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Integrating Factors for Linear Systems
Exponential solution formula for linear systems of differential equations

Objectives

To generalize the integrating factor method from linear scalar differential equations to linear systems of
differential equations.

Introduction

The integrating factor method is a way to find solutions to linear scalar equations

y′ = a y + b.

One multiplies the equation above by the integrating factor

µ(t) = e−at,

then we get
e−at y′ − a e−at y = e−at b.

But the left-side is a total derivative, (
e−at y

)′
= e−at b,

which leads us to the final formula

e−aty(t)− y(0) =

∫ t

0

e−aτ b dτ ⇒ e−aty(t)− y(0) = − b
a
e−at +

b

a
.

Then we get that

y(t) =
(
y(0) +

b

a

)
eat − b

a
.

The idea of this project is to generalize this solution formula to linear systems of differential equations.
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Homogeneous Systems

Question 1: (3 points) Generalize the integrating factor method used to solve linear scalar equations to
prove the following statement: If A is an n× n matrix and x0 is an n-vector, then the initial value problem

x′(t) = Ax(t), x(0) = x0

has a unique solution given by
x(t) = eAt x0.

Note: Mention very carefully every property of the matrix exponential you use in your proof.
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Question 2: (3 points) In the case that an n×n matrix A is diagonalizable, with eigenpairs given by λi, vi,
for i = 1, · · · , n, we know that the general solution of the linear system

x′(t) = Ax(t)

is given by
x(t) = c1 e

λ1t v1 + · · ·+ cn e
λnt vn.

Use this formula for the general solution to show that the unique solution of the initial value problem

x′(t) = Ax(t), x(0) = x0

can actually be written in the way given in the question above, that is,

x(t) = eAt x0.
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Non-Homogeneous Systems

Question 3: (4 points) Prove that the integrating factor method can be generalized to non-homogeneous
linear differential systems, that is, prove the following: If A is an n×n invertible matrix, x0 is an n-vector,
and b is a constant n-vector, then the initial value problem

x′(t) = Ax(t) + b(t), x(0) = x0

has a unique solution given by
x(t) = eAt (x0 + A−1b)− A−1b.

Note: Mention very carefully every property of the matrix exponential you use in your proof.
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