Review Exam 4.

» Sections 5.1-5.9, 6.1-6.2.
» 7 problems.

» 60 minutes.

» 70 attempts.

Review of Linear Algebra (5.2,5.3, 5.5).
Basic Theorey of first order systems (5.1, 5.4, 5.6).
Homogeneous constant coefficients systems:
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> Real and different eigenvalues (5.7).
» Complex eigenvalues (5.8).
» Real and repeated eigenvalues (5.9).
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Eigenvalue-Eigenfunction, boundary value probl. (6.1).
Fourier series and even/odd extensions (6.2).
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Homogeneous constant coefficients systems

Example
Find the real-valued general solution of

$(t) = Ax(t), A= [ L 2].

Solution: Eigenvalues of A:

1-1) 2

p@y:‘_g “_Aﬂzwx—n2+4:o

A=1P2=-4 = A =1=£2i
Eigenvector for \,.

(A=Apl) = [1_(32/) 1—(12+ 2i)] - [_—22i —22"]'

Homogeneous constant coefficients systems

Example
Find the real-valued general solution of

X (t) = Ax(t). A:[_12 ﬂ

Solution: Recall: Ay =142/, (A—Xyl) = [__22’ —22i]'

—2i 2] _[2 2] _ [t _ . __,
2 —2i] " [-2 —2i] |0 0O e

Choosing v» = 1, we get vi = —/, that is,

(+) _ |~/ (=) o) _ |/
Vv —[1] = Vv =V —[1]




Homogeneous constant coefficients systems

Example

Find the real-valued general sol. x'(t) = Ax(t), A= [_12 i]

Solution: Recall: A+ =1+£2/, and vi®) = F;I] = [(1)] + [_01] /.

Also recalling: If A = o+ (i and vi¥) —a+ b/, then

xW(t) = ¢ [a cos(5t) — b sin(5t)].

x)(t) = e®t[a sin(Bt) + b cos(3t)].
(1) — ef(m cos(2t) — [‘01] sin(21)) = ) = ¢ [12((22?)] |

X® _ et(m sin(26) + [—01] cos(2)) = x@ ¢t [—;;(Sz(f)”] |

Hint to remember formulas for x(1) and x(2.
Remark: The formulas for
x(t) = e**[a cos(4t) — b sin(Bt)],

x)(t) = e®t[a sin(Bt) + b cos(3t)].

are the real and imaginary part of X(V) = (a + bi) e(®™5)¢_ |ndeed,
xt) = (a+ bi) [cos(Bt) + isin(Bt)] e**.

%) = [a cos(8t) — bsin(3t)] e** + i[asin(8t) + bcos(5t)] e




Homogeneous constant coefficients systems

Example

-3 ﬁ]

Find the general solution of X’ = Ax, where A = [\/5 5

Solution: Eigenvalues of A:
p(/\):‘( NG (_2\/?)\)‘ =A+2)(A+3)—-2=0

N +BA+4=0 = Ai:%[—ﬂ: 25 — 16 :%[—513]

Hence Ay = —1, A_ = —4. Eigenvector for \y.
-2 V2 2 —2 2 /2
aen=1z =B el -l

1
2vi = V2 v5. Choosing vi = 1 and v» = /2, we get v(t) = [ﬂ]

Homogeneous constant coefficients systems

Example
. . -3 V2
! __ —
Find the general solution of X' = Ax, where A = [\/5 _2].
1
Solution: Recall: A\ 1, \_ 4, and v [ﬂ]

Eigenvector for \_.
avan- [ - -6 0

1 1
vi = —vV2v,. Choosing vi =1 and v, = ———, so, v(i-) = [1]

V2

1
Fundamental solutions: x(*) = [ 1 ] et x(=) = [1] e 4t

General solution: x = ¢; [ﬁ] e t+ o




Homogeneous constant coefficients systems

Example
Find x solution of the IVP

;o |1 _|-3 4
X = Ax, x(0) = [3], A= [_1 1].
Solution: Eigenvalues of A:
p(N) = (=3-X) 4 =(A-1)(A+3)+4=0
—1 (1—-2X)

1
N +2X+1=0 = Ap = [-24VA—4] =1

Hence A, = A_ = —1. Eigenvector for \..
-2 4 1 -2 1 -2
(A+/)_[—1 2] —>[1 _2] —>[0 0].

vi = 2 va. Choosing v = 2 and v» = 1, we get v(t) = E]

Homogeneous constant coefficients systems

Example
Find x solution of the IVP

x = Ax, x(0) = [:_13] : A
: 2
Solution: Recall: . = —1, and v(t) = [ ]
Find w solution of (A+ )w = v.
—2 4| |myp 2 —2 2 1 -2 -1
— = N
-1 2| |w» 1 —1 1 0 O 0

Hence wy = 2wy — 1, that is, w = [2] wo + [_1].

N B

Choose wo =0, so w = [_01] .




Homogeneous constant coefficients systems

Example
Find x solution of the IVP
; |1 _|-3 4
X = Ax, x(0) = [3], A= [_1 1].
: -1
Solution: Recall: Ay = —1, v(t) = [1] and w = [ 0].

Homogeneous constant coefficients systems

Example
Find x solution of the IVP
;o 1 -3 4
X = Ax, x(0) [3] : A= 1 1] .
Solution: Recall: x = ¢ [ﬂ e t+ o (E] t+ [_Olb et

o fo 1] o] = o) e fa) = 15 2 B = L]

The solution is x =3 E] e t+5 ([2 t+ [_1]) et
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Eigenvalue-Eigenfunction, boundary value problems
Example
Find the positive eigenvalues and their eigenfunctions of

y"+Ay=0 y(0)=0, y(8)=0.
Solution: Since A > 0, introduce A\ = 2, with x> 0.
y(x) = e™ implies that r is solution of

p(r)=r*+u>=0 = ry==4pui
The general solution is y(x) = ¢; cos(ux) + ¢ sin(ux).
The boundary conditions imply:

0=y(0)=a = y(x)=csin(ux).
0=y(8) =csin(u8), c#0 = sin(u8)=0.

2
:u:nga A:(%) ) yn(X):Sin<%>7 n:1727"‘




Eigenvalue-Eigenfunction, boundary value problems

Example
Find the positive eigenvalues and their eigenfunctions of

y'+Ay=0, y(0)=0, y'(8)=0.
Solution: The general solution is y(x) = ¢1 cos(ux) + ¢ sin(ux).
The boundary conditions imply:

O0=y(0)=ca = y(x)=csin(ux).

0=1y'(8) = cpucos(u8), c2#0 = cos(u8)=0.

B 7r _ (2n+1)r
8,u—(2n—1—1)§, = u= T
Then, for n=1,2,--- holds
B (2n+1)7r}2 . ((2n—|—1)7rx>
A= [ 16 . yn(x) =sin 16 :

Eigenvalue-Eigenfunction, boundary value problems

Example
Find the non-negative eigenvalues and their eigenfunctions of

y'+Ay=0, y'(0)=0, y'(8)=0.
Solution: Case A > 0. Then, y(x) = c1 cos(ux) + ¢z sin(ux).
Then, y'(x) = —cip sin(ux) + cop cos(px). The B.C. imply:
0=y'(0)=c = y(x)=cicos(ux), y'(x) = —cip sin(ux).
0=y'(8) = ciusin(u8), c1#0 = sin(u8)=0.

nm
8u = nm, = p=g

Then, choosing ¢ =1, for n =1,2,--- holds

V= () st = ee()




Eigenvalue-Eigenfunction, boundary value problems

Example
Find the non-negative eigenvalues and their eigenfunctions of

y'+Ay=0, y(0)=0, y'(8)=0.
Solution: The case A = 0. The general solution is
y(x) = a + ax.
The B.C. imply:
0=y'0)=c = yx)=ca, y(x)=0.
0=y'(8) =0.

Then, choosing ¢; = 1, holds,

A= 0, yo(X) = 1. 4

Eigenvalue-Eigenfunction, boundary value problems

Example
Find the solution of the BVP

y'+y=0, y'(0)=1, y(x/3)=0.

Solution: y(x) = ™ implies that r is solution of
y

p(r)=r*+u>=0 = ry==i

The general solution is y(x) = ¢1 cos(x) + ¢ sin(x).
Then, y'(x) = —c1 sin(x) + ¢ cos(x). The B.C. imply:
1=y'(0)=c = y(x)=c cos(x)+sin(x).

0=y(n/3) = c1 cos(m/3) +sin(n/3) = c =— sin(r/3)

cos(m/3)’
_% = —V3 = y(x) = —V3 cos(x) +sin(x). <

1 =
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Fourier series and even/odd extensions

Example

Graph the odd-periodic extension of f(x) =1 for x € (—1,0), and

then find the Fourier Series of this extension.

Solution: The Fourier series is

f(x) = % + i{an cos(nLLX> + b, sin(nLLXﬂ.
n=1

Since f is odd and periodic, then the Fourier Series is a Sine
Series, that is, a, = 0.

by = %/_LL f(x) sin(”iLX> dx = %/OL f(x) sin(?) dx.

1
b, = 2/0 (—1) sin(nmx) dx = (—2)

b, = %[cos(mr) -1 = b,= % [(—1)" —1].




Fourier series and even/odd extensions
Example

Graph the odd-periodic extension of f(x) =1 for x € (—1,0), and
then find the Fourier Series of this extension.

2
Solution: Recall: b, = — [(—1)” — 1].

nm
If n = 2k, then by = ~—— [(-1)* - 1] = 0.
' 2k
fn=2k-1, .
b = = [(—1)* 1] = ———.
=1 ™ 2k — 1) (1) ) (2k — 1)

4 & 1
We conclude: f(x) = —— Z — sin[(2k — 1)7x]. <
™= (2k — 1)

Fourier series and even/odd extensions

Example
Graph the odd-periodic extension of f(x) =2 — x for x € (0, 2),

and then find the Fourier Series of this extension.
Solution: The Fourier series is

00 = 2+ [ancos (") + bysin (") |
n=1

Since f is odd and periodic, then the Fourier Series is a Sine
Series, that is, a, = 0.

1 [t ./ NTX 2 [t ./ NTX
bn = z/ f(X) Sln(T) dx = z/o f(X) SIﬂ(T) dX, L= 2,

L
b, = /2(2 — X) sin(ﬂ) dx.a
0 2




Fourier series and even/odd extensions

Example

Graph the odd-periodic extension of f(x) =2 — x for x € (0,2),
and then find the Fourier Series of this extension.

2 2
Solution: b, = 2/ sin(mrx) dx — / X sin<ﬂ> dx.
0 2 0 2
/S_n<n7rx> J -2 Cos(mrx>
in(— ) dx = —
2 nm 2 )’

The other integral is done by parts,

u=x, Vv = sin(—)
./ NTX 2
| = xsm( )dx
2 v
u = v

Fourier series and even/odd extensions

Example

Graph the odd-periodic extension of f(x) =2 — x for x € (0, 2),
and then find the Fourier Series of this extension.

Solution: | = _—2X cos(mrx) — /<——2) cos(ﬂ) dx.
nm 2 ni 2

2x nmwx 2\2 . /nmx
| = —— cos(—) + (—) sm<7>. So, we get

nm 2 nm
-2 nmx nm 2\2 . /nmx\|?
b =2[ > cos( "], + [ cos("F)], - () (")),
b,,:;:[cos( )—1}+{%cos( )—0} = bn:%.




Fourier series and even/odd extensions

Example
Graph the even-periodic extension of f(x) =2 — x for x € [0, 2],
and then find the Fourier Series of this extension.

Solution: The Fourier series is
nmx

f(x) = % + ;{an cos(nLLX> + by sin(Tﬂ.

Since f is even and periodic, then the Fourier Series is a Cosine
Series, that is, b, = 0.

1 /2 2 b height
ao:§/ f(x)dx:/ (2 —x)dx = asex2 UL ag = 2.
—2 0

ap = 1/L f(x)cos(niLX) dx = %/L f(x)cos(niLX) dx, L=2,
0

ap = /02(2 — X) cos(mTTX> dx.

Fourier series and even/odd extensions

Example
Graph the even-periodic extension of f(x) =2 — x for x € [0, 2],
and then find the Fourier Series of this extension.

2 2
Solution: a, = 2/ cos(ﬂ) dx —/ X cos<ﬂ> dx.
0 2 0 2

/Cos(mrx> J 2 S_n<n7rx>
- X — — | -
2 nm 2 /)’

The other integral is done by parts,

, (nﬂ'X)
u=x, VvV =cos|—
nmx 2
| = /xcos(—) dx,

2 , 2 . /nmx
u =1, v:—sm<—>

nm 2

2X . /nmx 2 . /nTmx
| = — sm(—) —/— sm(—) dx.
nm 2 nm 2




Fourier series and even/odd extensions

Example

Graph the odd-periodic extension of f(x) =2 — x for x € (0,2),
and then find the Fourier Series of this extension.

Solution: Recall: [ = 2—X sin(ﬂ) — / i sin(?) dx.

nm 2

2xX . /nmx 2\2 nmx
| = — sm(—) + (—) cos(—). So, we get
nm 2 nm 2

2 . /nmx\1/? 2x . /nmx\1]2 2 \2 nmx\ |2
an =2 sin(=3) || = [ (5], - (5n) e (55)
nm 2 0 nm 2 0 nm 2 0

4
n272

[1-(=1)7].

4
an:0—0—m[cos(nw)—1] =  ap=

Fourier series and even/odd extensions

Example

Graph the odd-periodic extension of f(x) =2 — x for x € (0, 2),
and then find the Fourier Series of this extension.

- ()

Solution: Recall: b, =0, ag =2, a, =

4

(K22 1-(-D*] =0

If n = 2k, then ay) =

If n=2k — 1, then we obtain

4 1 — (_1)2k—1} —

8
A2k-1) = o )22 |

(2k — 1)?72

8 — 1 (2k — 1)mx
We conclude: f(x) =1+ =) ; m cos<#>. <




