fR; N R; # 0.

Now we assume that f is as in Theorem A that has a hyperbolic attractor
Ay
Take a Markov partition R = {R;} of A;. We assume that the fixed point
p near which we deformed the map is contained in the interior int Ry of an
element Ry of the Markov partition, and that 2; is small enough such that
) C int Ry. Hence, the perturbation is inside int Ry. If there is no fixed point
contained in the interior of any element of the Markov partition, we can choose
a periodic orbit such that every point in the orbit is contained in the interior of
some R; of the Markov partition, and make the same perturbation near every
point in the orbit.

Denote 0°R; = {z € R; : x ¢ intW"(x, R;)}, and 0°R = U;0°R;. The
properties of Markov partition imply that f(9°R) C 9°R. Since 9°R consists
of stable manifolds of f, and is not perturbed when we construct f;, it also
consists of stable manifolds of f; for all ¢ € [0,1]. Similarly, 9“R consists of
unstable manifolds of f; for all . Hence, R is a Markov partition for all f;.

Take 6 > 0 small enough such that B%(p,d) C W*(p, Ry). Let
Pt - [Bu(p7 5)7 Ws(p7 RO)]:
the rectangle determined by B*(p,d) and W*(p, Ry). Clearly, P, C Ry, and
Ws(x, Ry, i) = Wé(x, Py, f;) if © € P,, and W*(x, Ry, f;) N P, = () otherwise.
Denote
Q= f'P\ P

Since f; has a hyperbolic attractor Ay, on which f; is topologically transitive,
f+ has a unique SRB measure j; on Ay, for all 0 < ¢ < 1. Let

1

5-1) TR

We have v(Ay, \ ) = 1.
Lemma 5.1. There is ¢ > 0 such that 1(Q:) > ¢ for all 0 <t < 1.

Proof. Suppose there exists {t,} € (0, 1] such that v, (Qs,) — 0.

Since each f; is topologically transitive on Ay,, for each rectangle R;, i > 0,
there is k = k(i) > 0 independent of ¢ such that fFR; N Q; # (). Note that
if fFR;N Ry # () for some k' > 0, then f¥ R; u-cross Ry by the properties of
Markov partition, and therefore ftk/_j R; u-crosses @; for some 1 < 7 < k’. So

we may assume that k(i) is chosen in such a way that f!R; N Ry = 0 for all
I=1,-- k.
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Since the hyperbolicity of f; is uniform outside Ry for all 0 < ¢ < 1, we

know that there is ¢; = ¢;(7) > 0 independent of ¢ such that
m“(W*(z, f7*Qq, fr)) = c1 - m"“(W*(x, Ry, f1))
for all z € f77°Q: N R;.

Denote by £ = & the partition of Ay, into {W*(x, R;, fi) : v € Ay, R; € R}.
So &; is a partition subordinate to unstable manifolds of f;. Denote by Vﬁ’t the
corresponding conditional measure of p; on &(x), where £(x) is the element
of £ containing z. Note that 1, and p; have the same conditional measure on
&(z). Since i is an SRB measure, we can denote by p,; the density function of
Vit with respect to the Lebesgue measure mY on W*(z, R;, f;). We know that
by Corollary 4.4 the ratio p,:(y)/ps(2) is bounded away from 0 and infinity
for any y,z € W¥(z, R;, f;), and the bounds can be chosen in a way that is
independent of 0 <t <1 and z. So we know that there is ¢o > 0 such that

ved(Wa, f5Qu f1) = 2 V3 (W (2, R, ).
Consequently, by invariance of v;, we get
v(Q) > ([ Qe N Ry) > o - wi(Ry).
It follows
Vi, (Qr,) = Co -1y, (Ry).
Note that P, C Ry. Suppose that j = j; is the smallest integer such that
11 P; u~crosses Ry. Since f; is uniformly hyperbolic outside P;, {j;} has a upper

bound, we again denote it by j. Suppose f;R is contained in R;, U---U R;,
for some s. Then it is easy to see by invariance of measure v; that

n(Ro\ P) <j > n(Ry).

Since
Vt(Ui;éORi) +u(Ro\ P) =1

for all 0 <t <1, we know that l/t(U#ORi) is uniformly bounded away from 0
for all t. Therefore, there is 0 < c3 < 1 and 7 such that 14, R; > c3 for infinitely
many n. By taking a subsequence we may think that this is true for every n.
Hence we get

th (Qtn) Z Ca2C3 > 0
It is a contradiction. O

Put
Pyy=PF, P,=f"'P_1,NP_; and
Qu={r€Q :flrePforj=1,---,i} Vi=12,---.
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Lemma 5.2. There is C > 0 such that for all t < (ko +1)77,

1 C

— < it) < .
Cko + i) ~ Que) < (ko + )P

where kg is a real number satisfies § = k" .

Proof. By (2.4) and the definition of f;, we know that for ¢ < (ko + i)77,
W(p, P;;) is a ball of radius (i+ ko)~ on W(p). So m“(W*(p, P;;)) = Cy(i+
ko) =P where C} is equal to the volume of the unit ball in n* dimensional
Euclidean space.

For any = € Q;, consider the holonomy that 6 : W¥(z, Qy, fi) — W¥(z, P,)
maps W*(x, Qi+, fr) to W*(p, Pi;). By Proposition 3.4, there exists J; > 1

such that .
i S m (W (vai,taft)) S Jls
Jf mu(Wu(pa -F)i,t))
Now by Corollary 4.4, the ratio p,+(y)/ps+(2) of the density of the condi-

tional measure of Vit at any two points y,z € W"(x, Qi fi) are uniformly
bounded by a constant J > 0. So we get the result. U

Proof of Theorem A.
By (1.1), we only need to show that

/10g|detht|Eu(ft)|dut—>0 as t— 0.

Take ¢ > 0. Since Dfo(p)|my(sy) = id, there is a constant ¢ > 0 and a
neighborhood V' of p such that log|det D f;(x)|gu(s)| < €/2 for all 2 € V and
t € (0,t].

It is easy to see that there is 0* > 0 such that V' contains the rectangle
(W2 (p), Wi (p)] for all 0 < ¢ < 1. Take j > 0 such that ffW?*(p, P,) C W (p)
for all ¢ € (0,1]. This is possible since f; is uniformly contracting along stable
direction. Also, take some k > 0 such that (ko+k)=% < §*. Since W¥(p, Py) C
W (p) for all t, We have f/ Py, C V.

Note that @)+ is the set of points that enter P, under the map f;, and P\ P
is the set of points x that leave P, under f;. We have ()1, and P, are disjoint
and

Qi UP, = fT'(P); P=(P\Py)UP,.
Since v (f; ' P) = w(P,), we have 14(Q1) = v4(F; \ Pry). Similarly, we have
Vt(Qi,t) = Vt(Pi—Lt \ Pzt) Hence,
k+j—1

Vi(Ag, \ Praje) = ve(Ap, \ B) + Z i (Qi)-

=1
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By the definition of 1, we know that 14 (Ay, \ ;) =1 for all 0 <t <1 and by
Lemma 5.2, S-¥77" 1,(Q;,) is uniformly bounded for all 0 < ¢ < 1 since the
selections of k, j are independent of t.

Also note that Sn* < 1. So the series Y ;°, (i + ko) ?"" diverges. Therefore
we can choose N > 0 large enough such that if all 1,(Q;), 1 <17 < N, satisfy
the estimates in Lemma 5.2, then

N
3

5D 'I/t(Qi,t) > v(Ag, \ Preyjit),
i=k+j

where D = max{log |det D fi(x)|gu(s,)| : © € Ay, t € (0,1]}. Then we take
0<t'<(N+ky)™.
So for any t € (0,t"], the above inequality holds, and therefore,

9 9

E”t(Pkﬂ',t) = ﬁi;—i—j vi(Qig) > ve(Ag, \ Pryjt)-

By (5.1), w = [m(Ay, \ P)]'v, the above inequality also holds for gy if
t € (0,t"]. Since
p(Prja) + (A \ Pigje) = 1,

we get i (Ag, \ Pigji) < %. It follows

; £
(5.2) pue(Ag \ J] Prije) < 5D
Recall f/ Pyy;+ C V, in which log | det D f;(2)|gu(s| < /2 for t € (0,¢'). We
get that if 0 < ¢t < min{¢’,t"}, then

[ 108 det Dl s

— / _ 1og|detht|Eu(ft)|dut—l—/_ log | det D f;| gu(s,)|dpse
AN Py

J Petje
; € ; € €
< D (A \ f] Peyje) + B i (f Pryje) < D - 5D + 5 =&
We proved the theorem. O

Proof of Corollary.

By the proof of Theorem A, we know that for any neighborhood V' of p,
there are constants k,j > 0 such that f/P.;+ C V. Also, for any ¢ > 0
we can find " > 0 such that for all t € (0,¢"], (5.2) holds. It means that
(V) > ,Ut(ftijJrj,t) — 1 as t — 0. This implies that p; — d,. The rest result
of the corollary is directly from Theorem A. O
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Proof of Theorem B.
The proof of the homotopy follows the construction of f;. The proof that fy
has an infinite SRB measure is the same as in [HY] and thus omitted. U

Remark. A referee pointed out that one can obtain Theorem A easily if nonez-
istence of SRB measures for fqy is assumed. In fact, after the construction of the
map fi, one can take a weak limit of a subsequence i, of the SRB measures for
fi, ast; — 0, and get an fy invariant measure p’. Using the fact that there is a
common generator & for all fy such that h,,(fi) = hy,(fi,§), one can show that
limsup,,_o hy, (fi,) < hw(fo). It implies that hy(fo) > [log|det D folgu|dp'.
Hence, 1 satisfies entropy formula by Ruelle inequality, and therefore, if 1/
has positive Lyapunov exponents, then it must be an SRB measure following a
result of Ledrappier and Young ([LY]), which contradicts the assumption. So
i does not have positive Lyapunov exponents, and hence hy(fy) = 0.

As stated in Remark 1.4, Theorem B implies that fy does not admits SRB
measures. Thus, Theorem A can be proved by the arguments above by using
Theorem B. In particular, for Anosov systems on the two dimensional torus,
nonezistence of SRB measures follows from a result of Hu and Young ([LY]).
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