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2.3. Homogenous Constant Coefficients Equations

Section Objective(s):

• The Characteristic Equation.
• Proving the Repeated Root Case.
• Real Solutions for Complex Roots.

2.3.1. The Characteristic Equation.

Remark: Recall the General Solution Theorem:

• If we find fundamental solutions y1, y2 of

y′′ + a1(t) y
′ + a0(t) y = 0 ,

then we know all solutions y(t) = c1 y1(t) + c2 y2(t) .

• It is simple to find fundamental solutions in the case of constant
coefficient equations.

Example 2.3.1: Find all solutions to the equation y′′ + 5y′ + 6y = 0.

Solution: Trial and Error Method.

First trial: Power functions, y = tn. We need to find n such that

n(n− 1) t(n−2) + 5n t(n−1) + 6 tn = 0 for all t ∈ R.

But that equation has no solutions for all t, so power functions do not work.

Second trial: Exponential functions y(t) = ert. We need to find r such that

(r2 + 5r + 6) ert = 0 ⇔ r2 + 5r + 6 = 0.

The equation on the right does not contain t, only r. The solution for r are

r± =
1

2

(
−5±

√
25− 24

)
=

1

2
(−5± 1) ⇒

⎧
⎪⎨

⎪⎩

r+ = −2,

r− = −3.

We have obtained two different roots, which implies we have two different solutions,

y1(t) = e−2t, y2(t) = e−3t.

The General Solution Theorem says that all solutions to the differential equation are

y(t) = c1 e
−2t + c2 e

−3t, c1, c2 ∈ R.
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⊳

Definition 2.3.1. The characteristic polynomial and characteristic equation
of the differential equation

y′′ + a1y
′ + a0 = 0 a1, a0 ∈ R ,

are, respectively,

p(r) = r2 + a1r + a0 and p(r) = 0 .
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Theorem 2.3.2. If r± are the roots of the characteristic polynomial of

y′′ + a1y
′ + a0y = 0 , (2.3.1)

and if c+, c- are arbitrary constants, then we have the following:

(a) If r+ ∕= r- , real or complex, then the general solution of Eq. (2.3.1) is

ygen(t) = c+ e
r+t + c- e

r-t .

(b) If r+ = r- = r0 , real, then the general solution of Eq. (2.3.1) is

ygen(t) = c+ e
r0t + c- te

r0t .

Proof of Theorem 2.3.2:

Case (a): Since r+ ∕= r-, then er+t ∕= c er-t, so we get y+ ∕= c y-. Since r+- are roots of the

characteristic polynomial,

p(r+) = 0, p(r-) = 0,

then y+- solve the differential equation. Indeed,

L(y+-) = (r2+- + a1r+- + a0) e
r+-t = p(r+-) e

r+-t = 0.

Case (b): If r+ = r- = r0, then we know that y1 = er0t is a solution, since

L(y0) = (r20 + a1r0 + a0) e
r0t = p(r0) e

r0t = 0.

We now need to find a second solution y2 not proportional to y1. We use the Reduction of

Order Method, and write

y2(t) = v(t) y1(t) ⇒ y2(t) = v(t) er0t,

and we put this expression in the differential equation (2.3.1),

!
v′′ + 2r0v

′ + vr20
"
er0t +

!
v′ + r0v

"
a1e

r0t + a0v e
r0t = 0.

We cancel the exponential out of the equation and we reorder terms,

v′′ + (2r0 + a1) v
′ + (r20 + a1r0 + a0) v = 0.
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We now need to use that r0 is a root of the characteristic polynomial, r20 + a1r0 + a0 = 0,

so the last term in the equation above vanishes. But we also need to use that the root r0 is

repeated,

r0 = −a1

2
± 1

2

!
a21 − 4a0 = −a1

2
⇒ 2r0 + a1 = 0.

The equation on the right side above implies that the second term in the differential equation

for v vanishes. So we get that

v′′ = 0 ⇒ v(t) = c1 + c2t

and the second solution is y2(t) = (c1 + c2t) y1(t). If we choose the constant c2 = 0, the

function y2 is proportional to y1. So we definitely want c2 ∕= 0. The other constant, c1, only

adds a term proportional to y1, we can choose it zero. So the simplest choice is c1 = 0,

c2 = 1, and we get the fundamental solutions

y1(t) = er0t, y2(t) = t er0t.

So the general solution for the repeated root case is

ygen(t) = c+ e
r0t + c-t e

r0t.

This establishes the Theorem.

□
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Example Similar to 2.3.3: Find the solution y of the initial value problem

y′′ − y′ − 2y = 0, y(0) = 1, y′(0) = 5.

Solution: We find the roots of the characteristic polynomial

p(r) = r2 − r − 2 = 0 ⇒ r+- =
1

2

(
1±

√
1 + 8

)
=

1± 3

2
⇒

⎧
⎪⎨

⎪⎩

r+ = 2,

r- = −1.

So the general solution is ygen(t) = c+e
2t+c-e

−t. The initial conditions fix c+ and c-, because

1 = y(0) = c+ + c-

5 = y′(0) = 2c+ − c-

⎫
⎪⎬

⎪⎭
⇒

⎧
⎪⎨

⎪⎩

c+ = 2,

c- = −1.

Therefore, the unique solution to the initial value problem is

y(t) = 2e2t − e−t.

⊳
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Example Similar to 2.3.4: Find the general solution of y′′ + 6y′ + 9y = 0.

Solution: The characteristic equation is

r2 + 6r + 9 = 0 ⇒ r =
1

2

!
−6±

√
36− 36

"
= −3, ⇒ r+ = r- = −3.

Therefore, the general solution of the equation above is

ygen(t) = c+e
−3t + c- t e

−3t.

⊳

Example 2.3.5: Find the general solution ygen of the equation

y′′ − 2y′ + 6y = 0.

Solution: We first find the roots of the characteristic polynomial,

r2 − 2r + 6 = 0 ⇒ r± =
1

2

!
2±

√
4− 24

"
⇒ r± = 1± i

√
5.

Since the roots of the characteristic polnomial are different, then the general solution of the

equation is

ygen(t) = c̃+ e
(1+i

√
5)t + c̃- e

(1−i
√
5)t, c̃+, c̃- ∈ C.

⊳



7

2.3.2. Real Solutions for Complex Roots.

Review of Complex Numbers:

• Complex numbers have the form z = a+ ib , where i2 = −1 .

• The complex conjugate of z is the number z = a− ib .

• Re(z) = a, Im(z) = b are the real and imaginary parts of z

• Hence: Re(z) =
z + z

2
, Im(z) =

z − z

2i
.

• The exponential of a complex number is defined as

ea+ib =

∞!

n=0

(a+ ib)n

n!
.

In particular holds ea+ib = ea eib .

• Euler’s formula: eib = cos(b) + i sin(b) .

• Hence, a complex number of the form ea+ib can be written as

ea+ib = ea
"
cos(b) + i sin(b)

#
, ea−ib = ea

"
cos(b)− i sin(b)

#
.

• From ea+ib and ea−ib we get the real numbers

1

2

"
ea+ib + ea−ib

#
= ea cos(b),

1

2i

"
ea+ib − ea−ib

#
= ea sin(b) .
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Theorem 2.3.3. (Real Valued Fundamental Solutions) If the equation

y′′ + a1 y
′ + a0 y = 0

has coefficients such that a1
2 − 4a0 < 0 , and we denote the roots

of p(r) = r2 + a1r + a0 as

r+- = α± iβ with α = −a1

2
, β =

1

2

!
4a0 − a21 ,

then, complex valued fundamental solutions of the differential equation are

ỹ+(t) = e(α+iβ)t, ỹ-(t) = e(α−iβ)t ,

while real valued fundamental solutions of the differential equation are

y+(t) = eαt cos(βt), y-(t) = eαt sin(βt) .

Proof of Theorem 2.3.3: We start with the complex valued fundamental solutions

ỹ+(t) = e(α+iβ)t, ỹ-(t) = e(α−iβ)t.

We take the function ỹ+ and we use a property of complex exponentials,

ỹ+(t) = e(α+iβ)t = eαt eiβt = eαt
"
cos(βt) + i sin(βt)

#
,

where we used Euler’s formula eiθ = cos(θ) + i sin(θ). Repeat this calculation for y- we get,

ỹ+(t) = eαt
"
cos(βt) + i sin(βt)

#
,

ỹ-(t) = eαt
"
cos(βt)− i sin(βt)

#
.

The superposition property says that addition and differences of solutions to homogeneous

equations are also solutions. So,

y+(t) =
1

2

"
ỹ+(t) + ỹ-(t)

#
, y-(t) =

1

2i

"
ỹ+(t)− ỹ-(t)

#
,

are also solutions to the differential equation. But a straightforward computation gives

y+(t) = eαt cos(βt), y-(t) = eαt sin(βt).

This establishes the Theorem. □
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Example 2.3.7: Find the real valued general solution of the equation

y′′ − 2y′ + 6y = 0.

Solution: We already found the roots of the characteristic polynomial,

r2 − 2r + 6 = 0 ⇒ r± =
1

2

!
2±

√
4− 24

"
⇒ r± = 1± i

√
5.

So the complex valued fundamental solutions are

ỹ+(t) = e(1+i
√
5) t, ỹ-(t) = e(1−i

√
5) t.

The Theorem above says that real valued fundamental solutions are

y+(t) = et cos(
√
5t), y-(t) = et sin(

√
5t).

So the real valued general solution is given by

ygen(t) =
!
c+ cos(

√
5 t) + c- sin(

√
5 t)

"
et, c+, c- ∈ R.

⊳


