Review for Exam 3.

5 or 6 problems, 60 minutes.
No notes, no books, no calculators.
Problems similar to homeworks.

Integration table an LT table provided.

vV vy V. VY

Exam covers:
» Power Series with Regular-Singular points (3.3).
» Chapter 4: Laplace Transform methods.
Definition of Laplace Transform (4.1).
Solving IVP using LT (4.2).
Solving IVP with discontinuous sources using LT, (4.3).

| 4
| 4
> Solving IVP with generalized sources using LT (4.4).
» Convolutions and LT (4.5).

» Systems of linear Differential Equations (5.1).
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» Systems of linear Differential Equations (5.1).




Regular-singular points (3.3).

Summary:
oo
» Look for solutions y(x) = Z an(x — x )",
n=0

» Recall: Smce r # 0, holds
y = Z(n+ r)an(x— )"t £ Z n+r)an(x—x) ",

n=0 n=1
» Find the indicial equation for r, the recurrence relation for a,.
» Introduce the larger root ry of the indicial polynomial into the
recurrence relation and solve for a,.
(a) If (ry —r_) is not an integer, then each ry and r_ define
linearly independent solutions.

(b) If (ry — r—) is an integer, then both ry and r_ define
proportional solutions.

Regular-singular points (3.3).

Example
Consider the equation x? y" + <x2 + %) y = 0. Use a power series

centered at the regular-singular point x, = 0 to find the three first
terms of the solution corresponding to the larger root of the
indicial polynomial.

oo (%)
n=0 n=0
Py =3 (n+r)(n+r—1)ax"tn

n=0

We also need to compute

1 00 00 1 i
<X2 + Z)}/ — ;) anX(n+r+2) -+ ;) ZanX(n+ )a




Regular-singular points (3.3).

Example

Consider the equation x? y" + (x2 + %) y = 0. Use a power series

centered at the regular-singular point x, = 0 to find the three first
terms of the solution corresponding to the larger root of the
indicial polynomial.

Solution: (x + > ZanX (n+r+2) 4 Z Lo x(n+n).

Re-label m = n+ 2 in the flrst term and then switch back to n,

(2 + %) y= i (21" + i %anx(”“%
n=0

) ) n=2
The equation is

[©.@) [ee] [©@) 1
n+r)(n+r—1)ax"0 4N " o x(MTI LN T 25 x(0H) = o,
(n—2) 4
n:O n:2 n:o

Regular-singular points (3.3).

Example

Consider the equation x2 y” + <x + 4> y = 0. Use a power series

centered at the regular-singular point x, = 0 to find the three first
terms of the solution corresponding to the larger root of the
indicial polynomial.

Solution:
(0. @) O [©@) 1
n+r)(n+r—1)apx" 43 " g x4 Y T 2 x(H) = ¢
(n—2) 4
n=0 n=2 n=0

{I’(f —1)+ ﬂ ap x" + {(r +1)r + H ap x4

Z{(n—kr (n+r—1)as+ an- 2)+élla"} () — o

n=2




Regular-singular points (3.3).

Example
Consider the equation x2 y” + <x2 + %) y = 0. Use a power series

centered at the regular-singular point x, = 0 to find the three first
terms of the solution corresponding to the larger root of the
indicial polynomial.

Solution: {r(r - 1)+ H ap = 0, {(r + Dr+ ﬂ a; =0,

1
[(n +r)(n+r—1)+ ﬂ an + agn—2) = 0.

The indicial equation r?

+ . 0 implies L
—r+ - =0 implies rp = —.
1 PIES I = 5

1 1
The indicial equation r? + r + 7= 0 implies ry = —5

1
Choose r = 5 That implies ag arbitrary and a; = 0.

Regular-singular points (3.3).

Example

Consider the equation x2 y” + (x2 + %) y = 0. Use a power series

centered at the regular-singular point x, = 0 to find the three first
terms of the solution corresponding to the larger root of the
indicial polynomial.

1 1
Solution: r = 5 A= 0, {(n +r)(n+r—1)+ —}an = —a(p—2)-

4
1 1\ 1 , 1 1
(+3)(n=3) +3]an =202 = |P—+ 3o =202
dy = 20
ap_o 2 — T T
nzan—_a(n—2) = an = — (22 ) = 3-2 40
dq =




Regular-singular points (3.3).

Example
Consider the equation x2 y” + <x2 + %) y = 0. Use a power series

centered at the regular-singular point x, = 0 to find the three first
terms of the solution corresponding to the larger root of the
indicial polynomial.

1
Solution: r = 5 a1 =0, a = —?, and a; = Z_Z' Then,

y(x) = x’(ao + a1x + aox® + azx® + agx* + - - )

Recall: a; = 0 and the recurrence relation imply a, = 0 for n odd.
Therefore,

1 1
y(x):aoxl/2(1—zx2+6—4x4+---). 4
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Laplace transforms (Chptr. 4).

Summary:
» Main Properties:
L[ ()] = s" L[f(t)] — sV F0) — - — F7D(0);  (18)
e L[f(t)] = Lluc(t) f(t — c)]; (13)
LI, = £le (1) (14)

» Convolutions:

L[(f « g)(t)] = L[f(2)] LIg(t)].

» Partial fraction decompositions, completing the squares.

Chapter 4: Laplace Transform methods.

Example
Use Laplace Transform to find y solution of

y'=2y'+2y =4(t—-2), y(0)=1, y'(0)=3.

Solution: Compute the LT of the equation,
Ly" 2Ll 1+ 2L[y] = LI5(t —2)] = e

Lly"]=s*LIy] —sy(0) —y'(0), L[yl = sLly] - y(0).
(s> =25+ 2)L[y] —sy(0) — y'(0) +2y(0) = e~**

(s —25s+2)L[y] —s—1=e"*

(5 + 1) + 1 e—2s
(s2—25+2) (s2—2s5+2) '

Lly] =




Chapter 4: Laplace Transform methods.

Example
Use Laplace Transform to find y solution of

y' =2y +2y =4(t—-2), y(0)=1, y'(0)=23.

(S + 1) 1 —2s

Solution: Recall: L[y] = (52— 25 +2) + (52— 25+ 2) e

1
s2—25+2=0 = si:§[2j:\/4—8, complex roots.

225 4+2=(s>-2s+1)—1+2=(s—1)*+1.

B s+1 1 o
M=t eopesa©

s—1+1)+1 1 o
o)=Y =

G-172+1 (s-12+1

Chapter 4: Laplace Transform methods.

Example
Use Laplace Transform to find y solution of

(5_1)+2+ 1 e—25
(s—1)2+1 (s—1)2+1

Solution: Recall: L[y] =

_ (5_1) 1 —2s 1
M=oyt P21t ot
L[cos(at)] = su;;ﬂ L[sin(at)] = ﬂ%

Lly] = [,[cos(t)]‘(s_l) + 2£[sin(t)]|(s_1) e % E[sin(t)]‘(s_l).




Chapter 4: Laplace Transform methods.

Example
Use Laplace Transform to find y solution of

y' =2y +2y=4(t-2), y(0)=1, y'(0)=3.
Solution: Recall:

Lly] = E[cos(t)]|(s_1) + 2 L][sin(t)] ‘(5—1) + e %" E[sin(t)]|(s_1)

and L[f(t)]| (sc) = L[e f(t)]. Therefore,
Lly] = L[e* cos(t)] + 2 L[e" sin(t)] + e~ L[e" sin(t)].
Also recall: e~ L[f(t)] = L[uc(t) F(t — c)]. Therefore,
Lly] = L[e* cos(t)] + 2 L[e" sin(t)] + L[ua(t) e~ sin(t — 2)].

y(t) = [cos(t) +2sin(t)] e + un(t) sin(t —2) 2. <

Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

3y —g(8), y(0)=y(0)=0, gt)=d 5 o 57
Vit =g, yO=y0)=0 s®)=1 s .,

Solution: _ _
Express g using step functions,

g(t) = uo(t) et=2).

Therefore,

Llg(t)] = e"*L]e"].

Lluc(t) f(t—c)] = e < L[f(t)]




Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

3y —g(t), y(0)=y(0) =0, gt)={ 5 o ‘=7
V=g, yO=YO)=0 s®)=1 sy .,

e—25

Solution: Recall: L[g(t)] =

(s—1) e
z[y”]:i £ly) = £lg(0)] = ¢ — 0
(s> +3)L[y] = -1) = Lly]=e* G213
H(s) = 1 _a (bs+ c)

G113 (-1 (2+3)

1=a(s*+3)+ (bs+c)(s — 1)

Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

3y —g(8), y(0)=y(0)=0, gt)=d 5 o =7
Virdy =gl yO)=y0)=0 &)=y 05 .,

Solution: Recall: 1 = a(s® +3) + (bs + c)(s — 1).
1=as®+3a+bs*+cs—bs—c
1=(a+b)s*+(c—b)s+(3a—c)

a+b=0, c—b=0, 3a—c=1.

1 1 1
a=—b c=b —3b—b=1 = b=-—-- a=- c=—-
4 4 4

1r 1 s+ 1

H :—{ _ }

)=7ls-1 23




Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of
V' 43y =gl y(0) =y (0) =0, g(t)- {O’ -
et=2)  t>02

s+1
s2 43

Solution: Recall: H(s) = %L i ] } L[y] = e 2 H(s).

s V3
H(s) = %[sil 243 \;§s2—f3}’
H(s) = Hc[et] — L[cos(V3t)] - %L[sin(ﬁ t)”.
H(s) = EE( f —cos(V3t) — % sin(\/§t))}.

Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

0, t <2,

"1+ 3y = g(t), 0) = y'(0) =0, t) =
y y =g(t), y(0)=y(0) g(t) {e(t2), £ 2.

Solution: Recall: H(s) = EE (et — cos(\/§ t) — % sin(\/§ t))}
1

h(t) = Z< f—cos(V3t) - \% sin(v/3 t)), H(s) = L[h(t)].

Lly] = e 25 H(s) = e~ L[h(t)] = L[ua(t) h(t — 2)].

We conclude: y(t) = ux(t) h(t — 2). Equivalently,

y(t) = uzT(t) [e(t_z) —cos(V3(t—2)) - % sin(V3 (t — 2))}
<




Chapter 4: Laplace Transform methods.

Example

e—2s

(s—1)(s2+3)

Solution: One way to solve this is with the splitting

Use convolutions to find f satisfying L[f(t)] =

_ o 2s 1 1 _e_25 1 \/§ L
Ol=e e -0=° BE)6-1)

CIF(8)] = 2 % Clsin(v/31)] £[e]
1

L[f(1)] = \/§£[u2(t) sin(V3 (t — 2))] L[e'].

f(t) = % /0 up(7) sin(\/§ (t—2)) e(t=7) dr. <

Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

y// - 6y _ g(t), )/(0) — y’(O) = 0, g(t) = { Z’in(t _ 71-) i i :7

Solution: _ _
Express g using step functions,

g(t) = ux(t) sin(t — 7).

Lluc(t) f(t—c)] = e < L[f(t)]

Therefore,

Llg(t)] = e7™L]sin(z)].

We obtain: L[g(t)] = Se




Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

0, t<m,

y" —6y =g(t), y(0)=y'(0)=0, g(t){sin(tﬂ) t>m.

e—Tl'S

Solution: L[g(t)]

SRR
£l - 6 £y] = Llg(t)] = 5
E-0L= gy = = gy

Hs) = 1 _ 1
(s2+1)(s2=6) (s241)(s+ V6)(s — v6)
) =1 +aﬁ) s —b\/6) * ((Z -t il)) '

Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

y// . 6y _ g(t), y(O) — y'(O) = 0, g(t) = { Z,in(t _ 71-) i i :7

a N b +(cs+d)
(s+v6) (s—v6) (s°+1)

Solution: H(s) =

1 B b (cs + d)

(1)1 VB)(s— Vo) (51v6) (s vB)  (£+1)

1=a(s — v6)(s* + 1) + b(s + v6)(s*> + 1) + (cs + d)(s* — 6).

1 1 1
The solution is: a = ——— 0, d=—=.

) b — —1 C — 1
146 146 7




Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

y// . 6y _ g(t), )/(0) — y’(O) = 0, g(t) = { Z’in(t _ 71-) i i :7

Solution: H(s) = 141\/6 {—(

1
146

H(s) = E[Tl\@ (e ot/ —2vB sin(r)) |.

1 N 1 B 2\6}
s+v6) (s—v6) (s2+1)1

H(s) [—c[e—ﬁf} +L[eV81] — 26 L[sin(t)]}

h(t) = {—e_‘/ét NN sin(t)} = H(s) = L[h(t)].

1
146

Chapter 4: Laplace Transform methods.

Example
Sketch the graph of g and use LT to find y solution of

y// - 6y _ g(t), y(O) — y’(O) = 0, g(t) = { Z’in(t _ 71-) i i :7

Solution: Recall: L[y] = e ™ H(s), where H(s) = L[h(t)], and

1
146

Llyl = e™™ LIh(t)] = Llux(t) h(t = )] = y(t) = ux(t) h(t —7).

h(t) {—e_‘/étqte\@t—Q\/a sin(t)]

Equivalently:

y(t) = % Vo) 4 VBT 2 /6 sin(t — 7).

<
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Definition of Laplace Transform (4.1).

> Solving IVP using LT (4.2).

» Solving IVP with discontinuous sources using LT, (4.3).
> Solving IVP with generalized sources using LT (4.4).
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Second order equations and first order systems.

Theorem (Reduction to first order)

Every solution y to the second order linear equation

'+ p(t)y +q(t)y = g(t), (1)

defines a solution x; = y and x, = y’ of the 2 x 2 first order linear
differential system

X = X, (2)
x; = —q(t) x; — p(t) x; + g(t). (3)
Conversely, every solution x;, x, of the 2 x 2 first order linear

system in Egs. (2)-(3) defines a solution y = x; of the second order
differential equation in (1).




Second order equations and first order systems.

Remark: Systems of first order equations can, sometimes, be
transformed into a second order single equation.

Example
Express as a single second order equation X, = —x; + 3%,

the 2 x 2 system and solve it,

l\)><\

:Xl _X2.

Solution: Compute x, from the second equation: x; = x} + X,.
Introduce this expression into the first equation,

(X + %) = —(x + x) + 3x,
X) 4+ X, = —x, — X, + 3%,

X, + 2x, — 2x, = 0.

Second order equations and first order systems.

Example
Express as a single second order equation X, = —x; + 3x,
the 2 x 2 system and solve it, X =X — %.

Solution: Recall: x!' +2x] — 2x, = 0.

1
rP42r-2=0 = ry= 5[F2EVA+8] = = ~1+V/3.

Therefore, x, = ;e "+ ¢, e . Since x; = X} + x,,
xi = (ary e +oroe=f) + (et + e,

We conclude: x; = (1 +ri)e* +o(l+r)e <




