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Overview and notation.

Overview: The Laplace Transform method can be used to solve
constant coefficients differential equations with discontinuous
source functions.

Notation:
If L[f(t)] = F(s), then we denote L71[F(s)] = f(t).

Remark: One can show that for a particular type of functions f,
that includes all functions we work with in this Section, the
notation above is well-defined.

Example
1

s—a

From the Laplace Transform table we know that £[eat} =

} = e,

Then also holds that E_l{
s—a
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The definition of a step function.

Definition
A function u is called a step function at t = 0 iff holds

0 fort <0,
u(t)_{ or

1 fort>0.

Example
Graph the step function values u(t) above, and the translations
u(t — c) and u(t + ¢) with ¢ > 0.

Solution:
u( ut-c)

lioimno 1




The definition of a step function.

Remark: Given any function values f(t) and ¢ > 0, then f(t — ¢)
is a right translation of f and f(t + c) is a left translation of f.

Example

(o] fy=e f(1)

f(] f=ue” f(] t(y=u(t-c) e
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Piecewise discontinuous functions.

Example
Graph of the function b(t) = u(t — a) — u(t — b), with 0 < a < b.

Solution: The bump function b can be graphed as follows:

u(t —a) u(t —b)
1 1 —_—
0 a b t 0 a b t
b(t)
1 —
0 a b t q

Piecewise discontinuous functions.

Example
Graph of the function f(t) = e [u(t — 1) — u(t — 2)].

Solution:

A at .
y |[f(t)=e [u(t—l)—u(t;Z’)]

at
e

,,/[u(t—l)—u(t—Z)

--" F-———=—=-=-=-==-- A

o~

1 2 t

Notation: It is common in the literature to denote the function
values u(t — c) as uc(t).
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The Laplace Transform of discontinuous functions.

Theorem
Given any real number ¢ > 0, the following equation holds,

e—CS

Llut—e) ==—, s>0.
Proof:
Llu(t—c)] = /OO e "tu(t —c)dt = /Oo et dt,
0 c
Clu(t—c)] = lim —~(e™—e=) =" s>o.

N—oco S S

e—CS

We conclude that L[u(t — ¢)] =




The Laplace Transform of discontinuous functions.

Example
Compute L[3u(t — 2)].

—2s
Solution:  L[3u(t — 2)] = 3 L[u(t —2)] =3 & -
36_25
We conclude: L[3u(t —2)] = .
Example
2 —3s
Compute E_l{ © }
s

—CS

Solution:  Since L[u(t — ¢)] = ¢ , for c =3 we get

o [ o35

26_35} —2u(t—3).

} = u(t — 3). Therefore, E_l{

S S

<
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Properties of the Laplace Transform.

Theorem (Translations)
If F(s)= L[f(t)] exists fors > a >0 and c > 0, then holds

Llu(t —c)f(t —c)]=e < F(s), s> a.
Furthermore,
Lle'f(t)] = F(s — ¢), s>a+c.

Remark:

» L[translation (uf)] = (exp) (L[f]).

> L|(exp) (f)] = translation(L[f]).
Equivalent notation:

> Llu(t — c)f(t —c)] = e~ = L[f(t)],

> Lletf(t)] = L[f](s — ¢).

Properties of the Laplace Transform.

Example
Compute L[u(t — 2) sin(a(t — 2))].

Solution: L[sin(at)] = ———., Llu(t — ¢)f(t — c)] = e~ L[f(t)].

- s24 a2’
— 2) si —2 — %8 I — 7% —a .
Llu(t —2) sin(a(t —2))] = e7** L]sin(at)] = e o
. 5 3
We conclude: L[u(t —2) sin(a(t —2))] = e ? ol <
Example
Compute L [e® sin(at)].
a

lution: Recall: ()] = L[f](s — i = .
Solution: Recall: L[e'f(t)] = L[f](s — ¢), L[sin(at)] R
We conclude: L[e® sin(at)] = i with s > 3. <

(s —3)%2+ &%’




Properties of the Laplace Transform.

Example
0, t<1,

Find the Laplace transform of f(t) = { (2 — 2t 4+ 2) S 1
t - t _|_ 9 t = N

Solution: Using step function notation,
fF(t) = u(t — 1)(t* — 2t + 2).
Completing the square we obtain,

2 —2t42=(t? -2t +1)—1+2=(t—-1)*+ 1.

This is a parabola t? translated to the o

right by 1 and up by one. Because of /
the step function, this is a discontinuous T |

function at t = 1. I t

Properties of the Laplace Transform.

Example
0, t <1,

Find the Laplace transform of f(t) = { ( 2 _op4 ) > 1
= — 2t ’ t = =

Solution: Recall: f(t) = u(t —1) [(t —1)* +1].
This is equivalent to
f(t) = u(t —1)(t —1)> + u(t — 1).
Since L[t?] =2/s3, and L[u(t — c)g(t — c)] = e~ = L[g(t)], then

LIF(H)] = Llu(t — 1) (t — 1)%] + Llu(t — 1)] = e—SS% + e—sg.

e—S

We conclude: L[f(t)] = 3 (24 s7). <




Properties of the Laplace Transform.
Remark: The inverse of the formulas in the Theorem above are:
£t (e F(s)] = u(t —c) f(t —¢),

L7HF(s—c)] = e f(1).

Example

Find E_l[ -

> s)
s2 491

Solution: £71 [5(29_:59} = %[,_1 {e‘”‘s o i 9]

Recall: L_l{ 2_?_ 2} = sin(at). Then, we conclude that
s’ +a
Ly e 1 :
L [52+9} = §u(t—4) sin(3(t — 4)).

Properties of the Laplace Transform.

Example

Find £~ [(S (_52_)221 9]

S

Soluti :L—l[—
olution 52—'_32

} = cos(at), L71[F(s — c)] = e f(t).

— 2
We conclude: /L_l{ (s—2) } — €% cos(3t).

(s —2)2+9
Example
—3s
Find 5—1[226 |
sc—4
. . p—1 d o
Solution: Recall: L {—52 — 32} = sinh(at)

and L7 [e = F(s)] = u(t — c) f(t — c).




Properties of the Laplace Transform.

Example

Find L—l[

2e—3s
s? —4}'

Solution: Recall:

£ [52 - 32} —sinh(at), £ 1[e"= F(s)] = u(t —c) f(t — c).

e e |

s> —4 s> —4
2 —3s
We conclude: £7* [526_ 4} = u(t — 3) sinh(2(t — 3)). <

Properties of the Laplace Transform.

Example
—2s

e
ind [ ]
n s24+s5—2
Solution: Find the roots of the denominator:
S+ = 17

S_ = —2.

Sj::%[—lil:\/1+8] = {

Therefore, s + s —2 = (s — 1) (s + 2).

Use partial fractions to simplify the rational function:

1 B 1 I b
s24+s5—2 (s—1)(s+2) (5—1)—1_(54—2)7
1 (a+b)s+(2a—b)

=a(s+2)+b(s—1) =

s2+s—2 (s—1)(s+2)




Properties of the Laplace Transform.

Example
1 e—2$
Find £~ {—}
ind £ s2+5—2
1 _
Solution: Recall: — — (a+b)s+(2a—b)
sc4+s—2 (s—1)(s+2)
1 1
b:o, 2 —b:]_, :> :_7 b:__
a-—+ a a 3 3
e—2$ 1 1 1 1
LU= =l s N ., P
L2+5—2} 3 - {e 5—1} 3£ {e 5+2}

Recall: £71 L i a} =%, L71[e " F(s)] = u(t—c)f(t—c),

—2s

Hence: £* [F} u(t —2) {e(tz) — e




