6. DYNAMICAL SYSTEMS WITH HYPERBOLIC BEHAVIOR

6.1. Symbolic dynamical systems.
6.1.1. Two-sided full shifts. Let Y = {0,1,..., Ko — 1} with the dis-

crete topology. Let ¥ = H Y with the product topology. So any

n=—oo

x € X has the form
r={r,}00 = ...T 9T 1XT1Ty. ...
A neighbourhood basis of a point {x,} consists of the sets
E=FE,(v1...op) ={y={w}eX:yp=20,Vm<n<m+k}.

which are called cylinders. A metric on X is given by
B 2. sign |z, — y,|

With the metric, ¥ is a compact metric space. X is called a symbolic
space.

The two-sided shift o, defined by o{z,} = {y,} with y, = 2,41 is a
homeomorphism of 3. We sometimes write as

* *
(. T 9 1T X ...) = ... T_1T0T1T2T3 - . .,

where the symbol * occurs over the Oth coordinate of each point.

A point {x,} is a fixed point if x,, = i for all n € Z, where 1 € Y.
{z,} is a periodic point of period p € N, if and only if z,, = x,4, for
all n € Z.

Proposition 6.1. Let 0 : X — X be a two-sided shift.

(i) Periodic orbits are dense in 3, and hence (o) = 3.
(ii) o is topologically mizing, and hence is topologically transitive.
(iii) o is expensive with expensive constant 1.

6.1.2. One-sided full shifts. If we take ¥ = H Y, and define one-sided
n=0

shift o, by o({xn}22) = {yn}i>, with y, = x,11. That is,
o(xor1xse...) = L1273 . . ..
o is a K to one continuous map with
o N (zoz120...) = {amory ... €X: a €Y}

Similar properies as in Proposition 6.1 holds. Also, for any open set

U C 3, there exists n > 0 such that ¢™(U) = X. In fact, we can find a
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cylinder E,, (2125 ... 21) C U, then o™+* (U) D o™ ¥ (E,, (2175 . .. 21)) D
Y, for any k' > k.

6.1.3. Subshifts of finite type. Now let o : X — X be the two-sided
shift. Let A = (a;)f;2, be a k x k matrix with a;; € {0,1} for all
i,j=0,1,...,k—1. Take ¥4 = {{z,}22_ € X :as,.,_, = 1Vi € Z}.
In other words ¥4 consists of all the bisequences {x,}5% _ whose
neighbouring pairs are allowed by the matrix A. The complement of
Y4 is clearly open so X4 is a closed and therefore is compact subset
of ¥. Also 0(34) = ¥4 so that o : ¥4 — X4 is a homeomorphism
of 34 and is called the two-sided subshift of finite type (or topological
Markov’ chain) determined by the matrix A.

Ifa;;=1foralli,j =0,1,...,Ky—1, then ¥4 =3, and o is called
full shift sometimes. If A = I, the identity matrix, then ¥4 consists of
exact k fixed points of . Sometimcs ¥ 4 is empty; for example when

0 0
A= 1 0)
We call the strings w := wiws ... w, an admissible sequence or al-
lowable sequence if ay,w,,, =1 for £=1,...,n—1. If n < oo we will

also call the string a word. We will always assume that the words we
use are admissible.

A matrix A is said to be irreducible if for any i, j € Y, there exists an
n > 0 such that the (¢, 7)th element of A" is non-zero, or equivalently,
there exists an admissible word w := wyws . . . w,, such that w; = ¢ and
Wy, = J.

A matrix A is said to be primitive if there exists an n > 0 such that
for any i,j € Y, the (i,7)th element of A™ is non-zero, In this case
we say that A" is positive, and write A" > 0. It is easy to see that if
A™ > 0 for some n > 0, then so is A™ for any m > n.

Clearly a primitive matrix is irreducible. However, the inverse is not

true. The matrix A = <(1) é) is irreducible, but not primitive.

Theorem 6.2. Let 0 : ¥4 — ¥4 be a two-sided subshift of finite type.
Then

(i) o is topologically transtive if A is irreducible,
(ii) o is topologically mizing if A is primitive.

Proof. (i) Take open sets U,V C ¥4. We may assume that there are
cylinders given by words u = u_,...u, and v = v_,...v, of length
2r 4+ 1 such that E_,(u) C U and E_,(v) C V.

Since A is irreducible, there exists a word w of length n > 0 such that
v,wu_, is an admissible word. Let ¢ = 2r + 1 + n. Since E_,(vwu) C
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E_.(v)and ¢'E_,(vwu) = E_,_;(vwu) C E_,.(u), we get that that
E_.(vwu) Co"E_(uyNE_.(v) Co 'UNV.

By Theorem 5.1 o is topologically transitive.
(ii) The proof is similar. O

Lemma 6.3. For every i,j € {0,1,..., Ky — 1}, the number N of
admissible words of length m + 1 that begin at i and end at j is equal
to the (i, j) entry aji of the matriz A™.

Proof. We use induction on m. First, it follows from the definition of
A that NZE = Q5.

We now assume for some m € N, N7 = a7 for all ij. Note that by
matrix multiplication

Ko—1 Ko—1

m+1 § m _ § ' m
k=0 k=0

An admissible words of length m + 2 connecting ¢ to j is an admissible
words of length m+-1 connecting i to some k followed by j with a;; = 1.
So the right side of the formula also gives N/™'. Hence the result
follows by induction. O

Let P,(T) denote the set of periodic orbits of T' of period n, that
is, the set of fixed point of 7", and Card P, (T') denote cardinality of
P,(T).

Corollary 6.4. Card P,(c4) = tr A™.
Proof. If v = {x,} € P,(0a), then zg = z,. So each periodic orbit

corresponding a word of length n + 1 that begins and ends at the same
element 7 € {0,1,..., Ky — 1}. There are a}; such words. O

Consider a two sided shift o : ¥ — X. For any x = {z,};°__ € X,

Denote
We(z) ={y={ya}3> o €X: AN E€Zst. x, =y, Vn> N}
W z)={y={y}ie_€X: AN €Zst. z, =y, Vn < N}

—00

Then it is easy to see that
lim d(c"xz,0"y) =0 Yy e W(x)

n—oo

lim d(oc ™"z, 0 "y) =0 Vy € W(x)

n—oQ

The sets W*(xz) and W"(x) are called the stable set and unstable set
of x respctively.
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6.2. Expanding systems.

Definition 6.5. Let X be a compact metric space, and T : X — X 1is
continuous. T 1s said to be uniformly expanding or simply expanding
if there exists k < 1 such that

d(Tz, Ty) > ' pd(z,y) Ve,y € X with d(x,y) < e,

where g > 0.

We say that T': X — X is piecewise continuous if there is a finite or
countable partition X into {X,} such that for each n, Ty, : X, = X
is continuous.

Expansion can be generalized to piecewise continuous maps if we
replace the requirement x,y € X by z,y € X, for each n.

Clearly, expansion implies expansiveness.

Example 6.6. Let X = I = [0,1] and T(x) = 2z (mod 1). T is a
piecewise continuous expanding map. If we identify 0 and 1, then X
becomes a circle, and T is continuous on the circle.

Take a partition X = [y U [}, where Iy = [0,1/2) and I; = [1/2,1).
We have T'(I;) = I for both i =0, 1.

Let Y = {0,1} and define Xt = [[;2,. Define 7 : ¥+ — I such that
for any z = {xor129...}, 1, =0or 1, 7(x) =t € [0,1] is the element
such that T"(t) € I,,. In fact, t is the number whose binary expansion
is 0.xgx1x5 . ... It is easy to check t is unique by expansiveness. In fact,
if s,t € I such that T"(¢t),T"(s) € I, for all n > 0, then we have
d(T"(t),T™(s)) = 2™d(s,t) — o0, a contradiction. So 7 is well defined.

It is also easy to see that 7 is one to one, except 7(0%°) = m(1°°)
and 7(w1l0®) = m(w01*°) for any word w. The images of 0 and the
numbers of the form k/2".

Clearly we have mo = T'm. So 7 gives a toplogical semiconjugacy,
and it is in fact a conjugacy in a Gs set. So we can get that T is
topologially transitive and mixing, and has dense periodic orbits.

In general, suppose T': X — X is a map that has a Markov partition,
that is, there exists a collection {Ro, Ry, ..., Rk,—1} of subsets X with
int R, = R;, int R; Nint R; = () for i # j, and X = Ufi)o_lRi such that
T(R;) = X. Then for any x = {2, }5°,, let m(z) = N7 T"R,,. If T
is expanding, then diam ( N7, T7'R,,) — 0 as n — oo. Hence 7(z)
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contains exact one point in X. We can check that

Tr(x) =T ﬁ T"R,, = ﬁ TR,

n=0 n=0
= ﬂ T~ "Ry, = m({@ns1}osy) = 7o (x).
n=0

Example 6.7. Let [ = [0, 1] and define f : I — I by

3z x €1[0,1/3];
T(x)=<{3r—1 x¢€(1/3,2/3);
3z —2 xel2/3,1].

Then let X = {x € I : T"(z) ¢ (1/3,2/3),n > 0}. X is a standard

Cantor set that is invariant under T .

It is easy to see that (X, T') is topologically conjugate to a symbolic
system (X, o) of two symbols.

Example 6.8 (Quadratic maps). Let X = I = [0,1] and let T'(z) =
A (1l —x), where 0 < X < 4.

This is NOT an expanding map for any A since 77(1/2) = 0.
This map has complicated dynamics for large values of the parame-
ter. For smaller values of the parameter, the following can be proved

Lemma 6.9. For 0 < \ <1 all orbits of fr(z) = Az(1 — x) on [0,1]
are asymptotic to 0.

For 1 < XA < 3 all orbits of Ty(x) = 4 \z(1 — x) on [0, 1], except for
0 and 1, are asymptotic to the fized point xy =1 — (1/N).

For A = 4, the map is topologically conjugate to the map S : St — S!
defined by S(t) = 2t.

Lemma 6.10. The map T : [-1,1] — [-1,1], T(z) = 22*> — 1 is
topologically conjugate to S.

Proof. Let h(t) = cost. Then
Th(t) = T(cost) = 2cos’t — 1 = cos 2t = hS(t). O

Example 6.11. Let A be an n X n matriz with all eigeinvalues greater
than 1. Then the map x — Ax is expanding from R™ to itself. In
particular, if A is an integral matriz, then A induce a expanding map
Tz = Az ( mod Z") on the torus T™.
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It can be proved that such map is topologically conjugate to an one
sided shift.

In fact, all the expanding maps on the torus is topologically conjugate
to an one sided shift.

6.3. Hyperbolic systems.

Definition 6.1. Suppose M is a compact Riemannian manifold, and
f is a diffeomorphism defined on M. A closed invariant set A, 1i.e.,
f(A) = A, is said to be a hyperbolic set if at every point x € A we
have an invariant decomposition
and constants C > 0 and k < 1 such that for alln € N

D" (@)|ell < Cs", D" ()]l < Cr".

By choose a suitable Riemannian metric, we can make C' = 1.

Example 6.12 (Baker’s transformation). Let f : I? — I* such that

flz,y) = (2:1:— 122], %)

This is a piecewise differentiable map.

By the same analysis we can see that the map is topologically semi-
conjugate to a two sided full shift ot two symbols 0 and 1. 0 and 1. In
fact, we can take Ry = [0,1/2] x [0,1] and Ry = [1/2,1] x [0,1]. Then
for any v = {z,}>2___ € X, x, € {0,1}, we an define

W(I) = m;.zo:foof_anﬁrU
which is the conjugacy map 7 : ¥ — I%
For any z = (zM),2®)) € I', The sets W*(z) = {(t,2®) € I? : t € I}

and W¥(x) = {(z(,¢) € I? : t € I} are called the stable and unstable
manifold at x respectively.

— 00

Example 6.13 (Horseshoe map). Let A C R? be a square. Let f: A —
R? a diffeomorphism of A onto its image such that the intersection
AN f(A) consists of two “horizontal” rectangles Ay and Ay and the
restriction of f to the components A" := f~Y(A;), i = 0,1, of f~H(A)
1s a hyperbolic linear map, contracting in the vertical direction and
expanding in the horizontal direction. This implies that the sets A°
and A' are “vertical” rectangles. One of the simplest ways to achieve
this effect is to bend A into a “horseshoe”, or rather into the shape of a
permanent magnet, although this method produces some inconveniences
with orientation.
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FiGURE 1. Horseshoe

The horeshoe map was introduced by Stephen Smale while studying
the behavior of the orbits of the van der Pol oscillator. The map is
regarded as a hallmark of chaos.

Example 6.14 (Solenoid). Consider the solid torus M := S' x D?
where D? is the unit disk in R?. This looks like a bagel. On it we define
coordinates (p,x,y) such that ¢ € S* and (x,y) € D?, i.e., 22 +y? < 1.
Using these coordinates we define the map by doubling up and shrinking
the thickness by five.

11 11
flo,z,y) = (2% sT T Scosp, py §Sin90)

) 2

FIGURE 2. Solenoid

The solenoid S is the set of points that stay inside D? under f™ for
all n € Z. That is, S = N,>of" M.
Clearly, f : S — S is topologically conjugate to a full shift.

Definition 6.2. A closed subset A of M is said to be an attractor if
there is a neighborhood U of A such that

A = Npsof"U.
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A solenoid is a hyperbolic attractor. Because of the chaotic behavior
it is a stange attractor.

11
Since det A = 1, A induces an automorphism on the torus T* given by

f(z) = Az ( mod Z?) Vz € T?

Example 6.15 (Hyperbolic toral automorphisms). Let A = (2 1>.

or
flx,y)=Qr+y, x+y) (modZ?)  V(z,y)eT

F1GURE 3. The hyperbolic toral automorphism

A has two eigenvalues

3+\/5>1, )\2:3_\/5<1.

2 2
The eigenvectors corresponding to the eigenvalues are given by

V51 B+
y=—5 9 Y= 5 2

They are the unstable space EY and stable space E? at each tangent
space T, T?.

For any x € T2, the stable and unstable manifolds at z are the
sets Wé(z) = {z + tv° (mod Z?) : t € R} and W¥(x) = {x + tv* (
mod Z?) : t € R} respectively, where v® € E¢ and v* € EY.

A=
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Proposition 6.16. Periodic points of f are dense and Card P,(f) =
AP AR — 2,

Proof. Tt can be proved that a point is periodic if and only if the coor-
dinates of the point are rational.
Now we calculate Card P,(f). The map

G=f"—idiz— A"t —x = (A" — Iz ( mod Z?)

is a well-defined noninvertible map of the torus onto itself. Note that
if f*(z) =z, then f"(x) —2x = 0 on T?, and hence G(z) = 0( mod Z?),
that is, the set P,(f) of fixed points of f" are exactly the preimages
of the point 0 € T? under G: P,(f) = G7(0). (Actually, every point
z € T? has the same number of preimages.) Lift to R?, we have the
map G : [0,1) x [0,1) — R? given by G(z) = (A" — I)z. Then we get
G(P,(f)) = G(G7Y(0)) € Z>. That is, the number of elements in P, (f)
is exactly equal to the number of the points of Z2? in G([0,1) x [0,1)),
which is equal to the area of the image: |det(A™ —id)| = |(A} —1)(\) —
1| =M+ A0 —2. 0

Remark. The area of a parallelogram with integer vertices is the num-
ber of lattice points it contains, where points on the edges are counted
as half, and all vertices count as a single point.

The toral automorphism can be coding by a subshift of finite type
by using the partition first into {R™"), R, and then a finer partition
into {Ao, Ala AQ, Ag, A4} with R(l) = A()UAlUAQ and R(Q) = AgUA4.

From Figure 5 we can see that f(Ag), f(A;) and f(Ag) cross Ay,
Ay and Ag in E" direction, while f(A3) and f(A4) cross Ay and Ay in
E" direction. So we can get a 5 x 5 matrix

N

I
OO R
OO R
-0 O O
OO R R =
_—_0 O O

It follows that o : ¥4 — Y 4 is topologically semiconjugate to f. Since
A% > 0, f is topologically mixing. It is clear that f is expansive with
expansive constant greater than \y/2.
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FIGURE 4. Partitioning the torus.
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F1GURE 5. The image of the partition.



