THE STRUCTURE OF RANK 3 PERMUTATION MODULES
FOR 0% (2) AND U,,(2) ACTING ON NONSINGULAR POINTS

JONATHAN I. HALL AND HUNG NGOC NGUYEN

ABSTRACT. We study the odd-characteristic structure of permutation modules for
the rank 3 natural actions of OF,(2) (n > 3) and U,,(2) (m > 4) on nonsingular
points of their standard modules.

1. INTRODUCTION

Let G be either a symplectic, an orthogonal, or a unitary group. The primitive
rank 3 permutation representations of G have been classified in [KL]. As a result, the
natural action of G on the set of singular points (by points we mean 1-dimensional
subspaces) of its standard module is always rank 3 and the associated permutation
module has been studied in many papers (see [LST| [L1, L2, [ST]). On the other
hand, the action of G on the set of nonsingular points is rank 3 if and only if G is
orthogonal groups O3 (2) with n > 3 or unitary groups U,,(2) with m > 4. The
purpose of this paper is to describe the odd-characteristic structure, including the
composition factors and submodule lattices, of the permutation modules for these
groups acting on nonsingular points.

We partly utilize the notations and methods from |LI] and [ST]. Let F be an
algebraically closed field of cross characteristic ¢ (i.e., ¢ is different from the charac-
teristic of the underlying field of ). If the action of G on a set 2 is rank 3 then the
FG-module FS2 has two special submodules, which are so-called graph submodules in
the terminology of Liebeck [L1]. Similar to the study of cross-characteristic permuta-
tion modules on singular points, these graph submodules in our problem are minimal
in an appropriate sense (see Propositions 1.1 b.1 and [6.1). When the graph
submodules are different, their direct sum will be a submodule of codimension 1 in
the permutation module and therefore the structure can be determined without sig-
nificant effort. When they are the same (that is when char(F) = 3, as you will see
later on), the problem becomes more complicated. We will look at both module and
character points of view to handle this case.

The complete description of submodule structures of the permutation modules is
given in the following theorem.
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Theorem 1.1. Let F be an algebraically closed field of odd characteristic {. Let G
be either OF,(2) with n > 3 or U,,(2) with m > 4 and P be the set of nonsingular
points of its standard module. Then the FG-permutation module FP of G acting
naturally on P has the structure as described in Tables 1,2,3, and 4, where the socle
series, submodule lattices, and dimensions of composition factors are determined. In
these tables, 6;; = 1 if i | j and O otherwise. In table[q where G = O5,(2), § is the
nontrivial FG-module of dimension 1.

The paper is organized as follows. In the next section, we collect some standard
results of rank 3 permutation modules which will be used frequently later on. We also
establish some relations between the actions of G on singular points and nonsingular
points in §2. Each of the families of groups O3, (2), O5,,(2), Uzn(2), and Us,41(2) is
treated individually in §3, §4, and §5, respectively. Proof of the main theorem for
each family is at the end of corresponding section. Since proofs are similar in many
places, we only give detailed arguments for the case G = Oj,(2).

Notation: Throughout the paper, O3, (2) and U,,(2) are full orthogonal and uni-
tary groups, respectively. Also, SO (2) and SU,,(2) are special orthogonal and
unitary groups. The commutator subgroup of O3, (2) is denoted by Q5 (2). If G is a
group, Irr(G) (resp. IBr,(G)) will be the set of irreducible complex (resp. ¢-Brauer)
characters of G. We denote by X the reduction modulo ¢ of a complex character .
If ¢ € IBry/(G) and A is a constituent of ¢ with multiplicity k, then we sometimes
say that ¢ has k constituents .

2. PRELIMINARIES ON RANK 3 PERMUTATION MODULES

We start this section by recalling some results of rank 3 permutation modules
from [Hi] and [L1].

Let G be a permutation group of rank 3 acting on the set 2. Then, for each a € €2,
G, which is the stabilizer of a, acts on © with 3 orbits {a}, A(a), and ®(«). We
choose the notation so that A(a)g = A(ag) and ®(a)g = ®(ag). Define the following
parameters associated with the action of G on 2:

a = |A(@)],b=|2(a)],
r=|A(a) NA(B)] for 5 € Ala),
s = |A(a) N A(y)| for v € O(a).

These parameters do not depend on the choices of o, 3, and ~.

Let [F be a field of characteristic £ and F) the associated permutation FG-module.
For any subset A of 2, we denote by [A] the element Ys5ca0 of FQ. Set S(FQ) =
Dveqtuw | a, € F, )" a, = 0} and T(FQ) = {c[Q] | ¢ € F}. Note that S(FQ) and
T(FQ) are FG-submodules of FQ of dimensions [Q2] — 1,1, respectively. Moreover,
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TABLE 1. Submodule structure of FOJ, (2)-module FP.

Conditions on ¢ and n Structure of FP
#2304 (2" —1) FoXaoY
C#£23;0| (2" —1) F
\
X @& Y
\
F
(= 3;n even F X
NS
A
VAN
F X
¢ =3;n odd X
|
F @© Z
\
X

X n_ n—1_ ) 2n
where, dim X = w, dimY = 2 3 4 _ de.om—1,

and dim 7 = &=DCHD g 5,0,

T(FQ) is isomorphic to the one-dimensional trivial module. We define a natural inner

product on F(2 by
< Z AW, Z bww> = Z a,by.

we we we

It is easy to see that (.,.) is non-singular and G-invariant. By this reason, FQ is a
self-dual FG-module. If U is a submodule of FQ), we denote by U+ the submodule
of F() consisting of all elements orthogonal to U.

For any element ¢ € F, let U, be the FG-submodule of F() generated by all elements
of the form v., = ca + [A(a)],a € Q and U, be the FG-submodule of U, generated
by all elements v, o —v.5 = c(a—F)+[A(a)] — [A(F)], a, 5 € Q. It is obvious that U
is always contained in S(F(2). The following lemma tells that U, = S(FQ) for most
of c.

Lemma 2.1 ([L1]). If ¢ is not a root of the quadratic equation
(2.1) 2+ (r—sxr+s—a=0,

then U, = S(FQ). Moreover, if ¢ and d are roots of this equation then (Veq,vVag) = S
for any a, B € Q. Consequently, (U.,Uy) = (U),U.) = 0.



4 JONATHAN I. HALL AND HUNG NGOC NGUYEN

TABLE 2. Submodule structure of FO,, (2)-module FP.

Conditions on ¢ and n Structure of FP
C#£2,3;01(2"+1) FoXaY
C#£2,3;0] (2" +1) F
\
X @ Y
\
F
¢ = 3;n even X
VAN
F @& 9§ Z
NS
X
¢ =3;n odd

F X
7
Z 4}
S|
F X
where, dim X = w — 03, dimY =

and dim 7 = EHDE2D g 4,0,

Define a linear transformation on FQ) as follows

T: FQ — TFQ

(2:2) o — [Al)]

It is easy to see that T is an FG-homomorphism. Let ¢,d are two roots of equa-
tion (2.1). We have

T(vea) = c[A(@)] + Y [A@)] = c[A()] + ac + r[A(a)] + s[®(a)].

SeA(Q)

Therefore,

T(vea = vep) = (a—s)(a—PF)+ (r—s+)([A(a)] - [A(B)])
= —cd(o = f) = d([A(a)] = [A(B)]) = =d(Vea — Vep).

Thus, for any v € U., T'(v) = —dv. Similarly, for any v € U}, T(v) = —cv. U. and
U}, are called graph submodules of the permutation module F.

Now we study more details about the permutation modules for O3 (2) or U,,(2)
acting on nonsingular points. Let G be either Of (2) or U,,(2). Let P and P° be
the sets of nonsingular and singular points, respectively, of the standard module
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TABLE 3. Submodule structure of FUs, (2)-module FP.

Conditions on ¢ and n Structure of FP
0#2,3;04 (22" —1) FeXaopY
#2301 (22" —1) F
\
X @& Y
\
F
(=3;3|n F A
T
Wg\Wl
\ \
F A
(=3;31n Z
RN
F & W Wy
NS
Z

. 2n __ 2n—1 . 2n 2n . 2n _
where, dim X = W, dimY = W — 0g02n_1, dim Wy = 27—l

3
dim Wy = BZ=DETIHD g gy and dim 7 = G002

associated with G. Define

Q: FP — FP°
(2:3) o« o [A)
and
(2.4) R: FP° — FP

a = [[(a)],

where A(«) is the set of all singular points orthogonal to a € P and I'(«a) is the
set of all nonsingular points orthogonal to a € P°. It is clear that Q and R are
FG-homomorphisms. Moreover, Im(Q|rp) # 0, T(FPY) and Im(R|ppo) # 0, T(FP).
We have proved the following lemma which is a very important connection between
structures of FP and FP°.

Lemma 2.2. There exists a nonzero submodule of FP® which is not T(FP°) so that
it 1s isomorphic to a quotient of FP. Similarly, there exists a nonzero submodule of
FP which is not T(FP) so that it is isomorphic to a quotient of FP°. Moreover,
these statements are still true if FP and FP° are replaced by S(FP) and S(FPY),
respectively.

Let p and p® be complex permutation characters of G acting on FP and FP?,
respectively. Since these actions is rank 3, it is well-known that both p and p° have
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TABLE 4. Submodule structure of FUs,1(2)-module FP.

Conditions on ¢ and n Structure of FP
(#2304 (27 4+ 1) FeoXaY
0#£2,3;: 0] (22 4-1) F
\
X @& Y
\
F
t=3;3|n X
\
A
\
F
\
F & W
\
F
\
A
\
X
¢=3;n=1 (mod 3) F X
/
A
\
%4
\
A
AN
F X
¢=3;n=2 (mod 3) X
\
Z
VAN
F & F %74
NS
Z
\
X

where, dim X =

Int1 I . Il Int1
%7 dimYy = @ 2)2°" e Sg 024141,

2n41_ . 92n+1_ 1)(92n _y
2 2 and dlmW:%—dg,n.

3

dim Z =

3 constituents, all of multiplicity 1 and exactly one of them is the trivial character.
This and Lemma [2.2] imply the following:
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Lemma 2.3. p and p° have a common constituent which is not trivial.
Finally, we record here a basic property of self-dual modules over a group algebra.

Lemma 2.4. If U is a self-dual FG-module having a self-dual, simple socle X, then
both the head of U and the top layer of the socle series of U are isomorphic to X.

Proof. This follows from Lemmas 8.2 and 8.4 of [La]. O

3. THE ORTHOGONAL GROUPS O (2)

Let V' be a vector space of dimension 2n > 6 over the field of 2 elements Fy =
{0,1}. Let Q(-) be a quadratic form on V' of type + and (-, -) be the non-degenerate
symmetric bilinear form on V associated with @ so that Q(au + bv) = a*Q(u) +
b*Q(v) + ab(u,v) for any a,b € Fy,u,v € V. Then G = O (2) is the orthogonal
group of linear transformations of V' preserving ().

We choose a basic of V' consisting of vectors {e, ..., e, fi, ..., fu} so that Q(e;) =
Q(f;) =0 and (e;, fj) = 0;; for all 4,5 = 1,...,n. Let P be the set of all nonsingular
points in V. Then P = {3 7 (ae; + bif;)) | Yo7 aibi = 1} and |P| = 22»~1 —2n~ 1,

Let o = ey + f1 € P. Note that if § is orthogonal to o and € is not, then § and €
are in different orbits of the action of G, on P. With no loss, we assume that A(«)
consists of elements of P which are not orthogonal to a and ®(«) consists of elements
in P\ {a} which are orthogonal to ov. We have

Ale) (v) € P|(ex+ f1,v) =1}

{
{O (aie; + bifi)) € Play+by =1}
{{e1 +v1), (fi + v1) | (v1) is a nonsingular point in V;},

where Vi = (eg, ..., €n, fo, .oy fn). S0 a = |A(a)| = 2272 — 2! and therefore, b =
|P(a)| =222 — 1.
Let 8 = (e1 + ez + fa) € A(a). Then

A(Oé) ﬂA(ﬂ) = {<U> epP | (61 + fl,U) = (61 + es + fQ,’U) = 1}
= {<ZT(CLZ€1 + bzfz>> e P | ay + bl = b1 + ag + bg = 1} )

An easy calculation shows that
r=|A(a)NA(B)| =273 —2n72
Similarly, if v = (e3 + fa) € ®(a) then we have
Ala)NA(y)={{v) € P|la;+b =ay+by =1}
and
s = |Ala) N A(y)] =227 —2m7 1,
Now equation becomes

3:2 + 271—21, _ 22n—3 — 0’
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which has two roots 2”2 and —2""!. By Lemma U. = S(FP) for any ¢ #
2n=2 9=l Gimilarly to the study of permutation modules for finite classical group
acting on singular points (see |[LI, L2]), the graph submodules U, _, and U’,,_, of
FP are minimal when char(F) # 2 in the following sense.

Proposition 3.1. Suppose that the characteristic of F is odd. Then every nonzero
FG-submodule of FP either is T(FP) or contains a graph submodule, which is Uén,g
or U ...

We use some ideas from the proof of a similar result for the permutation module of
G acting on singular points (see [L1]) but the proof presented here is much simpler.
Define

Ay = {<Z(aiei +bif;)) €EP| by =1,ay+by =1}
=1

and
n

AQ = {(Z(azez + bzfl» epP | b1 = 1,@2 + bg = 0}
i=1
Putting A = A; U Ay and & = P\A. It is easy to see that

[A({ea + f2))] = [A{er + €2 + f2))] = [A1] = [Aq]

and
n

® = {() (aie; + bif:)) € P | by =0}
i=1

Consider a subgroup H < G consisting of orthogonal transformations sending
elements of the basis {e1, f1, €2, f2, ..., €n, fn} to those of the basis {e1, fi+> ;| ae;+
S o bifi,ea — baeq, fo — azen, ..., e, — bper, fr, — aneq} respectively, where a;, b; € Fo
and a; = Z?:Q a;b;. Let K be the subgroup of H consisting of transformations fixing
ey + fo. Let P; be the set of nonsingular points in V; = (eq, fa, ..., €, fn). For each
(w) € Py, we define B, = {(w), (e; + w)}. The following lemmas are similar to
Propositions 2.1 and 2.2 of [LI] and pretty straightforward. Therefore we skip their
proofs.

Lemma 3.2. The following holds:
(i) |[H| =2*72, |K| =223, |A] =222 and |A] = |Ay| = 22773;
(ii) H acts transitively on A and K has 2 orbits Ay, Ay on A.

Lemma 3.3. The following holds:

(i) ¢ = U(w)ep1 By;
(i) K fizes Be,+p, point-wise and is transitive on B,, for every (es + fo) # (w) €
Pl ;
(i) H acts transitively on B, for every (w) € Py.
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Proof of Proposition [3.1] Suppose that U is a nonzero submodule of FP. We
assume that U is not T(FP). Then U contains an element of the form

w=alé) +b{d)+ Y. as,
SeP\{{¢1),(#2)}

where a,b,as € F, (¢1) # (¢) € P, and a # b. If (¢1,¢2) = 1, we choose an element
(p3) € P so that (¢, ¢3) = (d2,¢3) = 0. Since a # b, the coefficient of (¢3) in w is
different from either a or b. Therefore, with no loss, we can assume (¢1, ¢2) = 0.

Since (ea+ fo, e1+e2+f2) = 0, there exists ¢’ € G such that ¢1¢' = ex+ fo and pog’ =
€1+ e+ fo. Therefore, we can assume that u = a(d1) +b{¢2) + 3 scp\ (4,40} @60 € U
with ¢1 = €9 + f2 and ¢2 —=e1+ 62+ f2.

Take an element g € G such that (e2 + f2)g = €1 + €2+ fo. Then (¢1)g = (¢2) and
(p2)g = (¢P1). So we have

u—ug=(a—=b)(¢)—(a—=b)(g)+ Y el
S€P\{(¢1),(d2)}
where bs € F. Note that u — ug € S(FP). Therefore, if cs = bs/(a — b), we get
uy = (u—ug)/(a—0b) = {(p1) — (¢a) + Z cs0 e UNS(FP).
deP\{(¢1),(42)}
Hence we have uy := Y, urk € UN S(FP). Moreover, by Lemmas and ,
uy = 27((1) = (@) + Y _dsd+ Y du[Bu),
dEA <w>€P1,w7é¢1

where ds, d,, € F. Therefore ug := ", _,; ush € UN S(FP) with

ug = (Y _ds)[A]+27% Y dy[B,)]

SEA (w)EP1,w#p1
again by Lemmas [3.2] and [3.3] It follows that
ug 1= 2"""uy —ug = 2" ((¢1) — () + D _ fsd € UNS(FP),
seA
where f5 = 22""2ds — 3", 5 ds. Hence
us = Y wahk = 2""5((¢1) — (@) + f[A1] + F[As) € UNS(FP),
keK

where f = > s n fs and f' = > 5 A, fs5. Since us € S(FP), f + f' = 0. Note that
[A1] = [A2] = [A((01))] = [A((¢2))]. Therefore,
(3.5) us = 27 ((61) — (d2) + F([A(61)] — [A((62))]) € U.

Case 1: If f = 0 then us = 2°"7®({¢1) — (¢2)) € U. From the hypothesis that
the characteristic of F is odd, we have 26778 =£ (. Tt follows that (¢1) — (¢2) € U.
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Therefore « — 3 € U for every «, 3 € P. In other words, U O S(IFP), which implies
that U contains both U’ ,,_, and U,,_., as wanted.

Case 2: If f # 0 then implies that (20"78/f)((¢1) — (¢2)) + [A({¢1))] —
[A({¢2))] € U. Therefore, (2°"72/f)(a— 3) +[A(a)] — [A(B)] € U for every a, 3 € P.
In other words, U D Uéfm,g e This and Lemma imply that U contains either

U',._. or Uj,_.. The proposition is completely proved. O
Proposition 3.4. If ¢ = char(F) # 2,3, then
o —1)(2n -1 22 4
dim Uy,—» = ( ) ) and dim U’ 5,1 = .

3 3

Proof. We have vgn-2 o, — v_gn-1, = 3 - 2" 2 for any a € P. It follows that, for any
a, € P,

(U2n—2’a - ’U2n—2”3) - (U,zn—lﬂ — U,Qn—lﬂ) =3- 2”72(04 - ﬁ)
Since ¢ # 2,3, Uy—s + U’ .1 = S(FP). Note that T'(v) = —2""'v for any v € U},
and T'(v) = 2" 2v for any v € U’ ,,_,. Therefore Uy, NU’,,_, = {0} since 2”2 #
—2"1. So we have U}, , ® U’ ,,_, = S(FP). In particular,

(3.6) dim U, > + dim U’ . 1 = |P| =1 =2%"1 —on=1 1,

Let A be the matrix of the linear transformation T|swp) : S(FP) — S(FP)
(see (2.2)) corresponding to the basis {o — 3 | 8 € P\ o} with a fixed a € P.
Recall that T'(a — ) = [A(«)] — [A(B)] and S ¢ A(B) for every 5 € P. It is easy to
see that the trace of A is —a = —(2?"72—2""1). Since A has two different eigenvalues
—2"2 and 2"! with corresponding eigenvector spaces U’ ,,_, and U}, ., we have

(3.7) —2"2dim U’ i + 2" dim Uy = — (27772 — 2771,
Now (3.6) and (3.7 imply the proposition. O

As we mentioned in the introduction, the structure of FP is more complicated
when 2772 = —2""1 or equivalently when ¢ = 3. We now study the decomposition of
p (when ¢ = 3) into irreducible characters, which are also called constituents.

Lemma 3.5. Suppose £ = 3. Then
(i) when n is even, p has exactly 2 trivial constituents, 2 constituents of degree
(2" —1)(2"t —1)/3, and 1 constituent of degree (2" — 1)(2""! +2)/3 — 2;
(ii) when n is odd, p has exactly 1 trivial constituent, 2 constituents of degree
(2" —1)(2" ' —1)/3, and 1 constituent of degree (2" — 1)(2"! +2)/3 — 1.

Proof. The case n = 3 can be checked directly using [Atll]. Therefore we assume n >
4. From the proof of Proposition , if ¢ =0 we have FP =T(FP)®U,,_. U’ ,._..
Let ¢ and 1 be irreducible complex characters of G' afforded by U,,_, and U’,,_,
respectively. Then we have p = 14 ¢ + 1), where (1) = (2" — 1)(2"' — 1)/3 and
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(1) = (2*" — 4)/3. Tt has been shown in [Ho] that the smallest degree of non-linear
irreducible characters of G in cross-characteristic is at least (2" — 1)(2"~! — 1)/3.
Therefore p must be irreducible.

It remains to consider 1. From [L2], the complex permutation character p° of G
acting on singular points has 3 constituents of degrees 1, (2" — 1)(2"~! + 2)/3, and
(227 — 4)/3. It follows that, by Lemma [2.3] ¢ must be a common constituent of p
and p°. The lemma follows by using the decomposition of 9 from §6 of [STJ. U

Proof of Theorem when G = 05, (2). We consider four cases as described
in Table [Tt

(i) £ # 2,3;0 1 (2" — 1): Then we have [P] = 2?1 — 2" =£ () and therefore
S(FP)NT(FP) = {0}. So FP = S(FP)® T (FP). From the proof of Proposition [3.4]
we see that Us,_, @ U’ ,,_. = S(FP). So

FP =T(FP)® Ul o & U’y 1.

By Proposition these direct summands are simple and their dimensions are given

in Proposition . In Table(l, X := U}, and Y =U",,._,.

(ii)) € # 2,3;¢ | (2* — 1): Then we have T(FP) C S(FP). Since ¢ # 3 and
0] (2" —1), £4 (272 —1) and therefore 2?"~2 —2"~1 o£ 2n=1 Recall that T'(v) = av =
(2272 — 2"~ Ny for any v € T(FP) and T'(v) = 2" v for any v € U, ,. Therefore
(3.8) T(FP) N Ul » = {0}.

Hence, by Proposition 3.1} Uj,_, is simple.
If ¢ is a root of the quadratic equation 2+ (r—s)z+(s—a) = 0, then > 5.5 Ves =
(a—s)a+ (r—s+c)[A(a)] + s[P] € U.. Therefore,
s[Pl = (a—s)a+ (r—s+c)[A(a)] + s[P] = (r — s+ ¢)(ca + [A(a)]) € U..
Recall that s = 2203 — 271 = 2n=1(2n=2 _ 1) £ () as £ 1 (2”2 — 1). It follows that
[P] € Upn—2 and [P] € U_gn-1. Equivalently,
(39) T(FP) S U27L72 and T(FP) S U_anl.

Now and imply that Upm-—2 = Uj,_, @ T(FP). Notice that vgn-2, —
Vogn-14 = 32" % for any o € P. So FP = Usn—2 + U_gn-1. It follows that
FP =U,»+U_gn-1 since T(FP) € U_gn-1. We also have dim U, + dim U_gn-1 <
dimUy,_» + dimU’ ,,, +1 =dim S(FP)+1 = |P|. So

FP — Uén_2 @ U_anl.

If T(FP) € U’y then U_gu-v = T(FP) ® U’,. .. It follows that (T(FP) @
U',.-1)NU,,—» = 0, which leads to a contradiction since T(FP) C S(FP) =U',...®
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yn—2. S0 we have T(FP) C U’,,._,. We deduce that, by Proposition U_gn-1 is

uniserial with composition series
0CT(FP)CU 5ui CU _gn-1.

It is easy to see that v_gn-1, — V_gn-1,9 = V_gn-14 — V_gn-1 44 € U’ 5,_1. Therefore
U_9n-1/U’,, . is isomorphic to the one-dimensional trivial FG-module. If we put
Y :=U",,../T(FP), then the socle series of U_gn-1 is F —Y —F (here and after, we
use row notation for socle series). We note that, in Table , X :=Ujs.

(iii) £ = 3,n even: Then 2" 2 = —2""! = 1. Let S C P be the set of all nonsingular
points of the form (e; + f1 + v) with v € (eq, €3, ..., €,). It is easy to check that

dva=> (@+[A(@) =D a+2"? Y a=[P]

a€esS a€ES a€eS aeP\S

Therefore, [P] € U;. Moreover, since |S| = 2"1 # 0, [P] ¢ U;. Therefore we have
U, = T(FP) @ Uy and U7 is simple by Proposition Moreover, U; is the socle of
FP.

By Lemma (V1 018) = s = 22773 — 2771 = ( for any «,3 € P. Hence
(Uy,U;) = 0 or equivalently, U; C Ui-. A similar argument to the proof of Lemma 2.2
of [ST] shows that U; self-dual. Therefore, FP/U{* = Homp(U;,F) = U;. We have
shown that 0 C U; C Ui C FP is a series of FP with FP/Ui = U, 2 T(FP) & Uj.
This and Lemma imply that dim U] = (2" — 1)(2"~! — 1)/3 and Uj- /U, is simple
of dimension (2" —1)(2""! +2)/3 — 2.

Setting X := U] and Z := U{/U;. Then the composition factors of FP are: F
(twice), X (twice), and Z. By Proposition B.1, S(FP)/T(FP) is uniserial with socle
series X — Z — X. Note that U;*/U/ has composition factors: F (twice) and Z.
We will show that U;*/U] is also uniserial with socle series F — Z — F. Assume
the contrary. Then Z would be (isomorphic to) a submodule of U;+/U!. The self-
duality of U;*/U/ then implies that Z is a direct summand of U;-/U!. By ,
FP/Ker(Q) = Im(Q), which is neither 0 nor T(FP). Inspecting the structure of
FP? given in Figure 4 of [ST], we see that Im(Q) has a uniserial submodule F — Z.
It follows that FP/Ker(Q) also has a uniserial submodule F — Z, which leads to a
contradiction since Z is a direct summand of U;*/Uj. We conclude that the socle
series of FPis (F® X) — Z — (F & X).

(iv) £ = 3,n odd: Then 2772 = —2""! = 2. Since |P| = 2?1 — 2771 £ 0, [P] ¢
S(FP) and therefore FP = T(FP)® S(FP). Similar to (iii), we have Uy = T(FP) & U}
and U) is simple. Moreover, U, is the socle of S(FP). We also have that U, as well
as Uy are self-dual. By Lemma 2.1 (U3, Us) = 0, whence Uy C Us-. Since [P] € U,
Us- € S(FP) and we obtain S(FP)/Us = FP/U,* = Homg(U,, F) = Uj. Combining
this with Lemma [3.5, we have dim U} = (2" — 1)(2" ! — 1)/3 and U;- /U, is simple
of dimension (2" —1)(2"~! +2)/3 — 1. By Lemma [2.4 and the self-duality of S(FP),
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S(FP)/Uj is the top layer of S(FP) and therefore U;- /U, is the second layer. Setting
X = Uy and Z = U3 /U}, then the socle series of S(FP) is X — 7 — X. O

4. THE ORTHOGONAL GROUPS O, (2)

Let Q(-) be a quadratic form of type — on a vector space V' of dimension 2n > 6
and (.,.) be a symmetric bilinear form associated with @ so that Q(au + bv) =
a*Q(u) + v*Q(v) + ab(u,v) for any a,b € Fy,u,v € V. Then G = O,,(2) is the
orthogonal group of linear transformations of V' preserving (). We choose a basic
of V' consisting of vectors {es, ..., en, f1, ..., fu} so that Q(e;) = Q(f;) =0, (e, f;) =
8ij, (ei,en) = (&5, fn) = (fi,en) = (fj, fu) = 0 for every i,j = 1,...,n — 1 and
Qen) = Q(fn) = (en, fn) = 1. If P is the set of all nonsingular points in V' then
P = {<Z71l(azez + bzfz» | Ay + bn + Z? Cbibi = 1} and |P| = 22n—1 + 2n—1'

A similar calculation as in shows that @ = 2?72 4 2771 p = 2202 _ ] p =
22n=3 4 gn=2 g = 22n=3 4 9n=1 Equation (2.1) now becomes x? — 2" 2y — 22073 = ()
and it has two roots —2"~2 and 2!,

Proposition 4.1. Suppose that the characteristic of F is odd. Then every nonzero
FG-submodule of FP either is T(FP) or contains a graph submodule, which is U’ ,,_,
or Ujn_i.

Proof. Define A1, Ay, A, ®, P, Vi, and B, similarly as in §3. Consider a subgroup
H < @G consisting of orthogonal transformations sending elements of the basis {e;,
fis €2, fo, ..., en, fu} to those of the basis {e1, fi +> i, aiei+ Y i bifi,e2—baeq, fo—
aseq, ..., en—bper, fn—aner } respectively, where a;, b; € Fy and a1 = a,,+b,+Y ., a;b;.
Let K be the subgroup of H consisting of transformations fixing es + fo. Then
Lemmas and are still true in this case. Now we just argue exactly the same

as in the proof of Proposition [3.1 U
Proposition 4.2. If ¢ = char(F) # 2,3, then
2+ 12"+ 1 221 4
dim U’ ,. > = 2"+ )(3 +1) and dim Uj,—, = 5

Proof. Similarly as in Proposition [3.4) we have
dim U’ 5,2 +dim Uy, = |P| —1=2*""1 42771 1
and
2" 2 dim Uy — 2" P dim U’ ye = — (27772 4 2771,
The proposition now follows easily. O
When ¢ = 0, similarly as in §3] we have
FP=T(FP)® U 5> ® Uju_i.

Let ¢ and 1 be irreducible complex characters of G' afforded by U’,,_, and U, _.,
respectively. Then we have p = 1 + ¢ + ¢, where p(1) = (2" + 1)(2"! +1)/3 and
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(1) = (22" — 4)/3. Putting G, := 03, 5(2) < G. Note that G; = Q3, ,(2) -2 and
G =0,,(2)- 2. Also, 3, ,(2) and Q5,(2) are simple. Denote by ¢ and §; the non-
trivial 3-Brauer linear characters of G and G1, respectively. Then we have d|g, = d;.

The two following lemmas describe the decompositions of restrictions of 7, @, and ¥
to G; when ¢ = 3.

Lemma 4.3. Suppose { = 3 and n is even. Then

(i) plg, has exactly 7 trivial constituents, 3 constituents 01, 5 constituents of
degree (2"1 —1)(2""2 —1)/3, and 7 constituents of degree (2"~1 — 1)(2" 72 +
2)/3 — 1.

(ii) Plg, has eractly 5 constituents of degree 1, 1 constituent of degree (27! —
1)(2"2 —1)/3, and 3 constituents of degree (2"~' —1)(2" 2 +2)/3 — 1.

(iii) t|g, has exactly 4 constituents of degree 1, 4 constituents of degree (271 —
1)(2"%—1)/3, and 4 constituents of degree (2"~* —1)(2"2 +2)/3 — 1.

Proof. Let P, and P be the sets of nonsingular and singular points, respectively, in
Vi ={e1, ..o, €n1, f1,.- fu_1). We temporarily abuse the notation by identifying a
nonzero vector v with the point containing it. Then we have

P = {en, fasen + fu} UPLU{en + PPY U {fu + PP} U{en + fu + P},
where the union is disjoint and by {x + Y} we mean {z +y | y € Y'}. Since G; fixes

€n, frs €n+ fn and the action of Gy on each set {e, + PP}, {fn+ PP}, or {e,+ fu+ P}
is the same as that of G5 on P, we have the following isomorphism as FG;-modules:

FP = 3F o FP, @ 3FP,.

The structure of FP; is given in Table[1]and the structure of FP? is given in Figure 4
of [ST]. Hence part (i) follows.

An easy comparison of degrees using the fact that ¢(1) = (2" +1)(2" 1 +1)/3 and
(1) = (22" — 4)/3 will prove (ii) and (iii). O
Lemma 4.4. Suppose { = 3 and n is odd. Then

(i) Pla, has exactly 14 trivial constituents, 3 constituents 01, 5 constituents of
degree (271 —1)(2"2 —1)/3, and 7 constituents of degree (2" —1)(2"2 +
2)/3 — 2.

(ii) Plg, has exactly 8 constituents of degree 1, 1 constituent of degree (2" ! —
1)(2"% —1)/3, and 3 constituents of degree (2"~ —1)(2"2 +2)/3 — 2.

(iii) ¥|q, has exactly 8 constituents of degree 1, 4 constituents of degree (2" —

1)(2"2 —1)/3, and 4 constituents of degree (2"~' —1)(2""2 +2)/3 — 2.

Proof. Similar to the proof of Lemma [4.3] O

Lemma 4.5. Suppose { = 3. Then 1 has exactly 2 constituents of degrees (2" +
)21 —2)/3 and (2" +1)(2" ' +1)/3 — 1 if n is even and 3 constituents of degree
L@2"+1)@2"t—=2)/3—=1and 2"+ 1)(2" ' +1)/3 =1 if n is odd.
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Proof. From [L.2], we know that the complex permutation character p° of G acting
on singular points has 3 irreducible constituents of degrees 1, (2" + 1)(2"~! —2)/3,
and (22" — 4)/3. Therefore, by Lemma 2.3, ¢ must be a common constituent of p
and p°. Now the lemma follows from §8 of [STJ. O

Proof of Theorem when G = 0,,(2). As described in Table [2, we consider

the following cases.
(i) € #2,3;04 (2" +1): Then we have S(FP)NT(FP) = {0} and
FP=T(FP)® U’ 5> ® Ujn_i.

Propositions .1|and [4.2| now imply the theorem in this case. In Table , X =U,.
and Y := Uj,_,.

(ii)) € # 2,3;¢ | (2* + 1): Then we have T(FP) C S(FP). Since ¢ # 3 and
0] 2"+ 1), £4 (2% 4 1) and therefore 2272 + 2n~1 £ —27=1 Note that T(v) =
av = (22772 42" )y for any v € T(FP) and T'(v) = —2" v for any v € U, 5. It
follows that

(4.10) T(FP)NU ,.—. = {0}

Therefore, by Proposition 4.1, U’,, , is simple. Arguing similarly as in the case
G = 05 (2), we have

(4.11) T(FP) € U_gu-2 and T(FP) € Uyn-1.

Now and imply that U_gn-2 = U’,,_, ® T(FP). Recall that vgn-1, —
V_gn-2, = 3-2"%a for any « € P. So FP = U_gn-—2 + Upn-1. It follows that
FP =U',. 5 + Usn-1 since T(FP) € Ugpn-1. We also have dim U’ ,,_, + dim Ugn-1 <
dimU’,,_, +dimUj,_, + 1 =dim S(FP)+1 = |P|. So

FP = U yuo ® Upnr.

By Proposition , Usn-1 is uniserial with composition series 0 C T(FP) C
Upnor C Usgn-1. Since von-14 — Von-1,9 € Usoy, Upn—1 /U, is isomorphic to the
one-dimensional trivial FG-module. If we put Y := U,,_,/T(FP), then F — Y —F is
the socle series of Ugn-1. In Table[2] X :=U’,, .

(iii) £ = 3;n even: Then we have —2"2 = 2"! = 2. Since |P| = 22"°! +
271 £ 0, [P] ¢ S(FP) and therefore FP = T(FP) & S(FP). As proved before,
S[P] =3 scn(a) V26 — (r—8+2)vg, € Us for any o € P. Since [A(a)| — (r—s+2) =
(22772 4 on=h) — (22073 o onm2 923 _on=l 4 9y = 2 £ (), [P] ¢ Uj. Applying
Proposition , we see that Uj is simple and U} is the socle of S(FP). By Lemma ,
U} is also (isomorphic to) the top layer of the socle series of S(FP).

By Lemma 2.1} (U}, Uy) = 0, so Uy C Us-. Since s = 2273 42771 £ 0, [P] € Uy
and therefore U; € S(FP). Moreover, S(FP)/Us = FP/U,* = Homg(U,, F) = U}
by the self-duality of U, and Uy, = T(FP) & U). We have shown that U occurs
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as a composition factor in FP with multiplicities at least 2. Let ¢ € IBr3(G) be
the irreducible 3-Brauer character of G afforded by Uj. Then o is an irreducible
constituent of o = 1 + @ + ¢ with multiplicity at leat 2.

Assume that 20 is contained in . Then o(1) < (1) = (2" +1)(2" 1 +1)/6, which
violates the result on the lower bound of degrees of nontrivial irreducible characters
of Q5,(2) given in [Ho]. So o is a constituent of ¢». By Lemma o(1) is either
(2" +1)(2 ' —2)/3 or (2" +1)(2"' +1)/3 — 1 and also ¢ is a constituent of @. If
o(1) = (2" +1)(2"1 —2)/3, then again from the result on the lower bound of degrees
of nontrivial irreducible characters of €25 (2), other constituents of ¥ are linear. In
particular, @ contains (2" + 1)(2"7! +1)/3 — (2" + 1)(2"! — 2)/3 = 2" + 1 linear
constituents (counting multiplicities). This contradicts part (i) of Lemma since
2" +1 > 17. So we have o(1) = (2" +1)(2"' +1)/3 — 1. Since o is a constituent
of p and (1) = (2" + 1)(2" ! 4 1)/3, P has only one another constituent which is
linear. Using Lemma [4.3] we see that the restriction of this linear constituent to G,
is 0;. Therefore that constituent must be 4.

We have shown that Us-/U} has two composition factors affording § and a character
of degree (2" 4 1)(2"' —2)/3. The self duality of Uy~ /U} = F @ Us- /U, implies that
Ust /U5 = 6@ Z, where Z is a module affording the character of degree (2" +1)(2" 1 —
2)/3. Here we denote by the same ¢ the module affording character 6. We note that,
in Table [2| X := U/ and the socle series of S(FP)is X — (6 ® Z) — X.

(iv) £ = 3,n odd: Then we have —2"72 = 2"~ = 1. Also, s = 2?"73 4+ 21 = (.
Hence, by Lemma , (Uy,Uy) = 0. It follows that U; C Ui, Since U; is self-dual,
FP/U+ = Homgp(U;,F) = U;. Therefore, the nontrivial factor of U] occurs with
multiplicities at least 2 in FP. Note that, by Proposition this nontrivial factor is
either U] or U{/T(FP). Arguing similarly as in (iii) and using Lemmas and [4.5
we again obtain that © has exactly two irreducible constituents of degrees 1 and
(2"+1)(2""'+1)/3—1. Combining this with Lemmal4.5 we get that p has exactly 3
linear constituents, 2 constituents of degree (2" +1)(2"'+1)/3—1, and 1 constituent
of degree (2" +1)(2"1 —2)/3 — 1.

Since V1,4 — V10§ = V1,0 — V1,09 € U} for any a € P and g € G, U, /U] is isomorphic
to the one-dimensional trivial module. It follows that, if T(FP) € Uj, U; would have
F as a composition factor with multiplicities 2. Therefore F appears at least 4 times
as a composition factor in FP, contradicting the previous paragraph. So T'(FP) ¢ U]
and hence U7 is simple.

Now we have dim U] = (2" +1)(2""* +1)/3 — 1. Also, U;- /U, has two composition
factors of degrees 1 and (2" +1)(2"~' —2)/3 — 1. Applying Lemma [4.4] the factor of
degree 1 must be ¢ and therefore Uj-/U; = Z & §, where Z is the factor of dimension
(2™ + 1)(2" ! — 2)/3 — 1. Setting X := U]. Then FP has composition factors: F
(twice), §, X (twice), and Z. Then, by Proposition[l.]]and Lemma[2.4, S(FP)/T(FT)
has socle series X — (Z @ 6) — X.
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Now we study the structure of the self-dual module U;*/U!. Note that it has
composition factors: F (twice), d, and Z. Inspecting the structure of FP° given in
Figure 7 of [ST], we see that any nontrivial quotient of FP° has the uniserial module
Z — F as a quotient. Using Lemma [2.2] we deduce that Z is not a submodule of
Ut /Uj, which implies that Z is in the second layer of the socle series of U,*/Uj.
Again from Lemma , it is easy to see that d is a submodule of U;*/U]. Therefore,
Ut /U; is direct sum of § with a uniserial module F — Z — F. The structure of FP
now is determined completely as described. a

5. THE UNITARY GROUPS IN EVEN DIMENSIONS Us,(2)

Let V be a vector space of dimension 2n > 4 over the field of 4 elements F, =
{0,1, 7,72}, where 7 is a primitive cubic root of unity. Let (.,.) be a nonsingular
conjugate-symmetric sesquilinear form on V', i.e, (.,.) is linear in the first coordinate
and (u,v) = (v, u) for any u,v € V, where T = 22 for # € Fy. Then G = Uy, (2) is
the unitary group of linear transformations of V' preserving (., .).

We choose a basic of V' consisting of vectors {e, ..., e, f1, ..., fu} so that (e;,e;) =
(fi, f;) =0 and (e;, f;) = 0;; for all 4, j = 1,...,n. Let P be the set of all nonsingular
points in V. Then P = {{3 7 (aie; + b;f;)) | Y7 (aib; + a@;b;) = 1} and |P| = (2*1 —
22n=1) /3. Unlike the study of permutation modules for orthogonal groups, in this
section, for computational convenience we assume that A(a) C P\ {a} consists of
elements orthogonal to o and ®(a)) C P\{a} consists of elements not orthogonal to «.
Then we have a = (24773 4-2202) /3 p = 24073 22072 _ 1 p = (24075 —22n73) /3 s =
(24n=5 4 22n=2 /3 Equation (2.1)) now becomes z? — 22" 3x — 2975 = () and it has
two roots —22"=3 and 222,

Proposition 5.1. Suppose that the characteristic of F is odd. Then every nonzero
FG-submodule of FP either is T(FP) or contains a graph submodule, which is U’ y2,_5
or Ulpn_s.

Proof. We use some ideas from the proof of a similar result for the permutation
module of G acting on singular points (see [L1]). Let ¢ := (es + 7f2), ¢ := (e1 +
ea+Tfa), g3 1= (T2e1+ea+Tfa), and ¢g := (Ter +ea+7f2). Also A= {37 (ae;+
bifi)) € P | b =1}, Ay = {00 (aei +bifi)) € P | b = 1,a7% + by = 0},
Ay = {(Z?:l(aiei +bifi)) € P b = 1,ao7% + by = 1}, Az = {<Z?:1<aiei +0ifi)) €
P ‘ by = Cl27'2 +by = 7'}, Ay = {(Z?:l(aiei + bzfz)> e P ’ by = 1,&27'2 + by = ’7'2},
and ® := {31 (ae; + b;fi)) € P | by = 0}. Then we have
A:A1UA2UA3UA4 andP:AUCI),

where the unions are disjoint and

(5.12) [A(0:)] — [A(d;)] = [A] — [A]
for any 7,5 = 1,2, 3,4.
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Consider a subgroup H < G consisting of unitary transformations sending elements
of basis {e1, fi, €2, f2, ..., €n, fn} to those of basis {e1, fi + > i aie; + > o bifi, €2 —
boeq, fo — azeq, ..., — bper, frn — ane; } respectively, where a;,b; € Fy and a1 + a7 =
S o (aibi+a;b;). Let K be the subgroup of H consisting of transformations fixing ¢;.
Let P; be the set of nonsingular points in Vi = (ey, fa, ..., €, fn). For each (w) € Py,
we define B,y = {(w), (e1 + w), (te1 + w), (T%e; + w)}. Similarly as in Lemmas
and [3.3, we have

(i) [H| = 272, [K| = 270, JA] = 272, and |Aq] = Qo] = |A3] = |Ay] =
24n—5;
(ii) H acts transitively on A and K has 4 orbits Ay, Ag, Az, Ay on A;
(i) ® = Uwyep, Bu);
(iv) K fixes By, point-wise and is transitive on B,, for every ¢, # (w) € Py;
(v) H acts transitively on B,, for every (w) € P;.

Suppose that U is a nonzero submodule of FP. Assume that U # T'(FP). Similarly
as in Proposition [3.1], we can show that U contains an element of the form

u=agy +boy+ods+doa+ Y. agd,
0eP\{¢1,02,¢3,04}

where a,b,c,d,as € F and a # b. Take an element g € G such that (es + 7f3)g =
e1 +ex + 7fa. Then 919 = @2, ¢29 = ¢1, P39 = ¢u, and ¢ug = ¢3 . So we have
u—ug = (a—>b)(¢1 — )+ (c — d)(d3 — da) + > bsd € U N S(FP),
SeP\{¢1,02,03,04}

where b5 € F. Now arguing similarly as in Proposition [3.1] we get an element
us = (¢1 — ¢2) + e(d3 — da) + fIAL] + f[Ax] + f'[As] + f7[A4] € UNS(FP),

where e, f, f', f”, f” € F. Interchanging ¢3 and ¢, if necessary, we suppose that
e # —1.

Let g be an element of H such that (ex +7f2)g = 7%e; + €2 + 7 fo. Then ¢1g = @3,
P39 = ¢1, P2g = ¢a, and Pug = ¢p. Also, Arg = Az, Azg = Ay, Agg = Ay, and
019 = Ag. Therefore,

U ‘= Usg = (¢3 - Q§4) + e(gbl - (bg) + f[Ag] + f/[A4] + f//[Al] + f///[AQ] S Un S(FP)
Note that f+ '+ f” + f” = 0. Therefore, if we set u7 := (us + ug)/(1 + €), then
ur = (1 — @2+ d3 — ¢a) + (£ + ") ([A1] — [Ao] + [As] — [A4]) € UN S(FP),

where t = f/(1+¢) and t" = f"/(1 + e).

Case 1: If t + " # 0 then by (5.12), we have ug := ur/(t + ") = veg, — Ve,gy +
Veps — Veps € U, where ¢ = 1/(t +t”). Consider an element g € G such that
(e2+7fa)g = T*(er +ex+7fy). Tt is easy to check that ¢1g = ¢, ¢ag = ¢3, d39 = é1,
and ¢49 = ¢4. We deduce that ug := ugg = Vg, — Ve,py + Ve, — Vepy € U. It follows
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that wig = us + ug = 2(Ve,p, — Veg,) € U. Hence U, C U, which implies that U
contains either U’ ,2,_3 or Uss,_» by Lemma

Case 2: If t +t”" = 0 then uy = ¢1 — ¢ + 3 — ¢4 € U. Let g € G be the
same element as in Case 1. We have urg = ¢ — ¢35 + ¢1 — ¢4 € U. It follows that
ug := uy + ug = 2(¢1 — ¢4) € U. Therefore « — 3 € U for every o, € P. In
other words, U 2 S(FP), which implies that U contains both U’ ,.,_3; and Ujs,_», as
wanted. 0

Proposition 5.2. If ¢ = char(F) # 2,3, then

(220 —1)(22t + 1) (227 +2)(22" — 4)'

dim U/_22n73 = and dim Uéanz =
9 9
Proof. Similar to Proposition |3.4] we have
24n—1 _ 22n—1
dlm U/_22n73 + dlm Uégn72 == ’P| — 1 = # _ 1
and
24n—3 22n—2
223 Qim Ulpn > — 22" 2 dim U’ o5 = —a = _+’
which imply the proposition. ([l

In the complex case ¢ = 0, as before, we have
FP = T(FP) S¥ U/_22n73 @ U£2n72 and p =14+ ¢+,

where ¢ and 1 are irreducible complex characters of G afforded by U’ ,,,_; and Ujs,,_,

respectively. Note that p(1) = (22" — 1)(22"1 4+ 1)/9, ¥(1) = (22" + 2)(2*" — 4)/9.
We now study the decompositions of % and v into irreducible Brauer characters

when ¢ = 3. We note that, when ¢ = 3, —22"=3 = 22"=2 — 1 and therefore FP has

only one graph submodule U7.

Lemma 5.3. Suppose { = 3. Then 1) has evactly 2 constituents of degrees (22" —
1)(22"=1 —2)/9 and (2*" — 1)(2>"' +1)/9 — 1 if 31 n and 3 constituents of degrees
1, (22 —1)(2*71 — 2)/9, and (22" — 1)(2>" ' +1)/9 -2 if 3 | n.

Proof. From [L1], we know that the complex permutation character p° of G acting
on singular points has 3 constituents of degrees 1, (22* —1)(2?"~! 4 4)/3, and (22" +
2)(22" — 4)/9. Therefore, by Lemma 2.3} ¢ must be a common constituent of p and
p°. Now the lemma follows from §4 of [STJ. O

Lemma 5.4. Suppose { = 3. Then

(i) @ has ezactly 2 constituents of degrees (22" —1)(22"~1 —2)/9 and (2°" —1)/3.
(ii) Uj is simple and dim U] = (2** — 1)(22"~! — 2) /9.
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Proof. Let S be the set of nonsingular points of the form (e; + 7f; + v) where v €
(€9, €3, ...,6€,). It is easy to see that

S e = (o + [A@) = [P

a€ES aes
Therefore, T(FP) C U;. Moreover, |S| = 4! # 0, whence T(FP) ¢ U;. By
Proposition .1, Uy = U] @ T(FP) and U] is simple, proving the first part of (ii).
Since U; as well as U! are self-dual, FP/U;* = Homp(U],F) = U!. Using the fact
U/ C U;* from Lemma we have that U] occurs at least twice as a composition
factor of FP.

For the rest of the proof, we use the method and notation of §4 of [ST]. Let W’ :=
(e1,.ren), W= (f1, ..., fa), P := Stabg(W’), P := PN SUs,(2), and Q := Os(P).
Note that @ acts transitively on the set of 22"~ nonsingular points of the form (f +u)
where f € W and u € W’. Let Q5 := Stabg((f)), then we have

IO‘Q - Z IndQ(f) 1Q(f)

Now arguing exactly the same as in [ST], we get the decomposition of p|z into
irreducible characters:

plg =1p+7+(+ 00+ 01,
where 7(1) = (22" —1)/3 -1, ¢(1) = (22" —1)/3, go(1) = (22" — 1)(22""!1 —2)/9, and
o1(1) = 2(2%" — 1)(2*"~ — 2)/9. By comparing degrees, we have

¢lp =(+ 0o and Y| =7+ 071.

It has been shown also in [ST] that ¢ and &g are irreducible. It follows that % has
at most two constituents. Now we will show that © has exactly two constituents.
Assume not, then @ is irreducible. Combining this with Lemma [5.3] we see that p
has no constituent with multiplicity > 2, which contradicts to the fact that U; occurs
as a composition factor of FP at least twice.

We have shown that  has exactly two constituents of degrees ((1) = (22" —1)/3
and og(1) = (22" —1)(2?»~! — 2)/9. This shows that dim U] = (2?" —1)(2**~! - 2)/9
and the lemma is proved.

Proof of Theorem when G = Us,(2). As described in Table [3] we consider

the following cases.

(i) € # 2,3;4 4 (2* — 1): Then we have |P| = (21 —22"71)/3 =£ (0 and hence
S(FP)NT(FP) = {0}. We then obtain FP = T(FP) ® U’ ,5._3 ® Ujs._». Proposi-
tions and now imply the theorem in this case. In Table , X = U’_an,3 and
Y = U22n_2.

(i) ¢ # 2,3;¢| (2 — 1): Then T(FP) C S(FP). Similarly as before, we have
T(FP)NU’ y2,—5 = {0} and therefore, by Proposition , U’ 55,5 is simple. We also
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have FP = U'_22n73 @ Ug2n—2. Moreover, Uszn—2 is uniserial with composition series
0 CT(FP) C Uy C Upen—2 and socle series F — Y —F, where Y := Uy, /T (FP).
We note that, in Table , X :=U yon s

(iii) £ = 3;3 | n: Then s = (2%"=° + 22772)/3 = 0. Therefore, by Lemma [2.1]
(U,U;) = 0, whence U; C U;ir. From the proof of Lemma , we know that
Uy = T(FP) ® U;. Hence, by Lemmas and , Uit /U, has two composition
factors of degrees (22" — 1)/3 and (22" — 1)(22"~! + 1)/9 — 2, which we denote by
W, and W, respectively. The self-duality of Ui /U, implies that Ui-/U; & Wy @ Wh.
Putting Z := U]. By Proposition [5.1, S(FP)/T(FP) is uniserial with socle series
Z — (Wy @ Ws) — Z. Arguing similarly as in (iv) in the proof of the main theorem
for the case , we can show that Uyt /U] is direct sum of W, and a uniserial module
F — W5 — F. The structure of FP now is determined as described.

(iv) £ = 3,3 ¥ n: Then |P| = (21 — 22»=1)/3 +£ 0. Therefore, FP = T(FP) ®
S(FP). Again by Lemma 2.1 (U],U;) = 0. Consider a series of S(FP):

0C U CUF C S(FP).

We have S(FP)/Ui- = FP/U,* = Uj. Therefore, by Lemmas[5.3/and [5.4 U} /U7 has
two composition factors of degrees (22* —1)/3 and (22" —1)(22"~! 4+ 1)/9 — 1, which
again we denote by W, and W, respectively. It is easy to see that Ui /U] is self-dual
from the self-duality of U;-/U!. Therefore we obtain Ui-/U] = W, @ W,. Putting
Z = U], then the socle series of S(FP) is Z — (W, & W,) — Z. O

6. THE UNITARY GROUPS IN ODD DIMENSIONS Uy, 1(2)

Let V be a vector space of dimension 2n + 1 > 5 over the field of 4 elements
Fy = {0,1, 7,72}, where 7 is a primitive cubic root of unity. Let (.,.) be a nonsingular
conjugate-symmetric sesquilinear form on V. Then G = Uy, 1(2) is the unitary group
of linear transformations of V' preserving (., .).

We choose a basic of V' consisting of vectors {es, ..., €, f1, ..., fn, g} s0 that (e;, e;) =
(fis fj) = (eiy9) = (fi,g) =0, (e, f;) = 0ij, and (g,9) =1 for alli,j =1,...,n. Let P
be the set of nonsingular points in V. Then P = {{cg+>"7 (aiei+b;f;)) | ce+> 7 (a:b+
@b;) # 0} and |P| = (2% 4 2?7) /3. We assume that A(a) C P\ {a} consists of
elements orthogonal to v and ®(a) C P\{«} consists of elements not orthogonal to a.
Then we have a = (2171 —22n=1) /3 p = 24n=1 L 2201 1 p = (21773 4 220=2) /3 5 =
(24n=3 — 22n=1) /3. Equation (2.1]) now becomes z? + 222y — 21"=3 = () and it has
two roots 22772 and —2*1,

Proposition 6.1. Suppose that the characteristic of F is odd. Then every nonzero
FG-submodule of FP either is T(IFP) or contains a graph submodule, which is Ujz,_»
or UL yan-1.
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Proof. Define ¢1, g2, @3, 04, A1, Ay, Az, Ay, A, P, P, Vi, and By, similarly as in the
proof of Proposition 5.1} Consider a subgroup H < G consisting of unitary transfor-
mations sending elements of the basis {e1, fi, €2, fo, ..., €n, fn,g_} to those of the basis

{en, i+ X0 aei+Y 0 o bifitcg, e —beeq, fo— €1, .., €5 — bn€1,£z —Qpey, g —cey}
respectively, where a;,b;,c € Fq and a1 + a7 + cc = Y, (ab; + a;b;). Let K be the
subgroup of H consisting of transformations fixing ¢;. Now we just argue exactly

the same as in the proof of Proposition [5.1] O
Proposition 6.2. If ¢ = char(F) # 2,3, then

(22n+1 + 1)(2211 _ 1) (22n+1 _ 2)(22n+1 + 4)

dim Ujpn—2 = 5 and dim U’ 2,1 = 5 .
Proof. Similar to Proposition [3.4] we have
24n+1 22n
dlm Uégn_z + dlm ULZQn_l = |P| — 1 = —+ — 1
3

and 24n71 221171

22 L dim Uln—s — 22" 2 dim U’ yon1 = —a = —%,
which imply the proposition. [l

In the complex case ¢ = 0, we have
FP = T(IFP) S U£2n72 ) U/,22n71 and p =1+ ¢+,

where ¢ and v are irreducible complex characters of G afforded by Uy, and U’ 52,1,
respectively. Then we have (1) = (22" +1)(22" —1)/9, (1) = (22" —2)(22*+1 4

4)/9.

Lemma 6.3. Suppose { = 3. Then

1) when n, ¥ has exact y 1 trivial constituent, 2 equal constituents of degree

i) when 3 h ly 1 l 2 [ d
(2271 —2)/3, 1 constituent of degree (22"t +1)(22" —4)/9, and 1 constituent
of degree (2" +1)(2*" —1)/9;

ii) when n, as exactly 2 trivial constituent, 2 equal constituents of de-

i) when 3 D h tly 2 trivial constituent, 2 equal constituents of d
gree (221 —2)/3, 1 constituent of degree (22" +1)(2?" —4)/9 — 1, and 1
constituent of degree (22"t +1)(2** —1)/9.

Proof. From |L2], we know that the complex permutation character p° of G' acting on
singular points has 3 constituents of degrees 1, (22" 4 1)(2?" — 4)/3, and (22! —
2)(22"+1 +4)/9. Therefore, by Lemmal[2.3] ¢ must be a common constituent of p and
p°. Now the lemma follows from §5 of [STJ. O

We will show that @ is irreducible in any case. In order to do that, we need to
recall some results about Weil characters of unitary groups. The Weil representation
of SU,,(q) with m > 3 and ¢ a prime power is of degree ¢™. Its afforded character
decomposes into a sum of ¢ + 1 irreducibles ones where one of them has degree
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(¢™+(—1)"q)/(g+1) and others have degree (¢™—(—1)™)/(¢+1). These irreducible
characters are called (complex) Weil characters of SU,,(q). Each Weil character of
SUpn(q) extends to g + 1 distinct Weil characters of U,,(q) (see Lemma 4.7 of [TZ]).
All nonlinear constituents of the reduction modulo ¢ of a complex Weil character
are called (¢-Brauer) Weil characters. It is well-known that, when ¢ t ¢, any Weil
character lifts to characteristic 0 and any irreducible Brauer character of degree either
(@™ + (=1)™q)/(¢ + 1) or (¢™ — (=1)™)/(q + 1) is a Weil character (for instance,
see [HM]). The following lemma is a consequence of Lemma 4.2 of [TZ].

Lemma 6.4. Suppose that £ is odd. Then the restriction of a £-Brauer Weil character
of Uzni1(2) of degree (2271 —2) /3 to Usn(2) is a sum of two Weil characters of degree
(22" —1)/3.

We note that, when ¢ = 3, 22772 = —22"~1 — 1 and therefore FP has only one
graph submodule Uj.

Lemma 6.5. Suppose { = 3. Then

(i) U is simple and it occurs as a composition factor of FP with multiplicity 2.
(ii) @ is irreducible and U] affords the character @. In particular, p(1) = dim U] =
(227 4+ 1)(2% — 1) /9.

Proof. Let S be the set of nonsingular points in V' of the form (g 4+ v) where v €
(€1, ...,en). It is easy to see that

Y via = (a+[A@)]) =[P,

a€es a€eS
Therefore, T(FP) C U;. Moreover, |S| = 4™ # 0. It follows that T(FP) ¢ U;. By
Proposition [6.1] U] is simple and U; = U; & T(FP), proving the first part of (i). By
Lemma , (U], U}) = 0 and therefore U] C U,*. Since U as well as U] are self-dual,
FP/U* = Homp (U], F) = U!. Hence U] occurs at least twice as a composition factor
of FP.

Let P, and P be the sets of nonsingular and singular points, respectively, in V; =
(€1, ..y €n, f1,..y fn). Since any nonsingular point in V' is either (g), a nonsingular
point in V4, or a point of the form (g 4+ v) where v is a nonzero singular vector in V;,
we have the following isomorphism of FUs, (2)-modules:

FP=F & FP & 3FP).

Combining this isomorphism with the structures of FP; given in Table [3| and FP}
given in Figure 1 of [ST], we see that p|,, 2) has exactly 4 constituents of degree (2" —
1)/3 and at most 15 trivial constituents (FP; has 1 constituent of degree (22" —1)/3
and at most 2 trivial constituents; FP has 1 constituent of degree (22" —1)/3 and at
most 4 trivial constituents). We notice that the constituents of degree (2** —1)/3 are
Weil characters of Uy, (2). By Lemma , 1 has 2 constituents of degree (22"+1—2)/3.
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Again these constituents are Weil characters of G and therefore their restrictions to
Uz, (2) give us 4 Weil characters of degree (22" —1)/3 by Lemmal6.4, We have shown
that © has no constituent which is a Weil character.

We will prove (ii) by contradiction. Assume that @ is reducible. By Lemma
and the fact that U] occurs as a composition factor of FP at least twice, ® must
have a constituent of degree (22"! + 1)(2?" — 4)/9 when 3 { n or degree (2*"*! +
1)(2" — 4)/9 — 1 when 3 | n. Therefore all other constituents of  are of degree
< (2211 41) /341 since (1) = (2271 41)(2*"—1)/9. Using Theorem 2.7 of [GMST],
we deduce that these constituents are either linear or Weil characters. The latter case
does not happen from the previous paragraph. So @ has at least (22"*! +1)/3 linear
constituents, contradicting to the fact that p|y,, 2) has at most 15 trivial constituents,
provided that n > 3. The case n = 2 can be handled easily by using [Atl2]. O

Proof of Theorem [1.1)when G = U, 1(2). As described in Table we consider
the following cases.

(i) £ #2,3;04 (2% +1): Then we have |P| = (29! 4 22")/3 #£ 0 and therefore
S(FP)NT(FP) = {0}. As before, we have FP = T(FP) & U}sp—» ® U’ 55,1, which
imply the theorem in this case by Propositions and . In Table 7 X = Ulsnes
and Y = U/_22n71'

(i) € # 2,3;¢ | (2" +1): Then T(FP) C S(FP). Similarly as before, we have
T(FP)NUls.—2 = {0} and therefore, by Proposition 6.1} U, is simple. We also have
FP = Ujus @ U_g2n-1. Moreover, U_g2n-1 is uniserial with composition series 0 C
T(FP) C U’ j3n-1 C U_g2n—1 and socle series F — Y —F, where Y := U’ ,,_, /T(FP).
In Table , X :=Ujns.

(iii) £ = 3;3 | n: In the context of Lemmas and [6.5], here and after, we will
denote by F, Z, X the simple FG-modules affording the 3-Brauer characters of degrees
1, (2271 —2)/3, (2271 4 1)(2%" — 1)/9, respectively. Also, let W be the irreducible
FG-module affording the character of degrees (22" +1)(2?" —4)/9 — 1 when 3 | n
and (227! 4 1)(2*" — 4)/9 when 3 { n. Note that, by Lemma we may choose
X =U.

Also from Lemmas and [6.5] when 3 | n, FP has composition factors: F (3
times), Z (twice), X (twice), and W. Moreover, |P| = (2**1 + 227)/3 £ (0 and
therefore FP = T(FP) & S(FP). It follows that, by Proposition [6.1, X = U] is the
socle of S(FP).

By , we have Im(R|gwpo)) = S(FP°)/Ker(R|gwpoy). Since any nonzero sub-
module of S(FP) has socle X, the quotient S(FP°)/Ker(R|grpo)) also has socle X.
Inspecting the structure of S(FP°) from Figure 2 of [ST], we see that the only quo-
tient of S(FP°) having X as the socle is X —Z —F —W. So, Im(R|g@po) is uniserial
with socle series X — Z —F — W. It follows that the self-dual module Uit /U] has
a submodule Z — F — W. Notice that Ui- /U] has composition factor: Z (twice), F
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(twice), and W, it must have the structure Z —F —W —F — Z. We now can conclude
that the structure of S(FP)is X —Z —F - W —F — Z — X by Proposition

(iv) £ =3;n =1 (mod 3): Then we have s = (2473 — 22n=1) /3 = (. Therefore by
Lemma , (Uy,U;) = 0 or equivalently U; C Uit. In the proof of Lemma ﬁ, we
know that U; = T(FP) @ U] 2 F @& X. Also, by the self-duality of Uy, FP/U;- = U;.
It follows that, by Lemmas and [6.5] Ui+ /U; has composition factors: Z (twice)
and W.

We will show that Uj- /U is actually uniserial with socle series Z —W — Z. Suppose
not, then W would be a submodule of Uit /U;. The self-duality of U;-/U; then implies
that W is a direct summand of Ui-/U;. By Proposition , any nonzero submodule
of FP which is not T(FP) has X = U] in the socle. Therefore, by ([2.4), FP°/ Ker R =
Im(R) has the socle containing X. Inspecting the submodule lattice of FP? given in
Figure 2 of [ST], we conclude that Im(R) has the socle series X — Z — (F @& W). This
shows that T cannot be a direct summand in Uj-/U;, a contradiction.

We have shown that Ui-/U; is uniserial with socle series Z — W — Z. Now we
temporarily set F; := T(FP) and F, := FP/S(FP) = U, /Uj-. From the previous
paragraph, FP has a submodule Im(R) with socle series U] — Z — (F & W) and the
fact that Uy = F; @ Uy, Im(R) must be X — Z — (Fy, & W). Arguing similarly, FP
has a quotient having the socle series (F; @ W) — Z — X. The structure of FP is now
determined as given in Table

(v) £ = 3;n = 2 (mod 3): Then |P| = (2*"*! 4 2?")/3 # 0 and therefore FP =
T(FP) ® S(FP). It follows that S(FP) has composition factors: F, X (twice), Z
(twice), and W by Lemmas and

Proposition implies that X is the socle of S(FP). By Lemma and the
self-duality of S(FP), the top layer of the socle series of S(FP) is (isomorphic to)
X and hence any nontrivial quotient of S(FP) has the top layer X. From and
Lemma [2.2] we have Im(Q|swp)) = S(FP)/ Ker(Q|swp))- It follows that X is the top
layer of the socle series of Im(Q|gwp)) € S(FP°). Inspecting the submodule lattice
of FP° given in Figure 2 of [ST], we see that Im(Q|s@p)) must be (Fe&W) — Z — X.
In other words, S(FP) has a quotient isomorphic to (F & W) — Z — X.

By self-duality of X = U] and S(FP), Ui-/U; is self-dual and has composition
factors: Z (twice), F, and W. If either F or W is a submodule of Uj- /U], it would
be a direct summand in Ui /U], which contradicts the conclusion of the previous
paragraph. So Z must be the socle of Ui /U] and therefore the socle series of Ui~ /U] is
Z—(FeW)—Z. Finally, we obtain the socle series of S(FP): X —Z—(FeW)—-Z-X,
as described. a
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