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Beats in LC-Circuits
Using beats in wireless telegraphy

Objectives

To apply the concepts of beats and resonance in a simple oscillating LC-Series electric circuit.

Introduction

In this project we study the current oscillations in an
LC-series circuit, which is an electric circuit contain-
ing a inductor L and a capacitor C. We assume that
there is no resistance in the circuit, i.e. R = 0. We
also introduce in the circuit a time-dependent input
voltage V (t). See Figure 1.

L
C V (t)

I(t) = electric current

Figure 1: An LC circuit.

This system is described by a differential equation found by Kirchhoff,

L I ′′(t) +
1

C
I(t) = V ′(t).

Divide by the inductance L and we getrewritten as

I ′′(t) +
1

LC
I(t) =

V ′(t)

L
.

If we introduce the natural frequency ω0 =
1√
LC

, then Kirchhoff’s law can be expressed as

I ′′ + ω2
0
I =

V ′(t)

L
.

We will study the case when the source function is V (t) = V0 sin(νt), with V0 6= 0, and we focus on the
solution of the initial value problem

I ′′ + ω2
0
I = v0ν cos(νt), I(0) = 0, I ′(0) = 0, (1)

where v0 = V0/L.

Requirements

Students need to read the RLC-Circuit example in the Lecture Notes the section 2.3.2, “The Undetermined
Coefficients Method”.
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Review: Graphical Analysis of the Solutions, Resonance, and Beats

Consider an LC-circuit with natural frequency ω0 = 5 and v0 = 1. We will study two classes of solutions to
the initial value problem in (1):

(a) Resonant case: ν = 5 = ω0. In this case the solution to the initial value problem in (1) is

IR(t) =
t

2
sin(5t). (2)

(b) Non-Resonant case: ν 6= 5. In this case the solution to the initial value problem in (1) is

INR(t) =
ν

(25− ν2)
(
cos(νt)− cos(5t)

)
. (3)

Note: The Non-Resonant solution is the sum of two solutions, INR = Ip + Ih, where

Ip(t) =
ν

(25− ν2)
cos(νt), Ih(t) = − ν

(25− ν2)
cos(5t). (4)

We call Ip the Particular solution and Ih the Homogeneous solution.

(c) Recall: An oscillatory function has beats when the function has a periodic modulation in amplitude
with frequency smaller than the function frequency, as shown in the Figure 2.

t

I(t)

Figure 2: The I for ν close to ω0, showing the beats phenomena.
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In order to answer the questions below, recall the so-
lutions names given above:

• IR in (2) is the Resonant solution;

• INR in (3) is the Non-Resonant solution;

• Ip and Ih in (4) are the Particular and Homo-
geneous solutions respectively.

Figure 3: Picture of the interactive graph.

These solution names appear at the bottom of the interactive graph, which at the start will look as in
Figure 3. When you click on these buttons in the interactive graph, the corresponding solution will show
up, Resonant in blue, Non-Resonant in purple, Particular in red, and Homogeneous in green. The
last button on the bottom right in Figure 3 is a slider that changes the value of the driver frequency ν in
the interval [0, 5], where 5 is the natural frequency of the system.

Now click on the following Interactive Graph Link:

Beats Phenomenon.

Recall: This part is very similar to Lab 02, when we studied beats phenomenon in in an oscillating spring.

(1) (1 point) In the interactive graph link above turn on the Resonant solution.

(1a) Look at the graph of the resonant solution IR, and describe what happens with the amplitude of
the solution as time grows.

(1b) Identify the precise part in the formula for IR that produces the behavior you observed in the
graph.
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(2) (2 points) Let’s go back at the behavior of the Resonant solution as t grows.

(2a) What does that behavior in IR mean for the current in the circuit? Are the electrons in the circuit
moving at the same speed, or slower, or faster as t grows?

(2b) Do you think that this mathematical model predicts accurately the behavior of an actual physical
circuit as t→∞? Why?

(2c) How would you improve the mathematical model to get a better description of an electrical circuit
for large t?
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(3) (1 point) Go back to the interactive graph link above. Keep the Resonant solution on and now turn
on the Non-Resonant solution. Vary the driving frequency nu from zero to five. Describe what you
see. Why is nu equal five so special?

(4) (1 point) Go back to the interactive graph link above. Turn off the Resonant solution and turn on
the Non-Resonant solution. Vary the driving frequency nu from 0 to 5. Find the minimum value of
the driving frequency nu such that the solution INR displays beating.

(5) (1 point) Go back to the interactive graph link above. Keep the Non-Resonant solution on, and now
turn on both the Particular and the Homogeneous solutions. Vary the driving frequency nu. Based
on what you see, describe in your own words why the beating phenomenon occurs.

Note: Feel free to experiment with the graph. Turn on and off different functions, move the driving
frequency. Play around with the graph.
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Wireless Transmission of an Audible Tone

Imagine this is 1887. Heinrich Hertz has just shown that radio waves are real, not something that James
Maxwell had imagined in 1861 when he modified Michael Faraday’s equations of electromagnetism. Maxwell
modified Faraday’s laws so that the electric charge would be conserved. Faraday’s laws predicted electric
charge creation from nothing. Maxwell equations fixed that. But many people doubted Maxwell, because
he changed the equations without any experimental data. Even more, this modification also predicted the
existence of radio waves and hypothesized that light is a radio wave. Maxwell’s modification was a matter
of heated debate, until Hertz silenced everybody when he showed that radio waves actually exist. Maxwell
became a hero overnight; unfortunately he didn’t live to see it.

Hertz transmitted information without the need of any cables. Up to then, communications used wires.
People even laid submarine cables across the Atlantic ocean as early as 1858. However, no communications
with ships at sea were possible. As soon as Hertz transmitted radio noise without cables, people wanted to
use radio waves to transmit Morse code as audible sounds without cables across long distances. In this way
you wouldn’t need expensive submarine cables and you could reach ships at sea.

We now summarize a few facts needed for the last questions.

• Humans are able to hear frequencies in the range 20 Hz to 20,000 Hz.

• Radio waves are electromagnetic waves that travel at the speed of light, c, given by

c = 300, 000 km/sec.

• The frequency γ and the wavelength λ of a radio wave satisfy the relation

γλ = c.

So, given the frequency one can compute the wavelength, and vice versa.

• To capture a radio signal wavelength λ one needs an antenna of length no smaller than λ/3.

(6) (1 point) It turns out that antennae that capture radio waves in the audible wavelength range are too
long to be built. Find out how long an antenna must be so that we can capture radio waves of 1 kHz.
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(7) (1 point) Radio waves that can be transmitted and captured by small antennae do not have audible
frequencies. Find the minimum frequency γ1 of a radio wave that can be captured by an antenna of
`1 = 1 meter.

(8) (1 point) Use what you have learned about beating to send an audible tone using radio waves that can
be captured by a 1 meter antenna. How many radio waves do you need to transmit? What should their
frequencies be?

(9) (1 point) Finally, can you think of a way to transmit an audible tone by transmitting only one radio
wave?
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