CONDITIONS FOR THE EXISTENCE OF SBR MEASURES
FOR “ALMOST ANOSOV” DIFFEOMORPHISMS

Huvyr Hu

ABSTRACT. A diffeomorphism f of a compact manifold M is called “almost Anosov”
if it is uniformly hyperbolic away from a finite set of points. We show that under
some nondegeneracy condition, every almost Anosov diffeomorphism admits an in-
variant measure p that has absolutely continuous conditional measures on unstable
manifolds. The measure p is either finite or infinite, and is called SBR measure or

n—1
infinite SBR measure respectively. Therefore, % > 5fix tends to either an SBR
i=0

measure or dp for almost every = with respect to Lebesgue measure. (§z is the Dirac
measure at x.) For each case, we give sufficient conditions by using coefficients of the
third order terms in the Taylor expansion of f at p.

0. INTRODUCTION

In this paper we study the existence of SBR measures of two dimensional diffeo-
morphisms that are hyperbolic everywhere except at finite points. We remark that
it is easy to see that our methods extend to the situation in which hyperbolicity
fails at only finitely many periodic points.

If f: M — M is a C? Anosov diffeomorphism of a compact connected Riemann-
ian manifold, then a result of Sinai (See e.g. [S]) says that f admits an invariant
Borel probability measure p with the property that p has absolutely continuous con-
ditional measures on unstable manifolds. With respect to this measure, Lebesgue
almost every point is generic. That is, if ¢ : M — IR is a continuous function, then
for Lebesgue almost every © € M,

n—1

Jim S o(f) — [ od 0.1

This result, as well as some other properties of y, has been extended to Axiom A
attractors by Bowen, Ruelle, etc. (See e.g. [B].) In this article we will refer to an
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invariant measure having absolutely continuous conditional measures on unstable
manifolds as a Sinai- Bowen-Ruelle measure or an SBR measure. Due to the works of
Oseledec, Pesin, Ledrappier, Young and others on nonuniformly hyperbolic set, the
notion of SBR measure is extended to a more general setting (see [O], [P1] and [LS]),
some properties of SBR measure are obtained (e.g. [L] and [LY]). Furthermore, a
few examples of SBR measure outside Axiom A systems are studied (see e.g. [BY],
[P2] and [C]).

This paper is motivated by the following question: Does a system f : M — M
admit an SBR measure if hyperbolicity fails at only one fixed point p? We confine
our topic to two dimensional cases. Suppose in this system one of the eigenvalues
of the derivative Df, is larger than 1 and the other is equal to 1. The map is
in fact uniformly expanding along unstable directions. It is easy to see that the
system admits an SBR measure p, because the arguments on bounded distortion
estimates are standard and the push-forward method for invariant measure works.
Consequently, the set of generic points with respect to u has full Lebesgue measure.
If the larger eigenvalue is equal to 1 and the smaller one is less than 1, then the
results in [HY] indicate that it does not admit SBR measures, and the limit in the
left hand side in (0.1) is ¢(p) at Lebesgue almost every point. It is also found that
this system admits an infinite measure that has absolutely continuous conditional
measures on weak unstable manifolds. Here we will refer to this measure as an
infinite SBR measure (see §1 for precise meaning). In this paper, we investigate
the case that the derivative Df, is identity. Our results show that, under some
nondegeneracy conditions, f admits either an SBR measure or an infinite SBR
measure (Theorem A), and both cases do occur (Theorem B).

The phenomena in this case are quite different with that we mentioned above,
and some interesting things happen. For example, the decomposition of the tangent
spaces into T, M = E¥ @ E? is discontinuous at the fixed point p (see Remark 4.3).
Consequently we cannot expect the Holder condition for EY and the Lipschitz
condition for W#-foliation, which are used for bounded distortion and Lebesgue
genericity in [HY]. However, we find out that E¥ satisfies Holder condition away
from p and the W#-foliation remains absolute continuous despite the discontinuity
of E¥ and E7. On the other hand, the failure of Lipschitzness of the W *-foliation
makes both SBR measure and infinite SBR measure possible. Notice that whether
the measure is finite or infinite depends on whether the area of the sets P, =
{x € P: fiz € Pyi =0,1,--- ,n} can be summed up or not for any rectangle P
containing p in its interior. For a normal Anosov system or a system considered in
[HY], because of the Lipschitzness of W ?*-foliation this solely depends on how fast
a point z in W*(p)\{p} approachs to p under backwards iteration. But in our case
it depends on how much a stable manifold W#(x) bends to W*#(p) for x near p.

The proofs of the theorems involve detailed analysis of the dynamics near the
“hyperbolic type” indifferent fixed point, which hasn’t been done before. We find

out a similarity, i.e. the behavior of f”2 at £ is about the same as f at z but in

a smaller scale. We prove the existence and differentiability of stable and unstable
manifolds for the fixed point p. We use eigenspaces as coordinates systems to study

properties of the splittings E¥ @ E?, and use the “local Holder condition” away from
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p to avoid the problem cuased by discontinuity of the splittings at p, the latter is
crucial for the estimates of bounded distortion.

SBR measures on the Hénon attractors, whose existence is found by Benedicks
and L.-S. Young ([BY]), are notable examples for non-uniformly hyperbolic systems.
The Hénon attractors involve nontrivial interchanges between stable and unstable
directions. There exist some areas in which the maps contract very severely along
the directions corresponding to positive Lyapunov exponents. However, the orbits
jump out immediately and then stay outside the areas for a while so that expansion
can be recovered. In our case the stable and unstable directions are bounded away
from each other and the map is always expanding in unstable directions. But near
the fixed point p the expansion is very weak and the orbits spend a very long time
there. This causes non-uniform hyperbolicity. The speed of expansion may or may
not be able to keep exponentially fast eventually, depending on the local behaviors
of the maps (see Remark 1.5 and Theorem B).

Acknowledgment. Part of the work is done while I was in the Department of Math-
ematics, University of Arizona. It is my pleasure to thank my advisor Professor
Lai-Sang Young for introducing me this topic and giving valuable advices. I also
wish to think Professor Marek Rychlik for his helpful conversation.

1. DEFINITIONS AND STATEMENT OF RESULTS

Let M be a C*° two-dimensional compact Riemannian manifold without bound-
ary and let m denote the Riemannian measure on M. Let f € Diff*(M), the set of
C* diffeomorphisms.

Definition 1. f € Diff4(M) s said to be an almost Anosov diffeomorphism, if
there exist two continuous families of cones x — C¥,C35 such that except for a finite
set S,

i) Df.Cy CC%, and Df.C; 2 C§,,

ii) |[Dfyv] > |v| Yo € C¥ and |Dfyv| < |v| Yv € C3.

Remark 1.1. We may assume S is an invariant set. Moreover, by considering f"
instead of f we may also assume fp=p Vp € S.

Remark 1.2. By the continuity, it is easy to see that if p € S, then
i) Df,Cy € Cp and Df,Cy 2 Cp,
ii) |Dfpv] > |v| Vv € Cy and |D fyu| < |v| Vo € C;.

For I' € M and r > 0, we denote B(I',7) ={y € M : d(y,T") <r}.

The ratio of |Df,v| to |v| may tend to 1 if z — S and v € C¥ or C5. We need
some condition to control the speed of the ratio.

Definition 2. An almost Anosov diffeomorphism f is said to be nondegenerate
(up to the third order ), if there exist constants o > 0 and k%, k* > 0 such that for
all x € B(S,19),
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|Dfyv| > (1 + s¥d(z, S)?)|v] Vv e Cy,

1.1
|Df,v| < (1 - k%d(x, S)?)|v] Vv e C;. (1)

Remark 1.3. If f is an almost Anosov diffeomorphism, then for any constant r» > 0,
there exist constants 0 < K*® < 1 < K", depending on r, such that for all = ¢
B(S,r),

|Df.v] > K" Vv e Cy,

|D fov| < K*|v| Vv eCy.

The following paragraphs concerning the definition of SBR measures can be seen
in [LS]. We state here for the convenience of the reader.

Let £ be a measurable partition of a measure space X, and let v be a probability
measure on X. Then there is a family of probability measures {v§ : € X} with
V& (&(2)) = 1, such that for every measurable set B C X, z — v$(B) is measurable
and

(1.2)

vB = /X V&(B)dv(x).

The family {5} is called a canonical system of conditional measures for v and €.
(For reference, see e.g. [R].)

Suppose now that f: (M, u) — (M, p) has positive Lyapunov exponents almost
everywhere. Then for p-a.e. x, the unstable manifold W"(z) exists and is an
immersed submanifold of M (see [P1]). A measurable partition £ of M is said to
be subordinate to unstable manifolds if for p-a.e.z, {(x) C W"(z) and contains
an open neighborhood of = in W"(z). Let m¥ denote the Riemannian measure
induced on W*(x). We say that u has absolutely continuous conditional measures
on unstable manifolds if for every measurable partition £ that is subordinate to
unstable manifolds, x& is absolutely continuous with respect to m% (written u§ <
< m¥) for p-a.e.x € M. (For more details, see [LS].)

Definition 3. An f-invariant Borel probability measure 1 on M is called an SBR
measure for f: M — M if

i) (f,u) has positive Lyapunov exponents almost everywhere;
ii) p has absolutely continuous conditional measures on unstable manifolds.

Let I' be a subset of M. We denote by fr the first return map on I, i.e.
frz = f7®)(2) Vo € T, where 7(x) is the smallest positive integer such that
f@) (x) € T'. We also denote by ur the normalization of u|r as uI' < co.

Note that the notion of absolutely continuous conditional measures on unstable
manifolds makes sense even f is a piecewise diffeomorphism.

Definition 4. An f-invariant Borel measure p on M is called an infinite SBR
measure, if uM = oo and for any open set U D S,

i) p(M\U) < oo,

ii) (fa\v,pa\o) has positive Lyapunov exponents almost everywhere, and

pan v has absolutely continuous conditional measures on unstable manifolds
of f.
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Remark 1.4. In this paper, the term “SBR measure” without any qualifications will
always be reserved for probability measures.

Remember our assumption that M is a C'"*° two-dimensional compact Riemann-
ian manifold, m is the Riemannian measure on M and f € Diff*(M).

Theorem A. Fvery topologically transitive nondegenerate almost Anosov diffeo-
morphism f on M has either an SBR measure or an infinite SBR measure.

The nondegeneracy condition in the theorem is only for technical reasons. The
author believes that the result would remain true under some weaker conditions.

Corollary. Let f be as in Theorem A.

i) If f admits an SBR measure u, then for any continuous function ¢ : M —
IR,

n—1
1 )
lim - o(f'z) = /(bd,u m-a.e.x € M.
i=0
ii) If f admits an infinite SBR measure u, then for any open neighborhood U
of S,

1
lim —#{k: ffeclU, 0<k<n—-1}=1  m-aex € M.

n—oo M

Remark 1.5. In case i) Lebesgue almost every point has a positive Lyapunov expo-
nent because of the definition of the SBR measure. On the contrary, it is evident
by the corollary that in case ii) there is no positive Lyapunov exponent at Lebesgue
almost every point in M.

In this paper we only consider the case that S contains a single point, i.e. S =
{p}. It is not difficult for the reader to adjust the proof to the case that S contains
more than one point.

If S = {p}, then the part ii) of the above corollary is equivalent to the following.

ii") If f admits an infinite SBR measure, then for any continuous function ¢ :
M — IR,

n—1
nh_)n;o % ; o(fix) = ¢(p) m-a.e.x € M.

By Remark 1.3, we see that D f,, have two eigenvectors. As we mentioned in §0,
it is known that Theorem A holds if at least one of eigenvalues of D f,, is not equal
to 1. So for proving Theorem A, we only need consider the case that D f, = id.

For further analysis we need the following technical assumptions. Denote
Wep) ={y € M :d(f"y,p) <€ Vn >0},
We(p)={yeM:d(f"y, p)<e Vn=0}

We will prove in §4 that both are differentiable curves. To state and prove Theorem
B we give the following.
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Assumption A. W¥(p) and W (p) are C* curves.

Note Df, = id. We will show D?f, = 0 (Proposition 2.1). Thus we can take a
suitable coordinate system such that in some neighborhood of p, f can be expressed
as

f@y) = (2(0+ 6(@.p), y(1 - v(w,y) ), (1.3)

where (z,y) € IR? and

¢($,y) = CL()ZC2 + a1ry + a2y2 + O(|($,y)’3),
W(z,y) = box® + bizy + bay”® + O(|(z, y)|?). (1.4)

In this circumstance we have the following.

Theorem B. Let f be a topologically transitive nondegenerate almost Anosov dif-
feomorphism on M with S = {p}. Assume Df, = id, and W*(p) and WZ(p) are
C* curves. With the notation above,

(I) if aag > 2by for some 0 < a < 1, a3 =0 = by and agby — azby > 0, then f
admits an SBR measure; and

(I1) if 2a9 < aby for some 0 < a < 1 and a1by # 0, then f admits an infinite
SBR measure.

The systems satisfying the conditions in Theorem B exist. For example, we can
take a torus T2 and constants 0 < 7o << r; << 1 = diam T? and then construct a
dynamical system in such a way that f is a hyperbolic toral automorphism outside
the 7 —neighborhood and has the form (1.3) and (1.4) within the ro—neighborhood
of the origin O.

Remark 1.6. The nondegeneracy conditions (1.1) guarantee that ag,az, by, ba > 0.
Hence, the conditions in Theorem B (I) imply that ¢ > 1 in some small neighbor-
hood of p, while the conditions in Theorem B (II) imply that in some quadrants,
¢ < 1) near y-axis.

Recall the cases discussed in §0 that Df, # id but one of the eigenvalues is
equal to 1. It seems that in such systems the existence of SBR measures depends
on whether expansion is “stronger” than contraction. The results in Theorem B is
consistent with this observation, because we can think that expansion is “stronger”
if ¢ > ¢ and is “weaker” if ¢ < .

PART 1: Proof of Theorem A

In this part we always assume that B(p,rq) is in the Euclidean plane IR?, where
ro is as in Definition 2. Take a coordinate system in the plane such that the origin
is the fixed point p. Thus, we can write |z| = d(x,p). Also, Vx € B(p,rg), we
identify T, M with the same Euclidean plane. Let ©(z,y) denote the angle from x
to y counterclockwise in IR?.

The Assumption A is not going to be used in this part.
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2. DYNAMICS NEAR THE FIXED POINT

We first prove in Proposition 2.1 that the second derivative D?f, is 0 and the

third derivative D3 f,, is not 0. Then we show that the action of f n® at 2 is similar
to the action of f at x, on a smaller scale. This can be seen in Proposition 2.6
and Proposition 2.8, where the former deals with norms and the latter deals with
angles.

Proposition 2.1. D?f, =0 and D3f,(a,a,-) # 0 Va € IR*. So,

1
Df, =id +§D3fp(x, x,:) + Rp(z),

and

1
fr=x+ EDSfp(x,:z;,a:) + Ry(x),

where Rp(z) and Ry(x) are remainders with ||Rp(z)|| = O(|z|®) and |Rs(z)| =
O(|=[*).

Proof. Since Df, = id, by Taylor expansion
Dﬂ;zm+lﬂh@y)+%D%ﬂ@x,y+RF@) (2.1)
Let <-, > denote the inner product. We have
D fov|* = [o]* + 2(D? fy (2, 0), v) + O(Jz|*)|v]*.

By (1.1) we know that for any sufficiently small z and v € Cg, (D? f,(z,v), v) < 0.
Note that x — C; is continuous. There exists a small 0 < r < ry such

that () C: has nonempty interior. Thus, we get <D2 fp(x,v), v> < 0 for
z€B(p,r)
all z € B(p,r) and v € [) CZ. Since <D2fp(-,-), > is trilinear, this implies
x€B(p,r)
(D?*f,(z,v), v) =0Vz,v € R?. Now it is easy to conclude that D?f, = 0.

The inequality D3 f,(a,a,-) # 0 follows from (1.1), (2.1) and the fact D?f, = 0. i
Remark 2.2. Similarly, szp_l =0 and D3fp_1(x,a:, ) # 0 Vo € IR?.
Next two corollaries follow directly from above facts.

Corollary 2.3. There exists a constant n > 0 such that Vx € B(p,ro),

IDfE' —id| < 3nlz|> and  |fFle—a| <nlz.

Corollary 2.4. For all z,y € B(p,r0) with d(z,y) < |z|?,

d(fila:, fﬂy) < (14 477]fi1x\2)d(:1:,y).
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—1
2

Lemma 2.5. Let x € B(p,r0). If |z| > (3nk)
1

(3n(k+1)) 2.

Proof. By Corollary 2.3,

o Lo o
|fz| > |z|(1 nlflf!)Z\/;(l n g,/m)Z 3(k+ 1)y !

Proposition 2.6. For any € > 0, there exists 0 < r, = r,(e) < ro such that

. 2
VJ'EB(p,’[“p),t€(0,1]7']:17... 7[t_2:|7

for some k > 1, then |fx| >

(1 —e)ltz| < |f(tz)| < (1 + €)[txl.

Proof. Take 0 < r, < rg such that e2n(+e)’ry < (1+e€). Let x € B(p,r,) arbitrarily.
Suppose Vi =1,---,7 — 1, }fl(ta:)‘ < (1 + ¢)|tz|. By Corollary 2.3,

. s s 2 y
[ ()| < [f77H ()| (L +n| 771 () 7)< tlaf(1+ (L + €)*t?|z]?)’
2
<t (14 n(1 4 €)% [z[?) 7 < tlz]e20T 1l < (14 ).
Therefore, the second inequality in the lemma follows from induction.
The first inequality can be obtained similarly. |
For any 0 # = € B(p,r9), we denote e, = x/|z| or, equivalently, x = |x|e,.

Lemma 2.7. For any e, in the unit circle, uniformly

O(tey, f(tey 1
|l|im0 (te ’t‘fz( ) = E‘D?’fp(em,ex,em)‘sin@(em,D?’fp(em,em,em)).
t|—

1
Proof. Denote A(x) = ED?’fp(:c,x,:c). The result follows from the facts |Ry(z)| =
o(|z|?) as z — 0, A(x) = |z|>A(e,) and

a1 O(a. fz) = |A(z)| sin©(z, A(z)) + |Rf(x)| sin O (z, Ry (x)) i
tan &(z, fz) |x| 4+ |A(J:)| COS@(x,A(x)) + }Rf(x)| cos@(m,Rf(x))'

Proposition 2.8. For any € > 0 there exists a constant 0 < r9 = rg(e) < 1,
such that Vr € (0,rg), if x,y € B(p,r) with |O(x,y)| < |O(x, fz)| and |y| = t|x|,
€ (0,1], then
y 2 P
Oy, £)| < |0z, f2)| + elal VO<)< oy,

1<,<2
pEIsE

(2.2)

0@y, f'y)| = 18(x, fz)| — elz/? v (2.3)
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Moreover, if D?’fp(em, €z, €z) and e, are not collinear, then we can choose 7y =
To(€,€e,) in such a way that Vx € B(p,7q),

©(y, f1y)| > |8(x, fz)| Vo——3 << (2.4)

1
Proof. Denote A(z) = ngfp(Z’ 2, 2).

Note that A(e;)sin ©(e,, A(e,)) is continuous on the unit circle. By Lemma 2.7,
there exist r;, > 0 and 6y > 0 such that Vz, z € B(p,ry) with O(z, z) < 6y,

|2]? € 2 |2)? € 12
W|@($»f$)| - Z|z| <10(z, f2)] < W|@($7f$)| + Z|Z| : (2.5)

1
Also, there exists 3 € (0, 5] such that Yz € B(p, 1),

€
30
By Proposition 2.6, there exists r; > 0 such that Vo € B(p,ry), t € (0,1],

(@, fo)] < o= (2.6)

2

(1=B)tz]® <|f7(t2)]* < A+ B)|tz[>  j=0,1,-- (] (2.7)
Take 5
re = min{ry, ry, 2—690}. (2.8)

Now let x,y € B(p,rg) with |O(z,y)| < |O(x, fx)| and |y| = t|z|, t € (0,1].
‘ 2
Suppose for i = 0,1, -+, 4, |©(z, f'y)| < Oy, where 0 < j < 2 By (2.5), (2.7) and
(26),

) ) 1|2
Oy £719)| < (0. )| + o)

<(1+ D) (18w, fa)] + SJol?) < 2100w, f2)| + et?[af. (2.9)

Similarly, ' ’
O(f7y, f77y)| = 2]0(x, fo)| — et®|z]*. (2.10)

By (2.9),

Oz, f77y) < |0(z,y)| +1O(y, 7 Ty)] <|O(z, )| +2[0(x, fz)| + 2¢[a?
< 30(z, fz)| + 2¢lz|*.

Using (2.6) and (2.8) we get

|@($7fj+1y)\ S (% —+ 26) . %‘90 S 90.
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Therefore (2.2) and (2.3) can be obtained by induction.
If D3f,(es, ex,€,) and e, are not collinear, then A(e,)sin ©(e,, A(e,)) # 0. We

can use € = %|A(e$)|| sin O (e, A(es))| instead of €, and therefore obtain 7y =
To(€,e,) > 0 such that if x,y € B(p,7y) with |O(z,y)| < |O(z, fz)| and |y| = t|z|

for some t € (0,1], then ¢’ < e% and (2.10) holds for this €. That is,
T
L , 1
Oy, fy)l = 0(z, f2)] = Pla* = (1 = )*|O(x, f2)| j =01, [5].
Thus (2.4) follows. 1

3. EIGENVECTORS OF D3f,(z,x,) NEAR THE FIXED POINT

We prove in Proposition 3.2 that id+%D3 fp(x,x,-), the approximation of D f,
up to the second order of x, has two eigenspaces Z% and =J. This fact will be
used to construct coordinate systems in §5. Usually, the angle between x and =Y
is not zero. However, there exists a unique line ET on which every point = and its
corresponding =¥ are collinear (Lemma 3.6). We will see in §4 that ET is in fact

the tangent line, denoted by E, of “weak” unstable manifold W* (p) at p.

Lemma 3.1. ~There exist constants 0 < 7 < rg, 0 < K" < K" and 0 < k* < K®,
cones C* and C* such that Vx € B(p,7), C* D C¥, C°* D C: and

|Dfoo| > (1 +&%z)?)|v]  Voell
|Dfv| < (1 —&%|z)?)|v] Vv € C.

Proof. Denote A, = %D?’fp(aj, x,-). Also, denote

Co(8) = fv e B (v, A) > Blal o).

By Proposition 2.1, Df,v = v + A,v + Rp(z)v. Hence, |Dfv|? = |v]? +
2(A,v,v) + o(|z[*)|v|*. So if |z| is small enough, then

4 3 1
C, C Cm(gﬁ“) C Cm(gﬁ“) C {v €T, M:|Dfyv|>(1+ 5,«;“\37\2)]1;]}. (3.1)
Note that Cf, (/) is independent of ¢ provided ¢ # 0. By the continuity of C¥, we get

that for any e, in the unit circle, C;; C C, (2k*) and therefore C, € N Ce (2r%).
e, €S

PutC*= [ Ce, (2k). Tt is easy to see by (3.1) that C* is strictly larger than C,.
e €S

Again, by the continuity of Cy, there exists 7 > 0 such that B(p,7) C {z : 3 C Cul.
Now for any x € B(p,7) and v € C*, we have v € C,(2x"). Therefore by (3.1)
|Dfzv| > (1 + 3£"|z|?)|v]. This finishes the proof. i
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Proposition 3.2. For any a € IR?\{0}, id+A, has an eigenvector in C*, where
A, denotes %D?’fp(a,a, ).

Proof. Suppose there is a € IR? with |a| = 1 such that id +A, has no eigenvector
in C*. We may assume O(v,v + A,v) > 0 Vv € C*. Thus there exists §y > 0 suth

that for all unit vector v € C*, and unit vectors o’ and v' with |O(a,a’)| < 6y and
|©(v,v")| < by,

| Ay sin© (v, Agrv') > % |Aqv|sin ©(v, Agv). (3.2)

Take = = ta for some ¢ € (0, 1) such that O(z, fz) + $|z|? < b,.
Let v, be a unit vector in the boundary of C¥ satisfying ©(v,v,) > 0 Vv € C¥.
By continuity we can take n > 0 such that for any 21, 22 € B(p, 1),

1
O(0z,,0s,) < mm{@o, Q\Axv]sin@(v,Amv)}. (3.3)

veCY

We may assume that n is large enough such that
1 -
O(v,Df,v) > —]sz] sin ©(v, A,v) Vv € C“. (3.4)

provided z € B(p, 1) with |©(z, z)| < 6. This is possible because

| A v|sin O (v, A,v) + |Rp(2)|sin ©(v, Rp(z)v)

tan O (v, D fzv) = [v| 4+ [A.v]| cos O(v, Av) + |Rp(2)| cos O(v, Rp(2)v)

z ' @ _ Dfy
Put y = —. Denote y; = f'y and v = ————. We may also assume that
n D fy vyl
Proposition 2.6 and Proposition 2.8 can be applied with € = l. Therefore ©(z,y;) <
3
O(z, fz) + |x|2<90and||<|z|< |$|<—v—01 n?.
2n n

Note that Df;C; C (- We have that Vi =0,1,--- ,n?, 17(1) €C,, C C" and
6(6?!076%') = @(ijm Df;:@yo) + ®<T)(i)a @yi) 2 @(@yoan;T)yo)' (35)
By (3.4) and (3.2) we get

2

— n 71
Ol DI 5y) = S 060, D1y 00) > 3 14,80 sin 0@, 4,,59)
i=0 1=0
sn2. L 2 Ly G e, A,5,) > =] Ay, sin O(T,, A,T,)
- 2 2n 2 E€yx YT X rvxT - ]_6 YT x> xvxT )
It contradicts to (3.5) and (3.3). i

We denote by £ and & the unit eigenvectors of id +A4, in C* and C® respectively,
and by 1+ \¥|al]® and 1 — A$|a|? the corresponding eigenvalues. Also, denote by
Z* and = the subspaces generated by £* and &£5. Since Ay, = t2A,, we know

o =& &ra =& and Ay =g A = A (3.6)

a’ a’

By Lemma 3.1 and Corollary 2.3, k* < A < 3n and &° < A3 < 3n.
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Lemma 3.3. For any a1, - ,a, € IR*\{0}, H(id +A,,) has an eigenvector in

C*, where A, = sD3fy(a,a,).

Proof. By the proof of Proposition 3.2, we have {7 € int cu. (Otherwise~ we can
shrink C" a little bit and the arguments still work.) This implies (id +A4,)C* C C".

So H(id +A,,)C* € C*. Then the result follows. i
i=0

Lemma 3.4. Ifr is small enough, thenVx € B(p,r), Dfmé“ c C*and Dfxés > Cs.

Proof. This is because (id+A4,)C* € C* and ||Df, — (id +A4,)| = O(|z|?). i

Remark 3.5. Df, has an eigenvector in C* and an eigenvector in C* if || is small.
Lemma 3.6. For a,b € IR*\{0}, denote the matriz of identity 24 ®Z5 — =L P =
by
1+ h11 (a, b) hlg(a, b)
hgl(a, b 1+ hao (CL, b) '

Then Yi,j = 1,2, |hi;(a’,b) — hij(a”,b)| < C|O(a’,a")]|, |hij(a,b) — hij(a,b"”)] <
clew,v"), and |hij(a,b)] < C’|®(a, b)|, where C is a generic constant depending
only on f.

Proof. Note that Va # 0, A, has one positive eigenvalue and one negative eigen-
value. So it is clear that the maps a — £¥, &% are smooth on IR?\{0}. By (3.6) the

result follows.

Lemma 3.7. There exists unique subspace E+ C IR? such that Ya € ET\{0}, a is
an eigenvector of A, with positive eigenvalue, where A, = %D?’fp(a, a,-)

Proof. The existence follows from the continuity of the map a — ©(a, Aya).

Now we suppose that there exist z,y with z,y € C* and O(x,y) > 0 such that
Agz = X¢|z|?z and Ayy = \i|y|?y.
First, we assume Ay = \jj. Take such  and y with z —y € C~S and |z| # |y|. By

the law of cosines, Lemma 2.7 and the fact that | f(tx)| = t|z|+ = )\“t?’\:c]?’ +O([t|"),

we obtain that
3
2 (f(ty) = ft)” = |ty — tal?)
=2X\Y|z|* + 220 y|* — 2[a||y|(A¢ |z + AL]y[?) cos O(y, z) + O(t)
as t — 0T. Since
Al + Auly* = |z lyl (Nl + Aulyl?) = (Aell® = Xelyl?) (1] = [y]),

The right hand side is positive if ¢ is small. So [f(ty) — f(tz)| > |ty — tz|. But the
fact y — x € C® implies |f(ty) — f(tx)| < |ty — tx|, a contradiction.
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Next, we assume Ay # Ay. In this case, for any = and y, f(tz) — f(ty) is
not parallel to z — y. Hence we can find x and y such that © — y ¢ Cs but
f(tz) — f(ty) € C*. Therefore, there is a piont tz between tx and ty such that Df.
maps a vector outside the cone C* into C*. This contradicts Lemma 3.4 that says
Df,.C* > C* if t is small.

4. UNSTABLE MANIFOLDS ON M

In this section we prove the existence of invariant decomposition of the tangent
bundle into TM = E" @ E?® (Proposition 4.2) and the existence of “weak” unstable
manifolds W"(z) := {y € M : nh_)rréo d(f~"x, f~"y) = 0} (Proposition 4.4). E¥ is
tangent to W*(z) for all x € M and is continuous everywhere else except the fixed
point p. Most of the arguments are routine except for proving that E) is tangent
to W*(p) (Lemma 4.5).

For convenience we will refer to W*(x) and W¥(x) ={y € M : d(f "z, f~"y) <
e Vn > 0} as the “unstable manifold” and “local unstable manifold” at x, even
though points on the manifolds may not be contracted exponentially in backwards
time.

Lemma 4.1. Let x € M\{p}. Then |Dfl'v| — oo Yv € C¥ and |Df; "v| — o0
Yv e C3, as n — oo.

Proof. If f™x ¢ B(p,ro) for infinite number of n’s, then by (1.2) the result is clear.
If there exists N > 0 such that VYn > N, f"z € B(p,ro), then by Lemma 2.5,

n—1 n—1
|Dflv| > ‘Dfévv| (1+ K" f'z?) > }Dfivv‘ (1+ k")
i:E[Jrl i:]jll 3<k +Z)77
for some k > 1. Thus }Df;}v| — 00. i

Proposition 4.2. There exists an invariant decomposition of the tangent bundle
into TM = E* @ E® such that Vx € M, E; C Cy, E; C C3, and Df, E = E¥,,
Df,E; = E%,.. Except for the fixed point p, the decomposition is continuous.

Proof. E, and EJ have been defined in the above section.
For x € M\{p}, let E¥ = ﬂ fo an“ ng- Clearly, & C Cy and D f, &) = EF,.

We show that £¥ is one dlmensmnal subspace in T, M. In fact, if there are two
independent vectors in £¥, then we can choose v,v" € E¥ such that 0#£v—2 €C:.
By Lemma 4.1 |Df, ™ (v —v'")| — o0 as n — oo. On the other hand, since v, v’ €
Dff o, Chn |IDf " (v =) < [Df"'| + D fy o] < [v[ + [0 Vn > 0. This is a
contradiction.

Put EY = &Y Vo € M\{p}.

Now we prove the continuity of E¥. Suppose for some z¢ € M\{p}, there exists
a sequence {x;} such that Zli)rgo x; = xo and Zli)rgo Ey = E, # E; . Takev € E]

with |[v| = 1. Let v" and v* denote the projection of v in E} and Ej respectively.
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Since £, # E} , v® # 0. By Lemma 4.1 |[Df;"v®| — oo as n — oo. Hence,

we can find an n > 0 such that [Df_"v| > 2. On the other hand, if we take
v; € By Vi > 0 such that lim v; = v, then by the continuity of Df ™, we have

11— 00
|Dfz"v] = lim |Df_"v;| <1, a contradiction. i
11— 00

Remark 4.3. The decomposition into T, M = EY @ E? is not continuous at p. This
can be seen by using a similar method as in the proof of Proposition 3.2 for vectors
in unstable subspaces instead of those in the boundaries of unstable cones. We
leave details to the reader.

Proposition 4.4. For any x € M, W¥(x) is a curve tangent to E*.

Proof. Let x € M\{p}. Construct a continuous vector field v, in a suitable neigh-
borhood of = such that v, € E;. It is easy to see that the integral curve of the
vector field that passes throuth z is contained in to W"(x). To prove that W*(x)
is also contained in the integral curve passing throuth x, it is enough to show that
any piece of stable curve ® intersects W (z) at most one point.

In fact, if v N W¥(x) D {y,z} with y # z, then by Lemma 4.1, we have
nlLH;O d(f~"y, f~™x) =0 and nlLII;O d(f~"z,f~"x)=0. So nlLII;O d(f~"y,f~"z) =0.
This contradicts to the fact that D f~" is expanding along the tangent lines of v*.

Now we consider the case © = p. Let € be the set of points in B(p,€) that can
be jointed from p by a curve tangent to vectors in C*. Note that f™(Q) N B(p,e)

is decreasing as n — oo. It is easy to check W*(p) = N (f*Q N B(p,€)). Above
i=0

argument on uniqueness shows that W (p) is a curve. The differentiability of W (p)

at p is proved in Lemma 4.5.

Lemma 4.5. W (p) is tangent to E.

Proof. Let ~ : [-1,1] — W*(p) be the parameter expression with v(0) = p. For
x1, 22 € Wr(p), we say &1 > x2, if 1 = 7(s1), 2 = 7(s2) and 51 > so.

. . .. . S

First, we prove that the one side limit lim 7(s)
s—0t [7(s)]

'8 — 0 asn — oo, and two unit vectors €',

n’ n

exists. Suppose there are two

sequences 2/7(82), x, =(s), s

T /!
e/’ such that — = ¢’ and —% = ¢” Vn > 0. Without loss generality we assume

z .
B ﬁ/el +B”e”
- ’ﬁ/el +ﬁ”e”]

nl
n

O(e',e”) > 0and 2} > 2 > af > 2§ > ---. Lete for some

g, 3" > 0. Take yy,, 2z, € W¥(p) such that

Yo =sup{y <z, : y = |yle} and zn =sup{z <z : z=|zle}.
By Corollary 2.3, | fyn — yn| < n|yn|®. Thus, if n is large enough, then y,, < fy, <
x),, and therefore ©(fy,,y,) and ©(z!,y,) have same sign, i.e. O(fyn,yn) > 0.
Similarly, we have O(fz,, z,,) < 0. Thus, by Lemma 2.7 we get @(e, D3f,(e e, e)) =
0. Since 8’ and 3" are arbitrary, by Lemma 3.7 we must have ¢/ = ¢’. So the limit
. (s)

u ,__ 1

ey = lim exists.
TS0t [y(s)]
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Now we prove ey € E. Suppose it is not true. We may assume O(el, Aei el) >

O (tet, f(tet
0. By Lemma 2.7 lim ( et/ €+))
t—0t t2
find ¢y > 0, 6y > 0 such that for any z € I' := {y : |y| < t0,|0(y,e})| < bo},
O(z, fz) > B|z]?. Also, we can find sy > 0 such that the piece of unstable curve
{7(s) : 0 < s < 50} is contained in I Take any point z in this curve. We have

O(f "z,x) = 3. O(f a, 1) > 52 |f~'z[>. By Lemma 2.5, Z |f 2l s
i=1
unbounded. This contradicts the fact that fTilz eT Vi>0.
IO
;= lim
=0 [y(s)]

Though EY and E; are not continuous at p, they are contained in C} and C;.
Therefore we know that f has a local product structure, i.e, there exist constants
e > 0,6 > 0, such that Yo,y € M with d(z,y) < 9, [z,y] = Wk(x) N W (y)
contains exact one point.

> 20 for some 3 > 0. Hence, we can

Similarly, the limit e* exists and satisfies e € E. |

Lemma 4.6. Let x € B(p,ro9) and y be in the W"-segment connecting x and
[z, fz]. Then

d(z,y) < Cd(z, fr)  and  d(z,y) < nClz|?,

for some a generic constant, which is allowed to depend only on f.

Proof. Use the fact that C¥ and C; are bounded away from each other to get the
first inequality. The second one then follows from Corollary 2.3. |

5. COORDINATE SYSTEMS

The purpose of this section is to choose a suitable coordinate system at each
tangent space, under which we can prove that at most points in M, Df, contract
angles between vectors in C. This is inportant for the proof of local Hoder condition
in next section.

Let E*@® E? be any coordinate systems such that E* ¢ C* and ES € C3 Vz € M.
Under the coordinate systems, for each x € M there exists a correspondence 7,
from the unit circle in the tangent space T, M to IR U {oo} such that if e = o,
then e and (1, 0) are collinear. The correspondence is one to one if we identify —e
with e.

For simplicity of notations, we say o, € C¥ if 7} 'o, € C¥, and 0 € C* if 5, € C¥
Vo € M. In particular, we denote by " the unique function that satisfies o € E".

Suppose (fij (:)3)) is the matrix expression of D f, : E;; b E’; — E’}Lx b E’Sx. With
respect to the coordinate systems, D f, induces a map F, on IR given by

- (f21(95) + f22(5'3)0) (fn(flf) + f12(90)0)_1 Vo € IR. (5.1)

For any o, we define Fo = Fooo f~! ie. (Fo)(z) = Fp-1,0(f *z). Clearly,
FoelC*iftoeC"and Foe E"if o € E“.
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Lemma 5.1. For any o € C*, hm (f” )(x) = o"(x) Yo € M\{p}.

Proof. Note that (F"o)(z) € fo - By the proof of Proposition 4.2,

nog f
lim (F"0) ﬂ D Clny = B 1

n—oo
n=0

Con51der a particular coordinate system =% & =2 on T, M Yz € B(p, (), where

=¥ and Z$ are eigenspaces of A, = §D3fp(:1: x,-).

Lemma 5.2. Suppose ro > 0 is small sufficiently. Then with respect to the decom-
position TM, = Z% & 22 Vo € B(p,ro), the induced map F, of Df, satisfies the
following.

i) There exists a constant Cy > 0 such that Vo € CY,
|Fpo — Fyo| < Colz|~td(z,y) Va € B(p,ro), y € B(z, |z|). (5.2)
ii) There emst constants k',n' > 0, sectors S;t = {y € B(p,ro) : |O(y, Ey)| <

0%} and S5 = {y € B(p,ro) : ]@(y,ES)\ § 0%} for some 0",0° > 0 such
that v0'1,0'2 S Cmf

‘Fm(O'l — 09 ‘ S 1 — m'\x!2)|01 - 0'2‘ Vo € Su US;)? (53)
|Fo(or — 02)| < (147 |2f*)|or — o2 Vo € B(p,ro)\ (S USS).  (5.4)

Proof. Note that D f €% = (1+ \%|z|?)EY —|—RF( )f“ and Df.£5 = (1— X3 |z|?)& +
Rp(x)&;. The matrix of Df, : E; & =] — E%, @ E%, can be expressed as

(1 +9u(x)  g12(@) )

921(1') 1 +922(Z')
_(1+ I fa) hofe, fo) N1+ AP+ O() - O(l)
_( hoi(z, fx) 1+ h22($,fx)>( O(|z|?) 1= 282 JrO(|x‘2)),(5.5)

where h;; are as in Lemma 3.6.
By (5.1) we get

Fro = (g21() + 0 + gaz(x)0) (1 + g11 () + 912(90)0) (5.6)
1+ g11(%) + g22(2) + g11(2)ga2(x) — 912( )g21(2) (01 — 2], (5.7)
(1 +g11(z) + g12($)0')

|F g1 —O'2)|

where o in (5.7) is between o1 and o5.

By Lemma 3.6, |hi;(x, fx)—hi;(y, fy)| <C|O(x,y)|+C|O(fz, fy)| <3C|O(x,y)].
It is easy to see by (3.6) and the linearity of A, that A} — ;| < 3C|O(x,y)|, if C is
large enough. Note that sin [O(z,y)| < |z|~'d(z,y) and ||z* — |y|?| < 3|z|d(z,y).
Therefore, (5.2) follows from (5.5) and (5.6).
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By Lemma 2.7, |O(x, fz)| = O(|z|?). So (5.4) follows from (5.5) and (5.7).

Moreover, if # € E¥ or ES, then O(x, fz) = o(|z|?). Hence hy;(z, fz) = o(|z|?) as
z — 0. So g11(z) = Aj+o(|z[?), gaz(x) = —A+o(|z[?), and g12(2), ga1 (x) = o(|z[).
Thus, (5.3) holds for these x. Then we use continuity.

Let 8 > 0 small. For x € B(p,rg), take k = k(x) such that

k—1
1428 <[] (L +1f2?) <1+48.
i=0
Considering Proposition 2.6, we have that there exist 0 < ¢; < ¢ < 1 such that
c1 < klz]* < c. (5.8)
Lemma 5.3. There exists Cé > 0 such that
HDfaIf - Df:” < kCI/g’$|d($,y) Vo € B(p7 rO)J y e B(.@, |£U|3)

Proof. We have

k—1
i .
IDfE = DFSIN <D DL D f i — D iy DS
5=0
By Proposition 2.1, [|Dfri, — Dfgiyll < C'|f7z|d(f7z, f7y) for some C' > 0. Also,
Jj—1 j—1
by By Corollary 2.3, ||Df?| < H(l + 3n|fix?) < H(l + |f*z|?)". Since the
i=0 i=0

difference among z, | f'z| and |f'y| are of higher order, we have

|DfE = DIl < kC'(1+45)*|ld(x, ). I
Suppose (fz(f)(:c)) is the matrix expression of D f¥ : S = TURC ) SO
k—1
1 o
where =7, and =7 , are eigenspaces of H (id +§D3fp(f1907]”907 )) It induces a
i=0

map on IR by
FWPg = (13 (x) + 135 (x)o) (f () + [ 5 (w)o)

Lemma 5.4. The map F;,gk) satisfies the following.
i) There exists a constant Cjg > 0 such that Vo € C*,

' VoeR. (5.9)

‘Fggk)a — Fggk)a‘ < C5|x|_1d(x,y) Va € B(p,ro), y € B(z, |z]?). (5.10)
ii) There exist constants 1 > C,, > 0, Cy, > 0 such that Vo,09 € é;‘,
‘Fék)<0'1—0'2)} Scnlo'l_UQ‘ VxeSﬁOUSﬁO,

|F{ (01 — 02)| < Cplor — 02| V€ B(p,ro)\(S, USS,). (5.12)
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Proof. The matrix ( fi(f)(x)) can be written as

(k) (k) (k) k (k) k r(k) (k)
@) 1@ 1 ) W i) @) 7 @)
(b 7000) = (e sy 1 a0 o) i) b ) 019

where ( fl(jk)(x)) is the matrix of D f¥ with respect to the coordinate system =% 5@
E; &y and (6Z-j + hgf)(a:)) is the matrix of identity =} , © =3 ; — fk & =) ufkm L
By (5.9),

(k) (k) (k) (k)
’Fék)(dl _02)} 11 (@ )(5)2 (z) — (k) (@) far (@ )|01 — o), (5.14)
(f11(2) + fia’ (2)o )
where o is between o7 and os.

Similarly, we have b}’ (. f*2) — hif (y, f¥y)| < C16(,y)| + C|O(f*z, fry)|
3C|0(z,y)| < 4C|z|~'d(z,y). By (5.8) and Lemma 5.3, |fi¥ (z) — ¥ (y)
C’Bk]x\d(:f,y) < Cplz|"d(z,y). Hence (5.10) follows from (5.13), (5.8) and (5.

Since fi(f)(x) and hz(-f)(a:, f¥x) are bounded, (5. 12) follows from (5.13) and (5.
, With |v| =1,

)
| <
9).

14).
Now it remains to prove (5.11). Note that Vv € = Efs,

k—1

k—1
(TTta+45u)) o) = [T+ w1 al) = (04 8),
=0

i=0
where A, = %DSfp(x,x, -). Also note that by Proposition 2.1 and (5.8),

k—1

|prE =TT Gia+4y.)

=0

O(|z[*) = O(|z|).

So given € > 0, we can take ry such that fl(lf)(x) > (14 6)"" —¢, and |f1(§)(m)| <e
Vx € B(p,ro). For the same reason, we have |f2(lf)(x)| <, fég)(m‘) <(1-p)" +e
Since x € S US;, fx,--- , fFx are close to Ej or ES, and the eigenvectors

7”0’

are close to Z% and Z3. Hence |hl(.;?)(:c, fFx)| < e. Now we obtain that the matrics

( fz(]k)(aj)) satisfies the folloing condition:

W) 2B e If ()] < ee
2 (@)] < e, 15 (@) < (1= B)*" +ce,
where ¢ is a constant independent of €. So we can take € small enough such that
(5.14) implies (5.11).
For r € (0,7¢], denote S} = B(p,r) N S,
Let A C M. For x € A, denote by Tf () the maximal nonnegative integers such
that V& =0,1,--- ( ) fika;EA

Sy = B(p,r) NS, and Sf =
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Lemma 5.5. Let § > 0. For each x € St , take —75. (x) = ng < np < -+ <
)

07

n;—1
N = Tae () such that 1+ 28 < H (14 |f'z[*) <1448Vj=1,---,m. Then
7’0 .
1=Nj—1
m is bounded for all x € Sy .
Proof. Denote 7% (z) = 72. (). Fix an z € S¢ such that =7 *)~71(z) € 83 and
70
1 (z u 2|2 - y
fEF(z) € St . We may assume /72" <1 +145 V—17(2) =1 <5< 77(2).

We only need consider the case that |f'z| < 3 min{|f7z] : —77(2) =1 < j <
7T(2)}, =77 (2) — 1 < i < 71 (x). Otherwise the result is clear.

For —77(2) =1 < j <7%(z), let S; C B(p,ro) be the smaller sector bounded by
rays from the origin to f7z and f/*!z. Let i; be the smallest integer k such that
fkz € S;. Thus, |fiz| = t;|f72] for some 0 < t; < % By Proposition 2.8, there
are at most 2tj_2 succesive f'z’s in S;. By Proposition 2.6, each of them satisfies
|fix| < /2 t;]f72|. Thus,

3]

T[T @+1faP) < (122 f722) 5 < et <144

fiLL‘ESj
It means that m = m(z) < 77 (2) + 77 (2) + 1. i
Lemma 5.6. There exists D > 0 such that Vo € S¢

T0’

" (x)

II a+iraP <p,

i=—1(x)
where 7F(z) = T3, ().
70

Proof. This is a direct corollary of Lemma 5.5. |

Now we construct the coordinate systems.
Choose 0 < 7 < rg such that for any x € §; \S; with fT+(I)+1(:1:) €S2, then

Tt (z)—1

1 I £9,.12 1
H (1_§ﬁ‘fx‘>§D2n/7
i=—7(x)+1
where 7t(z) = 75, \s:(2) and «” and 7’ are as in Lemma 5.2.ii).
0 [
Denote

P={y€Bpro):I—Tp4, ¥ <i<75,.,1) st fly eS8}

Choose 0 < r* < 7 such that B(p,r*)\W} (p) C I'. In other words, for any
r € B(p,r*)\W}! (p), if we iterate backwards, then the orbit of x goes to S? before
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it leaves B(p,ro). We also assume that r* is small enough such that Vx & B(x,rg),

Cl = U m;'mCyand Cs = U 7, 'm,C; are still bounded away from
yEB(z,r*3) yEB(z,r*3)
eath other.

For x € §7 USL. ), USy, let E" @ E? coincide with Z% @ Z5. Then we extend

these coordinate systems to M\{p} in such a way that E* ® E? remain C' and
with respect to these coordinate systems, ¢, < 1+ n/|z|? for z € S¢ and ¢, < 1 for
x ¢ B(p,r*), where

G = min{( : [Fr01 = Froo| < oy — 09| You,05 € C2}. (5.15)
Since E}é @E’; are C'!, there exists a constant Cy > 0 such that Vo € M\ B(p, %),

y € B(z,r*3),
C ~
|F$a — Fya| < T—fd(m,y) Vo € Cy. (5.16)

We may regard this Cj as the same as that in (5.2).

6. LocAL HOLDER CONDITION

In this section we prove that for any x € M\{p}, there exists a neighborhood in
which Holder condition holds with a constant depending on x. We call this property
local Holder condition.

Proposition 6.1. There exist constants H > 0, 8 > 0 and r* > 0, such that for
all z € M\{p},

u U H
d(E:caEy) < Wd(ajay)e vy < B(.T,pi),

where p, = min{|z|,r*}.
We will prove it by showing the following result.

Lemma 6.2. Let {E* @ E? : x € M} be constructed as in the last section. There
exist constants H > 0, 0 > 0 and r* > 0 such that if x € M\{p}, y € B(z,p3),
where p, = min{|z|,r*}, then

7" @) = 0" ()| < (o)

Before we prove the lemma, we give the following fact.
Lemma 6.3. Lemma 6.2 implies Proposition 6.1.

Proof. Recall that m, is a map from the unit circle of T, M to IR U {oo}. By
choosing a suitable branch we may think lis well defined. Since C* and C* are
bounded away from each other, restricted to C*, both my and T, 1 are Lipschitz

with a Lipschitz constant L Vy € M. Denote e"(y) = m, 'a“(y).
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First, consider the case that x € B(p,r*). We have

d(e"(x),e"(y)) < Llmpe"(x) — me (y)]
< I([maet(@) = mye (u)] + |mye(y) — mac" (v)]).

1

Denote ¢’ = mye"(y). We know mye"(y) — mpe"(y) = mym, 'o’ —o’. By Lemma 3.6

and the definition of m,,
h21(xay) + h22(-f17,y)0'/ /

O"—O‘l — — 0
} 14 hii(z,y) + hio(z,y)o’

—1
T

}7Ty71'

:’ hgl(l', y) + h22(x7y)0/ - hll('xa y)al - hlZ(xvy)OJQ < C/’®($,y)}
1+ hii(x,y) + hio(z,y)o’
for some C’ > 0. Since d(z,y) < p3 = |z|®, we have
d(xvy) d(xvy)l_o d(xvy)o 2 d(x,y)g
R T S
By Lemma 6.2,

rec (@) = me"(0)] = [0"(@) = " ()] < (e )"

Thus,

d(z,y)°
p3l

A" (@), e (y)) < L(H + C'ja?)

We get the inequality in Proposition 6.1 for z € B(p, r*) with L(H +C’'r*?) instead
of H.

Similarly, since the coordinate systems is C! on M\B(p,r*), we can find a con-
stant C” > 0 such that

d(z,y)”

}7'(3/71'710" . O"} < C”d(m,y) < C//T*SG =
Pz

x

The rest of arguments are the same as above. |

Proof of Lemma 6.2.
Take 6 > 0 such that for z € B(p,r¢),

3 1

(1-— Zm’|x|2)(1 + 77|£E|2)39(1 + 4n|x|2)'9 <1-— §m’|x|2 Vx € B(p,ro), (6.1a)
3

(1+ 577'|x|2)(1 + 77|£E|2)39(1 + 4n|m|2)'9 <1+ 27]’|x|2 Va € B(p,ro), (6.1b)

14 ¢,
2

1D | <1 Vo & B(p,r*), (6.1¢c)
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where £’ and 7’ are as in Lemma 5.2.ii), and (, is as in (5.15).

Take
400 200 2007“*2

,ﬂ'// Y 77/ Y 1 _ Cx Y
where Cj is as in (5.2) and (5.16) and B is the bound of all o € C* with respect to

coordinate systems EY @ E7.
Define a function s : M — [1, D2’7/] by putting

H > masx] 2B Df |’}

( 5 (2)

;' B / .
max{1, D*" ] (1-%|f""=|?) } r € S5 \S%
i=1
1, x €S2,
Sy = _

75 (z) )
[T (1 +279|f"2]?), reSinTy
i=1

L DQ”/, otherwise,

where 75 (z) = Tg(p’ro)(l‘) and 75 () = Tgsﬂr(x).
Let

s, H
H = {a eC": [o"(z) —o"(Y)| < —5; d(z,y)? Vo e M,y € B(z,p3) }

xT

H is closed in the sense that for a sequence {0, }2°,; C H if hm o = 0 pointwise,
then ¢ € ‘H. In fact, Vx € M V3 > 0, we can find N > 0 such that foralln > N

jon () — o) < 8.
Thus Vy € B(z, p3),

on(y) = o(2)] < |on(y) = on(2)] + |on(z) = o(2)] < ?T?d(x,y)e + 0.

T

+H
Since lim o,(y) = o(y) and [ are arbitrary, |o(y) — o(z)| < i 3 d(x,y)?. Hence

ocH. ’
Let 0 € H. Take x € M and y € B(x, p2). We will show that
SfaH
(Fo)(fz) = (Fo)(fy)| < =Tg=d(fa. f)". (6.2)
fx

If it is true, then we have F’H C H. So by Lemma 5.1 and the closeness of H, for
any 0 € H, c% = lim F"o € 'H, which will complete the proof.

n—oo
We point out here that it is enough to consider the case y € B(z, p2). Because

if d(x,y) > p3, then

d(z,y) P2 Pta
1 —1 Z -1
|IDf=Y = (IDf=Y) — 2(|DfH

d(fzx, fy) >
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H
So by the choice of H we have —d(fw, fy)? >
Pz

H
W Z 2B, which means

that (6.2) is always true.
Now suppose x € M\{p} and y € B(z, p3). We have

|(Fo)(fz) — (Fo)(fy)| = |Feo(z) — Fyo(y)]
<|Foo(y) — Fyo(y)| + | Feo(z) — Foo(y)|. (6.3)

We consider the following cases.
Case I: x € S US, .
By (6.3) and Lemma 5.2,

(Fo)(f2) - (Fo) ()] < W L= K eP)lo(@) — o ()|

Cod H
S% + (1 — “/‘x‘z)spgg d(:z:,y)9
_(Cod(z,y)'~%p3 : pra\3( d(w,y) \0 1
(T ) (55) (G ) e )"

Since p, < |z|, d(z,y) < |z]* and s,x'H > 4Cy, we have

00d<x7 y)l_epie
||

3
+ (1=K |z|*)s. H < Colz* + (1 — &' |2]*)s. H < (1 — Zfi'\xlz)smH.
By the definition of s, and p,, Corollary 2.3 and 2.4,

pra)* s (_d(@,y) \’ 0 K
<P_x> < (1+7lz?)™, (m) < (14 dnfa?)’, (1= Slal)se < spa

Therefore, (6.2) follows from (6.1a).
Case II: x € SENT.

Similarly,
(Fo) (f2) — (Fo) (fy)] < % (17 o)l () — o(y)|
g% (Lt lel?) 2 dla. )’
 /Cod(x,y)t=9p30 ) pra\30 d(z,y) \f 1
—< |x| + (1+77 ’$|2)31H) <—m) <m) prZd(fx,fy)e.
We get

Cod(flf, y)l—GpiG
||

3
+ (L0 |a*)se H < Colal” + (1+0/|2") s H < (14 5o [2]*) s, H.
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Also,

prz\3? < 2\ 30 d(z,y) \? 210 o2

Pfz 1 BT N < (144 142 o < Stu

(pm) < (L+nlz)™, (d(fx,fy)) < (Ldnfel*)", (1420 |2])s0 < s
Therefore, (6.2) follows from (6.1b).

Case III: x € M\ (S5, UTUSY ).
This is the complement of above two cases. In this case p, = ps, = 7* and
sz = Sz = D*!'. By (6.3), (5.16) and (5.15),

[(Fo) (f2) — (Fo) ()] < 20D

Cod(x, s H
< God(z ) + Co—gg (@, y)’

+ Gelo(z) = a(y)]

,r.*

=(Cod(ac,y)1*9r*39*1 I CmeH> (dd(%y)

(fx, fy

o 1
)) 'r*ggd(fx7fy)6'

By the choice of H,

1+ G _1+G

C’gd(x,y)l_er*?’e_l + (s H < Cor*? + (ps, H < s, H = 5 sreH.
. d(xvy) —1
Since ———— < ||Df z.03) |, by (6.1c) we get (6.2). |
d(fx,fy) H |fB( P3) ( ) ( )

7. DISTORTION ESTIMATES AND PROOF OF THEOREM A

The main work in this section is to prove bounded distortion estimates for small
unstable curves away from p (Proposition 7.5). This result makes it possible to
prove Theorem A through standard arguments. The absolute continuity of stable
foliation is also proved (implied in Proposition 7.7) and is then applied to the proof
of the corollary. In the end of the section we give a criterion distinguishing between
the two cases in Theorem A (Proposition 7.8), which will be used in Part 2.

We fix a rectangle of the form P = [W!(p), W;:(p)], where r € (0,r*], such that
FPUPUf'P C B(p,r*).

Lemma 7.1. There exist constants HT > 0 and 0 > 0 such that if v C fP\P is a
Wu-segment with f~'y C P fori=1,---n— 1, then for any x,y € ,

d(f "z, f*”y)e'

d(E"(f"z), B“(f "y)) < H' 30

Proof. We assume 6 < % Take H > 0 satisfying Lemma 6.1 and

7“3905
1-C.’

H>
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where Cg and C,; are as in Lemma 5.4.

Suppose N is the minimal positive integer such that f~N~ ¢ P. By the same
argument in the proof of Lemma 6.3, it is enough to show that for any =,y € f~"~,
n=1,---N,

n n,,\0
o (1) — o ()| <t AL T

Let 1 < n < N. Fix f > 0 such that |Df,| <1+ 8V z € B(p,r*). Take
nj+1—1
0=mnp<ni <---<mn <niy =nsuch that 1+ 26 < H (L+|f'z?) <1+4p
i:nj
Vj=0,---,0. Then put k; =njy1 —n;, j=0,---,L.
For j =0,---,l, define s, = max{1, 5,}, and

1, ffix e S

36
c. — T CB . .
S5 = 83;1077 + = Yz e Sy
Si—1, ffix e S:f*,

where (), and Cg are is as in Lemma 5.4. By Lemma 5.5, there are at most m
different n; with f"z € S;.. So there are at most m + 1 different s;, and therefore
s; are bounded.

The result of the lemma follows with H+ = mjax{st } if we prove that for all

0<j<i+1,

n; nj,\0
}JU(fnjx)—JU(fna’y)}gsjﬂd(f jfgof v (7.1)

By Lemma 6.2, (7.1) is true for j = 0. Suppose it is true for some 0 < j < [.
Recall Ffi;jwau(f”jx) = o"(f™+1x). We have

o (1) — o ()| = [FE ot (f) — R o (fy)
<|FS Lo () — FS ot ()| | FE o () — B ot ()]
By Lemma 4.6, d(f'z, fy) < nC|f'z|3. So
[froa| ™t d(fra, fry) Tl <ttt a0 <

for all f"z € B(p,r*) if r* is small enogh.
Hence by Lemma 5.4.i), we get

|[F, o (Fy)—F i, o (fy)| < Col froa|Hd(fmm, froy) < Cod(f™ra, froy)°.

To prove (7.1) for j 4+ 1, we need use Lemma 5.4.ii). Consider two cases.
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Case I: fiz € §5. USY. Note that in this case, s; = s;41. By the choice of H,

ot (frotta) — ot (frtry)| < Cpd(f™ @, f9y)" + 5;C 50 (f"fw fry)’

H .\ oen  eny df"”lflr,f””lye
<(Cs+ s;Cx 30) (ffiz, friy)? <s; o H ( 30 ) . (7.2)

Case II: fix € SC.. By the definition of s;, we have

o (frora) = o (fry)| < Cod(f™m, fry)” + 550y —5 U, )

o\ o o o, froey)
<(Cp + 5,0y —5)d(f™, f™7y )! < sjH ( 7 v (7.3)
Hence, we get (7.1) for j + 1 instead of j. This completes the proof. |

Lemma 7.2. There exist constants H~ > 0 and 0 > 0 such that if v C f~1P\P
is a W*-segment with fiy C P fori=1,---n — 1, then for any x,y € 7,

d(B"(f"x), B“(f"y)) < I:T;d(f”x,f”y)e~

Proof. The idea is the same as that in last lemma. However, since d(f™ x, f™y) is
decreasing, the fact d(f™ix, fiy)? < d(f7+1x, ffi+1y)? cannot be used. We need
some adjustment to obtain the last inequalities in (7.2) and (7.3).

By Corollary 2.3, we have

d( £1i n; nj41—1 njr1—1
d(f(n]:Jrlz: ;ngi)y) = H <1 +n|fix|2) < H (1 + |JM5E|2)77 < (1 —|—4ﬁ)n.

Z:le Z:le

So if we take 6 small enough such that (1 + 4ﬁ)n90K < 1, and then take H >
r3(1+48)"Cy 3y
1- (1+48)"c, H

the last step of (7.2) and (7.3) can go through. i

, and set s; = (Sj_10n+ ) (1—1—46)17 for f"x € S5, then

Lemma 7.3. There erists constant D > 0 such that if v C fP\P is a W*-segment
with f~"y C P fori=1,---n—1, then Vz,y € v,

> d(f ', fy) < D.
=0

Proof. By Lemma 4.6,

D od(f e, ) <CY d(f T, f T ).
=0 =0
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Choose 0 < n* < n® < n such that f~iz € S% if 0 < i < n%, f~'x € S5 if
n® <i<mn,and flx € S if n» <i < ns.

Note that if 2 € £ with [z| small, then z € S and therefore d(z, fz) is close
to |fz| — |z| So we may assume that the sectors S* was chosen in such a way that

for all z € S}, d(z z) = |fz—z| < K(|fz] — |z|) for some K > 0. Similarly, if
z € 8., then d(z, fz) = |fz — z| < K(|z| — |fz]). Thus,

n*—1 _

> d(f e, T ) §j (1f =] = [ 2]) < K|fz| < Kr*.

i=0 i=0

n

ﬁi d(f 7'x e < KO (I e = | f T a]) < K|f | < Ko

i=ns+1 1=ns+1
By Corollary 2.3 and Lemma 5.6,

s ns

> d(f e ) < Y e < 2 tog (T (L 57 f?)) < 2 log D,

i=n¥ 1=nY i=n¥

So the result follows by putting D > Cr*(2nlog D + 2K). i

For y € W"(z), let d*(z,y) denote the distance between x and y measured along
W(zx), and for z € W*(z), let d*(z, z) be defined in an analogous way.

Lemma 7.4. There exists constant I > 0 such that if v C fP\P is a W"-segment
with f~'y C P fori=1,---n—1, then Vz,y € 7,
D1y 5]

lo—_
[Df= gz |

Id"(z,y)".

Proof. Denote x; = f~'x, y; = f 'y and v; = f .
Choose 8 > 0 such that ||Df.|| <1+ 6V z € B(p,r*). Take 0 = ng < n1 <
c<m=mnsuchthat 1+28< J] (1+4xf’) <1448Vj=1,---,I. Then
i:nj_1+1
put kj :nj —nj_l,j: 1, ,l.
Let e(z) = €“(x) be a unit vector in E¥. We have

[Dfy "y D2 e(xa)l IDf2 eyn)l
IDfi"|pe|  IDf2elya)l [Dfg elyn)]

|Dfmzje<xnj>—pf§n W)\ Tr(1 o |PLeic(vi) = Dfyie(y:)]
( Dy e(yn,)| ) E( D fy,e(ys)] )

I
li[ n

(1 UD5E 11+ le(wn,) = e(ya)l) - TT (1 + 1D Idzs, i) ).

=1
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By Corollary 2.3, ||D f,,|| < 1+3n|z;|%. The choice of n; implies that V1 < j <,

D < I G+3nlz) < [ O+ ) < (1+48)°.
! ’i:TLj_1+1 i:nj_1+1
So by Lemma 7.1,
IDfy "By ] H+ &
log [ < (HAD 55 3 e, om, ) + DS Y i) (79
x @ j=1 i=1

12 .
For any z; € i, ’%\2 > @ Hence V1 < 5 </,

n; n;
Ds8 I |2 T] (s z [ 0+ 2 0+29)%.
i:nj_1—|—1 i:nj_1+1

This means that d"(zy;,y,,) and therefore d(x,;,y,,) decrease expomentially as j
increases. Thus the first sum in (7.4) is bounded. By Lemma 7.4, the second sum
is also bounded. Now it is easy to conclude that

Df " gu

| fy_n‘Ey ’ S IO
| Dfo" ||
for some Iy > 0 independent of the choice of v, z and y.

Take 4 D «y in such a way that ¥ C fP\P with maximal length. The arguments
above tell us that

log

d*(Zi, y:)
d“(zi,yi) < 6210+du(377y )
) = G, g) ¢ Y
where Z; and g; are the extreme points of 4;. Note that d(z,y) and d“(z,y) are

equivalent for any y € W} (r) and that d“(Z,y) is bounded away from 0 for any
given P. Using (7.4) again we get the result. i
Proposition 7.5. There exist constants 6 > 0 and J,, > 1, depending on P, such
that if v is a W*-segment with () < § and yN P =0, then Vx,y € v and n > 0,

Julsmgu.
|Dfa" gy |

Proof. Ues Lemma 7.4 and the fact that D f;|gu is uniformly expanding outside P.
See the proof in [HY] Proposition 3.1 for more details. i

Lemma 7.6. There exist constants 6 > 0 and Js > 1, depending on P, such that
if v is a W*-segment with diam(vy) < § and yN P =0, then Vx,z € v and n > 0,

J—l < |ng‘E;‘
* T |DfRE

Proof. By using Lemma 7.2, we can prove a result parallal to Lemma 7.4. The rest

< Js.

is the same as in the proof of the previous proposition. |
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Proof of Theorem A.

Take a rectangle P as in [HY] Lemma 5.1. Define the first return map g :
M\P — M\P. Using the same proof as in [HY] Lemma 5.2, we know that there
exists a g-invariant Borel probability measure i1 with the property that g has abso-
lutely continuous conditional measures on the unstable manifolds of f. By pushing
forward, we can extend 1 to an f-invariant measure on M. That is, let

p=> fip
1=0

where fiji = jio f~1, Qo= M\P and Q; = {x € M\P : fx,--- , flx € P} Vi > 1.
It is easy to see that p also has absolutely continuous conditional measures on the
unstable manifolds of f. So if the series in 7.5) converges, then M is finite, and
after normalization we get an SBR measure of f. Otherwise, u is a o-finite measure
on M and therefore is an infinite SBR measure of f. |

Qi)’ 7'5)

Let 1 and X5 be two W"—leaves, and let ¢ : ¥; — X5 be a continuous map
defined by sliding along the W#—leaves, i.e. for x € X1, (z) € 3o N W?*(x).

Proposition 7.7. The W?®-foliation is locally Lipschitz away from p. More pre-
cisely, for any rectangle P = [W¥(p),W?:(p)], there exist constants L > 0 and
e > 0 such that Vx € M\P with [W*(z),Ws(x)]N P = 0, and Vz € W(x),
L: Wh(x) — WY(z) is Lipschitz with Lipschitz constant L.

€

Proof. Let v be an arbitrarily short segment in W (x). We will prove {(vy) < L-I(7)
for some L > 0 independent of v, where [(v) denote the length of ~.

Denote by v*® the stable curve connecting x; € v and tx € W2(x1). Take n > 0
such that [(f™~%) < min{l(f™v),1(f™(vy))}. Without loss generality we assume the
lengthes of "y N P and f™(vy) NP are 0 and I(f"),l(f"v®) < 0, where J is as in
Proposition 7.5 and Lemma 7.6. This is possible because otherwise we can take a
shorter v and larger n.

By the continuity of E¥% and E3, there is an L' > 0 such that {(f™(vy)) <
L. l( f”(’y)). The distorsion estimates in Proposition 7.5 and Lemma 7.6 imply
that

U(17) < L' Jody - 1(7). I

Proof of the Corollary of Theorem A.
The Lipschitzness of the W?®—foliation is given by Proposition 7.7. This enable
us to follow the proof of Lemma 5.3 and Theorem B in [HY] to get the desired

results. |
The following facts will be used in the proof of Theorem B in the next part.

Take pt,p~ € W% (p) in such a way that p™ and p~ are in different components
of W4 (p)\{p}, and take ¢*,q~ € W2 (p) similarly. We have [q, f~pT] € WX (q)
and lim [q, f~pT] = ¢ for ¢ = ¢* or ¢~. Put

AYE=N"d% gt [qh ) and A=ATTHATTHATT AT, (7.6)
n=1
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where AT, A=" and A~ are understood in a similar way as ATT. It is clear
whether A < oo is independent of the choice of pT. Since W*-foliation is Lipschitz
away from p, whether A < oo is also independent of the choice of ¢*.

Proposition 7.8. If A < oo, then f admits an SBR measure. Otherwise, f admits
an infinite SBR measure.

Proof. We may assume p* and ¢* are in the boundary of P. Denote by PTF the
quarter of P bounded by WX (p), W5.(p), W% (q") and W (p*). It is enough to
show that uP™ < oo if and only if AT < co.

Put Q" ={z€Q: fz, -, flx € P}. By 7.5) uP*tt = 3 puQ;". Denote

i=1

¢ = [qT, f~ip*t]. Clearly, Q;H is a rectangle whose unstable direction is bounded
by W2.(qg"7) and W?.(g;). The distortion estimates imply that the densities of the
conditional measures of x on unstable manifolds are bounded away from 0 and oo
(see e.g. the proof of [HY] Lemma 5.2). So, uQ; " is proportional to d(q*, ¢;), i.e.
there exists J, > 1 such that J, 1d(¢",q;) < pQft < Jud(qt,q) for all i > 1.

Now the result becomes clear. |

Jr

PART 2: Proof of Theorem B

In this part we assume that Assumption A holds. Therefore f can be expressed
as (1.3) and (1.4) in some neighborhood B(p,r) of the fixed point p.

Take z = (z,y) € B(p,r) and denote zZ = (Z,y) = [z, fz]. To determine whether
the series in (7.6) converges, we should estimate the order of Z — x as x — 0. Since
both z and fz are in W;?(fz), we need to know the slope of W?(fz). Let v be a
real number or oo such that (v$,1) is a tangent vector of W;?(z). Most of the work
in this part is estimating v for z near y—axis.

8. PRELIMINARIES

We assume that v has form —p%, where p = p(x,y). Results in Lemma 8.3 and
Proposition 8.4 imply that p(z,y) = §2 + p(y) + R,(z,y), where p(y) is determined
by equations (8.6) and (8.7) in Proposition 8.4, and R,(z,y) — 0 as  — 0. This
facts allow us to estimate the bounds of p(z,y) in §9 and §10.

By (1.3) we know that for z = (z,y) € B(p,r),

_(1+ ¢(x,y) + 1. (z,y) x¢y(x,y)
sz B ( _y¢($7y) 11— ¢($>y) - y¢y(xvy)7) (81)

where ¢, denotes the partial derivative of ¢ with respect to x, etc. The nondegen-
eracy condition (1.1) implies that on B(p,r), ¢(x,y) + ¢, (z,y) > &*|(z,y)|* and
V(z,y) + yiby(z,y) > K5|(x,y)|?. In other words, for all z = (z,y) € B(p,7),

3apzr? +2a 2y + axy® > K (2? +y?), box? 4 2byxy + 3boy? > K (2% +y?). (8.2)
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Therefore
ao,az,bo,bz > 0. (83)

In this part we always assume that z = (z,y) € B(p,r). we also assume that r is
small enough such that all higher order terms can be controlled by corresponding
lower order terms. We will denote z, = (zy,yn) = 72, ¢n = O(Tn,Yn), Vn =
V(Zp,Yn), etc. Without loss generality we only consider the case that z is in the
first quarter. So we have x,,y, > 0 except for opposite statement. Also we may
assume

—-1<v; <1 Vz € B(p,r). (8.4)

Otherwise we can rescale x-axis and y-axis by constant factors. This does not
change the conditions of Theorem B because by (1.3) and (1.4) the ratio of a;/b;
and the signs of a; and b;, © = 0,1, 2, remain the same.

Lemma 8.1. Let {t,} be a sequence of positive numbers, and let C > 0 and o > 0.
i) IfVn > 1, t,_1 > t, + CtLT® then there exist D > 0, kg > 1 such that

o0
t, < D(n— k:o)_é for all large n. Therefore _ t, converges as o < 1.
n=1

i) Ifvn > 1, t—1 < t, + Ct'*e, then there exist D > 0, kg > 1 such that
t, > D(n+ ko)_é for all large n. Therefore _ t, diverges as a > 1.

n=1

Proof. i) Take D > 0 such that aC'D® > 2. Suppose t,, > Dk~ & for some integer
k > 1. Then

tn—1 > Dk™a(14C-(Dk™2)%) = Dk~ = (1+CD%Y).
It is easy to see that if k is large enough , then (1 — k= 1)(1 + CD*k~1)® > 1 or
k= (14+0Dk~1) > (k—1)"%. Sot,_1 > D(k—1)"=.
The arguments show that if t,_1 < D(n — kg — 1)_5 for some kg > 1, then
tn < D(n — ko)~ =.
ii) The proof is similar. i

Lemma 8.2. Let z = (0,y) and z, = (0,y,) = f"2z. Then ngo Y3 < %yo and the
0,7].

convergence is uniform for all yo € [0,7

Proof Since Ypn+1 = Yn —Yn® (0,9, ), (1.3) and (1.4) imply ¥ —Yn+1 = yn®(0,yn) >
3.8
2 > Y+ DO

Zy (yn — v 1)=3y-
n—b —~ n+ bQ

The uniformity is clear. |
Denote 21 = fz and p; = p(z1). Note that p1 = p(z(1 + ¢),y(1 —¢)) is also a
function of z = (z,y). Let
Ap(@,y) =(p=p)(1+ )1 =) + pry(l + d)iby —y(1 =)oy
—p1p2(1 + @)Ys + p(1l — )¢ (8.5)
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Lemma 8.3. Ifv; < —p(z )— and 0 < Ay(x,y), then vi < —p(zl)ﬂ. The result
Y Y1
also holds if all “<” are replaced by “>".

(14 c11)v + 12
c1v + (1 — ¢12)

Proof. Since the map v — is increasing as ¢;; small, by (8.1),

v < —(1+¢+a¢s) pr+agy -y
Ty pr A (Y —ydy) -y

To get the result, use the fact that 0 < A,(z,y) is equivalent to

—(1+¢+w¢x)-px+x¢y~y<_plw(1+¢) I
—yypr+ (1= —yy)-y = Tyl —v)

Next proposition plays a key role for the proof of Theorem B.

Proposition 8.4. There exist a Lipschitz function p on [0,r] with p(0) = 0 satis-
fying the following two equations

Az 5(0.9) =(ply) — plyi™)) (1 + @) (L~ ¥)
(“ + 2@y + $)iby —y(1 —)g, =0 (8.6)

and

by log(1 + ¢) + az log(1 — 1) — bs /yo) At)

dt =0 8.7
[ =0 (3.7)

where ¢ = $(0,y), ¥ = ¥(0,y) and y1” = y(1 — ¥(0,y)).

Proof. Denote z = (0,y), 2z, = f"2 = (0,yn), ¢n = ¢(0,y,) etc. So y( ) can be
written as y;. Define p(0) = 0 and for y # 0 define

s bayn (1= )y (0, yn) — azyn(1+ 60)1y (0,9m) T (1 _ ¥stbu (0, 1)
o) =2, bo(1+ 6,)(1 — vn) [T ="770)
(8.8)
By (1.4) boyndy(0,yn) — a2ynty(0,y,) = O(y3). The product in each term in
(8.8) is less than 1 because yi, > 0. So by Lemma 8.2,

n=0 k=0

1p(y)| < Lpy (8.9)

for some L, > 0.
It is easy to check

A o - ben(l —n)o (Ovyn) a2yn(1 + ¢n) d’ 0 Yn) ykw 0 yk)

n=1 k=1
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Therefore,

ywyma y)
1=

bay(L = ¥)$y(0,y) — azy(1 + #)vhy (0, y)
ba(14 @) (1 — )

ply) = (1- )hl) +

Multiplying by (1 + ¢)(1 — ), we get (8.6).
Note y; = y(1 —9). Differentiating the left hand side of (8.7) with respect to y,
we get

bady  azy ., py) ply1)
- +b —b 11—y —yi,).
tre 1-0 "y A g 2
By (8.6) it is equal to 0. This means that the left hand side of (8.7) is a constant.
Since p(y), #(0,y),1(0,y) — 0 as y — 0, this constant must be zero.

Now we prove Lipschitzness of p. We will prove that the derivative of p is
bounded by a constant for y # 0. This combining with (8.9) implies Lipschitzness
of pon [0,7].

By (1.4) we can write

b2yn(1 - wn)qsy(ov yn) - a2yn(1 + %)%(0» yn)

_ !/ 3 3
oL+ 6n)(L — ) = Oyt oln)

and
Yty (0, Yr) ol — Vg — ykwy(oa Yr) 2 "3 3
1 - BT (g - = (1- 1+C"y3 +o
n—1
for some constants C’ and C”. Clearly, H(l — i) = I Hence we can write
)
k=0
(8.8) as
ply) = [C'y3 + o(ys)] H (1= ¥p)* (14 C"yi + o(yi))
n=0 =0
Oy o) T
=3 CHLAD T (14 074 + ot
k=0
d d
Since “AHL — 1y, —yk¥y(0,4k) <1 — oy = DAL e get 8 < P <y
dyp, Yk dy — y
Thus,
d Cl 5 5 5 3
d C'y, +o(yy) << cbn

dy y? Y Yy
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n—1
for some C; > 0. By Lemma 8.2, [] (1+ C"y3 + o(y})) < Cs. Hence,
k=0

n—1 n—1
o 30// 2 (yli) Yk 1.3 3
_‘Zl_i_c//y +O<yk> '?'k:l;[o(l"f'c yk"‘o(yk)))

— n—1
Yk 4|C”|02
§Z4\C“|yz~?cz < TZyi < Cs.

k=0
From these inequalities we get
C'y3 + o(y3 - s y3
‘Z [ 5 v2) 7 H<1+0/’yk+ o(yi ] ‘< (Cl—-02+20'y2-03).
dy (0 0 Ay

Now it is easy to see by Lemma 8 2 that the convergence is uniform. Thus, we

dply ‘ is bounded by —(Cng +2C'Csr) for all y € (0,7]. This proves

know that ‘

the result. |

9. EXISTENCE OF SBR MEASURES

In this section we prove the first part of Theorem B. We estimate the upper
bounds of |[vf| in Lemma 9.1 and then show that the general terms of the serieses

n (7.6) decrease at a rate faster than n~= (implied in Lemma 9.2).

Lemma 9.1. Suppose aas > 2bs, a1 = 0 = by and agby — asby > 0. Then for any
point ¢ = (0,y,) with y, > 0 small, there exists € > 0 such that Vzo = (x0,y0) €

W(q) with ¢ > 0,
Zo

vl = =( 37+ plyo)) (1 = 2%) = (9.1)
2 yo
Proof. For each zy = (zo,y0) € W (q), 2n = (Tpn,yn) = f"20, we denote
a ) o ,
pi=plz) = (7 +0) (1 -2F)  Viz0. (9.2)
2

We show that for y, > 0 small, there exists € > 0 such that Vzo = (zo,y0) €
W(q) with xg > 0,
s Lq

vy, < —pi— and  pix; <y
imply

VS —pi mH&

. ~ i+1
s * szrl
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This proves the result of the lemma. In fact, if (9.1) is not true, then for some large

x
N, PnTn > Yn and therefore v < —p,, - % < —1, contradicting to (8.4).

n
By Lemma 8.3, it is enough to show for such z; = (z;,y:),

Ay (i, yi) = (pi — pir1) (1 + ¢s) (1 — i)
+ pipryi(1 + ¢i)y (T, ys) — yi(1 — i) oy (24, i)
— pipit1Ti(1 + i)z (x4, i) + pizi(1 — i)z (x4, :) > 0. (9.3)

Note that z¢,; — z¢ = z3(1 + ¢;)* — 2 = ax?(¢; + O(¢7)) = aarzfy? +
r¢0(z? + y2). By (9.2) we have

~ ~ as ~
pi = pir =(Pe) = plwir)) (1 = i) + (32 + 00i) ) (i — )
~ N a
=p(yi) — p(yir1) + b—zaazw?‘y? +270(2F + v7).

Since a1 = 0 = by, by (1.4) we see that ¢, (z,y) = ¢,(0,y)+x0(z+y), Yy, (z,y) =
Yy(0,y) + 20(x + y) = 2byy + O(2? + ). So

Pit1Yiy (i, Yi) :(Z—Z + p(Wi+1)) yi (¥y (0, y5) +2:0(zi+y:))

_ 2240 (20297 + y:O(xi +y7)),

bo
and
Yidy (i, yi) = yi (0y(0,4:) + 20 (i + 7))
By Lemma 8.4,
(P(i) = Plyi)) (1 + B) (1 =)
+(Z_2 + pA(yz(?&—)l))yi(l + ¢y (i yi) — yi(1 — i) dy(wi,yi) = 0,

(1—1(0,y;)). Note that y;+1 = y;(1—1(x;,y;)). So both y;11 _91(3)1
and p(yi+1) — ﬁ(yzH) have order O(z2y;). Hence
(pi = pir1) (1 + @) (1 — i) + pig1yi(L + ¢i) ¥y (i, yi) — yi(1 — i) by (i, yi)

Zz—z(aaz — 2bg)xy (yz- + O(z? + yf’)) + z;y,0(x; + y;).

where yz +1 =y

Also, since ¥, (z,y) = 2apz + O(x* + y?) and ¥, (z,y) = 2bgz + O(x* + y?),
—piPin1 T (i, Yi) + piita (i, yi) = 2pi(=piy1bo + ao)xi + z;0(xF + 7).
By (9.2), we have

agby — aob a
—pi+1bo + ap = oz T2 + — 2 3 +1 T O(Yit1)-
by b2
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So
—PiPi+1 TV (i, Yi) +piidz (Tiy Yi) = 2p; (w%jgh)‘f‘z—jxféﬂ)x?‘f'%O(ﬁ‘Fy?)-
Therefore, (9.3) can be written as
By () =32 (0 = 2b2)af (4} +O(a? + 7))
agby —azby  az

+ 2t ot + 20} + ).
bs bs

Now the assumptions as > 4by and agbs — agby > 0 imply A, (z;,y;) > 0 if yo and

+2p; (

zo are small. i

Lemma 9.2. Let zg = (z0,y0) with xo,yo > 0. If for all z = (x,y) in the stable
curve that joins zZy and z1,

a . N
vl > (32 +p(y) (1-a®) (9.4)
2 Yy
then
Z_C() Z To + O$(1)+a (95)

for some constant C' = C(y,) > 0.
Proof. We regard W7 (z) as the graph of a function x = z(y). Then (9.6) gives

d:l: a9 T
— 4+ 1—2x%)—,
e (b2 p(y))( )y
i.e. p p
x as . Yy
_— — > 0.
o= 29 (b2 + () y 2

Intergrating it from z; = (21, y1) to Zg = (Zo, ¥o), we get

to 1. 1-z§ v p
log@——log $g+@1gyo+/ Mdyzo.
T o« 1 — 2§ by Y1 y

1

From now on we omit subscript 0 in the rest of proof. This inequality implies

g

1_704 é a2 N
(L) ()% ol [ ]
]'_ml Y Yy Y

1

Since 1 = z(1 4+ ¢) and y; = y(1 — v), we can write
1—=2 & b2 y ﬁ(y

>0+ -0E (125) (1) e - [ 220
'),

=exp b {bg log(1 + @) + azlog(1 — 1)) — b % y}
Y1

(G=5) () e [ 2

E%|a~g|
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The first factor on the right side is of the form 1+ O(x), because by Lemma 8.4
and (8.9),

Y5 Y1 5
balog(1+ ) + aatog(1 =)~ ba [ Play —1y [ 204y — 0(w)
Y1 Y1

where y( ) = =y(1—(0,y)).
Note that 1 = = + x¢. We have

_ e « a 5 o e e 2
1—2z :1+x(1+¢) :1+x +ar®¢p— I —|—O(¢).

(63 (63 «

1
Without loss generality, we may assume % — x% < —x%@p, otherwise we have

2
> (1+ gb) > 1+ Cz® for some C' = O(y?) > 0 and therefore (9.5) is true.
Thus we get

:i’

(2E) > (e 20 o Ly

Since both z = (z,y) and z = (z,y) are in the same local unstable manifold,
g —y| < N(Z—2) < N(zxy — ) = Na¢ for some N > 0. So,

§(1 N;¢)b2_1+0( ).

By (8.9) we have
Yp(y) .
eXp/ =, W= exp(Lyly —gl) < exp(LpNag) =14 O(x).
Y

Summarizing these results, we get that if x is small enough, then

1 2
> 1+ Zxaqﬁ +O(z) > a28y . i

SHES]

Proof of Theorem B (I).

By Lemma 9.1, 9.2 and 8.1.i) we know that the sum A™T in (7.6) converges.
Similary, we have A=, A==, AT~ < co. Thus the result follows from Proposition
7.8.

Remark 9.3. By Lemma 9.2 and 8.1.i), we can see that under the assumptions of
the theorem, the rate of convergence of the series in (7.6) is faster than n==.
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10. EXISTENCE OF INFINITE SBR MEASURES

We prove the second part of Theorem B. We get the lower bounds of |vf] in
Lemma 10.2 and then prove in Lemma 10.3 that there is at least one series in (7.6)
whose general terms decrease at a rate slower than n-s.

Lemma 10.1. Suppose 2as < aby. Then for any constants K, N > 0, point
q = (0,y,) with y, > 0 small, there exists € > 0 such that Vzo = (x0,y0) € W(q)
with xog > 0, the inequalities
ZoYo H <1 - gyiwy(oa yz)) > N and Kz, <y,
§=0

hold simultaneously for some n = n(zy) > 0.

Proof. We may assume that K is large enough such that if Kx < y, then

Njw

7 13
1-— §y¢y(0,y) <1- §52y2 < (1 - w)
and
(1+¢)*(1—¢)* <1

for some o < ay < 1. Hence for any zo = (xo,yo) with Kxg < yo, we have
22y <231+ ¢1)%y; T (1 — 1)+ < 23yg". Let n = n(z0) be the largest integer
such that Kz, <y,. Thus Kx,11 > yn+1. So we have

2,0+ 2 oy 2, 2+ay
oYy 2 Tpi1Yni1 = K Yn

and therefore

5 _
0Yo - yo Togo . Toy yy "2
n - = Y o el
[T (1= §uity (0.)) v H (1=9)%  Ynpr  BUnn
j= j=
Since yp+1 — 0 as zo = (o, %0) — ¢ = (0,y,4), we get the result. i

Lemma 10.2. Suppose 2as < aby and by < 0 < ay. Then for any point ¢ = (0,y,)
with yq > 0, there exists € > 0 such that Vzo = (zo,y0) € W (q) with ¢ > 0,

a2 i)
vi < —(—+ 10.1
o < (g T (10.1)

Proof. For each zyp = (zo,y0) € W}*(q), define ¢y = 0 and

a2

-1
b2 (a1 — —b1 IL‘OyO H( yzd}y 0 yz)) Vi > 0. (102)

C; =
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We have
7 .
Cit1 — Ci = Cjy1 - gyzwy(o,yz) Vi > 0. (103)

1
pi = max{ -3 % Vi > 0. (10.4)
2

We prove that for each small y, > 0, these exists e > 0 such that Vzy = (29, y0) €

Put
+ p(yi) — 07;}

Weu(q)v q= (Oqu>7 Wlth To > 07
vl > —pi (10.5)
Y
implies
Ti4+1
v > —p 10.6
Zi41 — p1+1 yz+1 ( )

This will prove the result of the lemma. In fact, if (10.1) is not true, then for some
1
large n, I - 3 and v; > = n S 1, contradicting to (8.4).
Yn " Yn
By Lemma 8.3, to prove that (10.5) implies (10.6), it is enough to show that

Ay (i, yi) = (pi — pig1)(1+ ¢i) (1 — 1)
+ pipryi(1 + i)y (i, yi) — yi(1 — bi)dy (i, i)
— pipir1Zi (L + @) (i, yi) + pivi(1 — Vi) pu (i, i) <0

By (10.3) and (10.4),
if 1 = 0;

P(yo) — p(y1) + ¢,
(i) — P(Yis1) + Fciv1yithy (0,:)

ifz’>0&p,~>—%;

_di+1>
ifi >0& p; = —3,

Pi — Pi+l1 =

S ™

Y

where di+1 = p(Yivr1) — (Z—; + p(Yit1) — ¢iv1) > 0, and d;11 = 0 except for the case

pi > —5 and £ — p(yit1) + cip1 < 3.
If pjp1 > —%, we write
Pi+1yi¢y($i,yi)—yi¢y($i;yi) = (b_

a ~
j + p(Yir1)) Yty (0, 4s) — yicby (0, i)
—(Cit1 — di+1)yi1/fy(07 Yi) + (pit101 — a1)ziy; + 2i9:0(x; + yi);

otherwise,
Pi+1yi¢y($i, yz) - yi¢y(xi; yi)
=2(pit1b2 — a2)y; + (pis1b1 — a1)ziys + 2y O (2 + vi).
Also,
— PiPir1Zi%e (Ts, Yi) + PiTido (24, Yi)

pi(pir1br — a1)xiyi — 2pi(pit1bo — ao)x? + iy O(z; + yi).
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Similarly as in the proof of Lemma 9.1, we use Lemma 8.4 to get

Ay, (2i,yi) = Di@s, yi)+(1=pi) (pir101—a1)iyi—2pi (pir1bo—a0)xi +2iy;: O (i +ys ),
where 0 0 o
2 (a1 — 2bi)woyo if i = 0;
Di(wi,y:) < —gcimyithy(0,55) ifi>0& p; > —3;
2(pig1be —az)y? i i>0& p=—3.

Recall 2a9 < aby and b1 < 0 < a;.

Since pg = ‘g—j + O(yo) < § + O(yo) and p1 = po + O(y3), we have p1b; —a; =
32b1 — a1 + O(yo) <0and 1 — pg — 32 > 0if yo is small. So if Kz¢ < yo for some
large K, then A, (z¢,y0) < 0.

For the case i > 0 and p; > —%, by Lemma 10.1, we can choose € small enough
such that Kz; < y; for some large K. Also, y;1,(0,v;) = 2bay? + O(y?). So if
pir1 > 0, then both y? and z;y; terms has negative sign, and if p;1; < 0, then
Cit1 > 2"’722 and therefore the first term can control other terms.

For the case p; = —%, we can see that A, (z;,y;) is equal to
1 4 1 2. 1
2(—§b2 — az)yf + g(—gbl — al)xiyi + g(—gbo — ao)xf + ilflyZO(.fEZ + yi)

2 2
= 5(3612%2 + 2a12:y; + apr}) — 5(352%‘2 + 2b1 25y + box?) + 29O (@ + yi).-

By (8.2) it is less than 0. This proves the lemma. i

Lemma 10.3. Let zg = (x9,y0) with xo,yo > 0. If for all z = (x,y) in the stable
curve that joins zg and 2z,
as N Lo
S < _ & v
UZO — ( bQ + p<y0)) y07
then
To < xo + C’x(z)
for some constant C = C(y,) > 0, where T satisfies Z = (Z,y) = [z, fz].

Proof. Using a similar way as in the proof of Lemma 9.3, we can get

= 1 Yo A a2
o <exp — |:b2 log(1 + ¢g) + a2 log(1l — 1) — bg/ Mdy] (@) "2
X0 b Y1 Y Yo
Yo A
'exp/ Mdy§ 14+ O(x).
g Yy
Therefore the result follows. |

Proof of Theorem B (II).

First we assume that b; < 0 < a;. By Lemma 10.3 and 8.1.ii), ATt = oo,
where AT is defined in (7.6). Therefore by Proposition 7.8 f has an infinite SBR
measure.

By (1.3) and (1.4), the signs of a; and b; change under the transformation
x — —x and y — —y respectively. So under the assumption of Theorem B (II), we

can always find a suitable coordinate system such that b; < 0 < a;.
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