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Additional Exercises

1. The Twelvefold Way A shirt has 6 positions for buttons, which you sew on according to each rule below.
For each problem, find the correct entry of the Twelvefold Way table which counts the given type of button
arrangements. Evaluate this number to answer the question.

(a) You have a supply of 3 kinds of buttons (Black, White, Red), and you sew on any 6 of them. Note: It is
not necessary to use all 3 colors. For example, (B, W, W, W, B, B) is a legitimate button arrangement.

(b) Same as part (a) but all colors must be used.

(c) Same as part (a) but some positions may be left empty.

For example, (W,R,R, — , — , R) is a legitimate arrangement.

(d) Now you have 9 distinct buttons, say b1, b2, . . . , b9 and you sew any 6.

For example, (b2, b3, b6, b9, b1, b7) = (2, 3, 6, 9, 1, 7) is a legitimate arrangement.

(e) Now suppose that you sew 3 identical Black buttons leaving 3 empty positions.

For example, (B,B, — ,B, — , —).

(f) Same as (e) but you may sew several buttons in the same position. For example, (B, — , — ,BB, — , —).

(g) Now you sew on 10 Black buttons but no position is left empty. For example, (BB,B,BBB,B,B,BB).

(h) Which of the items above are directly related?

2. Consider the fractional part of the decimal expansions below.

100

89
= 1.1235955056179775280898876404494382022471910112360

10000

9899
= 1.0102030508132134559046368320032326497626022830589

1000000

998999
= 1.0010020030050080130210340550891442333776109885996

Can you explain the appearance of the Fibonacci numbers 1, 2, 3, 5, 8, 13, 21, 34, 55, etc.?
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3. Finding the Recursion Equation Suppose that g ←→ogf {an}n≥0 with

g(x) =
1

1− 2
√
2x+ x2

(1)

Find a recursion equation for an. Here a0 = g(0) and a1 =?.

Hint: Rewrite (1) as

(1− 2
√
2x+ x2)

∑

n≥0

anx
n = 1

and equate coefficients. In other words, reverse our usual procedure for finding the generating function of a
given recurrence.
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4. More Fibonacci Identities Using generating functions or a combinatorial approach, prove the following
identities. In some cases hints (C - combinatorial, gf - generating functions) are given. Note: Here
f−1 = 0, f0 = f1 = 1, . . . and f(x) =

∑

n≥0
fnx

n = (1− x− x2)−1.

(a) For n ≥ 0, fn =

(

n

0

)

+

(

n− 1

1

)

+

(

n− 2

2

)

+ · · ·.

Hint: C: Condition on the number of dominoes. That is, how many n-tilings use exactly j dominoes?

(b) For n ≥ 0, f2n+2 − 1 = f1 + f3 + · · ·+ f2n+1.

Hint: C: Condition on the location of the last square.

gf: Let h(x) = (1− 3x+ x2)−1. First show that xh(x2) is the odd part of f(x). Now consider the
generating function h(x)/(1− x).

(c) For n ≥ 0, f2
n + f2

n+1 = f2n+2.

Hint: C: Condition on the breakability of a (2n+ 2)-tiling at the (n+ 1)st cell.

(d) For n ≥ 1, f2
n − f2

n−2 = f2n−1.

Hint: C: Count the number of pairs of n-tilings where at least one ends in a square. Condition on
whether the first tiling ends in a square.

(e) For n ≥ 1,

(fn−1fn+2)
2 + (2fnfn+1)

2 = (fn+1fn+2 − fn−1fn)
2 = (f2n+2)

2 .

Hint: This is hard.

(f) For n ≥ m, fn+m =
∑m

j=0

(

m
j

)

fn−j .

Hint: C: Condition on the number of dominoes that appear among the first m tiles.
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