
Math 481 Quiz 10 Fall 2025

1. (8 points) Let fn = [xn]
7x

(2− 3x)(1 + 2x)
. Find a closed formula for fn.

Solution:

A routine partial fraction decomposition produces

7x

(2− 3x)(1 + 2x)
=

2

2− 3x
−

1

1 + 2x

Thus

fn = [xn]
2

2− 3x
− [xn]

1

1 + 2x

= [xn]
1

1− 3x/2
− [xn]

1

1 + 2x

=

(

3

2

)n

− (−2)n

rjh Form B



Math 481 Quiz 10 Fall 2025

2. Let {fn}n≥0 denote the Fibonacci numbers and consider the following identity.

n
∑

k=0

fk = fn+2 − 1, n ≥ 0 (1)

(a) (5 points) Use generating functions to prove (1).

Solution:

Let F (x) =
∑

n≥0
fnx

n = (1− x− x2)−1. For the left-hand side of (1), the Wilf rules yield

F (x)

1− x
=

1

1− x

1

1− x− x2
(2)

Applying these rules to the right-hand side produces

1

x2
(F (x)− 1− x)−

1

1− x
=

1

x2

(

1

1− x− x2
− 1− x

)

−
1

1− x

=
1

x2

2x2 + x3

1− x− x2
−

1

1− x

=
2 + x

1− x− x2
−

1

1− x

=
1

1− x

1

1− x− x2

in agreement with (2).

(b) (5 points) Find a combinatorial proof of (1).

Solution:

The right-hand side counts the number of ways to cover Bn+2 (see Exercise 11/03 - #3) using at least
one domino.

For the left-hand side, we condition on the starting position of the last domino. There is only 1 = f0 way
to cover the board if the last domino starts a tile 1. In general, if the last domino starts at tile k + 1,
then there are fk ways to cover the first k tiles (and only one way to cover the remaining tiles). These
are clearly disjoint, so summing over k from 0 to n yields the left-hand side of (1).

(c) (2 points) Let gn =
∑

n

k=0
fk. What recursive equation does gn satisfy?

Solution:

From (1) we have

gn+2 = fn+4 − 1

= fn+3 + fn+2 − 1

= (gn+1 + 1) + (gn + 1)− 1

= gn+1 + gn + 1, g0 = 1, g1 = 2

rjh Form B

https://users.math.msu.edu/users/hensh/courses/481/fall25/exercises/Set02.pdf

