The Euler equation (Sect. 3.2).

» We study the Euler Equation:
(X - Xo)zy” + Po (X - Xo))// +qy=0.
» Solutions to the Euler equation near x,.

» The roots of the indicial polynomial.

» Different real roots.
» Repeated roots.
» Different complex roots.

The Euler equation
Definition
Given real constants p,, qo, the Euler differential equation for the

unknown y with singular point at x, € R is given by

(X_Xo)zy”+/30 (X_Xo)y/+ Gy = 0.

Remarks:

The Euler equation has variable coefficients.

>
» Functions y(x) = e™ are not solutions of the Euler equation.
» The point x, € R is a singular point of the equation.

>

The particular case x, = 0 is is given by

X2 y" 4+ poxy 4+ qoy = 0.
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Solutions to the Euler equation near x,.

Summary of the main idea:

» The main idea to find solution to the constant coefficients
equation y” + a, y’ + a, y = 0 was to look for functions of the
form y(x) = e™. The exponential cancels out from the
equation and we obtain an equation only for r without x,

(FPt+arta)e”=0 & (FP+arta)=0 (1)

> In the case of the Euler equation x? y” + p, xy' + qo y = 0 the
exponential functions €™ do not have the property given in
Eq. (1), since

(X2r2—|—poxr—|—q0) eX=0 < X’r’+pyxr+q,=0,

but the later equation still involves the variable x.




Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
These function have the following property:

Yx)=rxt = xy(x)=rx"

y'(x)=r(r—1) X2 = X y'(x)=r(r—1)x".

Introduce y = x" into Euler’s equation x2 y” + pyxy’ + goy =0,
for x # 0 we obtain

r(r=1)+pr+q|x" =0 < r(r—1)+ pyr+ g =0.

The last equation involves only r, not x.

This equation is called the indicial equation, and is also called the
Euler characteristic equation.

Solutions to the Euler equation near x,.

Theorem (Euler equation, x, = 0)

Given py, qo, X, € R, consider the Euler equation
X2 y" + poxy + oy = 0. (2)
Let r,, r. be solutions of r(r — 1) 4+ p,r + q, = 0.
(a) Ifr, # r., then a general solution of Eq. (2) is
+ x|, x#0, ¢, ¢;€R (orC).

"

y(x) = clx
(b) If r. = r. =¥, then a real-valued general solution of Eq. (2) is
y(x) = [co+ ¢iIn|x]] X", x#0, ¢, ¢ €R.

Given x; # 0, vy, y;1 € R, there is a unique solution to the IVP
Xy 4 poxy' + a0y =0, y(a)=yo, y'(x)=y




Solutions to the Euler equation near x,.

Theorem (Euler equation, x, # 0)

Given p,, q,, X, € R, consider the Euler equation
(x = x0)* ¥ + po(x = x0) ¥’ + Goy = 0. (3)
Let r,, r. be solutions of r(r — 1) 4+ p,r + q, = 0.
(a) Ifr, # r., then a general solution of Eq. (3) is
y(x) = colx — x| + ci|x — x|, x# X, €, ¢ €R (0r C).
(b) If r. = r. =¥, then a real-valued general solution of Eq. (3) is

y() = e+ alix—xlllx=xl", x#x o ek

Given x; # X,, Vo, V1 € R, there is a unique solution to the IVP
(x=%)?y" +po(x =X0)y' + a0y =0, y(x)=yo, ¥'(x) =1
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Different real roots.

Example
Find the general solution of the Euler equation

x?y" +4xy' +2y =0.

Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x2y"(x) = r(r—1)x".
Introduce y(x) = x" into Euler equation,

r(r—=1)+4r+2]x"=0 & r(r—1)+4r+2=0.

The solutions of r? 4+ 3r + 2 = 0 are given by

1

re= 5[—31\/9—8] = rp=-1 r=-2

The general solution is y(x) = ¢ [x| 7! + ¢, [x]| 2.
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Repeated roots.

Example

Find the general solution of x?y” —3xy’ +4y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x2y"(x) = r(r—1)x".
Introduce y(x) = x" into Euler equation,
[r(r—=1)=3r+4]x"=0 < r(r—1)—3r+4=0.

The solutions of r?> — 4r +4 = 0 are given by

1
ri:§[4i 16 -16| = rp=r_=2.

Two linearly independent solutions are

yi(x) :X2, Vs :X2|n(\x\).

The general solution is y(x) = ¢, x> + ¢, x% In(|x]).
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Different complex roots.

Example
Find the general solution of the Euler equation

x?y" —3xy' +13y = 0.
Solution: We look for solutions of the form y(x) = x",
xy'(x) = rx", x?y"(x) = r(r—1)x".
Introduce y(x) = x" into Euler equation
[r(r—=1)=3r+13]x"=0 < r(r—1)—3r+13=0.

The solutions of the indicial equation r> — 4r + 13 =0 are

=2+3i
,i:%[z;i\/W] = ri:%[4j:v_36] - {:+—2+3:'

The general solution is y(x) = ¢ ‘X‘(2+3i) 1 ‘X‘(2—3i). 4

Different complex roots.

Theorem (Real-valued fundamental solutions)

If po, qo € R satisfy that [(Po —1)% - 4q0] < 0, then the indicial
polynomial p(r) = r(r — 1) + por + q, of the Euler equation

X2y + pexy' + qpy =0 (4)

has complex roots r, = o+ i3 and r. = o — i3, where

a:_(Po2—1), ﬂ:%\/4q0—(p0—1)2.

A complex-valued fundamental set of solution to Eq. (4) is

Fi(x) = x| g(x) = x|

A real-valued fundamental set of solutions to Eq. (4) is

yi(x) = \X\O‘cos(ﬁ In |X|), ya(x) = |X|O‘sin(ﬁ In |x|)




Different complex roots.

Proof: Given # = |x|(®t) and 3, = [x|(®=) introduce

1

1,. . .
Y1:§()/1‘|“)/2)> yzzz(yl—yz)-

Use another Euler equation to rewrite y; and y,,

7 = |X|(a+iﬁ) = |x|® |X|iﬁ = |x|® eIn(\x]"ﬁ) = |x|* eiBIn(|xl)

71 = x| [cos(BIn|x]) + isin (1 |x[)],
$: = x|*|cos(BIn |x|) — isin(B1n |x])].
We conclude that
yi(x) = |x|cos(B In|x]),  ya(x) =[x|*sin(3 In|x]).

Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x?y" —3xy' +13y =0.
Solution: The indicial equation is r(r —1) — 3r + 13 = 0.

The solutions of the indicial equations are
r>—4r+13=0 = r,=243i, r.=2-3i.
A complex-valued general solution is
y(x) =& |x|®H3) + & |x|C3) g, & ecC.
A real-valued general solution is

y(x) = c |x[*cos(3In|x|) + ¢ [x|*sin(3In|x]), «a, ¢ €R.

<




