5.3. 2 x 2 CONSTANT COEFFICIENTS SYSTEMS

Section Objective(s):
e Diagonalizable systems.
— Real Distinct Eigenvalues.
— Complex Eigenvalues.
e Non-Diagonalizable systems.

5.3.1. Diagonalizable Systems.

Remark: We review the solutions of 2 x 2 diagonalizable systems.

Theorem 5.3.1. (Diagonalizable Systems) If the 2 x 2 constant matrix A is diagonal-
izable with eigenpairs Ay, v, then the general solution of @ = Az is

Remark: We have three cases:

(i) The eigenvalues A, A are

(i) The eigenvalues Ay = a£i

(iii) The eigenvalues A, = A. = A,




Remark: The case (i) was studied in the previous section.

ExaMPLE 5.3.1: Find the general solution of the 2 x 2 linear system

;L 13
r=Axz, A—[3 J.

SOLUTION:

Remark: We now focus on case (ii).

e A real matrix can have complex eigenvalues.
e But in this case, the eigenvalues—and the eigenvectors—come in pairs, A\, = A_.

Theorem 5.3.2. (Conjugate Pairs) If A is a square matrix with real coefficients and
A, v is an eigenpair, then so is their complex conjugate A, .

ExamMpLE: If a 2 X 2 matrix A has eigenpairs
A=T42 wv= [“3.1 ,
5—1

then A also has the eigenpairs

Proof of Theorem 5.3.2:



Theorem 5.3.3. (Complex and Real Solutions) If a 2 x 2 matrix A has eigenpairs
A =a+if, o) = a+ib,

where a, 3, a, and b real, then the equation # = A x has fundamental solutions
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but it also has real-valued fundamental solutions

Proof of Theorem 5.3.3:
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EXAMPLE 5.3.2: Find real-valued fundamental solutions to the differential equation
2 3
/ _
T = Ax, A_[_g 2]

SOLUTION:
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Remark: The case (iii), 2 x 2 diagonalizable matrices with a repeated eigenvalue.

Theorem 5.3.4. Every 2 x 2 diagonalizable matrix with repeated eigenvalue A, has
the form

Proof of Theorem 5.3.4:

Remark: : The differential equation @ = A\,I z is already decoupled.
= N4

= too simple.
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5.3.2. Non-Diagonalizable Systems.
Remark: In this case is not so easy to find two fundamental solutions.

ExaMPLE: Find fundamental solutions to the system

; _|-6 4
r=Axz, A—[_l _2]

SOLUTION:



Theorem 5.3.5. (Repeated Eigenvalue) If a 2x 2 matrix A has a repeated eigenvalue A
with only one associated eigen-direction given by the eigenvector v, then the differential
system @ (t) = A z(t) has a linearly independent set of solutions

) )

where the vector is one solutions of the algebraic linear system

Remark: For the proof see the Lecture Notes.

EXAMPLE SIMILAR TO 5.3.3: Find the fundamental solutions of the differential equation

;. _|-6 4
T = Ax, A= [_1 _2]

SOLUTION:



