Mobius Function Values on Set Partitions Spring 2024

We begin with a standard bit of notation. If P is a poset with a 0 and 1, then

u(P) = up(0,1) = u(0,1)
Let’s recap a quick way to compute Mobius function values on some important posets.
a. If © <y € [n] then p(z,y) = —1if 2 + 1 =y and p(z,y) = 0 otherwise.

b. If C), is a chain, then

1 ifn=0,
p(Cr) = p(0,1) = ¢ =1 ifn=1,

0 otherwise.

c. If S < T € B, (the Boolean algebra), then pu(S,T) = (—1)7=5I.

o,

. If <y € D, (the Divisor lattice), then

(—=1)* if y/x is a product of k distinct primes,
plw,y) =

0 otherwise.

Remark. Notice that (a) is an immediate consequence of (b).

Computing Mobius function values on set partitions

It turns out that we can quickly compute Mobius function values on set partitions, but first we
need to prove a preliminary result. We have the following

Lemma 1. Let z < y € 11, the lattice of set partitions under the usual refinement order. Now
suppose that y = By/Bs/ - -+ /By and that each of blocks B; is further partitioned into n; blocks in
x, then

(1) [z, y] = HHn

In particular,

(2) p(z,y) = Hu(ﬂm),
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Notice that (2) is an immediate consequence of Theorem 16.24. We temporarily postpone the
proof of (1).

Now because of Lemma 1, it appears that we need a quick way to compute u(Il,,) for any n > 0.
We have already manually computed p(I1;) = 1, u(Ily) = —1 and u(Il3) = 2. And it’s not difficult
to discover that p(Il4) = —6. We have the following

Theorem 2. Let II,, be the lattice of set partitions under the usual refinement order. Then

(3) u(IL,) = (n — 1! (~1)™"

Proof: Let x € I1,, be a set partition and let |z| denote the number of blocks of x. Using ¢ > n
colors, in how many ways can we assign colors to the integers of [n| so that members of the same
block of z share the same color? Evidently, there are ¢I*l ways to do this. Call this a block
coloring. Now suppose that we have such a coloring of the blocks of x. We can now create a new
partition y in II, by combining all of the blocks of x that have same color. Such a partition would
then have blocks with distinct colors. Call this a distinct block coloring. Notice that there are

(@D =alg—=1)---(q— |y[+1)
ways to do this.

It follows that

¢ = (@)

y>w

In words, the last line states that the number of block colorings of x is the sum of the number of
all distinct block coverings of y for y > x. So by Md&bius inversion,

(@) = quy‘ﬂ(%y)

y>w

Now let 2 = 0 to produce

(@0 = (@n =>_ "' u(0,y)

y>0

Now observe that

It follows that

as expected. O
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Can we drop the requirement that ¢ > n?



