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2.2. Reduction of Order Methods

Section Objective(s):

• Special Nonlinear Equations.
– Function y Missing.
– Variable t Missing.

• Conservation of the Energy.
– Variable t and Function y′ Missing.

• The Reduction of Order Method.

2.2.1. Special Nonlinear Equations.

Definition 2.2.1. A second order equation y′′ = f(t, y, y′) is special iff one of the
following equations hold,

y′′ = f(t,✚✚❩❩y , y
′), or y′′ = f(✚❩t , y, y′), or y′′ = f(✚❩t , y,##❅❅y

′ ) .

Theorem 2.2.2. (Function y Missing) If a second order differential equation has the
form y′′ = f(t, y′), then v = y′ satisfies the first order equation

v′ = f(t, v) .

Proof of Theorem 2.2.2: Left as exercise.

Example 2.2.1: Solve y′′ = −2t (y′)2 with initial conditions y(1) = 2, y′(1) = 1.

Solution: Introduce v = y′. Then v′ = y′′, and

v′ = −2t v2 ⇒ v′

v2
= −2t ⇒ −1

v
= −t2 + c.

So,
1

y′
= t2 − c, that is, y′ =

1

t2 − c
. The initial condition implies

1 = y′(0) = − 1

1− c0
⇒ 1− c0 = 1 ⇒ c0 = 0 ⇒ y′ =

1

t2
.

Then, integrating,

y = −1

t
+ c1, 2 = y(1) = −1 + c1 ⇒ c1 = 3.

We then obtain y = 3− 1

t
.

⊳
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Theorem 2.2.3. (Variable t Missing) If the initial value problem

y′′ = f(y, y′), y(0) = y0, y′(0) = y1 ,

has an invertible solution y then the function

w(y) = v(t(y)) ,

where v(t) = y′(t) and t(y) is the inverse of y(t), satisfies the initial value problem

ẇ =
f(y, w)

w
, w(y0) = y1, ẇ =

dw

dy
.

Proof of Theorem 2.2.3: The differential equation is y′′ = f(y, y′). Denoting v(t) = y′(t)

v′ = f(y, v)

It is not clear how to solve it, since the function y still appears in that equation. On a

domain where y is invertible we can do the following. Denote t(y) the inverse values of y(t),

and introduce w(y) = v(t(y)). The chain rule implies

ẇ(y) =
dw

dy

!!!
y
=

dv

dt

!!!
t(y)

dt

dy

!!!
t(y)

=
v′(t)

y′(t)

!!!
t(y)

=
v′(t)

v(t)

!!!
t(y)

=
f
"
y(t), v(t))

v(t)

!!!
t(y)

=
f(y, w(y))

w(y)
.

where ẇ(y) =
dw

dy
, and v′(t) =

dv

dt
. Therefore, we have obtained the equation for w, namely

ẇ =
f(y, w)

w

Finally we need to find the initial condition fro w. Recall that

y(t = 0) = y0 ⇔ t(y = y0) = 0,

y′(t = 0) = y1 ⇔ v(t = 0) = y1.

Therefore,

w(y = y0) = v(t(y = y0)) = v(t = 0) = y1,

that is w(y0) = y1. This establishes the Theorem.

□
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Example 2.2.3: Find the solution y to the initial value problem

y y′′ + 3(y′)2 = 0, y(0) = 1, y′(0) = 6.

Solution: We start rewriting the equation in the standard form

y′′ = −3
(y′)2

y
.

The variable t does not appear explicitly in the equation, so we introduce the function

v(t) = y′(t). The differential equation now has the form v′(t) = −3v2(t)/y(t). We look for

invertible solutions y, and then we introduce the function w(y) = v(t(y)). Because of the

chain rule for derivatives, this function satisfies

ẇ(y) =
dw

dy
(y) =

!dv
dt

dt

dy

"###
t(y)

=
v′

y′

###
t(y)

=
v′

v

###
t(y)

⇒ ẇ(y) =
v′(t(y))

w(y)
.

Using the differential equation on the factor v′, we get

ẇ(y) =
−3v2(t(y))

y

1

w
=

−3w2

yw
⇒ ẇ =

−3w

y
.

This is a separable equation for function w. The problem for w also has initial conditions,

which can be obtained from the initial conditions from y. Recalling the definition of inverse

function,

y(t = 0) = 1 ⇔ t(y = 1) = 0.

Therefore,

w(y = 1) = v(t(y = 1)) = v(0) = y′(0) = 6,

where in the last step above we use the initial condition y′(0) = 6. Summarizing, the initial

value problem for w is

ẇ =
−3w

y
, w(1) = 6.

The equation for w is separable, so the method from § 1.3 implies that

ln(w) = −3 ln(y) + c0 = ln(y−3) + c0 ⇒ w(y) = c1 y
−3, c1 = ec0 .

The initial condition fixes the constant c1, since

6 = w(1) = c1 ⇒ w(y) = 6 y−3.
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We now transform from w back to v as follows,

v(t) = w(y(t)) = 6 y−3(t) ⇒ y′(t) = 6y−3(t).

This is now a first order separable equation for y. Again the method from § 1.3 imply that

y3 y′ = 6 ⇒ y4

4
= 6t+ c2

The initial condition for y fixes the constant c2, since

1 = y(0) ⇒ 1

4
= 0 + c2 ⇒ y4

4
= 6t+

1

4
.

So we conclude that the solution y to the initial value problem is

y(t) = (24t+ 1)1/4.

⊳
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2.2.2. Conservation of the Energy.

Remark: When a force f depends only on the particle position y, we have

my′′ = f(y) ,

where m is the particle mass. So f is special, f = f(✚❩t , y,##❅❅y
′ ) .

In this case the mechanical energy is conserved .

Theorem 2.2.4. (Conservation of the Energy) Consider a particle with positive

mass m and position y , function of time t , which

is a solution of Newton’s law of motion

my′′ = f(y) ,

with initial conditions y(t0) = y0 and y′(t0) = v0 ,

where f(y) is the force acting on the particle at the position y .

Then, the position function y satisfies

1

2
mv2 + V (y) = E0 ,

where

E0 =
1

2
mv20 + V (y0)

is fixed by the initial conditions, v(t) = y′(t) is the particle velocity,

and V is the potential of the force f—the negative of the primitive of f , in other

words,

V (y) = −
!

f(y) dy ⇔ f = −(dV/dy) .

Remarks:

• T (v) =
1

2
mv2 is the kinetic energy of the particle.

• V (y) is the potential energy.

• E = T (v) + V (y) is the mechanical energy.
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Proof of Theorem 2.2.4: We write the differential equation using the potential V ,

my′′ = −dV

dy
.

Multiply the equation above by y′,

my′(t) y′′(t) = −dV

dy
y′(t).

Use the chain rule on both sides of the equation above,

d

dt

!1
2
m (y′)2

"
= − d

dt
V (y(t)).

Introduce the velocity v = y′, and rewrite the equation above as

d

dt

!1
2
mv2 + V (y)

"
= 0.

This means that the quantity

E(y, v) =
1

2
mv2 + V (y),

called the mechanical energy of the system, remains constant during the motion. Therefore,

it must match its value at the initial time t0, which we called E0 in the Theorem. So we

arrive to the equation

E(y, v) =
1

2
mv2 + V (y) = E0.

This establishes the Theorem.

□
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Example 2.2.4: Find the potential energy and write the energy conservation for:

(i) A particle attached at y = 0 to a spring with constant k, moving in one space dimension
on the y axis. In this case the force on the particle is f(y) = −ky.

(ii) A particle moving vertically on Earth’s constant gravitational acceleration. In this
case the force on the particle having mass m is f(y) = mg, where g = 9.81 m/s2.

Solution:

(i). Newton’s equation of motion says: my′′ = −ky.

If we multiply Newton’s equation by y′, we get

my′ y′′ + ky′ y = 0 ⇒ d

dt

!1
2
m (y′)2 +

1

2
k y2

"
= 0

If we introduce the the mechanical energy

E(y, v) =
1

2
mv2 +

1

2
ky2,

where v = y′, then Newton’s law says
dE

dt
= 0, so the total mechanical energy is constant

E(t) =
1

2
mv2 +

1

2
ky2 = E(0).

(ii): Newton’s equation of motion says: my′′ = mg.

If we multiply Newton’s equation by y′, we get

my′ y′′ = mg y′ ⇒ d

dt

!1
2
m (y′)2 +mg y

"
= 0

If we introduce the the gravitational energy

E(y, v) =
1

2
mv2 +mgy,

where v = y′, then Newton’s law says
dE

dt
= 0, so the total gravitational energy is constant,

E(t) =
1

2
mv2 +mgy = E(0).

⊳
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Example 2.2.5: Find the maximum height of a ball of mass m = 0.1 Kg that is shot
vertically by a spring with spring constant k = 400 Kg/s2 and compressed 0.1 m. Use
g = 10 m/s2.

Solution: This is a difficult problem to solve if one tries to find the position function y and

evaluate it at the time when its speed vanishing – maximum altitude. One has to solve two

differential equations for y, one with source f1 = −ky−mg and other with source f2 = −mg,

and the glue the solutions. The first source describes the particle when is pushed by the

spring under the Earth’s gravitational force. The second source describes the particle when

only the Earth’s gravitational force is acting on the particle.

A simpler method is to use the conservation of the mechanical and gravitational energy.

The energy for this particle is

E(t) =
1

2
mv2 +

1

2
ky2 +mgy.

This energy must be constant along the movement. In particular, the energy at the initial

time t = 0 must be the same as the energy at the time of the maximum height, tM ,

E(t = 0) = E(tM) ⇒ 1

2
mv20 +

1

2
ky20 +mgy0 =

1

2
mv2M +mgyM .

But at the initial time we have v0 = 0, and y0 = −0.1, (the negative sign is because the

spring is compressed) and at the maximum time we also have vM = 0, hence

1

2
ky20 +mgy0 = mgyM ⇒ yM = y0 +

k

2mg
y20 .

We conclude that yM = 1.9 m.

⊳
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2.2.3. The Reduction of Order Method.

Theorem 2.2.5. (Reduction of Order) If a nonzero function y1 is solution to

y′′ + a1 y
′ + a0 y = 0. (2.2.1)

where a1, a0 are given functions, then a second solution not proportional to y1 is

y2(t) = y1(t)

!
e−A1(t)

y21 (t)
dt ,

where A1(t) =

!
a1(t) dt .

Remark: In the first part of the proof we write y2(t) = v(t) y1(t)

and show that y2 is solution of Eq. (2.2.1) iff the function v is solution of

v′′ +
"
2
y′1
y1

+ a1

#
v′ = 0 . (2.2.2)

Proof of Theorem 2.2.5: We write y2 = vy1 and we put this function into the differential

equation in 2.2.1, which give us an equation for v. To start, compute y′2 and y′′2 ,

y′2 = v′ y1 + v y′1, y′′2 = v′′ y1 + 2v′ y′1 + v y′′1 .

Introduce these equations into the differential equation,

0 = (v′′ y1 + 2v′ y′1 + v y′′1 ) + a1 (v
′ y1 + v y′1) + a0v y1

= y1 v
′′ + (2y′1 + a1 y1) v

′ + (y′′1 + a1 y
′
1 + a0 y1) v.

The function y1 is solution to the differential original differential equation,

y′′1 + a1 y
′
1 + a0 y1 = 0,

then, the equation for v is given by

y1 v
′′ + (2y′1 + a1 y1) v

′ = 0. ⇒ v′′ +
"
2
y′1
y1

+ a1

#
v′ = 0.

This is Eq. (2.2.2). The function v does not appear explicitly in this equation, so denoting

w = v′ we obtain

w′ +
"
2
y′1
y1

+ a1

#
w = 0.
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This is is a first order linear equation for w, so we solve it using the integrating factor

method, with integrating factor

µ(t) = y21 (t) e
A1(t), where A1(t) =

!
a1(t) dt.

Therefore, the differential equation for w can be rewritten as a total t-derivative as

"
y21 e

A1 w
#′

= 0 ⇒ y21 e
A1 w = w0 ⇒ w(t) = w0

e−A1(t)

y21 (t)
.

Since v′ = w, we integrate one more time with respect to t to obtain

v(t) = w0

!
e−A1

y21 (t)
dt+ v0.

We are looking for just one function v, so we choose the integration constants w0 = 1 and

v0 = 0. We then obtain

v(t) =

!
e−A1(t)

y21 (t)
dt ⇒ y2(t) = y1(t)

!
e−A1(t)

y21 (t)
dt.

For the furthermore part, we now need to show that the functions y1 and y2 = vy1 are

linearly independent. We start computing their Wronskian,

Wy1y2 =

$$$$$$$

y1 vy1

y′1 (v′y1 + vy′1)

$$$$$$$
= y1(v

′y1 + vy′1)− vy1y
′
1 ⇒ Wy1y2 = v′y21 .

Recall that above in this proof we have computed v′ = w, and the result was w = e−A1/y21 .

So we get v′y21 = e−A1 , and then the Wronskian is given by

Wy1y2 = e−A1 .

This is a nonzero function, therefore the functions y1 and y2 = vy1 are linearly independent.

This establishes the Theorem.

□
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Example 2.2.8: Find a second solution y2 linearly independent to the solution y1(t) = t
of the differential equation

t2 y′′ + 2t y′ − 2y = 0.

Solution: We look for a solution of the form y2(t) = t v(t). This implies that

y′2 = t v′ + v, y′′2 = t v′′ + 2v′.

So, the equation for v is given by

0 = t2
!
t v′′ + 2v′

"
+ 2t

!
t v′ + v

"
− 2t v

= t3 v′′ + (2t2 + 2t2) v′ + (2t− 2t) v

= t3 v′′ + (4t2) v′ ⇒ v′′ +
4

t
v′ = 0.

Notice that this last equation is precisely Eq. (??), since in our case we have

y1 = t, p(t) =
2

t
⇒ t v′′ +

#
2 +

2

t
t
$
v′ = 0.

The equation for v is a first order equation for w = v′, given by

w′

w
= −4

t
⇒ w(t) = c1t

−4, c1 ∈ R.

Therefore, integrating once again we obtain that

v = c2t
−3 + c3, c2, c3 ∈ R,

and recalling that y2 = t v we then conclude that

y2 = c2t
−2 + c3t.

Choosing c2 = 1 and c3 = 0 we obtain that y2(t) = t−2. Therefore, a fundamental solution

set to the original differential equation is given by

y1(t) = t, y2(t) =
1

t2
.
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⊳


