Review Exam 3.

Sections 4.1-4.5 in Lecture Notes.
60 minutes.

7 problems.

No partial grading. (Exceptions allowed, ask you TA.)

>
>
>
> 70 grade attempts. (10 attempts per problem.)
>
» Integration table included.

>

Complete Laplace Transform table included.

Computing inverse Laplace Transforms.

Example
e %5
(s—3)2+25

Find the inverse Laplace Transform of F(s) =

Solution: We start rewriting function F,

s _ 25 (5 =3) +3]

Fls)=e™ (s —3)2+52 © (s —3)% + 52
=25 (5_3) —51 5(3)
Fls) =€ s-37+5  °© 2 5 (s—3)2+52

F(s) = e > L[cos(5t)](s — 3) + g e 2% L[sin(5t)](s — 3)
Recall (14): L[f(t)](s — c) = L[e" f(t)].

F(s) = e~ 2 L[e3 cos(5t)] + g e 25 L[e3 sin(5t)].




Computing inverse Laplace Transforms.

Example

e 25g

(s —3)2+25

Find the inverse Laplace Transform of F(s) =

Solution: ,
Recall: F(s) = e >L[e>" cos(5t)] + : e 2% L[e3t sin(5t)].

Recall (13): e < L[f(t)] = L[u(t — c) f(t — ¢)].

F(s) = Llu(t —2) € cos(5(t — 2))]
+§£[u(t —2) e sin(5(t - 2))].

F(t) = u(t — 2) (=2 [cos(5(t )+ g sin(5(t — 2))] .

Computing Laplace Transforms of discontinuous functions.

Example
0

IN

| S 0<t<6
Find the LT of f(t) = ¢ 2 :
3 t=6.

Solution: We need to rewrite the function f in terms of functions
that apear in the LT table. We need a box function for the first
part, and a step function for the second part.

F(t) = %[u(t) — u(t —6)] +3u(t —6).

f(t) = % u(t) + (—% +3) u(t—=6) = % u(t) + %(—t—l—6) u(t—6).

[tu(t) — (t—6)u(t—6).

N| —

f(t) =




Computing Laplace Transforms of discontinuous functions.

Example
0

IN

t <6,

w N~

Find the LT of f(t) =
t > 6.

Solution: Recall: () %[t u(t) — (t— 6) u(t — 6)].
LIFW] = 3 (£l u(e)] — L[t~ 6) u(t — 6)]),
LIFO] = 5 (£l — e %L1,
LIFE) = 5 (5 - ),
We conclude that L[f(t)] = 2—; (1—e®) <

Solving IVP with generalized sources.

Example

Use Laplace Transform to find y solution of
y'=2y'+2y =4(t—-2), y(0)=1, y'(0)=3.
Solution: Compute the LT of the equation,
Lly"]=2L[y]+2L[y] = L[5(t - 2)] = e
Lly"l=s*LIy] = sy(0) = y'(0),  LI]=sLly] - y(0).

(s> =25+ 2)L[y] —sy(0) — y'(0) +2y(0) = e~**

(s> =25 +2)L[y] —s—1=e"*

(5 + 1) 1 —2s

£bl= (52—25—|—2)+(52—25—|—2)e




Solving IVP with generalized sources.

Example
Use Laplace Transform to find y solution of

y' =2y +2y =4(t—-2), y(0)=1, y'(0)=23.

(S + 1) 1 —2s

Solution: Recall: L[y] = (52— 25 +2) + (52— 25+ 2) e

1
s2—25+2=0 = si:§[2j:\/4—8, complex roots.

225 4+2=(s>-2s+1)—1+2=(s—1)*+1.

B s+1 1 o
M=t eopesa©

s—1+1)+1 1 o
o)=Y =

G-172+1 (s-12+1

Solving IVP with generalized sources.

Example
Use Laplace Transform to find y solution of

(5_1)+2+ 1 e—25
(s—1)2+1 (s—1)2+1

Solution: Recall: L[y] =

_ (5_1) 1 —2s 1
M=oyt P21t ot
L[cos(at)] = su;;ﬂ L[sin(at)] = ﬂ%

Lly] = [,[cos(t)]‘(s_l) + 2£[sin(t)]|(s_1) e % E[sin(t)]‘(s_l).




Solving IVP with generalized sources.

Example
Use Laplace Transform to find y solution of

y' =2y +2y=4(t-2), y(0)=1, y'(0)=3.
Solution: Recall:

Lly] = E[cos(t)]|(s_1) + 2 L][sin(t)] ‘(5—1) + e %" E[sin(t)]|(s_1)

and L[f(t)]| (sc) = L[e f(t)]. Therefore,
Lly] = L[e* cos(t)] + 2 L[e" sin(t)] + e~ L[e" sin(t)].
Also recall: e~ L[f(t)] = L[uc(t) F(t — c)]. Therefore,
Lly] = L[e* cos(t)] + 2 L[e" sin(t)] + L[ua(t) e~ sin(t — 2)].

y(t) = [cos(t) +2sin(t)] e + un(t) sin(t —2) 2. <

Solving IVP with discontinuous sources.

Example
Sketch the graph of g and use LT to find y solution of

t <2,

0
" 3y = t, 0) = /0 :O, t) = 7
y" +3y =g(t), y(0)=y(0) g(t) {e(t_2), s

Solution: _ _
Express g using step functions,

g(t) = uo(t) et=2).
Lluc(t) F(t — c)] = e~ L[F(t)].

Therefore,

2 ‘ Llg(t)] = e *Le"].




Solving IVP with discontinuous sources.

Example
Sketch the graph of g and use LT to find y solution of

3y —g(t), y(0)=y(0) =0, gt)={ 5 o ‘=7
V=g, yO=YO)=0 s®)=1 sy .,

e—25

Solution: Recall: L[g(t)] =

(s—1) e
z[y”]:i £ly) = £lg(0)] = ¢ — 0
(s> +3)L[y] = -1) = Lly]=e* G213
H(s) = 1 _a (bs+ c)

G113 (-1 (2+3)

1=a(s*+3)+ (bs+c)(s — 1)

Solving IVP with discontinuous sources.

Example
Sketch the graph of g and use LT to find y solution of

3y =g(t), V(0 =y (0)=0 gB)=1 ., -

Vi3 =glt) yO =Y =0 &)= o .,

Solution: Recall: 1 = a(s® +3) + (bs + c)(s — 1).
1=as’+3a+bs®>+cs—bs—c
1=(a+b)s*+(c—b)s+(3a—c)

a+b=0, c—b=0, 3a—c=1.

1 1 1
a=—b c=b —3b—b=1 = b=-—-- a=- c=—-
4 4 4

1r 1 s+ 1

H :—{ _ }

)=7ls-1 23




Solving IVP with discontinuous sources.

Example
Sketch the graph of g and use LT to find y solution of
V' 43y =gl y(0) =y (0) =0, g(t)- {O’ -
et=2)  t>02

s+1
s2 43

Solution: Recall: H(s) = %L i ] } L[y] = e 2 H(s).

s V3
H(s) = %[sil 243 \;§s2—f3}’
H(s) = Hc[et] — L[cos(V3t)] - %L[sin(ﬁ t)”.
H(s) = EE( f —cos(V3t) — % sin(\/§t))}.

Solving IVP with discontinuous sources.

Example
Sketch the graph of g and use LT to find y solution of

0, t <2,

"1+ 3y = g(t), 0) = y'(0) =0, t) =
y y =g(t), y(0)=y(0) g(t) {e(t2), £ 2.

Solution: Recall: H(s) = EE (et — cos(\/§ t) — % sin(\/§ t))}
1

h(t) = Z< f—cos(V3t) - \% sin(v/3 t)), H(s) = L[h(t)].

Lly] = e 25 H(s) = e~ L[h(t)] = L[ua(t) h(t — 2)].

We conclude: y(t) = ux(t) h(t — 2). Equivalently,

y(t) = uzT(t) [e(t_z) —cos(V3(t—2)) - % sin(V3 (t — 2))}
<




Laplace Transform and convolutions.

Example

e—2s

(s —1)(s?2+3)

Solution: One way to solve this is with the splitting

Use convolutions to find f satisfying L[f(t)] =

_ o 2s 1 1 _e_25 1 \/§ L
Ol=e e -0=° BE)6-1)

CIF(8)] = 2 % Clsin(v/31)] £[e]
1

L[f(1)] = \/§£[u2(t) sin(V3 (t — 2))] L[e'].

f(t) = % /0 (1) sin(vV3 (1 —2)) e(t=7) dr.

Definition of the Laplace Transform.

Example
Use the definition of the LT to find the LT of f(t) = cosh(t).

Solution: Recall that cosh(t) = (e 4+ e7%)/2, and that

L[cosh(t)] = /OOO e @ dt
L[cosh(t)] = Nll_r)noo % /ON(e—(S—l)t 4 e—(s+1)t) dt.
. 1 e—(s—l)t e—(s—i—l)t N
Eleosh(e)] = Nlinoo 2 {_ (s—1) (s+1) } 0’
11 1 C1(s+1)+(s—1)
Lleosh(e)] = 5{(5 ) T 5t 1)} 2 (s2-1)

We conclude: L[cosh(t)] = 21




Solving IVP with impulsive forces.

Example
(Sect 6.5, ~ Probl.7) Find the solution to the initial value problem

y" +y =6(t — ) cos(t), y(0) =0, y'(0)=0.

Solution: Compute the Laplace Transform of the equation,
LIy"] + Lly] = L[5(t — ) cos(t)]

To compute the right-hand side above, we need the definition of
the LT. Given any smooth function f and a constant c, holds

L[5(t —c)f(t)] = /OOO e " f(t)6(t — ) dt = [e *f(t)]

t=c

c+e
We have used that / d(t —c)g(t)dt =g(c).

Cc—e€

We obtain the formula: L[o(t — ¢)f(t)] = f(c)e™ .

Solving IVP with impulsive forces.

Example
(Sect 6.5, ~ Probl.7) Find the solution to the initial value problem

y" +y =6(t — ) cos(t), y(0) =0, y'(0)=0.
Solution: Recall: L[6(t — ¢)f(t)] = f(c)e . Hence
s? Lly] + L[y] = L[5(t — 7) cos(t)] = cos(n)e™™ = —e ™

1 JR—
s24+1

Lly]=—e™ —e 7 L]sin(t)].

Recall the property (13): e “L[f(t)] = L]u(t — ¢) f(t — ¢)];

Lly] = —L[u(t —m) sin(t — )] = y(t) = —u(t —7) sin(t — 7).
<




Laplace Transform and convolutions.
Example
Given any function g(t) with Laplace transform G(s) = L[g(t)],
—2s
G(s).

(s2 +3)

Solution: One way to solve this is with the splitting

1 V3
V3 (s +3)

find the function f satisfying L[f(t)] =

1

LIF(0] = > g

G(s)=e2*

G(s),

CIF(t)] = =2 \% Clsin(v3 )] £[g (1)

LIF(1)] = %L[ug(t) sin(V3 (¢ - 2))] £lg (1))

f(t):%/otuz(T) sin(vV3(r—2)g(t - )ldr. <

Solving IVP with step functions in the source.

Example
Sketch the graph of g and use LT to find y solution of

y// - 6y _ g(t), )/(0) — y’(O) = 0, g(t) = { Z’in(t _ 71-) i i :7

Solution: _ _
Express g using step functions,

g(t) = ux(t) sin(t — 7).

Lluc(t) f(t—c)] = e < L[f(t)]

Therefore,

Llg(t)] = e7™L]sin(z)].

We obtain: L[g(t)] = Se




Solving IVP with step functions in the source.

Example
Sketch the graph of g and use LT to find y solution of

0, t<m,

y" —6y =g(t), y(0)=y'(0)=0, g(t){sin(tﬂ) t>m.

e—Tl'S

Solution: L[g(t)]

SRR
£l - 6 £y] = Llg(t)] = 5
E-0L= gy = = gy

Hs) = 1 _ 1
(s2+1)(s2=6) (s241)(s+ V6)(s — v6)
) =1 +aﬁ) s —b\/6) * ((Z -t il)) '

Solving IVP with step functions in the source.

Example
Sketch the graph of g and use LT to find y solution of
0, t<m,

y" =6y =g(t), y(0)=y'(0)=0, g(t)_{sin(tw) t>m.

- B a b (cs + d)
Solution: H(s) = NG + NG + 210
1 b (cs + d)

(1)1 VB)(s— Vo) (51v6) (s vB)  (£+1)

1=a(s — v6)(s* + 1) + b(s + v6)(s*> + 1) + (cs + d)(s* — 6).

1 1 1
The solution is: a = ——— d=——.

b= —"— =0,
146 146 7




Solving IVP with step functions in the source.
Example
Sketch the graph of g and use LT to find y solution of
0, t<m,

y" —6y =g(t), y(0)=y'(0)=0, g(t)_{sin(t—ﬁ) t=>m.

Solution: H(s) = 141\/6 {—(

1
146

H(s) = E[Tl\@ (e ot/ —2vB sin(r)) |.

1 N 1 B 2\6}
s+v6) (s—v6) (s2+1)1

H(s) [—c[e—ﬁf} +L[eV81] — 26 L[sin(t)]}

h(t) = —e VBt oVt o /6 sin(t)} = H(s) = L[h(t)].

1
v

Solving IVP with step functions in the source.

Example
Sketch the graph of g and use LT to find y solution of

0, t<m,

y" —6y =g(t), y(0)=y'(0)=0, g(t)_{sin(tﬂ) t=>m.

Solution: Recall: L[y] = e ™ H(s), where H(s) = L[h(t)], and

h(t) = ﬁ {—e_‘/ét +eVot_2v6 sin(t)]

Lly] = e7™ L[h(t)] = L[ux(t) h(t —m)] = y(t) = ux(t) h(t ).
Equivalently:

_ UT"(t) —6 (t—m V6 (t— .
y(t)_m[—e (t=m) 4 oV6(t >—2¢65.n(t—w)}. .




